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Layout optimization of the beam spot locations scanned by
electromagnets in particle beam therapy

Abstract
This paper presents a layout optimization method of the spot locations of pencil beam scanning for particle beam
cancer therapy. With the pencil beam scanning technique, the particle beam is scanned from spot to spot in the
tumor by using scanning magnets. To provide clinically ideal dose distributions and less-invasive treatment to the
patients, both the spot locations and the number of particles given to each spot should be optimized. However,
the spot layout is fixed with a lattice pattern in many prior studies. We propose the optimization method to derive
the non-lattice spot layout to realize an acceptable dose distribution with a reduced number of spots. With the
proposed method, a large enough number of spots were located densely at the initial state, and then the spots
with the smallest contribution were removed one by one through iterations. The number of particles given to
each spot was determined by solving a quadratic problem. Furthermore, we also propose the idea to accelerate
the optimization process by simultaneously removing multiple spots. The algorithm was confirmed by numerical
examples of both two-dimensional and three-dimensional cases. The dose quality with the optimized spot layout
was better than that with the conventional lattice spot patterns, with all tested cases. In the optimized spot layout,
the spots were located on the closed lines which were concentric to the target contour. We also confirmed the
proposed method of multiple-remotion can accelerate the optimization process without violating the dose quality.

Keywords : Layout optimization, Heuristic approach, Three-dimensional locations, Scanning magnet, Particle
beam therapy

1. Introduction

Particle beam therapy (Loeffler et al., 2013; Kraft, 2000) has attracted increasing interest as a less-invasive cancer
treatment compared with other therapies such as surgery, chemotherapy or X-ray radiotherapy. When the charged particles
such as protons or carbon ions with high energy are irradiated into the patient, the kinetic energy of the particles is
transferred to the body through the ionization effect and the cells in the cancer tumor are destroyed. The radiation dose,
which is the energy absorption from the particle beam, becomes maximum at the certain depth from the patient skin where
the particles stop in the patient’s body. This feature of the dose distribution in the depth direction is called the Bragg peak,
and the peak depth can be controlled by changing the initial beam energy. To generate a high energy particle beam, a
particle accelerator such as a cyclotron or synchrotron is used. After acceleration, the particle beam is administered to the
patient in the treatment room.

For the clinical purpose, the dose should be as ideally homogeneous within the tumor and simultaneously as low
outside the tumor as possible. The pencil beam scanning (PBS) technique is currently a very popular irradiation method
to form a three dimensional dose distribution which precisely matches the target shape (Kanai et al., 1983; Pedroni et al.,
1995). With PBS, many beam irradiation points, which are called spots, are located in the patient’s body and a particle
beam is administered to each spot. After the dose is given to one spot, the beam is moved to the next spot. The beam
sequentially irradiates all the spots which are arranged inside and around the target volume, as if painting it out by a pencil.
The beam motion is controlled by the magnetic field generated by a pair of electromagnets called scanning magnets (Miao
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et al., 2017) which are installed in the beam irradiation nozzle. In order to determine the operation pattern of the scanning
magnets, both the positions of all the spots and the number of particles given to each spot must be determined by using
the optimization technique.

In many prior studies in PBS, the positions of the beam irradiating spots are set to be basically lattice patterns and
are unchanged through optimization, although the number of particles to each spot is optimized to form an ideal dose
distribution (Kramer et al., 2000). In addition, shortening the treatment time is also an important criteria for the physical
burden of the patient, and decreasing the number of spots directly contributes to the treatment time reduction. By using
heuristic approaches such as simulated annealing, several researchers addressed proposing the scan path optimization
technique to find the best order of spots to be irradiated for minimizing the total path length of the beam motion (Kang
et al., 2007; Wu et al., 2019). In these studies, however, the spot positions were still fixed with the lattice pattern and the
number of spots was also fixed.

The contour scanning technique (Meier et al., 2017) was proposed as a non-lattice spot layout, in which spots are
located on the contour of the target and its concentric curves. In this method, however, the spot positions were determined
on a rule-base and the mathematical optimality of the spot layout was not discussed.

On the other hand, in the research field of mechanical engineering, many position optimization techniques were
studied for various purposes.

Fukushima et al. (2004) proposed an optimization method of engine mounting layout in a vehicle, using the Most
Probable Optimum Design (MPOD) method. Similarly, Nishiura et al. (2015) proposed an optimization of the stator
pole arrangement of a spherical actuator by a genetic algorithm. In these methods, the locations of multiple objects were
optimized while the number of the objects never changed through optimization. Matsumoto et al. (2021) proposed a
method to determine the optimal placement of solar arrays that maximize the total amount of received light. With this
method, the layout of the solar arrays was kept to a lattice pattern while the number of solar arrays was optimized by
changing the interval of the solar arrays and the relative position of the lattice coordinate to the site boundary.

On the other hand, Yamaki et al. (2018) proposed an actuator layout design method for deformable mirrors in fundus
imaging modality. Their method can obtain the optimal layout of a minimum number of actuators while keeping the error
of mirror surface deformation small enough. In their approach, many actuators were located at the initial step and then an
actuator was removed step by step based on the contribution of each actuator.

In this research, we construct a heuristic method in determining optimum spot locations in PBS, which can realize
acceptable dose distribution with a smaller number of spots than the conventional lattice pattern. First, we formulate the
dose optimization problem with fixed spot locations. Then we present the algorithm to obtain optimum spot locations by
iteratively removing the spot with low contribution to form the dose distribution. Unlike the method of Yamaki et al. which
optimizes the two-dimensional locations of several tens of actuators, the spots in PBS are located in three-dimensions,
and usually more than thousands of spots should be removed. We also propose the improved method to accelerate the
optimization process by introducing a multiple spot reduction scheme and confirm its effectiveness.

2. Methods
2.1. Pencil beam scanning overview

Figure 1 shows a schematic of PBS. The target volume is divided into plural layers which are perpendicular to the
beam direction and spots are located in each layer. Each spot in the layer is sequentially irradiated, as it is painted by a
moving pencil beam. After every spot in one layer is irradiated, the beam energy is shifted to change the layer. Here, we
define the coordinate in which the beam direction is along the z axis and the layers are parallel to the xy plane. The spots
are located mainly inside the target T . A small number of spots are also located outside and close to the target boundary,
in order to enhance the dose sharpness at the target edge.

Figure 2 (a) shows a schematic of the irradiation nozzle for PBS. A pair of scanning magnets are installed in the
nozzle and each of them generates a magnetic field to the y and x directions. Since the particle beam is a positive charge,
the beam direction is slightly bent to the x and y directions by the Lorentz force. The xy position of the beam at the patient
can be controlled by adjusting the current to the scanning magnet which correlates to the strength of the magnetic field
and the beam bending angle. The nozzle also contains the beam position monitor and the dose monitor which enable the
feedback control of the beam position and the beam dose, respectively. Figure 2 (b) shows an example of the operation
pattern of the scanning magnets and Fig. 2 (c) shows the path of the beam position in the xy plane. The beam position stays
at a spot when the magnetic fields of both magnets are fixed, and the beam position moves to the x or y direction when
the corresponding magnetic field changes. The time length of staying at a spot corresponds to the number of particles to
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be irradiated to the spot.
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Fig. 2 (a) Schematic of the beam irradiation nozzle and the scanning magnets in PBS. (b) Example of the
scanning magnet operation. (c) Example of the beam position motion corresponding to the scanning
magnet operation in (b).

2.2. Formulation of dose distribution calculation
We assumed the two-dimensional Gaussian as the dose distribution of a single spot in the xy plane, as follows.

Dxy:i(x, y) =
1

2πσ2 exp
(
− (x − xi)2 + (y − yi)2

2σ2

)
, (1)

where (xi, yi) denotes the position of the i-th spot, and σ is the beam spot size. Here, we consider the spot shape is
approximately isotropic, while the actual beam spot shape is an ellipsoid represented by using σx and σy.
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Depth dose distribution along the z direction is obtained by Monte-Carlo simulation (Akagi et al., 2014).
Figure 3 shows the simulated depth dose distribution Dz:i(z) of proton beam with the energy of 130 MeV. Three-

dimensional dose distribution of a single spot is calculated by the multiplication of two-dimensional dose and depth dose
distribution as

Di(x, y, z) = Dxy:i(x, y) × Dz:i(z). (2)

Fig. 3 Simulated depth dose distribution of the particle beam.

The total dose distribution Dtotal is calculated as the weighted sum of contribution from each spot as

Dtotal(x, y, z) =
N∑

i=1
χiDi(x, y, z), (3)

where χi stands for the number of particles delivered to the i-th spot and N stands for the number of spots.

2.3. Requirements for the dose distribution
In particle beam therapy, the dose distribution is required to be homogeneous inside the target while it should be as

small as possible outside the target. In this study, we set the objective function f as follows.

f = w1 f1 + w2 f2 + w3 f3. (4)

f1 =

∫
T

(
Dtotal(x, y, z) − Dob j

)2
dΩ∫

T
dΩ

. (5)

f2 =

∫
T̄

(Dtotal(x, y, z))2dΩ∫
T̄

dΩ
. (6)

f3 =

∫
O

(Dtotal(x, y, z))2dΩ∫
O

dΩ
. (7)

Here, f1, and f2 stand for the square of the dose difference from the objective dose Dob j in the target region, T , and the
square dose in the region outside the target, T̄ , respectively. Besides, particularly important organs where it is strongly
desired to avoid the dose irradiation, such as the heart or the esophagus, are called as organs at risk (OARs) and f3 stands
for the square of the dose in the OAR region, O. Figure 4 shows a general, simple schematic of the regions T , T̄ , and O.
The symbols w1, w2, and w3 are the weighting factors for f1, f2, and f3, respectively. Each of f1, f2, and f3 is normalized
by the total volume of the region. In this objective function, the first term f1 makes the dose distribution close to the ideal
one inside the target. The second term f2 and the third term f3 reduce the total amount of unnecessary dose outside the
target and in the OAR, respectively. The region O is usually included in T̄ and w3 is set to be a larger value than w2 to
reduce the OAR dose more strongly than the dose at general volume outside the target.
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Target OAR
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Fig. 4 Relationship among the target, outside the target, and the OAR

2.4. Particle number optimization with a fixed spot layout
The objective functions in Eqs. (4-7) can be transformed as follows. The integration in the target T is calculated as

∫
T

(
Dtotal − Dob j

)2
dΩ =

∫
T

( N∑
i=1
χiDi − Dob j

)2

dΩ

=
∫

T

 N∑
i=1

N∑
j=1
χiχ jDiD j − 2Dob j

N∑
i=1
χiDi + Dob j

2

 dΩ

=
N∑

i=1

N∑
j=1
χiχ j

∫
T

DiD jdΩ − 2Dob j

N∑
i=1
χi

∫
T

DidΩ + Dob j
2

∫
T

dΩ. (8)

The integration outside the target T̄ is calculated as

∫
T̄

(Dtotal)2 dΩ =
∫

T̄

( N∑
i=1
χiDi

)2

dΩ

=
∫

T̄

N∑
i=1

N∑
j=1
χiχ jDiD jdΩ

=
N∑

i=1

N∑
j=1
χiχ j

∫
T̄

DiD jdΩ. (9)

The integration in the OAR O is also calculated the same as Eq. (9). Therefore, the objective function f is represented
as

f = XT HX + Dob jΛ
T X + Dob j

2, (10)

where the matrix H and the vectors X and Λ are defined as follows.

H =


h11 h12 . . . h1N

h21 h22 . . . h2N
...

...
. . .

...

hN1 hN2 . . . hNN

 . (11)

Λ =


λ1

λ2
...

λN

 . (12)
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X =


χ1

χ2
...

χN

 . (13)

hi j = w1

∫
T

DiD jdΩ∫
T

dΩ
+ w2

∫
T̄

DiD jdΩ∫
T̄

dΩ
+ w3

∫
O

DiD jdΩ∫
O

dΩ
. (14)

λi = −2w1

∫
T

DidΩ∫
T

dΩ
. (15)

Since χi corresponds to the number of particles delivered to each spot, it must be 0 or a positive value at every spot.
Finally, the optimization problem is represented as follows.

minimize f , with respect to χi

subject to χi ≥ 0, for i = 1, 2, ...,N. (16)

Strictly speaking, this should be an integer problem because χi is the number of particles. However, we treat it as a
real number because the number of particles per spot should be typically at the order of 104 or more while the requirement
of dose accuracy is around 1%, thus a fraction of χi less than one is negligible. Since the objective function f is a quadratic
form of χi as shown in Eq. (10), this optimization problem is solved with a quadratic programming approach. We use an
interior-point algorithm provided by MATLAB, which is suitable to the convex optimization problem as Eq. (16)

2.5. Spot layout optimization
2.5.1. Method of single-remotion

Figure 5 shows a basic flowchart of the proposed method. In this algorithm, only a single spot is simultaneously
removed per iteration. A large number of spots are at first placed densely in each layer of the target as the initial state.
Then, the particle number optimization process and the spot removing process are alternately repeated and the number of
spots decreases step by step. In the spot removing process, the spot with the smallest number of particles is selected as
the first candidate to be removed. After one spot is removed, the particle number optimization for the remaining spots is
performed and the objective function f is evaluated. If f value exceeds the tolerance level f ∗, the removed spot is restored
and then the next candidate spot is removed.

The algorithm proceeds by the following steps.
Step 1. X is optimized with the initial spot positions and the initial value of the objective function f is calculated. The
tolerance level f ∗ is set. The value k is set to be 1.
Step 2. The spot with the k-th smallest value of X is removed.
Step 3. X is optimized again with the new spot layout and the objective function f is calculated.
Step 4. When f ≤ f ∗, reset k = 1 and return to Step 2. When f > f ∗, the removed spot is restored and k is incremented as
k = k + 1. Return to Step 2.
Step 5. The iteration is terminated when k exceeds the number of remaining spots.

In this study, the tolerance level f ∗ of the objective function is set as 1.3 times the f value at the initial state. At the initial
state spots are located dense enough and the dose distribution is considered to be almost ideal. The value 1.3 indicates
the level of deterioration from the ideal dose distribution. So this value should be set as small as possible while avoiding
an accidental stop of the optimization process caused by a negligible small uplift during the spot elimination steps. We
empirically determine this value as 1.3 in which the final dose distribution keeps still acceptable quality enough. Actually,
because of the rapid increase of the f value at the near-final steps in the optimization iterations, which is shown later in
the section 3.3, the termination timing of the optimization process is considered to be less sensitive to the setting of f ∗
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Fig. 5 Flowchart of the algorithm with the method of single-remotion.

2.5.2. Method of multiple-remotion
In a three-dimensional case, the number of spots at the initial state and the number of spots to be removed through

optimization is expected to be significantly larger compared with a two-dimensional case, and that leads to a long com-
putation time. On the other hand, in typical particle therapy facilities, new patients come almost every day and the staff
must make patient-specific treatment planning on a daily basis. Therefore, a faster optimization process for the spot layout
is desired in particle beam therapy. In the proposed method, most of the computation time are spent for the process to
create the matrix H in Eq. (10) and to solve the quadratic problem in Eq. (16). Since the quadratic problem is repeatedly
solved every time the spot is removed, reducing the number of steps of spot remotion is significantly effective to reduce
the computation time.

Figure 6 shows the flowchart of our proposal for an improved method where multiple spots are simultaneously
removed to speed up the optimization process. nr stands for the number of spots to be removed per iteration. After the
optimization of χi, the spots with the 1st, 2nd, · · · , nr-th minimum number of particles are removed and the optimization
of χi with the remaining spots is carried out again. If f value exceeds f ∗, the spot remotion is canceled and the next
spots with the nr + 1-th, nr + 2-th, · · · , 2nr-th minimum number of particles are removed, and then the process continues
similarly. When there is no set of nr continuous spots to be removed without violating f value, the nr is decreased to the
half value. Here, fractions less than 1 are rounded down. Finally, the optimization process is terminated when nr = 1 and
there is no single spot to be removed without violating f value.

2.6. Target geometries and parameter setting
2.6.1. Two-dimensional targets

In order to evaluate the effectiveness of the proposed method, we set several test cases on both two-dimensional and
three-dimensional bases. Figure 7 shows the test cases for the two-dimensional target: (a) is a square target of 50 mm ×
50 mm, (b) is a circular target with a radius of 30 mm, (c) is a concave target where a 30 mm × 30 mm square region is
cut out from a 50 mm × 50 mm square, and (d) is a square target of 50 mm × 50 mm with a circular hole with a radius of
15 mm. The beam size σ is set to be 4 mm. The algorithm of single spot remotion, which is shown in Fig. 5, is applied to
each target. With every target, the optimized spot layout is compared to a lattice pattern with a similar number of spots.
No OAR is set in two-dimensional cases.
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Fig. 6 Flowchart of the algorithm with the method of multiple-remotion.
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Fig. 7 Geometries of the two-dimensional targets with the shapes of (a) square, (b) circle, (c) concave, and (d)
square with a hole

2.6.2. Three-dimensional targets
We also consider a three-dimensional spherical target as shown in Fig. 8. In order to test the effectiveness of the

proposed algorithm taking advantage of the Bragg-peak of the particle beam in the depth direction, an OAR is placed very
close to the target. The target has a spherical shape with the radius of 30 mm and a center depth of 90 mm. A hollow
hemisphere-shaped OAR is located as surrounding the half of the target at the opposite side from the beam direction with
8 mm spacing from the target surface. We set this target geometry because of the following reasons.
• The spherical shape of the target is one of the typical assumption in particle beam therapy, as shown in the prior

research, for example, Futami et al. (1999)
• The OAR dose not usually exist at the upstream of the target along the particle beam trajectory, because there is a

degree of freedom in deciding the beam irradiation angle and such angles are not selected.
• Filling all the region surrounding the rear half of the target with the OAR should be one of the most difficult setting

in sparing the OAR from unnecessary dose.
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2.6.3. The setting of parameters
For two-dimensional cases, we set the weighting factors as w1 = 0.99 and w2 = 0.01 in the objective function in Eq.

(4). For three-dimensional cases, we set w1 = 0.950, w2 = 0.003, and w3 = 0.047. The maximum dose value outside the
target is more than half of Dob j because of the so-called penumbra structure (Myers et al., 2019), which is the dose drop
around the target edge, with the width of typically around 10 millimeter. On the other hand, the dose fluctuation in the
target is less than 10 percent of Dob j. Since f1, f2 and f3 have a dimension of square of the dose, f2 and f3 often have
one or two order larger values in a decimal digit compared with f1. In order to correct the balance and to put closer order
of penalty on each objective function, the value of w1 should be larger than w2 and w3. Besides, in three-dimensional
cases, w3 is set to be larger than w2 because the OAR dose should be reduced with higher priority than a general volume
outside the target. The balance among w1, w2 and w3 can be arranged case by case, considering the importance of
the requirements of each corresponding objective function. As the initial state in the spot layout optimization process,
the spots are located in the lattice layout with a spacing of 2 mm, which corresponds to 0.5σ, both along the x and y
directions in two-dimensional targets and in every layer in three-dimensional target. The initial spots are located not only
inside the target but also outside the target where the distance from the target boundary is within a margin of 1σ. With
the three-dimensional target, the depth of layers is set with a spacing of 4 mm. For every cases in two-dimensional and
three-dimensional targets, we set Dob j = 1. Two-dimensional and three-dimensional dose distributions are calculated with
the grid size of 2 mm × 2 mm and 2 mm × 2 mm × 2 mm, respectively.

30 mm

50 mm

8 mm

Target(T)

OAR (O)

90 mm

beam 
direction

Water phantom

Fig. 8 Geometry of the three-dimensional spherical target

3. Results and Discussions
3.1. Two-dimensional cases

Figure 9 shows the initial states of spot locations for two-dimensional targets (a), (b), (c), and (d). Figure 10 shows
the optimized spot layouts for each target. Here, the blue small circles and red solid lines stand for the spot locations and
the target contours, respectively. The numbers of spots at the optimized solutions were 76, 84, 54, and 55 for the targets
(a), (b), (c), and (d), respectively. On the other hand, we also tested the lattice spot patterns which have a similar number
of spots to the optimized ones as shown in Fig. 11. In the optimized spot layouts, more spots were located on the contour
of the target, compared with those in the lattice layout. Figure 12 shows the dose distribution with the optimized spot
layouts and Fig. 13 shows the dose distribution with the lattice spot layouts for targets (a), (b), (c), and (d). A similar
dose distribution which matches the target contour was confirmed for each shape of target. Table 1 shows the comparison
of the number of spots and values of the objective function between the optimized spot layout and the lattice spot layout
with each target. With every target, the total objective function f with the optimized spot layout was smaller than that
with the lattice spot layout. With targets (a) and (b), the objective function f1, which corresponds to the dose uniformity in
the target, with the optimized spot layout was larger than that with the lattice spot layout, while the objective function f2,
which corresponds to the unnecessary dose outside the target, with the optimized spot layout was smaller than that with the
lattice spot layout. With targets (c) and (d), on the other hand, both f1 and f2 with the optimized spot layout were smaller
than those with the lattice spot layout. We can conclude that the proposed method is effective especially in reducing the
unnecessary dose outside the target by adjusting the spot locations close to the target contour. Furthermore, these results
imply that the proposed method is also effective in forming homogeneous dose distribution in the target when the target
contour shape is complicated, as in targets (c) and (d).
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(b) (c) (d)(a)

Fig. 9 Initial state of spot locations with two-dimensional targets.

(b) (c) (d)(a)

Fig. 10 Optimized spot layout with two-dimensional targets.

(b) (c) (d)(a)

Fig. 11 Lattice spot layout with two-dimensional targets.

(a) (b) (c) (d)

Fig. 12 Dose distribution for the optimized spot layout with two-dimensional targets.

(a) (b) (c) (d)

Fig. 13 Dose distribution for the lattice spot layout with two-dimensional targets.

3.2. Three-dimensional case
Figures 14 (a) and (b) show the optimized spot layouts with the proposed method of single-remotion and that with

the method of multiple-remotion, respectively. With the method of multiple-remotion, the initial value of nr, the number
of spots to be simultaneously removed per iteration, was set to be 5. On the other hand, Fig. 14 (c) shows the lattice
spot layout where the spot spacing was adjusted so that the number of spots became similar to those in the optimized
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Table 1 Number of spots and value of the objective functions with optimized and lattice spot layouts for the two-
dimensional targets.

Target Spot layout Number of spots f f1 f2
(×10−3) (×10−4) (×10−2)

(a) Optimized 76 0.93 3.49 5.88
Lattice 96 1.03 0.97 9.36

(b) Optimized 84 0.95 2.93 6.57
Lattice 88 1.04 2.12 8.12

(c) Optimized 54 1.20 4.02 8.04
Lattice 60 1.64 4.91 11.5

(d) Optimized 55 1.33 4.24 9.11
Lattice 56 1.52 5.34 9.95

single-remotion, multiple-remotion and the lattice layout, respectively. In both optimized spot layouts in Figs. 14 (a) and
(b), many spots were located on the contour of the target in each layer, similar to the two-dimensional results shown in
Fig. 10. Figures 15 (a) and (b) show the dose distributions in the xz cross-sectional plane with the optimized spot layout
for the methods of single-remotion and multiple-remotion, respectively. Here, the white dashed lines show the target
contours. On the other hand, Fig. 15 (c) shows the dose distribution with the lattice spot layout. The envelope of the
dose distribution around the target edge shows mismatches to the circular shaped contour, while the dose distribution with
the optimized spot layout shows a smoother dose distribution conformal to the target as in Figs. 15 (a) and (b). Table 2
shows the comparison of the number of spots and values of the objective function among the optimized spot layouts and
the lattice spot layout. Each of the objective functions f , f1, f2, and f3 shows quite similar values in both optimized spot
layouts. The objective function f with both optimized spot layouts was reduced to almost half of that with the lattice spot
layout. Both f1 and f3, which correspond to the dose uniformity in the target and the unnecessary dose to the OAR behind
the target, respectively, were smaller with the optimized spot layouts compared to those with the lattice spot layout. The
second term f2, which corresponds to the unnecessary dose outside the target, was almost the same value in every spot
layout. This is because the largest contribution to f2 is the dose in the front region of the target, which is the upstream
of the beam trajectory and inevitable to be irradiated regardless of the spot layout. From this result, we consider that the
proposed method is effective especially in avoiding an unnecessary dose to the OAR near the target while keeping the
dose homogeneity within the target.

3.3. Effectiveness of multiple-remotion method
Figure 16 shows the history of changes in the objective function f through iterations with each method of single-

remotion and multiple-remotion. With the method of multiple-remotion, the cases in which the initial nr values were 5,
10, 20, 40 were compared. The horizontal axis is the total number of removed spots from the initial state through the
optimization process. With every case, f value was almost unchanged at the beginning of the optimization process and
suddenly increased toward the end of the optimization process. That is because the spots removed at the early phase in the
process have very small contributions, while every spot has a certain contribution to form the acceptable dose distribution
at the final phase. With the cases of multiple-remotion with nr = 5 and nr = 10, the increase of f came at similar timings
to that of single-remotion. On the other hand, with the cases of multiple-remotion with nr = 20 and nr = 40, the increase
of f came at earlier timings than that of single-remotion and also multiple-remotion with nr = 5 and nr = 10. Table
3 summarizes the comparison of the initial/final values of the number of spot and the objective function f , and the total
computation time. Through this study, we used a Windows computer with Intel Core-i5 1145G7 CPU (2.6GHz) and 16GB
RAM. It is shown that larger value of nr could make computation time much shorter and there is a trade-off between the
solution quality and the computation time in the setting of nr value. For our problem setting of the three-dimensional
target, we consider it is appropriate to set nr value around 5 to 10, because it can accelerate the optimization process
without any significant deterioration in the quality of obtained spot layout.

3.4. Initial state dependence
The computation time of the optimization process depends not only on nr values but also on the number of spots at

the initial state. In order to clarify this dependency, the computation time and the objective function was investigated by
varying the spot spacing of the initial lattice from 1.6 mm to 6.0 mm along both x and y direction. Figure 17 (a) shows the
relationship between the f values and the number of spots at the initial spots depending on the initial spot spacing. Larger
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Layer 1 Layer 2 Layer 3 Layer 4 Layer 5 Layer 6 Layer 7 Layer 8 Layer 9

Layer 10 Layer 11 Layer 12 Layer 13 Layer 14 Layer 15 Layer 16

Layer 1 Layer 2 Layer 3 Layer 4 Layer 5 Layer 6 Layer 7 Layer 8 Layer 9

Layer 10 Layer 11 Layer 12 Layer 13 Layer 14 Layer 15 Layer 16 Layer 17

(a)

(b)

Layer 1 Layer 2 Layer 3 Layer 4 Layer 5 Layer 6 Layer 7 Layer 8 Layer 9

Layer 10 Layer 11 Layer 12 Layer 13 Layer 14 Layer 15 Layer 16

(c)

Fig. 14 Spot locations in each layer with (a) optimized spot layout with the method of single-remotion, (b)
optimized spot layout with the method of multiple-remotion, and (c) lattice spot layout with the three-
dimensional target.

(a) (b) (c)

Fig. 15 Dose distribution at the xz cross-sectional plane with (a) optimized spot layout with the method of single-
remotion, (b) optimized spot layout with the method of multiple-remotion, and (c) lattice spot layout with
the three-dimensional target.

Table 2 Number of spots and value of objective functions with optimized and lattice spot layouts for the three-
dimensional target.

Spot layout Number of spots f f1 f2 f3
(×10−4) (×10−4) (×10−2) (×10−3)

Optimized (single-remotion) 688 4.64 1.54 9.55 0.66
Optimized (multiple-remotion) 652 4.64 1.51 9.61 0.67
Lattice 724 9.01 5.76 9.51 1.45
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Fig. 16 Changes in the objective function f in the optimization processes with the method of single-remotion,
the method of multiple-remotion. The right side figure shows the enlarged view.

Table 3 The number of spots and the objective function at the initial and the final state, and the computation time,
with single-remotion and multiple-remotion methods with initial nr value of 5, 10, 20 and 40.

Initial value of nr Initial number of spots Initial value of f Final number of spots Final value of f Computation time
(×10−4) (×10−4) [sec]

1 11128 3,57 688 4.64 36073
5 11128 3,57 652 4.64 7461

10 11128 3,57 684 4.64 3697
20 11128 3,57 776 4.64 2094
40 11128 3,57 772 4.64 1078

value of the initial spot spacing leaded to larger value of f and smaller number of spots. Changes in the objective function
f through the optimization processes are shown in Fig. 17 (b). The horizontal axis is the total number of remained spots
at each step. For all of the cases, the method of multiple-remotion were applied and the initial nr were set to be 10. Table
4 shows the summary of the initial and the final values of the number of spots and the objective function f , and the total
computation time. There was a trend that larger value of the initial spot spacing resulted in larger value of f not only
at the initial state but also at the final state. The final number of spots were similar values around 700 for all the cases
while there was a small fluctuation depending on the initial spot spacing. Regarding f at the final state, the cases with
the initial spot spacing of 1.6 mm, 2.0 mm, 2.4 mm, 3.0 mm, 4.0 mm reached similar values. On the other hand, the final
f values with the initial spot spacing of 5.0 mm and 6.0 mm were apparently larger than those with 1.6-4.0 mm. The
computation time was obviously shorter when the initial spot spacing was larger. From these results, we conclude that the
initial spot spacing can be determined by considering the trade-off between the computation time and the objective value,
but it should be at most 4.0 mm which corresponds to just the same value to the beam spot size σ.

4. Conclusion

In this paper, we proposed an optimization method for the spot position layout to determine the scanning magnet
operation in particle therapy. We achieved the following:

( 1 ) We formulated the objective function to evaluate the spot layout and the dose distribution considering the dose
homogeneity within the target and the dose reduction outside the target.

( 2 ) The spot layout optimization algorithm was constructed, where the spots were densely located at the initial state
and removed step by step through iterations based on the contribution of each spot.

( 3 ) The algorithm was confirmed and the effectiveness was shown by examples of the two-dimensional and three-
dimensional targets. With the optimized spot layout, the objective functions showed better values than those with the
conventional lattice spot layout with similar numbers of spots. We also found that many spots were located on the contour
of the target with the optimized spot layout.

( 4 ) Furthermore, we confirmed the method of multiple-remotion could effectively accelerate the optimization pro-
cess with very small degradation in the dose quality in the solution.
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(b)

(a)

Fig. 17 (a) The objective function f and the number of spots at the initial state depending on the initial spot
spacing. (b) Changes in the objective function f in the optimization processes with various values of the
initial spot spacing, with the method of multiple-remotion with nr = 10. The right side figure shows the
enlarged view.

Table 4 The number of spots and the objective function at the initial and the final state, and the computation time,
among various initial state settings. For all the cases initial value of nr were 10.

Initial spot spacing Initial number of spots Initial value of f Final number of spots Final value of f Computation time
[mm] (×10−4) (×10−4) [sec]

1.6 17572 3.54 700 4.61 12564
2.0 11128 3.57 684 4.64 3697
2.4 7824 3.57 732 4.64 1413
3.0 4904 3.65 676 4.73 402
4.0 2832 3.71 724 4.83 162
5.0 1804 4.13 736 5.36 110
6.0 1232 4.70 664 6.11 93
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