TITLE:

On the dynamics in the AdS/BCFT
correspondence

AUTHOR(S):

Suzuki, Yu-ki; Terashima, Seiji

CITATION:

Suzuki, Yu-ki ...[et al]. On the dynamics in the AAS/BCFT
correspondence. Journal of High Energy Physics 2022, 2022(09): 103.

ISSUE DATE:
2022-09

URL:
http://hdl.handle.net/2433/284521

RIGHT:

© The Authors.; This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

RPRFHWMIERYKFD bV %
Al

KURENAI

Kyoto University Research Information Repository



K 5

KYOTO UNIVERSITY

A Self-archived copy in
Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp

PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: June 24, 2022
ACCEPTED: August 25, 2022
PUBLISHED: September 14, 2022

On the dynamics in the AdS/BCFT correspondence

Yu-ki Suzuki and Seiji Terashima

Center for Gravitational Physics and Quantum Information (CGPQI),
Yukawa Institute for Theoretical Physics, Kyoto University,

Kyoto 606-8502, Japan

E-mail: yu-ki.suzuki@yukawa.kyoto-u.ac.jp,

terasima@yukawa.kyoto-u.ac. jp

ABSTRACT: We consider a perturbation of the Einstein gravity with the Neumann boundary
condition, which is regarded as an end of the world brane (ETW brane) of the AdS/BCFT
correspondence, in the AdSyy1 spacetime with d > 3. We obtain the mode expansion of
the perturbations explicitly for the tensionless ETW brane case.

We also show that the energy-momentum tensor in a d-dimensional BCFT should
satisfy nontrivial constraints other than the ones for the boundary conformal symmetry
if the BCF'T can couple to a d-dimensional gravity with a specific boundary condition,
which can be the Neumann or the conformally Dirichlet boundary conditions. We find these
constraints are indeed satisfied for the free scalar BCFT. For the BCFT in the AdS/BCFT,
we find that the BCFT can couple to the gravity with the Neumann boundary condition
for the tensionless brane, but the BCFT can couple to the gravity with the conformally
Dirichlet boundary condition for the nonzero tension brane by using holographic relations.

KeEyworDS: AdS-CFT Correspondence, Gauge-Gravity Correspondence, Space-Time

Symmetries

ARX1v EPRINT: 2205.10600

OPEN AccCESS, © The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEP09(2022)103

RBAFEFHERY LS b

Kyoto University Research Information Ref

il


mailto:yu-ki.suzuki@yukawa.kyoto-u.ac.jp
mailto:terasima@yukawa.kyoto-u.ac.jp
https://arxiv.org/abs/2205.10600
https://doi.org/10.1007/JHEP09(2022)103

A Self-archived copy in

Cw. » A . RBAFEFHERY LS b
=4 #ﬁ j( ? Kyoto University Research Information Repository Kp RPENAI ﬁ;[

KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp

Contents
1 Introduction 1
2 Free theory limit of gravity in Poincare AdS space 3
3 Gravitational perturbations in the AdS/BCFT 4
3.1 Tensionless case 5
3.1.1 No mode if the ETW brane is not on x =0 7
3.2 Non-zero tension case 8
4 Constraints of the energy-momentum tensor in BCFT 11
4.1 Constraints of the energy-momentum tensor in AdS/BCFT 13
5 Conclusion and discussions 14
A Gauge invariant formalism 14

1 Introduction

The Anti-de-Sitter/boundary conformal field theory (AdS/BCFT) correspondence [1, 2] is
a generalization of AdS/CFT correspondence [3] in the sense that the space-time manifold
admits a boundary. (See also [4].) There are various works which confirms this duality
in terms of the entanglement entropy and the conformal anomaly both from the gravity
sides and the BCFT sides, a small selection being [1, 2, 5-9]. The AdS/BCFT plays an
important role in the recent studies of the replica wormhole and the island formula [10, 11]
in relation to the Page curve [12].

In the AdS/BCFT correspondence we impose the Neumann boundary condition on the
metric on a boundary, which is called the end-of-the-world brane (ETW brane):

Koy = (K —T)hg, (1.1)

where the K is an extrinsic curvature, 7' is a constant, called the tension of the ETW brare,
and hgy is an induced metric on the boundary.! To see why we call it as Neumann boundary
condition, we work in the Gaussian normal coordinate where the boundary is on » = 0 and

ds?® = dr? + hgpydz®da®. (1.2)

In this paper, the ETW brane simply means that we impose the boundary condition (1.1) on a
codimension one time-like hypersurface, which ends on a fixed hypersurface in the asymptotic boundary of
the AdS space, and only consider one of the spacetime regions separated by the hypersurface.
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Then, we can see that
10hg

2 o’
which is the Neumann boundary condition on the metric. Here we note that the indices

Ko = (13)

a, b run the tangential direction to an ETW brane. The gravity with boundary conditions
have a long history, a small selection being [13-20]. The meaning of fixing the extrinsic
curvature as in the (1.1) can be found in [17, 21].

One of the important subjects of the AdS/BCFT correspondence is, of course, the
dynamics, which have not been considered even for the perturbation around the vacuum. In
the bulk gravity picture, this can be done by just studying the gravitational perturbations
around the vacuum with the boundary condition (1.1).

In this paper, we explicitly obtain the mode expansion of the gravitational perturbations
around the AdS vacuum in the Poincare patch with the boundary condition (1.1) for the
tensionless case, T' = 0. Using these results, we can obtain the bulk reconstruction
formulas [22, 23] assuming the BDHM relation [24] in principle, although we leave such
work as a future problem. The bulk wave packets can be also considered in the AdS/BCFT
correspondence following [25, 26], which used an alternative bulk-boundary map given
in [27, 28]. This will be also interesting future work.

In this paper, we also show that if a d-dimensional BCF'T can couple to a d-dimensional
gravity with a boundary, the energy-momentum tensor should satisfy nontrivial constraints
other than the ones for the boundary conformal symmetry.? More precisely, we need to
choose the boundary condition of the gravity. We consider two known consistent boundary
conditions, namely, the Neumann and the conformally Dirichlet boundary conditions. We
note that the Dirichlet boundary condition may be incosistent [17], therefore in this paper
we do not consider the Dirichlet case. We find that the necessary conditions for energy-
momentum tensor in the BCFT which couples to the gravity with the Neumann boundary
condition are

Tza’m:O - 07 83:Tab‘x=0 - 07 8mec’m:0 = 07 (1'4)

which are satisfied for the free scalar BCFT with the Neumann and also the Dirichlet
boundary conditions. The necessary conditions for energy-momentum tensor in the BCFT
which couples to the gravity with the conformal Dirichlet boundary condition are

Txa|x=0 = 07 Tab|z=0 = _ﬁnab TI33|.’17:07 azT:Jc:r|m=0 - 07 (1'5)
which are satisfied for the free scalar BCFT with the Dirichlet boundary condition. Note
that (1.1) and (1.5) are independent boundary conditions.

For the BCFT in the AdS/BCFT, we find that (1.4) are satisfied for the AdS/BCFT
with tensionless ETW brane and (1.5) are satisfied for the AdS/BCFT with non-zero tension
ETW brane by explicitly deriving the constraints for the energy-momentum tensor using
holographic relations. Thus, the BCFT in the AdS/BCFT with the tensionless brane can
couple to the gravity with the Neumann boundary condition, but the BCFT for the nonzero

*Note that even if we consider the AdS/BCFT, this d-dimensional gravity is different from the d 4 1-
dimensional bulk gravity.
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tension brane can couple to the gravity with the conformally Dirichlet boundary condition.
These results might be surprising because the ETW brane in the AdS/BCFT imposes the
Neumann boundary conditions for the bulk gravity theory, even for the non-zero tension
case. We expect that the key to this problem is that we impose the conformally Dirichlet
boundary conditions at the asymptotic AdS boundary. For T # 0 the ETW brane is on
the hypersurface which is not orthogonal to the one for the asymptotic AdS boundary.
Then, the boundary condition on the ETW brane might be related to the one on the
asymptotic AdS boundary on the intersection of these boundaries. It will be interesting to
understand these results clearly. We will expect that our results can also be examined by
the holographic renormalization of the bulk geometry [29].

Note: This work has a overlap with [30] partially. In that work they solve Einstein
equation with the condition (1.1). Technically the assumptions they set are a little different
from ours.

This paper is organized as follows: in section 2 we give a review of the mode expansion
of the metric in the AdS/CFT in the Poincare patch. In section 3 we consider the mode
expansion of the metric in AdS/BCFT and obtain the explicit form of the mode expansion
for the tensionless case. In section 4 we show that the energy-momentum tensor in a
d-dimensional BCFT should satisfy nontrivial constraints if the BCFT can couple to a
d-dimensional gravity with a specific boundary condition. For the BCFT in the AdS/BCFT,
we find that the BCFT can couple to the gravity with the Neumann boundary condition
for the tensionless brane, but the BCFT can couple to the gravity with the conformally
Dirichlet boundary condition for the nonzero tension brane, by using holographic relations.
Section 5 is devoted to the conclusions. In the appendix, we consider the mode expansion
of the metric in the AdS/BCFT in the gauge invariant formalism, although we only obtain
partial results.

2 Free theory limit of gravity in Poincare AdS space

In this section, in preparation for the study of the dynamical degrees of freedom of

AdS/BCFT, we will review the free theory limit of gravity in Poincare AdS;1 space, which

is supposed to be dual to the generalized free limit of the holographic CFT on the Minkowski

space.? This will be done by knowing the mode expansion of the gravitational perturbation

gl(ﬁ,) around the AdS;y1 background gl(fl),) in the Poincare coordinate:

dz? + nydatdz”
52

ds® = gj(\g)Nda:deN = ) (2.1)
where y,v =1,...,d. In this paper, we assume d > 3 because for d = 2 there is no usual
gravitons in AdSs and there are only the boundary gravitons. The mode expansion for this
was already done in [31, 32] and we will follow their studies.

We will take the Fefferman-Graham coordinate, i.e.

g =0. (2.2)

3 Assuming the BDHM relation [24], the reconstruction of the bulk local operators can be done in principle.
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Then, a part of the linearized Einstein equations with the normalizable condition for z — 0
gives the following conditions:

gu“(l) =0, 8“9,%,) =0. (2.3)

The remaining linearized Einstein equations become

5—d 2(d —2
(aaaa + 02 + ——0: - (22)) g5 =o. (2.4)

These equations can be solved by the Bessel functions as

g,gly) = /dwdk#dgw eilwttk,zh) Cm,z%_2

X <aw’k7<Jd/2 <\/w2 — kykH Z> + by ke Yase (w/wz — kykH z>) , (2.5)

where the integrations are constrained with Cu = G, (/= 0,k#Cu = 0, ¢ = 1.
Because J,(Z) ~ Z" and Y, (Z) ~ Z7" near z = 0, the coefficients b,, 1 = 0 so that the
field should be (delta-function) normalized.? Furthermore, we need to take a, ¢ = 0 if
w? < Z;Lill (kp)? because J,(Z) ~ el in the limit Z — oo for the region. Finally, by the
free field quantization, the coefficients ay, 1 ¢ will be the creation operators or the annihilation
operator for w > 0 or w < 0, respectively with a suitable normalization constant factor.

3 Gravitational perturbations in the AdS/BCFT

In this section, we consider the mode expansion of the gravitational perturbations in the
AdS/BCFT with the boundary condition (1.1),

Kap = (K — T)ha, (3.1)

Note that this implies K = Td%'ll and K = %hab. The mode expansion has been done
for the case without the boundary condition in the previous section, and then we will search
which combinations of the modes satisfy the boundary condition.

In order to specify the boundary condition explicitly, we first write the background
AdS441 metric as,

n? n
ds? = dn? + COSCQ i (dg2 —d*+ Y dw§> (3.2)
i=1

where n = d — 2, which becomes the familiar form of the metric in the Poincare coordinate,

_ dz? — dt* + da? + 0, dw?

0
ds? = g§w)Ndede = , (3.3)
by the following coordinate transformation:
_ ¢
coshn’
x = (tanhn. (3.4)

“Note that in this gauge gftll,) = O(2*7?) because J% (Z2) ~ Z% near Z ~ 0.
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For this background, the boundary condition (1.1) is satisfied by restricting the spacetime

to the region —oo < 1 < n*, where n* is determined by the tension T" as T' = (d — 1) tanh n*.

In the usual coordinate, the boundary is at x/z = sinhn*. In particular, for tensionless case
T =0, n* = 0 which means that the boundary is at = = 0.

Note that, if we choose the Gaussian normal coordinate like (1.2), the boundary
condition (1.1) becomes just a partial derivative [5],

Ohgay 2T
or d-1

hap = 2tanh n*hyp. (3.5)

Note also that in this paper we require the asymptotic AdS boundary condition where
we can take the FG gauge and the metric which includes the perturbations near z = 0 can
be written by

2 _ dz? + hyy (2, 2)datdz”

ds 5 ,

: (3.6)

where
By (2, 2)datda” = 0y + T (2P)2% + 024, (3.7)

and T}, (2”) is the energy momentum tensor of the corresponding BCFT up to a constant.

We require this is valid on n = n*. In particular, this implies that 7}, (2”)|,—o is well-defined
and does not depend on how we approach the corner point z = z = 0. Our requirement is
different from the condition imposed in [30] where T}, (2”)|s—0o is allowed to be divergent
for some modes.

3.1 Tensionless case

Let us consider the tensionless case. The perturbation of the metric can be written as

0 1
IJMN = 9](\4)]\/ + 9](\4)]\/

(0)

We will place the tensionless ETW brane at x = 0 in this Poincare AdSg11 background g,/ -

First we assume that the ETW brane is on x = 0 even after including the perturbations of
the metric. We will reconsider the case where the ETW brane is not on z = 0 later.
The unit normal vector for the surface is given by

(1)
1 Zgxx
na = 0an /4 (971)" ~ <z + 92 ) Oz,

up to the first order of the perturbation. The extrinsic curvature is defined by

oy
oz

xT

1
M N M M
Koy =€, €, Vuny = —Tony = -Tpnu ~ —gdl“ab,

where x® = {t, z, w;} and the projection tensor is

0xM sM

€a :axa a -
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Here, the deviation of the Christoffel symbol 0I'Y, from the background metric in the
linearized approximation is
x M 1 xM
6Fab = *59 (gMa,b + gmb,a — YGab, M) + -9 (69Ma,b + 59Mb,a - 5gab,M)

2
=% (g3 g% + o)) ~ géb)gé?) 57 (9 + 9510 — 950

Substituting these altogether, the boundary conditions in components become
Ky = <9£t)t - %g,g 27:) - ga(clz) =0,
K= K= = (12 + o2, — o) —off =0
K..=—z (95& ;gﬁz)m> +gtY =0,
Kuws = Ko =~ (o8 o a2} =0
Ko, = Kue = =5 (080, + 90, - = 980) — 982, = 0.
K, = =5 (208}, = 980w,c) + 982 =0,
Ky = 2 (50, + 68 0 — 00 ) =0, (179)

where they are evaluated on z = 0 and the trace of the extrinsic curvature K was set to be
zero since we focus on the tensionless case.

Next, we take the Fefferman-Graham gauge and substitute the mode expansions of the
metric perturbations obtained in the previous section to the above boundary conditions.
Note that the ETW brane is on = 0 by the assumption. Then, from K;, = 0 we find

zggg?z + 299(;5) = 0, which means gg(ﬂt) = 272G(t,w;) on z = 0. This can not be possible

for the normalizable mode, thus we find gxi l.—0 = 0. With this and Ky = 0, we find
(1) g 990,

89“ |z=0 = 0. Similarly, we find g$w1|x 0= g =0 = g —L|,=0 = 0.

1 _

In summary, the boundary conditions in the Fefferman—Graham gauge g,,; = 0 are

1)
g%) lo=0 = E)g—‘;’ﬂw:o = 0. Thus, we find that the modes which satisfy the boundary condition
using the results without the boundary, (2.5), are

g/(}y) ~ (COS( xl') Cp,u + Sln(k’xl') D) i(wttkqz®) Z%—QJd/2 < /w2 — kﬂk,u, Z> , (38)

where ¢, = ¢, = 0 and (D =0 for a # z and f # x. Moreover, ﬁ, and 5, are
symmetric traceless, which implies (7, = 0, and they should satisfy
— k¢ + ik“(f,, =0, k"¢t +ik* ¢y, =0, (3.9)

(1) _

which come from d*g,,) = 0. The non-trivial parts of the equations of (3.9) are k*¢L +
k¢ = 0 and —k*¢Y + ik?(D = 0, which implies k*k°CN = (k%)2¢ = —(k®)2¢N <.

Note that we can regard the independent components of ¢V and ¢P as ¢& b constrained
by k%bCN = —(k%)2¢N,¢. Thus, the number of the degrees of freedom is d(d — 1)/2 — 1 =
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(d —2)(d+ 1)/2 which is same as the one for the theory without the boundary, as expected
because the gravitational waves far from the boundary will be same as ones for the theory
without the boundary. Note also that in the Gaussian normal coordinate, the boundary
condition seems to be given by the Neumann boundary condition on the plane wave along
x direction only, however, we have chosen the different gauge and the mode expansions
given here are different from that.

3.1.1 No mode if the ETW brane is not on £ = 0

We have assumed that the ETW brane is stretching on x = 0 in the FG gauge. This means
that we searched the modes which satisfying this condition and the modes we obtained might
not be complete. Below we will consider the case that the ETW brane is not stretching on
xz = 0 and will find that there are no additional modes, thus (3.8) are complete.

Let us assume that we pick the gauge choice above, and adding the perturbations.
Then correspondingly the brane deviates a little from = = 0 in general and we denote the
hypersurface of the brane as F = = — f(z,t,w;) = 0 where f(z,t,w;) is the order of the
perturbation. Let us linearize the boundary condition (1.1). The unit normal vector n + dén
of the ETW brane is given by,

F
nar 4 6nyy = Ou : (3.10)
Vg MN Oy FoyF
which implies
1 1
dny = _;aMf+5a:M;aMf+ e (3.11)

where we keep the terms of the liner order of the perturbations. Below, we will omit the
higher order of the perturbations in the equations for the notational simplicity. The extrinsic
curvature is defined by

d(np + 6np)

T M (npr + onpg) + 0afoy. /2%, (3.12)

Ky = eéwe{,VVM(nN +dny) =

where x® = {t, z, w;} and the projection tensor is

M 8$M
e oz

e = oM 1 My, 1.

Here, we have approximated the terms comes from the deviation of the projection tensor,
OufVany + Oy fVange = Oufdy./2%, in (3.12) in the linear order in the perturbation. Then,

the deviation of it proportional to dn is 6Ky, = %‘Zflb — F%énM + 0uf0h./2%, and we can

calculate the extrinsic curvature as

_ ) _E (o) _ (D) _5<13f>
Koo =gs: — 5 (2082, - 92, 2. \3a, ) (3.13)
O (1O zomy o) (1)
K. = _Za (22&5) - 5 (ga:t,z + ozt — gzt,x) — Gzt (314)
LOF N 20w oo _ )
szi - _; (awlaz> - 5 (gxwi,z + g:pz,wi - gzwi,z) — Yzw;» (315)
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= -5 (2= a2) - 1 (5F) - 5 (), (3.16)
Kin = ol 2 (o0, o~ (3.17)
Koy ==o0 = 5 (2~ sbls) - 2 (55) + 5 (%) a9
Kuiny =~ gt = oty + 0 98) (3.19)

where we have used the fact that non-zero '}, are
1 — I‘Z — _I‘Z _ —PZ _ _Pl _ _Fi _ Ft _ Ft
P — i T tt — zz iz T zi T Ttz T Tzt

for the Poincare AdS space in the coordinate system.

The boundary conditions are Kgp|,—¢ = 0. In the Fefferman-Graham gauge 92\)4 =0,
K..|z=f = 0 implies f = c12% + co. Here, ¢ should be zero because of the asymptotic
boundary condition f — 0 for z — 0. Furthermore, Ky|,—¢ contains —% (%) — Z% (%) =
—2c¢1/z + O(z), which should be canceled by other terms. Thus, we find f = 0 and then
we conclude that there are no additional modes with f # 0. Note that if we consider the

non-normalizable modes, then the modes with f # 0 can be possible.

3.2 Non-zero tension case

In this subsection we consider the non-zero tension case although we can not obtain a closed
form of the mode expansion.

Let us consider the perturbations in the FG gauge, 92\)4 = 0, and we denote the position
of the brane as F' =z — kz — f(z,t,w;) = 0, where k = sinhn*. We note that f(z,t, w;)
is the order of the perturbation O(g")). The unit normal vector n of the ETW brane is
given by,

F
na = O (3.20)

g MY oy FoyF

where 8MF = (51M - kézM - 8Mf and

(g HYMNONFONF = 22(1 + k*)n* 4 22%k0. f — 2

rx

Then, we find
mar = ——— (1 o+ Gl (Ouns — kdzns — Onrf) (3.21)
MZ VTR L2 T g gy ) (oM T ROM T OM :
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In particular, we obtain

n I _k_;af_kig (1)
T VIR 11 2% T aa gyt |
2
r ! 1- i 9 Zf+ : 2 ga(clx) )
21+ k2 (14 k2) 2(1 + k2)
1
=—— 5,
m= e
1
Ny, = — ===y, f- (3.22)

The extrinsic curvature is defined by

M _N
Koy =¢," e, Vyuny
_ Ony
Ox®

—T Mg+ (kOZ 4 00 f) Ve + (kOF + 0o f)Vanig + (k67 + 0o f) (k67 +0pf)Vana,

where oM = {x = kz + f(t, z,w;), 2% = {t, z,w;}} and the projection tensor is

M 6$M
@ oz°

The boundary condition for the non-zero tension case is

e = oM L k6Msz +6M0, f.

Kap = tanh n*hgp, (3.23)

and we will firstly compute the zz component. This is evaluated as
1
K,,=——
VIR
E k1 1 2k*+3k%+1 3k 2k3 2k?
AT £ ) Mt M A s 1 i1 £ S C0) Er ) g = )
X (ZQ + 22 P Zf+2'2 k2+1 f 2 Y2z g:c:(;,z ZK+ 2 gxx,x 2

Similarly we can expand the right hand side of (3.23) and we obtain

tanh n*ha, = —— £+k—3+k:3 (1)+2—k28f (3.24)
annmn Ny, = \/m 22 22 9oz 22 z ) .

which implies that f is O(z%*1) and completely determined by

1 1 2k% + 3)k k3
Yorg - Los- CR 3k ) _ ) (Zk N Z) —0. (3.25)
z z 2 ’ 2

where we omit zg&)@ because it is the order of 2¢~1. In particular, for gﬁ} = Tmzd_2 +

O(z%71), we find
dE + (2d — 1)k
2(d?-1)

We note that there could be O(22) or O(z") terms in f other than the those determined by

QQL«). However, such terns are forbidden by the other components of the boundary conditions

f=

Toe 2™+ O(2%12). (3.26)

RBAFEFHERY LS b %
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as we will see below. Note that O(2°) term is not allowed because f should become zero in
the limit z — 0 because the ETW brane is should be terminated at x = z = 0.
For the boundary conditions for other components, we obtain

1 k2 2(1+K? zk
2t m( O f — azatf_(Q)gg(;)z (1+k2)g% 1) _ . gg(c?,t> —0,
1 k2 Z(1+k2) (1) 9 ]{}
i T 1.0 w 20w, ] —— 5 —(1 (1) (1) =
Zw e ( Ow, [ — 8 Ow, f 5 Ywwi,z (14+K%) Gz, — 5 Yz, 0,
S L Lop w_zkm 2w o
i NG < 22(1+k2) 0:f = f_mgm Y ttz+2gtt:c kgiy" — 290t
=0,
1 1 zk z
1 1
P (1)
W;W; - m(22(1+k2)8zf f+ (1+k2)gxw
e+ 58 K9 —208h ) =
2 i Wi,2 2 1 Wiy 1 Ws i, We
1 1 zk z
Wiwsj - \/ﬁ (_Zawiawjf_zgz(ul,)w], _kgz(ul,)w] §(gzgsgj,wi+g§:3“wj _gz(ulj)wl,x)> =0.
(3.27)
If f = az? 4+ ---, these are dominant in z — 0 in the above tt component and we find
—ﬁ%z — 92az? = 0, which implies a = 0

We would like to find the mode which satisfies the boundary conditions. Note that
each mode of the 95\?}\[ is proportional to the Bessel function Jd/Q(\/wQ — ktk,z) in the
Fefferman-Graham gauge, however, f is completely different from the Bessel function. Thus,
in order to solve the boundary conditions generically we need to consider linear combinations
of infinitely many modes with different k,, but same w. In principle, there will be only the
technical problem to do this, and we expect that the number of degrees of freedom is the
same as T = 0 case.” However, in this paper we leaves this problem open for completion in
the future.

Finally, in order to obtain the constraints for the energy-momentum tensor, we can

extract the coefficient of 2972 in the above equations (3.27). Then we obtain

Ty = Twwi = Ttwi = Twiwj =0, (328)
where we define
gg) =T;;2472 4+ O(z%71). (3.29)
For the tt and w;w; components we can substitute the form of (3.26) we find that
1
Ttt - HTZEJH (330)
1

®In [30] this problem was solved in a different gauge.

~10 -
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Therefore we can combine these conditions as
1
Tij = =i T, (3.32)

where the 7;; is the Minkowski metric. We will see what these conditions mean in the
next section.

4 Constraints of the energy-momentum tensor in BCFT

In this section, we consider general BCFT in flat space and derive constraints of the
energy-momentum tensor of it by considering the coupling to the gravity. Here we will treat
gravity as a background field and do not consider backreactions. We will also find that the
energy-momentum tensor in AdS/BCFT satisfies the constraints.

First, by the definition of the d-dimensional BCF'T, the boundary conformal symmetry
should be kept, namely, the presence of the boundary breaks the conformal symmetry
SO(2,d) to SO(2,d — 1), which means the condition on the following energy-momentum
tensor:

Txa‘:}czo =0, (4'1)

where we put the boundary on the z = 0 surface and a, b, - -+ run the transverse directions
to the boundary surface x = 0. Note that (4.1) implies

8:szx’:c:0 =0, (4-2)

by the current conservation 0%*1,, + 0*I,, = 0. This boundary condition requires that
the energy flux does not spread out from the boundary of the CFT region. This is just a
generalization of the two-dimensional case (T — T')|z—o = 0 [33].

Then, we will consider a d-dimensional BCFT which can couple to a d-dimensional
gravity theory with the boundary and the necessary conditions for the properties of such
a BCFT. Here, we need to specify the boundary condition of the gravity theory® and we
will choose the Neumann boundary condition for simplicity and later we will consider the
conformal Dirichlet boundary condition.” In order to fix the location of the boundary in
the BCF'T, we choose the Gaussian normal coordinate so that the boundary is fixed at
x = 0. Then, the Neumann boundary condition means 9,¢qs|.—0 = 0 and, using Fourier
transformation, the metric can be represented as

0Gab = Gab — Nab ~ /dkfab(k) cos (kx). (4.3)

Thus, in order to couple the gravity consistently,® the energy-momentum tensor in the
BCF'T should also satisfy the Neumann boundary condition,

O Toplo—o = 0, (4.4)

6Similar considerations were given in [34].

"The Dirichlet boundary condition may be inconsistent [17]. There might be other types of consistent
boundary conditions, which are not considered in this paper.

8Here, we assume that the nonzero energy momentum tensor should be a source for the gravity. For a
system which has a subsystem which is completely decoupled from the other subsystem and the gravity,
we can consider only the subsystem which couples to the gravity. We thank M. Shigemori for the useful
discussions on this point.
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because of the coupling of the energy-momentum tensor to the perturbations of the metric dg:

/ T,8¢" . (4.5)

(The gauge dependence is of course absent by the current conservation.) Using the traceless
condition, we find that the necessary conditions for energy-momentum tensor in the BCFT
which couples to the gravity with the Neumann boundary condition are

Tza’:c:O = 07 6&7Tab‘x:0 = 07 8mT3393’r:0 =0. (4'6)

Note that for two dimensional BCFT, T,,|,—0 = 0 implies others by using the current
conservation 0,1, — T, = 0 and the traceless condition.

Although a BCEFT does not need to satisfy the boundary conditions (4.6), we will see
that the BCFT which is realized as a free scalar field theory with a boundary indeed satisfy
them.? Let us consider a free scalar field on a half of R14~1. Here we set the boundary at
x = 0 and we impose the Neumann or Dirichlet boundary conditions at this boundary. The
Lagrangian of the conformally coupled scalar filed is

L= 5y (6 00,0 — ER?) (A7)

where £ = i%. The energy-momentum tensor on general background is given by

2 45
V=99
1 2
— (1= 2000,00,0 + (2 ~ ) 909”7 0,00, — 2600,0,0 + 9,60

Tw =

1 2(d—1
- f (R#V - §Rg'u,1/ + (d)é.Rg,UJ/> ¢2' (48)
For the flat space, we obtain
Ty = 0,00, — = aa¢a¢+d_2(( 09, —aa)¢2+<2—2> gzﬁ[](b)
py — Ypu v 277/,LV o 4(d — 1) Um o nv d Um .

(4.9)
The last term proportional to [J¢ vanishes by the equations of motion and this is equivalent
to the usual improved energy-momentum tensor. Then, for the Neumann boundary condition
0z P|z=0 = 0, which implies 0,0,¢|,—0 = 0, we can easily see that (4.6) are satisfied using
0%0o¢ = 0. For the Dirichlet boundary condition ¢|,—¢ = const., which implies 9,¢|,—0 = 0,
we can easily see'” that (4.6) is satisfied if we require ¢|,—o = 0 which is obviously needed
for the conformal symmetry.
Next, we will consider a d-dimensional BCFT which can couple to a d-dimensional
gravity theory with the conformally Dirichlet boundary [13]. For this, the metric fluctuations
should be dgap|z=0 ~ Map, Wwhich implies Typ|p—0 ~ 14p. Thus, the necessary conditions for

Indeed the holographic BCFT with T # 0 may not satisfy (4.6).
ONote that 879y ¢|r—0 = —0*0u|z=0 = 0.
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energy-momentum tensor in the BCFT which couples to the gravity with the conformally
Dirichlet boundary condition are
1
T:pa|x:0 =0, Tab|x=0 = _ﬁnab Tx:p|m=07 axTx:E|w:0 =0, (410)
where we have used the traceless condition. For the free scalar field theory, we can see that
these conditions are not satisfied for the Neumann boundary condition, but are satisfied for
the Dirichlet boundary condition.

4.1 Constraints of the energy-momentum tensor in AdS/BCFT

We will study the constraints of the energy-momentum tensor in AdS/BCFT, where the
Neumann boundary condition is imposed on the bulk (d + 1)-dimensional metric, and will
determine which kind of BCFT is realized in AdS/BCFT.

In the Fefferman-Graham gauge the bulk metric becomes the following form:

d 2
ds? = 722 + gudxtdz”. (4.11)

In this gauge the bulk metric admits a Taylor series expansion in the neighborhood of the
asymptotic boundary:

G = Gpun0) + 291y + o+ 20 2 Guaay2) (4.12)

where the subscripts of the metric represent the order of the z expansion. The boundary
stress energy corresponds to the g,,,((4—2)/2), S0 in terms of g,,, we can rewrite as [24]:

T;w = lii%zi(dim (g,ul/ - gfgj))v (4'13)
where g,goy) is the AdS metric and we assumed there is no source term.

Then, for the tensionless ETW brane case, T' = 0, from the mode expansion (3.8), we
find 7},, in the BCFT should satisfy (4.6) at the boundary = = 0.!' This can be seen also
from the linearized boundary condition (3.13)—(3.19) directly. Note that near z = 0 any
metric should be close to the AdS metric, thus we can use the linearized analysis. Thus,
the BCFT, realized in the AdS/BCFT with the tensionless ETW brane can couple to the
d-dimensional gravity with Neumann boundary condition.

For the nonzero tension ETW brane case, T' # 0, we derive the constraints in subsec-
tion 3.2, which are given by

1

Thus, the BCFT, realized in the AdS/BCFT with the nonzero tension ETW brane can
couple to the d-dimensional gravity with conformally Dirichlet boundary condition. It
will be a future problem to resolve why the Neumann like boundary condition in the AdS
reduces to the conformally Dirichlet boundary condition in the BCFT.

"1Tn [20] the authors mentioned the condition Ty; = 0 in AdS/BCFT.
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5 Conclusion and discussions

In this paper we consider the AdS/BCFT correspondence for the pure gravity, especially
in the vacuum AdS space. We analyze the perturbation of the metric and the boundary
condition on the ETW brane in the sourceless case. In the tensionless case we find that
the position of the ETW brane is fixed at the original hyperplane (z = 0) in the FG
gauge. We confirm that after imposing these boundary conditions the perturbation of
the metric survives in the tensionless case. We also consider the boundary condition of
the energy-momentum tensor in BCFT side and we find nontrivial constraints. These
conditions are necessary to define the BCFT which can couple to a dynamical gravity with
the Neumann or the conformally Dirichlet boundary conditions on the metric. We find
that the BCFT, realized in the AdS/BCFT with the tensionless ETW brane can couple to
the d-dimensional gravity with Neumann boundary condition. For the AdS/BCFT with
the nonzero tension ETW brane, we find that the BCFT; can couple to the d-dimensional
gravity with conformally Dirichlet boundary condition.
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A Gauge invariant formalism

In this appendix, we will use the gauge invariant formalism to study the perturbations of the
AdS/BCFT instead of the FG gauge, however, we find only a part of the mode expansion.

In preparation for the study of the dynamics of AdS/BCFT, we will explicitly describe
the free theory limit of gravity in Poincare AdS space, which is supposed to be dual to the
generalized free limit of the holographic CFT on the Minkowski space.'? This will be done
by knowing the mode expansion of the gravitational perturbation gfﬁj) around the AdS) 43

(0)

background glg, in the Poincare coordinate:

dz? — dt* + dx® + 30 dw?

ds* = gfﬁ)dw“dm" = 5 ) (A.1)
where i = 1,...,n. In this paper, we will assume n > 1 because for n = 0 there is no usual

gravitons in AdS3 and there are only the boundary gravitons. For the global AdS case, this
was already done in the gauge invariant way in [35]. Thus, we will follow their study with
a small number of modifications, or just focusing the near boundary region to obtain the
results for the Poincare patch.

12 Assuming the BDHM relation [24], the reconstruction of the bulk local operators can be done in principle.
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For z#, we will use latin indices in the range a,b,--- to denote the components (z,t)
and also use the latin indices in the range p, ¢q,-- -, to denote the components (z,w;), where
p,q,--- take 1,...,n+ 1. To denote the whole components we will use the greek indices.
For the Poincare patch, a set of coordinates (z,w;), which describes R"*!, has a rotational
symmetry. Therefore the tensor g, behaves as the scalar field under this rotation. Similarly,
Jap and g,q behave as the vector field and the symmetric tensor field, respectively. We can
further decompose the vector field and the symmetric tensor field by the “harmonics” of
R™! and their derivatives:

Tkpq = Cpq eXp(ikP:Ep)v
Vip = G exp(ikpa?),
Sk = exp(ikpa?), (A.2)

where £y, (p, (g = (pq are real constants such that kP¢, = 0, kP(,, = 0 and Zgill op = 0.

These constants parameterize the harmonics.

Then, the metric perturbations g,(}) can be decomposed into (z,t) directions and (x, w;)

directions:
g = hiy)
o8 = DO + 1)
g5y = h2) + Dyhiy) + Dyhly)

0 1 0
+ h(L)qu + <Dqu Tt 1'qu7rsDrD8) hgf)v

where D), is the derivative in the Euclidean space and

9pq
Tog = 5
Pe = 2

Here we note that the superscripts of the tensors h denote the rank, not the order of the
perturbation. We also note that these tensors are defined such that

DPRR) = h{PP =0,

DPRQY) =0,
1
DPh) = 0.

Thus, we can expand the tensor hﬁ“) with a = 2,1,0 by Tk, Vikp, Sk, respectively and these

are not mixed in the linearized Einstein equation. We will call them tensor perturbation,
vector perturbation and scalar perturbation, respectively and the mode expansion can be
done separately for these three perturbations.

Tensor perturbations. We can expand the tensor type perturbation hz()%z) in the ba-
sis Tkpg:

2 ikpx
hJ(D?J) = > HI(“)(ZatQ kps Coa) Coge” "™ (A.3)
kZ)?Cpq
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where the summations over k,( actually means the integrations. Since the gauge transfor-
mation

Juv = Guv T+ vufl/ =+ vl/fua

does not contain tensor parts, Hg) is gauge-invariant. The equation of motion for this Hg)
is the linearized Einstein equation,

(67VPVp + 87VPY, = 07V, = 805592 = g VPV + g g V2 hpy =0, (A4)
which implies that the scalar & = P Hg) satisfies

n+1

WAL (z¥¢T> - { (n+ 1{4(" L) (n24_ Ly S (kp)? + 2) 22} ®r =0, (A5)
p=1

where V. is the covariant derivative in the AdSs space parametrized by z,t. This equation
can be solved by the Bessel functions as

HY =3 e 25 (a,,(Z) + bYo(2)), (A.6)

where we define

v="42 7= \/w2 - ZZI%(’%)Z z (A7)

Because J,(Z) ~ Z" and Y, (Z) ~ Z7" near z = 0, the coefficients b, = 0 so that
the field should be (delta-function) normalized. Furthermore, we need to take a, = 0 if

w? < Zgill(k:p)Q because J,(Z) ~ el?l in the limit z — co. Finally, the coefficients a,, will

be the creation operators or the annihilation operator for w > 0 or w < 0, respectively with
the suitable normalization constant.

Vector perturbations. The vector components can be expanded in terms of the ba-
sis Vi;:

h((l? — ZH(gl)Cieik‘x’
W) =S HP ek,

The gauge transformation is given by

Then, we can define the gauge-invariant combinations

1 .
_ @ 2 77(1)
Za_Hp—sza(z Hy )
To obtain the Bessel equation we define the scalar potential as

Ly = Znileabvb(ﬁv.

~16 —
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Then the scalar potential ¢y satisfies

1 ~
V(2" T'Vey) — (k2 + kb, —n)dy =0,

on+3 "¢

and we obtain the solution,
oy = 272 (aJ,(Z) + bY,(2)),
where we define

—n
V_E’

7% = (k2 + k3, — k* +n)2.

RBAFEFHERY LS b %
L

KURENAI
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(A.10)

Scalar perturbations. The scalar parts can be expanded in the scalar harmonics Sy:

h’ab = Z Hég)eikx,
ha — Z HgO)eikx’
hL = ZHéO)eikm,
hg?) — Z H](?) eikm.

The gauge transformation can be summarized as

(5,2) liég) ;Aaé.lgO) ;Abgt(z()) 5
1 -
0 0 0 2¢+(0
Hé)%Hé)—ié)—;Va(z 5( )),

2k?2 2/ .1
HY — H? + mf(o) — (V“Z) &9,

HY — 7Y —2¢),

We can construct the following gauge invariant combinations,

R O A N -y 2(111)
Z= ~(n—3) Hy +n+1HT +z vz Xa ),

A A n
Zob HY 4V, X, + V, X,) + g 24,

= z(n—l)( a

where

I & 0
Xo = —H(SO) + TZQVa(ZQHI(“ ))
T

The scalar potential &g = 2 ¢s + ¢o) satisfies

4

A o —1)(n — 2_1
vcvc%—{(” )(n 3)+<”4 +k§+kﬁ,i>z2}<l>5:0.

We can solve this equation and the result is

bs + ¢o = 22 (aJ,(Z) + bY,(2Z)),

17 -
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where we define

o1\ (A.13)
4 z .

7% = <k§+kiik2+

We have obtained the free gravity theory around the AdS, 3 space. Here, we will
study the CFT dual of this theory. Let us consider the energy-momentum tensor 7},
where p, v take ¢,2” only, in CFT,12. We expand Tpq = [, e (ai, Tpy + ay., DgVy, +
aﬁw Dy,D,Sy + aE{U “pq Sk) where k include the polarization parameters (p, (pq. The Ty, Ty

T 4V, a° because the energy-momentum tensor

and aEfu are not independent'® from a
should satisfy the current conservation 0 = 0T}, = —wT}, + kPT},, and traceless condition
0=TH=-Tu+ Z;Ill T,p- Thus, if we assume the energy-momentum tensor behaves like
the free theory and only constraint by w? > Zgill(kp)z. which is the causality condition,
except the current conservation and the traceless conditions, it is equivalent to he free
gravity theory around the Poincare AdS, 3 space. In principle, we can have the bulk

reconstruction formula from this equivalence as for the scalar in the global AdS space.

Gravitational perturbations in AAS/BCFT. In this subsection, we consider the mode
expansion of the gravitational perturbations in AdS/BCFT. The mode expansion have been
done for the case without the boundary condition (1.1) in the previous section and then we
will search which combinations of the modes satisfy the boundary condition, essentially.
In order to specify the boundary condition explicitly, we first write the background
AdSg4y1 metric as,
cosh n? “
ds® = dn* + % <d<2 —dt*+ ) dw§> (A.14)
i=1
where n = d — 2, which becomes the familiar form of the metric in the Poincare coordinate,

dz? — dt* + dx® + 37 dw?

ds* = g;goy)dx“dm” = = , (A.15)
by the following coordinate transformation:
_ ¢
coshn’
x = (tanhn. (A.16)

For this background, the boundary condition (1.1) is satisfied by restricting the spacetime
to the region —oco < n < n*, where n* is determined by the tension T as T' = (d — 1) tanh n*.
In the usual coordinate, the boundary is at x/z = sinhn*. In particular, for tensionless case
T =0, n* = 0 which means that the boundary is at = = 0.

Note that, If we choose the Gaussian normal coordinate like (1.2), the boundary
condition (1.1) becomes just a partial derivative [5],

Ohay 2T
dr  d+1

BFor w = 0, Ti¢, Tty are independent, however, a",a” are absent because kp = 0 with the condition
2 +1 2
w? > 22:1 (kp)?.

hapy = 2tanh n,hgp. (A.17)
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Tensionless case. Let us consider the tensionless case. The perturbation of the metric
can be written as

Gpv = g,(g/) + g,(}y)
In this section we consider the Fourier transformed metric, but for simplicity we omit the
label &k of the momentum. We will place a tensionless ETW at x = 0 in this Poincare
AdSgy1 background gfg). We further choose the coordinate system in which the ETW brane
is at = 0 even after including the perturbations of the metric.

The normal vector to this surface is

O = O O

, (A.18)

where the coordinate were chosen to be {¢, z, x,w; }. Then, the normalized vector is given by

(1)
1 20z

up to the first order of the perturbation. The extrinsic curvature is defined by

o = O O

Kb = hShiVeng,
where the projection tensor is
ho = hayg™ = 5+ 0 (9@).
The Christoffel symbol in the linearized approximation is

= _ 1 s ( (1) 1 1 L yef [ .(0) 0) 0)
ch = 59( Jef (g}c,d + g](”d),c - g((:d?f) + 59( Jef (gfqd + g}d7c - g((;d’f> .

Substituting these altogether we get the linearized extrinsic curvature

gt © (0

1 1 1 1 1 0 0
Kay = _55161556)[2 (gic?d + g:s:d),c - ggd?x) - 55355 (gg(cc),d + Iad,e — gcd,x) :

g(O)xx

~19 —



A Self-archived copy in
Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp

RBAFEFHERY LS b %
il

KURENAI

vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvv

AR K 5

KYOTO UNIVERSITY

Then, writing the boundary condition in components we find that

1 (D)zz
Ky = —= (ggr?t - 2g§tl,)x> d =0,

24
K, = K, = 3 (g:(ct)z + gg(gz)t gil)x) - g(;mt =0,
K..=- (gé?z - ;g%) g(l)m =0,
Ky = Kyt = % (gc(pgt a(c}f)w gtw m)
Koo = Ko = =2 (g + o). — 60,) - g“ “0,
Ko, = =5 (208, = 980) — gtfz —0,
Koy = 980 w0y + 9505 0 = 95,0 = 0,

where the extrinsic curvature was set to be zero since we focus on the tensionless case.
Next, we substitute the mode expansions of the metric perturbations obtained in the
previous section which used [35] to the boundary conditions. Below, we will write the above
conditions in the mode expansions and omit the integrations over the momentum £, and
the polarizations (p, (;q, for notational simplicity.
The boundary condition K;; = 0 becomes

0
e i, <8Ht( | Llyo_ Hw)) =0,
z

ot ot
eikxc 8Ht(1)
T\ ot

z

1)
Hz ) =0.

Here e*** is the abbreviation of e’*»*". Similarly for other components in the scalar part we

get

(0) (0)
4 H, Jfs 2
ik, <382 + 8375 ~HY 4+ th( )> — 0,

(0)
eik‘rikx <8HZ 1 (0) _ 1H(0)> =0
0z 2 gTE ’
ory’ _
ot

(0)
eikkakw <2H,§10) o aHT _ 2H§0)> — 0’
z 0z

L e K2HO 42 H()k>:0,

g _ L
ghatlL 2(n+1) "

ikx 2 r7(0)
¢ ( Faki Hy 2(n +1)

B kb, ke = 0.
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For those in the vector part we find

‘ o™
ikx t
o (1
)
(1)
. _

0
(1) (1

eikl’ Cm 8I—It + 8Hz

0z ot

1
eik‘x CE < 8Hz

0

1
ot

e’ l(ikxcw + ikwCe) (

(ikp G + kuC) — € HM (ikyC —

oH
0z

ezkw

Hj(vl) <_kwi k‘waz - kilc‘f + kzkaCIM,) +

2
z

Hé”)

=0,

V4

Ht“)) =0,
(1)

H >: 0,
4

kaCac) = 07

- }”) — (koCow — ikwcx)Hé”] — 0,

(1)

H;
Cx] =0,
z

eikaj(wl)eikmkwj kwi CZ‘ —-0.

Finally for the tensor part we obtain

} oH?
ikx T
. oH? 2
ikx T - (2) —
ke < -~ CHj 0,

k;wigwajg?) = 07
eikag) (kw¢<ij + k'wj C:rwi - kx(..wiwj) =0.

We can simplify the above constraints by the gauge transformation. For the scalar part

we can set HC(LO) = Hq(ﬂo)

part we can set H:(Fl) = 0 and finally for the tensor part there are no gauge transformations.
Note that we already set the location of the ETW brane at z = 0, which is not satisfied in
a generic coordinate system with the perturbations. Here, we will search the modes which
satisfies the boundary conditions with the assumption that the ETW brane is at x = 0.

Then the above constraints can be simplified as

- 21 —
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| (M )
g, (aHt Lo th(l)) —0,

0z ot
[EOCY
eikaac OH: - e =
0z z ’
¢ HY (iky G — ikuCe) = 0,
e (koo + ihunCe) HO| =0,
WM
et [ . @] =0,
, Py
ikx T _
€ C:vwi 6t - 07
- oH 2
etk @wi( 8ZT —;H;” -0,

kwimeiHj(?) =0,
€ik$H§v2) (kw¢<:ij + kwj Cxwi - kx(..wiwj) =0.

The scalar part always contains the factor k,, which means —i0,. Thus, by denoting
the normalized mode without the boundary labeled by w, kg, ku, as g " (w, kg, ku, ), the
scalar mode with boundary at = 0 is given by

1
5 (gl(ﬁj)scalar@‘)7 ks, kwl) + gl(ily)scalar(o‘)7 —ky, kwl)) , (Alg)

which is proportional to cos(k,x), i.e. satisfying the Neumann boundary condition. Note
that HO, HO H®  are non-trivial functions of z and ¢ even at z = 0, thus it is clearly
impossible to get the mode satisfying the boundary condition by imposing some condition
to them, like Ht(to) =0.

For the vector part, they are proportional to (, or k. Thus, by denoting the normalized
mode without the boundary as gf}l,)vecmr (W, kz, kw,, Cz, Cuw; ), the scalar mode with boundary
at z = 0 is given by

1 ector vector
5 (G0 @, ko by Go = 0,G) + g (@, ko ks G = 0,G0)) . (A20)

For the tensor part they are proportional to (s, or k. Thus, by denoting the normalized
mode without the boundary as gﬁ)tensor(w, Kz, kw, > Cow; s Caas Guwsw; ), the scalar mode with

boundary at x = 0 is given by

% (Lqu)tensor (wa ks, kwia Cxwi =0, C:m:a C’LU»ﬂUj) + gl(Lll/)tensor (Wa —k,, kum Cxwi =0, Cxwa C'wquj )) .
(A.21)
Let us summarize our results on the mode expansions of the AdS/BCFT for tensionless
BTW brane. They are given by (A.19), (A.20) and (A.21), which are proportional to
cos(kzx) (the Neumann B.C. on the plane wave along z direction) and for which (; = 0 and
Czw; = 0. Note that these are given in gauge invariant way because the mode expansions
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in [35] is given in gauge invariant, although to obtain these we have chosen the particular
gauge. In the Gauss normal coordinate, the boundary condition seems to be given by the
Neumann B.C. on the plane wave along « direction only, however, we have chosen the
different gauge and the mode expansions, which satisfy the linearized Einstein equation,
are given in the gauge invariant way.'*

Note that for the vector and tensor part, the degrees of freedom of the gravitational
perturbations are less than the results in the FG gauge because of the constraints (,, = 0 and
Czw; = 0. Thus, there are the modes which do not obey the assumption that the boundary
is on z = 0. Because without the assumption, it seems difficult to find the explicit forms of
the mode expansions, This problem is left for future work,

Nonzero tension case. In this subsection we consider the nonzero tension case. In
general it is hard to impose the boundary condition (1.1) explicitly. Therefore we choose the
Gaussian normal coordinate like (1.2). Then the (1.1) becomes just a partial derivative [5],

6hab_ 2T
dr  d+1

More precisely we can write the background AdS metric as,

hap = 2T hap. (A.22)

cosh n?

ds* = dn* + e (d¢? — dt* + dw?), (A.23)
where —oo < 1 < * and the coordinate transformation
_ ¢
coshn’
x = (tanhn, (A.24)

gives the familiar Poincare coordinate,

dz? + dx? — dt? + dw?
= Z2 .

ds?

(A.25)

Then, the boundary condition (A.22) for the perturbations around the background is

9g'y)

dn

1
= 2T9¢(1b)

n=n*
where a,b take {¢,t,w;} and T = tanhn*.
In the z, x coordinates, using (A.24), we find 9, = Cosflg 77896— EOS;EEZ@Z = Coslhn (20, —20,)

and z = zsinhn* at the boundary n = n*. Then, the (A.26). can be rewritten as

<1x8x — zf)z) gg))

sinh? n*

]n:n* , (A.26)

(A.27)

r=zsinh n*

MThese results are natural for K., = 0 which is a “Neumann B.C”. For example, for the Maxwell
theory on four dimensional Minkowski space with the boundary at * = 0, the “Neumann B.C” is
Fp, = 0. Taking the A, = 0 gauge, the mode expansion of the gauge invariant field E; is given by
Ci cos ky €'V (ko )2+ (g )2+ (k) 2t iky +ika2 where (s = 0 and other gauge invariant field B; is expressed by
E; essentially.
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Because the gauge invariant parts of the modes given before behave like e*#%292 near

z = 0, the term including 0, in the (A.27) are negligible near z = 0 and = = 0 if

(22_dgé})))|z:z sinhn* 7 0 and we ignore the gauge dependent parts.'> Then, (A.27) becomes
(1)

1 . 1 _92 ..
—z@zgq(uiwibzz sinhn* = 2 Gwjw; , which means gq(l,i)wi|wzz sinhn* ~ 2z~ -. This is for

r=zsinh n*
the non-normalizable mode, thus the gauge invariant parts of the modes alone can not satisfy
the boundary condition. The gauge dependent terms are determined by our gauge choice

here, i.e. g%)/[ = 0. Note that this gauge choice can be done before introducing the boundary

and we can impose 97(7?4 = 0 by canceling the contributions from the gauge invariant parts
and the terms generated by the gauge transformation, using the power series expansions by
z and z. This means that the dependent terms keep 2?2 like behavior and can not have
the 272 behavior. Thus the Dirichlet like boundary condition, (zQ*dg((li))\ w=zsinhpr = 0, is

required at the end point of the boundary in this gauge.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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