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1 Introduction

The Anti-de-Sitter/boundary conformal field theory (AdS/BCFT) correspondence [1, 2] is
a generalization of AdS/CFT correspondence [3] in the sense that the space-time manifold
admits a boundary. (See also [4].) There are various works which confirms this duality
in terms of the entanglement entropy and the conformal anomaly both from the gravity
sides and the BCFT sides, a small selection being [1, 2, 5–9]. The AdS/BCFT plays an
important role in the recent studies of the replica wormhole and the island formula [10, 11]
in relation to the Page curve [12].

In the AdS/BCFT correspondence we impose the Neumann boundary condition on the
metric on a boundary, which is called the end-of-the-world brane (ETW brane):

Kab = (K − T )hab, (1.1)

where the K is an extrinsic curvature, T is a constant, called the tension of the ETW brare,
and hab is an induced metric on the boundary.1 To see why we call it as Neumann boundary
condition, we work in the Gaussian normal coordinate where the boundary is on r = 0 and

ds2 = dr2 + habdx
adxb. (1.2)

1In this paper, the ETW brane simply means that we impose the boundary condition (1.1) on a
codimension one time-like hypersurface, which ends on a fixed hypersurface in the asymptotic boundary of
the AdS space, and only consider one of the spacetime regions separated by the hypersurface.
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Then, we can see that
Kab = 1

2
∂hab
∂r

, (1.3)

which is the Neumann boundary condition on the metric. Here we note that the indices
a, b run the tangential direction to an ETW brane. The gravity with boundary conditions
have a long history, a small selection being [13–20]. The meaning of fixing the extrinsic
curvature as in the (1.1) can be found in [17, 21].

One of the important subjects of the AdS/BCFT correspondence is, of course, the
dynamics, which have not been considered even for the perturbation around the vacuum. In
the bulk gravity picture, this can be done by just studying the gravitational perturbations
around the vacuum with the boundary condition (1.1).

In this paper, we explicitly obtain the mode expansion of the gravitational perturbations
around the AdS vacuum in the Poincare patch with the boundary condition (1.1) for the
tensionless case, T = 0. Using these results, we can obtain the bulk reconstruction
formulas [22, 23] assuming the BDHM relation [24] in principle, although we leave such
work as a future problem. The bulk wave packets can be also considered in the AdS/BCFT
correspondence following [25, 26], which used an alternative bulk-boundary map given
in [27, 28]. This will be also interesting future work.

In this paper, we also show that if a d-dimensional BCFT can couple to a d-dimensional
gravity with a boundary, the energy-momentum tensor should satisfy nontrivial constraints
other than the ones for the boundary conformal symmetry.2 More precisely, we need to
choose the boundary condition of the gravity. We consider two known consistent boundary
conditions, namely, the Neumann and the conformally Dirichlet boundary conditions. We
note that the Dirichlet boundary condition may be incosistent [17], therefore in this paper
we do not consider the Dirichlet case. We find that the necessary conditions for energy-
momentum tensor in the BCFT which couples to the gravity with the Neumann boundary
condition are

Txa|x=0 = 0, ∂xTab|x=0 = 0, ∂xTxx|x=0 = 0, (1.4)

which are satisfied for the free scalar BCFT with the Neumann and also the Dirichlet
boundary conditions. The necessary conditions for energy-momentum tensor in the BCFT
which couples to the gravity with the conformal Dirichlet boundary condition are

Txa|x=0 = 0, Tab|x=0 = − 1
d− 1ηab Txx|x=0, ∂xTxx|x=0 = 0, (1.5)

which are satisfied for the free scalar BCFT with the Dirichlet boundary condition. Note
that (1.1) and (1.5) are independent boundary conditions.

For the BCFT in the AdS/BCFT, we find that (1.4) are satisfied for the AdS/BCFT
with tensionless ETW brane and (1.5) are satisfied for the AdS/BCFT with non-zero tension
ETW brane by explicitly deriving the constraints for the energy-momentum tensor using
holographic relations. Thus, the BCFT in the AdS/BCFT with the tensionless brane can
couple to the gravity with the Neumann boundary condition, but the BCFT for the nonzero

2Note that even if we consider the AdS/BCFT, this d-dimensional gravity is different from the d+ 1-
dimensional bulk gravity.
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tension brane can couple to the gravity with the conformally Dirichlet boundary condition.
These results might be surprising because the ETW brane in the AdS/BCFT imposes the
Neumann boundary conditions for the bulk gravity theory, even for the non-zero tension
case. We expect that the key to this problem is that we impose the conformally Dirichlet
boundary conditions at the asymptotic AdS boundary. For T 6= 0 the ETW brane is on
the hypersurface which is not orthogonal to the one for the asymptotic AdS boundary.
Then, the boundary condition on the ETW brane might be related to the one on the
asymptotic AdS boundary on the intersection of these boundaries. It will be interesting to
understand these results clearly. We will expect that our results can also be examined by
the holographic renormalization of the bulk geometry [29].

Note: This work has a overlap with [30] partially. In that work they solve Einstein
equation with the condition (1.1). Technically the assumptions they set are a little different
from ours.

This paper is organized as follows: in section 2 we give a review of the mode expansion
of the metric in the AdS/CFT in the Poincare patch. In section 3 we consider the mode
expansion of the metric in AdS/BCFT and obtain the explicit form of the mode expansion
for the tensionless case. In section 4 we show that the energy-momentum tensor in a
d-dimensional BCFT should satisfy nontrivial constraints if the BCFT can couple to a
d-dimensional gravity with a specific boundary condition. For the BCFT in the AdS/BCFT,
we find that the BCFT can couple to the gravity with the Neumann boundary condition
for the tensionless brane, but the BCFT can couple to the gravity with the conformally
Dirichlet boundary condition for the nonzero tension brane, by using holographic relations.
Section 5 is devoted to the conclusions. In the appendix, we consider the mode expansion
of the metric in the AdS/BCFT in the gauge invariant formalism, although we only obtain
partial results.

2 Free theory limit of gravity in Poincare AdS space

In this section, in preparation for the study of the dynamical degrees of freedom of
AdS/BCFT, we will review the free theory limit of gravity in Poincare AdSd+1 space, which
is supposed to be dual to the generalized free limit of the holographic CFT on the Minkowski
space.3 This will be done by knowing the mode expansion of the gravitational perturbation
g

(1)
µν around the AdSd+1 background g(0)

µν in the Poincare coordinate:

ds2 = g
(0)
MNdx

MdxN = dz2 + ηµνdx
µdxν

z2 , (2.1)

where µ, ν = 1, . . . , d. In this paper, we assume d ≥ 3 because for d = 2 there is no usual
gravitons in AdS3 and there are only the boundary gravitons. The mode expansion for this
was already done in [31, 32] and we will follow their studies.

We will take the Fefferman-Graham coordinate, i.e.

g
(1)
zM = 0. (2.2)

3Assuming the BDHM relation [24], the reconstruction of the bulk local operators can be done in principle.
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Then, a part of the linearized Einstein equations with the normalizable condition for z → 0
gives the following conditions:

g µ(1)
µ = 0, ∂µg(1)

µν = 0. (2.3)

The remaining linearized Einstein equations become(
∂α∂α + ∂2

z + 5− d
2 ∂z −

2(d− 2)
z2

)
g(1)
µν = 0. (2.4)

These equations can be solved by the Bessel functions as

g(1)
µν =

∫
dωdkµdζµν e

i(ωt+kµxµ) ζµν z
d
2−2

×
(
aω,k,ζJd/2

(√
ω2 − kµkµ z

)
+ bω,k,ζYd/2

(√
ω2 − kµkµ z

))
, (2.5)

where the integrations are constrained with ζµν = ζνµ, ζ
µ
µ = 0, kµζµν = 0, ζµνζµν = 1.

Because Jν(Z) ∼ Zν and Yν(Z) ∼ Z−ν near z = 0, the coefficients bω,k,ζ = 0 so that the
field should be (delta-function) normalized.4 Furthermore, we need to take aω,k,ζ = 0 if
ω2 <

∑n+1
p=1 (kp)2 because Jν(Z) ∼ e|Z| in the limit Z →∞ for the region. Finally, by the

free field quantization, the coefficients aω,k,ζ will be the creation operators or the annihilation
operator for ω > 0 or ω < 0, respectively with a suitable normalization constant factor.

3 Gravitational perturbations in the AdS/BCFT

In this section, we consider the mode expansion of the gravitational perturbations in the
AdS/BCFT with the boundary condition (1.1),

Kab = (K − T )hab. (3.1)

Note that this implies K = T d
d−1 and Kab = T

d−1hab. The mode expansion has been done
for the case without the boundary condition in the previous section, and then we will search
which combinations of the modes satisfy the boundary condition.

In order to specify the boundary condition explicitly, we first write the background
AdSd+1 metric as,

ds2 = dη2 + cosh2 η

ζ2

(
dζ2 − dt2 +

n∑
i=1

dw2
i

)
(3.2)

where n = d− 2, which becomes the familiar form of the metric in the Poincare coordinate,

ds2 = g
(0)
MNdx

MdxN = dz2 − dt2 + dx2 +
∑n
i=1 dw

2
i

z2 , (3.3)

by the following coordinate transformation:

z = ζ

cosh η ,

x = ζ tanh η. (3.4)

4Note that in this gauge g(1)
µν = O(zd−2) because J d

2
(Z) ' Z d

2 near Z ' 0.
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For this background, the boundary condition (1.1) is satisfied by restricting the spacetime
to the region −∞ < η < η∗, where η∗ is determined by the tension T as T = (d− 1) tanh η∗.
In the usual coordinate, the boundary is at x/z = sinh η∗. In particular, for tensionless case
T = 0, η∗ = 0 which means that the boundary is at x = 0.

Note that, if we choose the Gaussian normal coordinate like (1.2), the boundary
condition (1.1) becomes just a partial derivative [5],

∂hab
∂r

= 2T
d− 1hab = 2 tanh η∗hab. (3.5)

Note also that in this paper we require the asymptotic AdS boundary condition where
we can take the FG gauge and the metric which includes the perturbations near z = 0 can
be written by

ds2 = dz2 + hµν(xµ, z)dxµdxν

z2 , (3.6)

where
hµν(xµ, z)dxµdxν = ηµν + Tµν(xρ)zd +O(zd+1), (3.7)

and Tµν(xρ) is the energy momentum tensor of the corresponding BCFT up to a constant.
We require this is valid on η = η∗. In particular, this implies that Tµν(xρ)|x=0 is well-defined
and does not depend on how we approach the corner point z = x = 0. Our requirement is
different from the condition imposed in [30] where Tµν(xρ)|x=0 is allowed to be divergent
for some modes.

3.1 Tensionless case

Let us consider the tensionless case. The perturbation of the metric can be written as

gMN = g
(0)
MN + g

(1)
MN .

We will place the tensionless ETW brane at x = 0 in this Poincare AdSd+1 background g(0)
MN .

First we assume that the ETW brane is on x = 0 even after including the perturbations of
the metric. We will reconsider the case where the ETW brane is not on x = 0 later.

The unit normal vector for the surface is given by

nM = δxM/
√

(g−1)xx '
(

1
z

+ zg
(1)
xx

2

)
δxM ,

up to the first order of the perturbation. The extrinsic curvature is defined by

Kab = eMa e
N
b ∇MnN = ∂nb

∂xa
− ΓMabnM = −ΓMabnM ' −

1
z
δΓxab,

where xa = {t, z, wi} and the projection tensor is

eMa = ∂xM

∂xa
= δMa .
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Here, the deviation of the Christoffel symbol δΓxab from the background metric in the
linearized approximation is

δΓxab = 1
2δg

xM (gMa,b + gMb,a − gab,M ) + 1
2g

xM (δgMa,b + δgMb,a − δgab,M )

= z3
(
g

(0)
bz g

(1)
xa + g(0)

az g
(1)
xb − g

(0)
ab g

(1)
xz

)
+ 1

2z
2
(
g

(1)
xa,b + g

(1)
xb,a − g

(1)
xa,x

)
.

Substituting these altogether, the boundary conditions in components become

Ktt = −z
(
g

(1)
xt,t −

1
2g

(1)
tt,x

)
− g(1)

xz = 0,

Ktz = Kzt = −z2
(
g

(1)
xt,z + g

(1)
xz,t − g

(1)
zt,x

)
− g(1)

xt = 0,

Kzz = −z
(
g(1)
xz,z −

1
2g

(1)
zz,x

)
+ g(1)

xz = 0,

Ktwi = Kwit = −z2
(
g

(1)
xwi,t + g

(1)
xt,wi − g

(1)
twi,x

)
= 0,

Kzwi = Kwiz = −z2
(
g(1)
xz,wi + g(1)

xwi,z − g
(1)
zwi,x

)
− g(1)

xwi = 0,

Kwiwi = −z2
(
2g(1)
xwi,wi − g

(1)
wiwi,x

)
+ g(1)

xz = 0,

Kwiwj = −z2
(
g(1)
xwi,wj + g(1)

xwj ,wi − g
(1)
wiwj ,x

)
= 0, (i 6= j),

where they are evaluated on x = 0 and the trace of the extrinsic curvature K was set to be
zero since we focus on the tensionless case.

Next, we take the Fefferman-Graham gauge and substitute the mode expansions of the
metric perturbations obtained in the previous section to the above boundary conditions.
Note that the ETW brane is on x = 0 by the assumption. Then, from Ktz = 0 we find
zg

(1)
xt,z + 2g(1)

xt = 0, which means g(1)
xt = z−2G(t, wi) on x = 0. This can not be possible

for the normalizable mode, thus we find g
(1)
xt |x=0 = 0. With this and Ktt = 0, we find

∂g
(1)
tt
∂x |x=0 = 0. Similarly, we find g(1)

xwi |x=0 =
∂g

(1)
twi
∂x |x=0 =

∂g
(1)
wiwj

∂x |x=0 = 0.
In summary, the boundary conditions in the Fefferman-Graham gauge g(1)

zM = 0 are

g
(1)
xa |x=0 = ∂g

(1)
ab
∂x |x=0 = 0. Thus, we find that the modes which satisfy the boundary condition

using the results without the boundary, (2.5), are

g(1)
µν ∼

(
cos(kxx) ζNµν + sin(kxx) ζDµν

)
ei(ωt+kax

a) z
d
2−2Jd/2

(√
ω2 − kµkµ z

)
, (3.8)

where ζNxα = ζNαx = 0 and ζDαβ = 0 for α 6= x and β 6= x. Moreover, ζNµν and ζDµν are
symmetric traceless, which implies ζDxx = 0, and they should satisfy

− kxζNxν + ikaζDaν = 0, kxζDxν + ikaζNaν = 0, (3.9)

which come from ∂µg
(1)
µν = 0. The non-trivial parts of the equations of (3.9) are kxζDxb +

ikaζNab = 0 and −kxζNxx + ikaζDax = 0, which implies kakbζNab = (kx)2ζNxx = −(kx)2ζN c
c .

Note that we can regard the independent components of ζN and ζD as ζNab constrained
by kakbζNab = −(kx)2ζN c

c . Thus, the number of the degrees of freedom is d(d− 1)/2− 1 =
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(d− 2)(d+ 1)/2 which is same as the one for the theory without the boundary, as expected
because the gravitational waves far from the boundary will be same as ones for the theory
without the boundary. Note also that in the Gaussian normal coordinate, the boundary
condition seems to be given by the Neumann boundary condition on the plane wave along
x direction only, however, we have chosen the different gauge and the mode expansions
given here are different from that.

3.1.1 No mode if the ETW brane is not on x = 0

We have assumed that the ETW brane is stretching on x = 0 in the FG gauge. This means
that we searched the modes which satisfying this condition and the modes we obtained might
not be complete. Below we will consider the case that the ETW brane is not stretching on
x = 0 and will find that there are no additional modes, thus (3.8) are complete.

Let us assume that we pick the gauge choice above, and adding the perturbations.
Then correspondingly the brane deviates a little from x = 0 in general and we denote the
hypersurface of the brane as F ≡ x − f(z, t, wi) = 0 where f(z, t, wi) is the order of the
perturbation. Let us linearize the boundary condition (1.1). The unit normal vector n+ δn

of the ETW brane is given by,

nM + δnM = ∂MF√
(g−1)MN∂MF∂NF

, (3.10)

which implies
δnM = −1

z
∂Mf + δxM

1
z
∂Mf + · · · , (3.11)

where we keep the terms of the liner order of the perturbations. Below, we will omit the
higher order of the perturbations in the equations for the notational simplicity. The extrinsic
curvature is defined by

Kab = eMa e
N
b ∇M (nN + δnN ) = ∂(nb + δnb)

∂xa
− ΓMab (nM + δnM ) + ∂afδbz/z

2, (3.12)

where xa = {t, z, wi} and the projection tensor is

eMa = ∂xM

∂xa
= δMa + δMx ∂af.

Here, we have approximated the terms comes from the deviation of the projection tensor,
∂af∇xnb + ∂bf∇anx = ∂afδbz/z

2, in (3.12) in the linear order in the perturbation. Then,
the deviation of it proportional to δn is δKab = ∂δnb

∂xa − ΓMabδnM + ∂afδbz/z
2, and we can

calculate the extrinsic curvature as

Kzz = g(1)
xz −

z

2
(
2g(1)
xz,z − g(1)

zz,x

)
− ∂

∂z

(1
z

∂f

∂z

)
, (3.13)

Kzt = −z ∂
∂z

( 1
z2
∂f

∂t

)
− z

2
(
g

(1)
xt,z + g

(1)
xz,t − g

(1)
zt,x

)
− g(1)

xt , (3.14)

Kzwi = −1
z

(
∂2f

∂wi∂z

)
− z

2
(
g(1)
xwi,z + g(1)

xz,wi − g
(1)
zwi,x

)
− g(1)

xwi , (3.15)
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Ktt = g(1)
xz −

z

2
(
2g(1)
xt,t − g

(1)
tt,x

)
− 1
z

(
∂2f

∂t2

)
− 1
z2

(
∂f

∂z

)
, (3.16)

Ktwi = −1
z

∂2f

∂t∂wi
− z

2
(
g

(1)
xt,wi + g

(1)
xwi,t − g

(1)
wit,x

)
, (3.17)

Kwiwi = −g(1)
xz −

z

2
(
2g(1)
xwi,wi − g

(1)
wiwi,x

)
− 1
z

(
∂2f

∂w2
i

)
+ 1
z2

(
∂f

∂z

)
, (3.18)

Kwiwj = −1
z

∂2f

∂wi∂wj
− z

2
(
g(1)
xwi,wj + g(1)

xwj ,wi − g
(1)
wiwj ,x

)
, (3.19)

where we have used the fact that non-zero ΓPMN are

1
z

= Γzii = −Γztt = −Γzzz = −Γiiz = −Γizi = Γttz = Γtzt

for the Poincare AdS space in the coordinate system.
The boundary conditions are Kab|x=f = 0. In the Fefferman-Graham gauge g(1)

zM = 0,
Kzz|x=f = 0 implies f = c1z

2 + c0. Here, c0 should be zero because of the asymptotic
boundary condition f → 0 for z → 0. Furthermore, Ktt|x=f contains −1

z

(
∂2f
∂t2

)
− 1

z2

(
∂f
∂z

)
=

−2c1/z +O(z), which should be canceled by other terms. Thus, we find f = 0 and then
we conclude that there are no additional modes with f 6= 0. Note that if we consider the
non-normalizable modes, then the modes with f 6= 0 can be possible.

3.2 Non-zero tension case

In this subsection we consider the non-zero tension case although we can not obtain a closed
form of the mode expansion.

Let us consider the perturbations in the FG gauge, g(1)
zM = 0, and we denote the position

of the brane as F ≡ x − kz − f(z, t, wi) = 0, where k = sinh η∗. We note that f(z, t, wi)
is the order of the perturbation O(g(1)). The unit normal vector n of the ETW brane is
given by,

nM = ∂MF√
(g−1)MN∂MF∂NF

, (3.20)

where ∂MF = δxM − kδzM − ∂Mf and

(g−1)MN∂MF∂NF = z2(1 + k2)η∗ + 2z2k∂zf − z4g(1)
xx

Then, we find

nM = 1
z
√

1 + k2

(
1− k

1 + k2∂zf + z2

2(1 + k2)g
(1)
xx

)
(δxM − kδzM − ∂Mf) (3.21)
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In particular, we obtain

nz = 1
z
√

1 + k2

(
−k − 1

1 + k2∂zf −
kz2

2(1 + k2)g
(1)
xx

)
,

nx = 1
z
√

1 + k2

(
1− k

(1 + k2)∂zf + z2

2(1 + k2)g
(1)
xx

)
,

nt = − 1
z
√

1 + k2
∂tf,

nwi = − 1
z
√

1 + k2
∂wif. (3.22)

The extrinsic curvature is defined by

Kab = eMa e
N
b ∇MnN

= ∂nb
∂xa
−ΓMabnM +(kδza+∂af)∇xnb+(kδzb +∂bf)∇anx+(kδza+∂af)(kδzb +∂bf)∇xnx,

where xM = {x = kz + f(t, z, wi), xa = {t, z, wi}} and the projection tensor is

eMa = ∂xM

∂xa
= δMa + kδMx δ

z
a + δMx ∂af.

The boundary condition for the non-zero tension case is

Kab = tanh η∗hab, (3.23)

and we will firstly compute the zz component. This is evaluated as

Kzz = 1√
1+k2

×
(
k

z2 + k3

z2 −
1
z
∂2
zf+ 1

z2
2k4 +3k2 +1

k2 +1 ∂zf−
3k
2 g(1)

xx −g(1)
xx,z

(
zk+ zk3

2

)
−g(1)

xx,x

zk2

2

)
.

Similarly we can expand the right hand side of (3.23) and we obtain

tanh η∗hzz = 1√
1 + k2

(
k

z2 + k3

z2 + k3g(1)
xx + 2k2

z2 ∂zf

)
, (3.24)

which implies that f is O(zd+1) and completely determined by

1
z
∂2
zf −

1
z2∂zf −

(2k2 + 3)k
2 g(1)

xx − g(1)
xx,z

(
zk + zk3

2

)
= 0, (3.25)

where we omit zg(1)
xx,x because it is the order of zd−1. In particular, for g(1)

xx = Txxz
d−2 +

O(zd−1), we find

f = −dk
3 + (2d− 1)k
2(d2 − 1) Txxz

d+1 +O(zd+2). (3.26)

We note that there could be O(z2) or O(z0) terms in f other than the those determined by
g

(1)
xx . However, such terns are forbidden by the other components of the boundary conditions
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as we will see below. Note that O(z0) term is not allowed because f should become zero in
the limit z → 0 because the ETW brane is should be terminated at x = z = 0.

For the boundary conditions for other components, we obtain

zt : 1√
1+k2

(
k2

z2 ∂tf−
1
z
∂z∂tf−

z(1+k2)
2 g

(1)
xt,z−(1+k2)g(1)

xt −
zk

2 g
(1)
xx,t

)
= 0,

zwi : 1√
1+k2

(
k2

z2 ∂wif−
1
z
∂z∂wif−

z(1+k2)
2 g(1)

xwi,z−(1+k2)g(1)
xwi−

zk

2 g(1)
xx,wi

)
= 0,

tt : 1√
1+k2

(
− 1
z2(1+k2)∂zf−

1
z
∂2
t f−

k

2(1+k2)g
(1)
xx −

zk

2 g
(1)
tt,z+ z

2g
(1)
tt,x−kg

(1)
tt −zg

(1)
xt,t

)
= 0,

twi : 1√
1+k2

(
−1
z
∂wi∂tf−

zk

2 g
(1)
wit,z−kg

(1)
twi−

z

2(g(1)
xt,wi +g

(1)
xwi,t−g

(1)
twi,x)

)
= 0,

wiwi : 1√
1+k2

( 1
z2(1+k2)∂zf−

1
z
∂2
wif+ k

2(1+k2)g
(1)
xx

− zk

2 g(1)
wiwi,z+z2g

(1)
wiwi,x−kg

(1)
wiwi−zg

(1)
xwi,wi

)
= 0,

wiwj : 1√
1+k2

(
−1
z
∂wi∂wjf−

zk

2 g(1)
wiwj ,z−kg

(1)
wiwj −

z

2(g(1)
xwj ,wi +g(1)

xwi,wj −g
(1)
wjwi,x)

)
= 0.

(3.27)

If f = αz2 + · · · , these are dominant in z → 0 in the above tt component and we find
− 1

(1+k2)2α− ∂2
t αz

2 = 0, which implies α = 0
We would like to find the mode which satisfies the boundary conditions. Note that

each mode of the g(1)
MN is proportional to the Bessel function Jd/2(

√
ω2 − kµkµz) in the

Fefferman-Graham gauge, however, f is completely different from the Bessel function. Thus,
in order to solve the boundary conditions generically we need to consider linear combinations
of infinitely many modes with different kµ, but same ω. In principle, there will be only the
technical problem to do this, and we expect that the number of degrees of freedom is the
same as T = 0 case.5 However, in this paper we leaves this problem open for completion in
the future.

Finally, in order to obtain the constraints for the energy-momentum tensor, we can
extract the coefficient of zd−2 in the above equations (3.27). Then we obtain

Txt = Txwi = Ttwi = Twiwj = 0, (3.28)

where we define
g

(1)
ij = Tijz

d−2 +O(zd−1). (3.29)

For the tt and wiwi components we can substitute the form of (3.26) we find that

Ttt = 1
d− 1Txx, (3.30)

Twiwi = − 1
d− 1Txx. (3.31)

5In [30] this problem was solved in a different gauge.
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Therefore we can combine these conditions as

Tij = − 1
d− 1ηijTxx, (3.32)

where the ηij is the Minkowski metric. We will see what these conditions mean in the
next section.

4 Constraints of the energy-momentum tensor in BCFT

In this section, we consider general BCFT in flat space and derive constraints of the
energy-momentum tensor of it by considering the coupling to the gravity. Here we will treat
gravity as a background field and do not consider backreactions. We will also find that the
energy-momentum tensor in AdS/BCFT satisfies the constraints.

First, by the definition of the d-dimensional BCFT, the boundary conformal symmetry
should be kept, namely, the presence of the boundary breaks the conformal symmetry
SO(2, d) to SO(2, d − 1), which means the condition on the following energy-momentum
tensor:

Txa|x=0 = 0, (4.1)
where we put the boundary on the x = 0 surface and a, b, · · · run the transverse directions
to the boundary surface x = 0. Note that (4.1) implies

∂xTxx|x=0 = 0, (4.2)

by the current conservation ∂xTxx + ∂aTxa = 0. This boundary condition requires that
the energy flux does not spread out from the boundary of the CFT region. This is just a
generalization of the two-dimensional case (T − T̄ )|x=0 = 0 [33].

Then, we will consider a d-dimensional BCFT which can couple to a d-dimensional
gravity theory with the boundary and the necessary conditions for the properties of such
a BCFT. Here, we need to specify the boundary condition of the gravity theory6 and we
will choose the Neumann boundary condition for simplicity and later we will consider the
conformal Dirichlet boundary condition.7 In order to fix the location of the boundary in
the BCFT, we choose the Gaussian normal coordinate so that the boundary is fixed at
x = 0. Then, the Neumann boundary condition means ∂xgab|x=0 = 0 and, using Fourier
transformation, the metric can be represented as

δgab = gab − ηab ∼
∫
dkfab(k) cos (kx). (4.3)

Thus, in order to couple the gravity consistently,8 the energy-momentum tensor in the
BCFT should also satisfy the Neumann boundary condition,

∂xTab|x=0 = 0, (4.4)
6Similar considerations were given in [34].
7The Dirichlet boundary condition may be inconsistent [17]. There might be other types of consistent

boundary conditions, which are not considered in this paper.
8Here, we assume that the nonzero energy momentum tensor should be a source for the gravity. For a

system which has a subsystem which is completely decoupled from the other subsystem and the gravity,
we can consider only the subsystem which couples to the gravity. We thank M. Shigemori for the useful
discussions on this point.
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because of the coupling of the energy-momentum tensor to the perturbations of the metric δg:∫
Tµνδg

µν . (4.5)

(The gauge dependence is of course absent by the current conservation.) Using the traceless
condition, we find that the necessary conditions for energy-momentum tensor in the BCFT
which couples to the gravity with the Neumann boundary condition are

Txa|x=0 = 0, ∂xTab|x=0 = 0, ∂xTxx|x=0 = 0. (4.6)

Note that for two dimensional BCFT, Txa|x=0 = 0 implies others by using the current
conservation ∂xTxx − ∂tTtx = 0 and the traceless condition.

Although a BCFT does not need to satisfy the boundary conditions (4.6), we will see
that the BCFT which is realized as a free scalar field theory with a boundary indeed satisfy
them.9 Let us consider a free scalar field on a half of R1,d−1. Here we set the boundary at
x = 0 and we impose the Neumann or Dirichlet boundary conditions at this boundary. The
Lagrangian of the conformally coupled scalar filed is

L = −1
2
√
−g

(
gµν∂µφ∂νφ− ξRφ2

)
, (4.7)

where ξ = 1
4
d−2
d−1 . The energy-momentum tensor on general background is given by

Tµν = 2√
−g

δS

δgµν

= (1− 2ξ)∂µφ∂νφ+
(

2ξ − 1
2

)
gµνg

ρσ∂ρφ∂σφ− 2ξφ∂µ∂νφ+ 2
d
ξgµνφ�φ

− ξ
(
Rµν −

1
2Rgµν + 2(d− 1)

d
ξRgµν

)
φ2. (4.8)

For the flat space, we obtain

Tµν = ∂µφ∂νφ−
1
2ηµν∂

αφ∂αφ+ d− 2
4(d− 1)

(
(ηµν∂α∂α − ∂µ∂ν)φ2 +

(2
d
− 2

)
ηµνφ�φ

)
.

(4.9)
The last term proportional to �φ vanishes by the equations of motion and this is equivalent
to the usual improved energy-momentum tensor. Then, for the Neumann boundary condition
∂xφ|x=0 = 0, which implies ∂a∂xφ|x=0 = 0, we can easily see that (4.6) are satisfied using
∂α∂αφ = 0. For the Dirichlet boundary condition φ|x=0 = const., which implies ∂aφ|x=0 = 0,
we can easily see10 that (4.6) is satisfied if we require φ|x=0 = 0 which is obviously needed
for the conformal symmetry.

Next, we will consider a d-dimensional BCFT which can couple to a d-dimensional
gravity theory with the conformally Dirichlet boundary [13]. For this, the metric fluctuations
should be δgab|x=0 ∼ ηab, which implies Tab|x=0 ∼ ηab. Thus, the necessary conditions for

9Indeed the holographic BCFT with T 6= 0 may not satisfy (4.6).
10Note that ∂x∂xφ|x=0 = −∂a∂aφ|x=0 = 0.
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energy-momentum tensor in the BCFT which couples to the gravity with the conformally
Dirichlet boundary condition are

Txa|x=0 = 0, Tab|x=0 = − 1
d− 1ηab Txx|x=0, ∂xTxx|x=0 = 0, (4.10)

where we have used the traceless condition. For the free scalar field theory, we can see that
these conditions are not satisfied for the Neumann boundary condition, but are satisfied for
the Dirichlet boundary condition.

4.1 Constraints of the energy-momentum tensor in AdS/BCFT

We will study the constraints of the energy-momentum tensor in AdS/BCFT, where the
Neumann boundary condition is imposed on the bulk (d+ 1)-dimensional metric, and will
determine which kind of BCFT is realized in AdS/BCFT.

In the Fefferman-Graham gauge the bulk metric becomes the following form:

ds2 = dz2

z2 + gµνdx
µdxν . (4.11)

In this gauge the bulk metric admits a Taylor series expansion in the neighborhood of the
asymptotic boundary:

gµν = gµν(0) + zgµν(1) + · · ·+ zd−2gµν((d−2)/2) + · · · , (4.12)

where the subscripts of the metric represent the order of the z expansion. The boundary
stress energy corresponds to the gµν((d−2)/2), so in terms of gµν we can rewrite as [24]:

Tµν = lim
z→0

z−(d−2)(gµν − g(0)
µν ), (4.13)

where g(0)
µν is the AdS metric and we assumed there is no source term.

Then, for the tensionless ETW brane case, T = 0, from the mode expansion (3.8), we
find Tµν in the BCFT should satisfy (4.6) at the boundary x = 0.11 This can be seen also
from the linearized boundary condition (3.13)–(3.19) directly. Note that near z = 0 any
metric should be close to the AdS metric, thus we can use the linearized analysis. Thus,
the BCFTd realized in the AdS/BCFT with the tensionless ETW brane can couple to the
d-dimensional gravity with Neumann boundary condition.

For the nonzero tension ETW brane case, T 6= 0, we derive the constraints in subsec-
tion 3.2, which are given by

Tij = − 1
d− 1ηijTxx. (4.14)

Thus, the BCFTd realized in the AdS/BCFT with the nonzero tension ETW brane can
couple to the d-dimensional gravity with conformally Dirichlet boundary condition. It
will be a future problem to resolve why the Neumann like boundary condition in the AdS
reduces to the conformally Dirichlet boundary condition in the BCFT.

11In [20] the authors mentioned the condition Txi = 0 in AdS/BCFT.
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5 Conclusion and discussions

In this paper we consider the AdS/BCFT correspondence for the pure gravity, especially
in the vacuum AdS space. We analyze the perturbation of the metric and the boundary
condition on the ETW brane in the sourceless case. In the tensionless case we find that
the position of the ETW brane is fixed at the original hyperplane (x = 0) in the FG
gauge. We confirm that after imposing these boundary conditions the perturbation of
the metric survives in the tensionless case. We also consider the boundary condition of
the energy-momentum tensor in BCFT side and we find nontrivial constraints. These
conditions are necessary to define the BCFT which can couple to a dynamical gravity with
the Neumann or the conformally Dirichlet boundary conditions on the metric. We find
that the BCFTd realized in the AdS/BCFT with the tensionless ETW brane can couple to
the d-dimensional gravity with Neumann boundary condition. For the AdS/BCFT with
the nonzero tension ETW brane, we find that the BCFTd can couple to the d-dimensional
gravity with conformally Dirichlet boundary condition.
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A Gauge invariant formalism

In this appendix, we will use the gauge invariant formalism to study the perturbations of the
AdS/BCFT instead of the FG gauge, however, we find only a part of the mode expansion.

In preparation for the study of the dynamics of AdS/BCFT, we will explicitly describe
the free theory limit of gravity in Poincare AdS space, which is supposed to be dual to the
generalized free limit of the holographic CFT on the Minkowski space.12 This will be done
by knowing the mode expansion of the gravitational perturbation g(1)

µν around the AdSn+3
background g(0)

µν in the Poincare coordinate:

ds2 = g(0)
µν dx

µdxν = dz2 − dt2 + dx2 +
∑n
i=1 dw

2
i

z2 , (A.1)

where i = 1, . . . , n. In this paper, we will assume n ≥ 1 because for n = 0 there is no usual
gravitons in AdS3 and there are only the boundary gravitons. For the global AdS case, this
was already done in the gauge invariant way in [35]. Thus, we will follow their study with
a small number of modifications, or just focusing the near boundary region to obtain the
results for the Poincare patch.

12Assuming the BDHM relation [24], the reconstruction of the bulk local operators can be done in principle.
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For xµ, we will use latin indices in the range a, b, · · · to denote the components (z, t)
and also use the latin indices in the range p, q, · · · , to denote the components (x,wi), where
p, q, · · · take 1, . . . , n+ 1. To denote the whole components we will use the greek indices.
For the Poincare patch, a set of coordinates (x,wi), which describes Rn+1, has a rotational
symmetry. Therefore the tensor gab behaves as the scalar field under this rotation. Similarly,
gap and gpq behave as the vector field and the symmetric tensor field, respectively. We can
further decompose the vector field and the symmetric tensor field by the “harmonics” of
Rn+1 and their derivatives:

Tkpq = ζpq exp(ikpxp),
Vkp = ζp exp(ikpxp),
Sk = exp(ikpxp), (A.2)

where kp, ζp, ζpq = ζpq are real constants such that kpζp = 0, kpζpq = 0 and
∑n+1
p=1 ζpp = 0.

These constants parameterize the harmonics.
Then, the metric perturbations g(1)

µν can be decomposed into (z, t) directions and (x,wi)
directions:

g
(1)
ab = h

(0)
ab

g(1)
ap = Dph

(0)
a + h(1)

ap

g(1)
pq = h(2)

pq +Dph
(1)
Tq +Dqh

(1)
Tp

+ h
(0)
L γpq +

(
DpDq −

1
n+ 1γpqγ

rsDrDs

)
h

(0)
T ,

where Dp is the derivative in the Euclidean space and

γpq = gpq
z2 .

Here we note that the superscripts of the tensors h denote the rank, not the order of the
perturbation. We also note that these tensors are defined such that

Dph(2)
pq = h(2)p

p = 0,

Dph(1)
ap = 0,

Dph
(1)
Tp = 0.

Thus, we can expand the tensor h(a)
∗ with a = 2, 1, 0 by Tkpq,Vkp, Sk, respectively and these

are not mixed in the linearized Einstein equation. We will call them tensor perturbation,
vector perturbation and scalar perturbation, respectively and the mode expansion can be
done separately for these three perturbations.

Tensor perturbations. We can expand the tensor type perturbation h
(2)
pq in the ba-

sis Tkpq:
h(2)
pq =

∑
kp,ζpq

H
(2)
T (z, t; kp, ζpq) ζpqeikpx

p
, (A.3)
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where the summations over k, ζ actually means the integrations. Since the gauge transfor-
mation

gµν → gµν +∇µξν +∇νξµ,

does not contain tensor parts, H(2)
T is gauge-invariant. The equation of motion for this H(2)

T

is the linearized Einstein equation,(
δσν∇ρ∇µ + δσµ∇ρ∇ν − gρσ∇µ∇ν − δρµδσν∇2 − gµν∇ρ∇σ + gµνg

ρσ∇2
)
hρσ = 0, (A.4)

which implies that the scalar ΦT = z
3−n

2 H
(2)
T satisfies

∇̂c∇̂c
(
z

3−n
2 ΦT

)
−

(n+ 1)(n+ 3)
4 +

n2 − 1
4 +

n+1∑
p=1

(kp)2 + 2

 z2

ΦT = 0, (A.5)

where ∇̂c is the covariant derivative in the AdS2 space parametrized by z, t. This equation
can be solved by the Bessel functions as

H
(2)
T =

∑
ω

eiωt z
n−2

2 (aωJν(Z) + bωYν(Z)), (A.6)

where we define
ν = n+2

2 , Z =
√
ω2 −

∑n+1
p=1 (kp)2 z. (A.7)

Because Jν(Z) ∼ Zν and Yν(Z) ∼ Z−ν near z = 0, the coefficients bω = 0 so that
the field should be (delta-function) normalized. Furthermore, we need to take aω = 0 if
ω2 <

∑n+1
p=1 (kp)2 because Jν(Z) ∼ e|Z| in the limit z →∞. Finally, the coefficients aω will

be the creation operators or the annihilation operator for ω > 0 or ω < 0, respectively with
the suitable normalization constant.

Vector perturbations. The vector components can be expanded in terms of the ba-
sis Vki:

h
(1)
ai =

∑
H(1)
a ζie

ikx,

h
(1)
T i =

∑
H

(1)
T ζie

ikx.

The gauge transformation is given by

H(1)
a → H(1)

a −
1
z2∇a

(
z2ξ(1)

)
,

H
(1)
T → H

(1)
T − ξ

(1).

Then, we can define the gauge-invariant combinations

Za = H(1)
a −

1
z2 ∇̂a

(
z2H

(1)
T

)
.

To obtain the Bessel equation we define the scalar potential as

Za = zn−1εab∇̂bφV .

– 16 –

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



J
H
E
P
0
9
(
2
0
2
2
)
1
0
3

Then the scalar potential φV satisfies

1
zn+3 ∇̂c(z

n+1∇̂cφV )− (k2
x + k2

wi − n)φV = 0, (A.8)

and we obtain the solution,

φV = z−
n
2 (aJν(Z) + bYν(Z)), (A.9)

where we define
ν = n

2 ,

Z2 = (k2
x + k2

wi − k
2 + n)z2.

(A.10)

Scalar perturbations. The scalar parts can be expanded in the scalar harmonics Sk:

hab =
∑

H
(0)
ab e

ikx,

ha =
∑

H(0)
a eikx,

hL =
∑

H
(0)
L eikx,

h
(0)
T =

∑
H

(0)
T eikx.

The gauge transformation can be summarized as

H
(0)
ab → H

(0)
ab − ∇̂aξ

(0)
b − ∇̂bξ

(0)
a ,

H(0)
a → H(0)

a − ξ(0)
a −

1
z2 ∇̂a

(
z2ξ(0)

)
,

H
(0)
L → H

(0)
L + 2k2

n+ 1ξ
(0) − 2

z

(
∇̂a 1

z

)
ξ(0)
a ,

H
(0)
T → H

(0)
T − 2ξ(0).

We can construct the following gauge invariant combinations,

Z = (n+ 1)
z(n−3)

(
H

(0)
L + k2

s

n+ 1H
(0)
T + 2

z

(
∇̂a 1

z

)
Xa

)
),

Zab = 1
z(n−1) (H(0)

ab + ∇̂aXb + ∇̂bXa) + n

n+ 1Zgab,

where
Xa = −H(0)

a + 1
2z2 ∇̂a(z

2H
(0)
T )

The scalar potential ΦS = z
n+1

2 (φS + φ0) satisfies

∇̂c∇̂cΦS −
{

(n− 1)(n− 3)
4 +

(
n2 − 1

4 + k2
x + k2

wi

)
z2
}

ΦS = 0. (A.11)

We can solve this equation and the result is

φS + φ0 = z−
n
2 (aJν(Z) + bYν(Z)), (A.12)
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where we define

ν = (n− 2)
2 ,

Z2 =
(
k2
x + k2

wi − k
2 + n2 − 1

4

)
z2.

(A.13)

We have obtained the free gravity theory around the AdSn+3 space. Here, we will
study the CFT dual of this theory. Let us consider the energy-momentum tensor Tµν ,
where µ, ν take t, xp only, in CFTn+2. We expand Tpq =

∫
k,ω e

iωt(aTkω Tkpq + aVkωDqVkp +
aSkωDpDqSk + aTr

kω γpq Sk) where k include the polarization parameters ζp, ζpq. The Ttt, Ttp
and aTr

kω are not independent13 from aT , aV , aS because the energy-momentum tensor
should satisfy the current conservation 0 = ∂µTµν = −ωTtν + kpTpν and traceless condition
0 = Tµµ = −Ttt +

∑n+1
p=1 Tpp. Thus, if we assume the energy-momentum tensor behaves like

the free theory and only constraint by ω2 ≥
∑n+1
p=1 (kp)2. which is the causality condition,

except the current conservation and the traceless conditions, it is equivalent to he free
gravity theory around the Poincare AdSn+3 space. In principle, we can have the bulk
reconstruction formula from this equivalence as for the scalar in the global AdS space.

Gravitational perturbations in AdS/BCFT. In this subsection, we consider the mode
expansion of the gravitational perturbations in AdS/BCFT. The mode expansion have been
done for the case without the boundary condition (1.1) in the previous section and then we
will search which combinations of the modes satisfy the boundary condition, essentially.

In order to specify the boundary condition explicitly, we first write the background
AdSd+1 metric as,

ds2 = dη2 + cosh η2

ζ2

(
dζ2 − dt2 +

n∑
i=1

dw2
i

)
(A.14)

where n = d− 2, which becomes the familiar form of the metric in the Poincare coordinate,

ds2 = g(0)
µν dx

µdxν = dz2 − dt2 + dx2 +
∑n
i=1 dw

2
i

z2 , (A.15)

by the following coordinate transformation:

z = ζ

cosh η ,

x = ζ tanh η. (A.16)

For this background, the boundary condition (1.1) is satisfied by restricting the spacetime
to the region −∞ < η < η∗, where η∗ is determined by the tension T as T = (d− 1) tanh η∗.
In the usual coordinate, the boundary is at x/z = sinh η∗. In particular, for tensionless case
T = 0, η∗ = 0 which means that the boundary is at x = 0.

Note that, If we choose the Gaussian normal coordinate like (1.2), the boundary
condition (1.1) becomes just a partial derivative [5],

∂hab
dr

= 2T
d+ 1hab = 2 tanh η∗hab. (A.17)

13For ω = 0, Ttt, Ttp are independent, however, aV , aS are absent because kp = 0 with the condition
ω2 ≥

∑n+1
p=1 (kp)2.
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Tensionless case. Let us consider the tensionless case. The perturbation of the metric
can be written as

gµν = g(0)
µν + g(1)

µν .

In this section we consider the Fourier transformed metric, but for simplicity we omit the
label k of the momentum. We will place a tensionless ETW at x = 0 in this Poincare
AdSd+1 background g(0)

µν . We further choose the coordinate system in which the ETW brane
is at x = 0 even after including the perturbations of the metric.

The normal vector to this surface is

w =



0
0
1
0
...
0


, (A.18)

where the coordinate were chosen to be {t, z, x, wi}. Then, the normalized vector is given by

n '
(

1
z

+ zg
(1)
xx

2

)


0
0
1
0
...
0


up to the first order of the perturbation. The extrinsic curvature is defined by

Kab = hcah
d
b∇cnd,

where the projection tensor is

hca = habg
bc = δca +O

(
g(2)

)
.

The Christoffel symbol in the linearized approximation is

Γ̃ecd = 1
2g

(0)ef
(
g

(1)
fc,d + g

(1)
fd,c − g

(1)
cd,f

)
+ 1

2g
(1)ef

(
g

(0)
fc,d + g

(0)
fd,c − g

(0)
cd,f

)
.

Substituting these altogether we get the linearized extrinsic curvature

Kab = −1
2δ

c
aδ
d
b z
(
g

(1)
xc,d + g

(1)
xd,c − g

(1)
cd,x

)
− 1

2δ
c
aδ
d
b

g(1)xf√
g(0)xx

(
g

(0)
xc,d + g

(0)
xd,c − g

(0)
cd,x

)
.
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Then, writing the boundary condition in components we find that

Ktt = −z
(
g

(1)
xt,t −

1
2g

(1)
tt,x

)
+ g(1)xz

z4 = 0,

Ktz = Kzt = −z2
(
g

(1)
xt,z + g

(1)
xz,t − g

(1)
zt,x

)
− g(1)xt

z4 = 0,

Kzz = −z
(
g(1)
xz,z −

1
2g

(1)
zz,x

)
+ g(1)xz

z4 = 0,

Ktw = Kwt = −z2
(
g

(1)
xw,t + g

(1)
xt,w − g

(1)
tw,x

)
= 0,

Kzw = Kwz = −z2
(
g(1)
xz,w + g(1)

xw,z − g(1)
zw,x

)
− g(1)xw

z4 = 0,

Kwiwi = −z2
(
2g(1)
xwi,wi − g

(1)
wiwi,x

)
− g(1)xz

z4 = 0,

Kwiwj = g(1)
xwi,wj + g(1)

xwj ,wi − g
(1)
wiwj ,x = 0,

where the extrinsic curvature was set to be zero since we focus on the tensionless case.
Next, we substitute the mode expansions of the metric perturbations obtained in the

previous section which used [35] to the boundary conditions. Below, we will write the above
conditions in the mode expansions and omit the integrations over the momentum kp and
the polarizations ζp, ζpq, for notational simplicity.

The boundary condition Ktt = 0 becomes

eikxikx

(
∂H

(0)
t

∂t
− 1

2H
(0)
tt −

H(0)

z

)
= 0,

eikxζx

(
∂H

(1)
t

∂t
− H

(1)
z

z

)
= 0.

Here eikx is the abbreviation of eikpxp . Similarly for other components in the scalar part we
get

eikxikx

(
∂H

(0)
t

∂z
+ ∂H

(0)
z

∂t
−H(0)

zt + 2
z
H

(0)
t

)
= 0,

eikxikx

(
∂H

(0)
z

∂z
− 1

2H
(0)
zz −

1
z
H(0)
z

)
= 0,

eikxkxkw
∂H

(0)
T

∂t
= 0,

eikxkxkw

(
2
z
H

(0)
T −

∂H
(0)
T

∂z
− 2H(0)

z

)
= 0,

eikx
(
−kxk2

wH
(0)
T −

i

2kxH
(0)
L −

1
2(n+ 1)k

2
xH

(0)
T + n

2(n+ 1)k
2
wH

(0)
T + i

z
H(0)
z kx

)
= 0,

eikxH
(0)
T kwikwjkx = 0.
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For those in the vector part we find

eikxζx

(
∂H

(1)
t

∂t
− H

(1)
z

z

)
= 0,

eikxζx

(
∂H

(1)
t

∂z
+ ∂H

(1)
z

∂t
+ 2
z
H

(1)
t

)
= 0,

eikxζx

(
∂H

(1)
z

∂z
− H

(1)
z

z

)
= 0,

eikx
∂H

(1)
T

∂t
(ikxζw + ikwζx)− eikxH(1)

t (ikxζw − ikwζx) = 0,

eikx
[
(ikxζw + ikwζx)

(
∂H

(1)
T

∂z
−H(1)

T

)
− (kxζw − ikwζx)H(1)

z

]
= 0,

eikx
[
H

(1)
T

(
−kwikxζwi − k2

wiζx + kxkwiζwi

)
+ H

(1)
z

z
ζx

]
= 0,

eikxH
(1)
T eikxkwjkwiζx = 0.

Finally for the tensor part we obtain

eikxζxw
∂H

(2)
T

∂t
= 0,

eikxζxw

(
∂H

(2)
T

∂z
− 2
z
H

(2)
T

)
= 0,

kwiζxwH
(2)
T = 0,

eikxH
(2)
T

(
kwiζxwj + kwjζxwi − kxζwiwj

)
= 0.

We can simplify the above constraints by the gauge transformation. For the scalar part
we can set H(0)

a = H
(0)
T = 0 since the gauge transformation is linear. Secondly for the vector

part we can set H(1)
T = 0 and finally for the tensor part there are no gauge transformations.

Note that we already set the location of the ETW brane at x = 0, which is not satisfied in
a generic coordinate system with the perturbations. Here, we will search the modes which
satisfies the boundary conditions with the assumption that the ETW brane is at x = 0.
Then the above constraints can be simplified as

eikxikx

(
−1

2H
(0)
tt

)
= 0,

eikxikx
(
−H(0)

zt

)
= 0,

eikxikx

(
−1

2H
(0)
zz

)
= 0,

eikx
(
− i2kxH

(0)
L

)
= 0.

eikxζx

(
∂H

(1)
t

∂t
− H

(1)
z

z

)
= 0,
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eikxζx

(
∂H

(1)
t

∂z
+ ∂H

(1)
z

∂t
+ 2
z
H

(1)
t

)
= 0,

eikxζx

(
∂H

(1)
z

∂z
− H

(1)
z

z

)
= 0,

eikxH
(1)
t (ikxζw − ikwζx) = 0,

eikx
[
(kxζw + ikwζx)H(1)

z

]
= 0,

eikx
[
H

(1)
z

z
ζx

]
= 0,

eikxζxwi
∂H

(2)
T

∂t
= 0,

eikxζxwi

(
∂H

(2)
T

∂z
− 2
z
H

(2)
T

)
= 0,

kwiζxwiH
(2)
T = 0,

eikxH
(2)
T

(
kwiζxwj + kwjζxwi − kxζwiwj

)
= 0.

The scalar part always contains the factor kx, which means −i∂x. Thus, by denoting
the normalized mode without the boundary labeled by ω, kx, kwi as g

(1)scalar
µν (ω, kx, kwi), the

scalar mode with boundary at x = 0 is given by

1
2
(
g(1)scalar
µν (ω, kx, kwi) + g(1)scalar

µν (ω,−kx, kwi)
)
, (A.19)

which is proportional to cos(kxx), i.e. satisfying the Neumann boundary condition. Note
that H(0), H(1), H(2), are non-trivial functions of z and t even at x = 0, thus it is clearly
impossible to get the mode satisfying the boundary condition by imposing some condition
to them, like H(0)

tt = 0.
For the vector part, they are proportional to ζx or kx. Thus, by denoting the normalized

mode without the boundary as g(1)vector
µν (ω, kx, kwi , ζx, ζwi), the scalar mode with boundary

at x = 0 is given by

1
2
(
g(1)vector
µν (ω, kx, kwi , ζx = 0, ζwi) + g(1)vector

µν (ω,−kx, kwi , ζx = 0, ζwi)
)
. (A.20)

For the tensor part they are proportional to ζxwi or kx. Thus, by denoting the normalized
mode without the boundary as g(1)tensor

µν (ω, kx, kwi , ζxwi , ζxx, ζwiwj ), the scalar mode with
boundary at x = 0 is given by

1
2
(
g(1)tensor
µν (ω, kx, kwi , ζxwi = 0, ζxx, ζwiwj ) + g(1)tensor

µν (ω,−kx, kwi , ζxwi = 0, ζxx, ζwiwj )
)
.

(A.21)
Let us summarize our results on the mode expansions of the AdS/BCFT for tensionless

BTW brane. They are given by (A.19), (A.20) and (A.21), which are proportional to
cos(kxx) (the Neumann B.C. on the plane wave along x direction) and for which ζx = 0 and
ζxwi = 0. Note that these are given in gauge invariant way because the mode expansions
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in [35] is given in gauge invariant, although to obtain these we have chosen the particular
gauge. In the Gauss normal coordinate, the boundary condition seems to be given by the
Neumann B.C. on the plane wave along x direction only, however, we have chosen the
different gauge and the mode expansions, which satisfy the linearized Einstein equation,
are given in the gauge invariant way.14

Note that for the vector and tensor part, the degrees of freedom of the gravitational
perturbations are less than the results in the FG gauge because of the constraints ζx = 0 and
ζxwi = 0. Thus, there are the modes which do not obey the assumption that the boundary
is on x = 0. Because without the assumption, it seems difficult to find the explicit forms of
the mode expansions, This problem is left for future work,

Nonzero tension case. In this subsection we consider the nonzero tension case. In
general it is hard to impose the boundary condition (1.1) explicitly. Therefore we choose the
Gaussian normal coordinate like (1.2). Then the (1.1) becomes just a partial derivative [5],

∂hab
dr

= 2T
d+ 1hab = 2Thab. (A.22)

More precisely we can write the background AdS metric as,

ds2 = dη2 + cosh η2

ζ2 (dζ2 − dt2 + dw2
i ), (A.23)

where −∞ < η < η∗ and the coordinate transformation

z = ζ

cosh η ,

x = ζ tanh η, (A.24)

gives the familiar Poincare coordinate,

ds2 = dz2 + dx2 − dt2 + dw2
i

z2 . (A.25)

Then, the boundary condition (A.22) for the perturbations around the background is

∂g
(1)
ab

dη

∣∣∣∣∣
η=η∗

= 2Tg(1)
ab

∣∣∣
η=η∗

, (A.26)

where a, b take {ζ, t, wi} and T = tanh η∗.
In the z, x coordinates, using (A.24), we find ∂η = ζ

cosh2 η
∂x− ζ sinh η

cosh2 η
∂z = 1

cosh η (z∂x−x∂z)
and x = z sinh η∗ at the boundary η = η∗. Then, the (A.26). can be rewritten as( 1

sinh2 η∗
x∂x − z∂z

)
g

(1)
ab

∣∣∣∣
x=z sinh η∗

= 2 g(1)
ab

∣∣∣
x=z sinh η∗

. (A.27)

14These results are natural for Kab = 0 which is a “Neumann B.C”. For example, for the Maxwell
theory on four dimensional Minkowski space with the boundary at x = 0, the “Neumann B.C” is
Fxµ = 0. Taking the Ax = 0 gauge, the mode expansion of the gauge invariant field Ei is given by
ζi cos kx ei

√
(kx)2+(ky)2+(kz)2t+iky+ikzz where ζx = 0 and other gauge invariant field Bi is expressed by

Ei essentially.
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Because the gauge invariant parts of the modes given before behave like ekxxzd−2 near
z = 0, the term including ∂x in the (A.27) are negligible near z = 0 and x = 0 if
(z2−dg

(1)
ab )|x=z sinh η∗ 6= 0 and we ignore the gauge dependent parts.15 Then, (A.27) becomes

−z∂zg(1)
wiwi |x=z sinh η∗ = 2 g(1)

wiwi

∣∣∣
x=z sinh η∗

, which means g(1)
wiwi |x=z sinh η∗ ∼ z−2. This is for

the non-normalizable mode, thus the gauge invariant parts of the modes alone can not satisfy
the boundary condition. The gauge dependent terms are determined by our gauge choice
here, i.e. g(1)

ηM = 0. Note that this gauge choice can be done before introducing the boundary
and we can impose g(1)

ηM = 0 by canceling the contributions from the gauge invariant parts
and the terms generated by the gauge transformation, using the power series expansions by
x and z. This means that the dependent terms keep zd−2 like behavior and can not have
the z−2 behavior. Thus the Dirichlet like boundary condition, (z2−dg

(1)
ab )|x=z sinh η∗ = 0, is

required at the end point of the boundary in this gauge.
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