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COMMON FIXED POINT THEOREMS FOR ASYMPTOTIC 

MAPPINGS IN COMPLETE METRIC SPACES 

TOSHIKAZU WATANABE 

ABSTRACT. In this paper we consider an asymptotic version of a—ゅ contractive

mappings in vector metric spaces taking value in Riesz spaces. and prove ?xed 
point theorem on this spaces. 

1. INTRODUCTION 

In [31], Samet and Vetro-Vetro intoroduced the notion of a地 mappingand 
consider the fixed point theorem. In [34], we introduced the notion of a-ゆnmapping 
which is a generalization of the aール mappingand consider the fixed point theorem. 
It is a generalization of the the mapping in Caccioppoli's fixed point theorem and 

also the generalization of the (c)-comparison operator. In this paper we consider 
the common fixed point theorem for the a-いanda-ゆnmappings under the ordered 
vector metric spaces settings. For the mappings of the metric spaces and vector 
metric spaces, a lot of authors study common fixed theorem. For instance in [4, 11], 
Altun and Cevik introduce an vector metric spaces and proved Banach contraction 

theorem. In [30], Rahimi generalized fixed point theorem and they prove some 
common fixed point theorems for four mappings in ordered vector metric spaces. 
They also extend and generalize well-known comparable results in the literature. 

2. PRELIMINARIES 

Throughout this paper we denote by N the set of all positive integers and艮
the real number. In this section we give sevral preliminaries for the ordered vector 
metric spaces settings, a—ゆ and a-ゆnmappings,etc. 
Let E be a non-empty set. A relation :<:: on E is called: 

(i) reflexive if x :<:: x for all x E E 

(ii) transitive if xさyy :<:: z imply xさz
(iii) antisymmetric if x :<:: y and y :<:: x imply x = y 
(iv) preorder if it is reflexive and transitive. A preorder is called a partial order 

if it is antisymmetric. 
(v) translation invariant if x :<:: y implies (x + z):<:: (y + z) for any z E E 
(vi) scale invariant if x :<:: y implies（入x):<::（入y)for any入＞ 0.A preorder :<:: is 
called partial order or an order relation if it is antisymmetric. 

Given a partially ordered set (E, :<::), that is, the set E equipped with a partial 

order :<::, the notation x < y stands for x :<:: y and xヂy.An order interval [ x, y] 
in Eis the set {z EE: x :<:: z :<:: y}. A real linear space E equipped with an order 
relation :<:: on E which is compatible with the algebraic structure of E is called an 
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ordered linear space or ordered vector space. The ordered vector space (E,：：：：：)is 

called a Riesz space (vector lattice or linear lattice) if for every x, y E E, there exist 
x I¥ y = inf{x, y} and x Vy= sup{x, y}. If we denote x+ = 0 V x, x_ = 0 I¥ (-x) 
and lxl = x V (-x), then x = x+ -x_ and lxl＝叫＋x_.
A closed convex set K in E is called closed convex cone, if for any入＞ 0and 
xEK,入xEK. A convex cone K is called pointed if Kn  (-K) = {O}. From now 
on we shall call a closed convex pointed cone simply cone. 

Let Ebe a Riesz space. The cone {x EE: x ~ O} of nonnegative elements in 
an ordered vector space E is denoted by E+. E is said to be Archimedean if舟↓0 
holds for every a E E+. 
Let K be a cone in E. Denote x：：：：： Yザy-XE K.昨叫可d町：：：：：如出⑮ a 

partial order on E called the order induced by K. Conversely, if order：：：：：おapartial 
order on E, then E is called ordered vector space and the set K = { x E E : 0：：：：：ぉ｝
is a cone called the positive cone of E. In this case it is easy to see that x < y if 
and only if y -x EE. Note that if a：：：：：加 wherea EK  and h E (0, 1), then a= 0. 

Definition 1. A sequence of vectors { Xn} in E is said to: {i) decrease to an element 

XE E if Xn+l：：：：： Xn for every n E N {set of natural numbers) and x = inf{xn : 
n EN}＝八nENXn.We denote it by凸↓x.{ii) increase to an element x E E if 

％ ：：：：： ％＋1 for every n EN  and x = sup{xn: n EN}= VnENXn-We denote it by 
％ ↑x. 

Definition 2. A sequence of vectors {xn} in E is said to be order convergent to 

x E E if there exist sequences {yn} and {Zn} in E such that Yn↓x,％↑ x and 
年：：：：： Xn：：：：：珈． Wedenote this by x =o-limn→00 Xn. If the sequence is order 
convergent, then its order limit is unique. 

Definition 3. A sequence of vectors {xn} in Eis said to be order Cauchy sequence 
in E if the sequence { Xm -xn} in cone K is order convergent to 0. 

Definition 4. Let E and F be two Riesz spaces. A mapping f : E→F is 
called order continuous at xo in E if for any sequence {xn} in E such that x =o-

limn→oo Xn, we have f(x) =o-limn→oo f(xn)-

Remark 5. If Xn E K for every n E N and x =o-limn→00 Xn, then x EK. Also, 
if Xn E K for every n E N and {yn} is any sequence for which Yn -Xn E K with 

0-limn→oo Yn = 0, then o-limn→ooXn = 0. 

Definition 6. A cone K C E is called regular if every decreasing sequence of 

elements in K is convergent. 

Definition 7. Riesz space E is complete if there exists sup A and inf A for each 

bounded countable subset A of E. For more details on Riesz space, order conver-
gence, and order continuity, we refer to [25] and references mentioned therein. 

Definition 8. If (E,：：：：：)is a Riesz space and f : E→Eis such that f(x)：：：：： f(y) 
whenever x, y EE  and x：：：：：払 thenf is said to be nondecreasing. 

Definition 9. Let (E,：：：：：)be a Riesz space. The set (UF)f = {x EE: x -f(x) E 
K} is called upper fixed point set off, (LF)f = {x EE: f(x) -x EK} is called 

lower fixed point set off and (F)f = {x EE: f(x) = x} is called the set of all 
fixed points off. 

Definition 10. Let (E,：：：：：)be a Riesz space. The self map f on E is called: {i) 

dominated on E if (UF)f = E. {ii) dominating on Eが(LF)f= E. 
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Example 1. Let E = [O, 1] be endowed with the usual ordering. Let f : E→Ebe 
defined by f(x) = x. Then (LF)f = E. 

Example 2. Let E = [O, oo) be endowed with the usual ordering. Define f : E→ E 
by 

f(x) ＝ {”1/n for X E [O, 1)， 
xn for x E [1, oo), 

n EN, then (LF)f = E. 

Definition 11. Let (E, ::;) be a Riesz space. Two mappings f,g: E→E are said 
to be mutually dominated if f(x) E (UF)g and g(x) E (UF)f for all x EE. That 

is, f (x) ?: g(f（叫） andg(x)?: f(g(x)) for all x EE. 

Definition 12. Let (E,さ） bea Riesz space. Two mappings f, g : E→E are said 
to be mutually dominating if f(x) E (LF)g and gx E (LF)f for all x E E. That 
is, f(x) ::; g(f(x)) and g(x) ::; f(g(x)) for all x EE. The following two examples 
show that there exist discontinuous and mutually dominating mappings which are 
not nondecreasing mappings 

The examples of mutually dominating maps which are not non decreasing maps 
and mutually dominating maps but not non decreasing. These examples are given 
in [27, example 15,16]. 

Definition 13. Let (E, ::;) be a Riesz space and K be its positive cone. A monotone 
increasing mapping : K→K is called comparison operator if limn→00虹(t)= 0 
for each t EK. 

Definition 14. Let (E, ::;) be a Riesz space and { Xn} be a sequence in E. If 
o-lim]→00 Xj exists, then we say that the series E~ 孔 is order convergent. n=l 

Next we consider the extention of a岱 anda咽 mappings.

Definition 15. [31] Let (X, d) be a metric space. We say that mapping T : X→ X 
is a-心contractiveif there exist a mapping a : X x X→[O, 1) and a sequence 
of nondecreasing mappingsゆof[O, 1) into itself such that the series E~=l 炉(t)
converges for all t > 0 and for any x, y EX, n EN, we have 

a(x, y)d(Tx, Ty) ::;い(d(x,y)). 

Definition 16. [34] Let (X, d) be a metric space. We say that mapping T: X→ X 
is a嗚 contractiveif there exist a mapping a : X x X→[O, 1) and a sequence of 
nondecreasing mappings叫 of[O, 1) into itself such that the series E~=l 叫(t)
converges for all t > 0 and for any x, y EX, n EN, we have 

a(x, y)d(Tnx, Tny) ::;叫(d(x,y)). 

Definition 17. Let (X, d) be a metric space. We say that two mapppings f, g : X→ 
X are said to mutually a—心 contractive if there exist a mapping a : X x X→[O, 1) 
and a sequence of nondecreasing mappings心of[O, 1) into itself such that the series 
区~=1 炉(t) converges for all t > 0 and for any x, y EX, n EN, we have 

a(x, y)d(f(x), f(y))::;ゆ(d(g(x),g(y))). 

And we say that two mapppings f, g : X→X are said to mutually a心 contractive
if there exist a mapping a : X x X →[O, 1) and a sequence of nondecreasing 
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mappings叫 of[O, 1) into itself such that the series L~=l 叫(t) converges for all 
t > 0 and for any x, y EX, n E N, we have 

a(x,y)d(『（x)，『(y))~心n(d(g(x), g(y))). 

We also give a definiton of a-admissible mappping. 

Definition 18. [31] We say mapping f is a-admissible if 

a(x, y) > 1 implies a(f(x), f(y)) > 1. 

Example 3. E = (C([O, 1], R2) 

f(x心）＝（旱芋），g(xぃ叫＝（誓亨）
Define order x = (x1,立))>-Y = (Y1叩） iffx1 ~ Y1 and x2 ~ Y2- Define a : 
XxX→[O, oo) by the following. 

a(x,y) ＝ ｛l ifxとy,
0 if X --< y. 

Let x, y E R2 such that y = (Y1如）さ X= (x1，四）． Then,Y1 ~ x1 and Y2 ~ x2. In 
this case since 

f(x) -f(y) =（孔— Y1), ~(x2 -Y2))c 0, 

Then we have a(f(x), f(y)) ~ 1 Thus f is a-admissible. Moreover if we take 
xo = (1, 1), then f(xo) =（錢，¾) and xo -f(xo) =（も資）． thusa(f(xo, f(xo)) ~ 1. 
d(x,y) = llx -yll = (lx1 -Y112 + lx2 -y氾）1/2.叫(t)=（号）nt. Then 

a(x,y)d(『（x)，『（y))= (~) n llx -YII さ (~)n( （り n llx -yll) 
＝叫((d(g(x),g(y))). 

Definition 19. If (E, ~) is a Riesz space and f: E→E is such that f(x)さf(y)
whenever x, y E E and x ~ y, then f is said to be nondecreasing. 

Definition 20. Let (E, ~) be a Riesz space. The set (UF)f = {x EE: x-f(x) E 
K} is called upper fixed point set off, (LF)f = {x EE: f(x) -x EK} is called 
lower fixed point set off and (F) f = { x E E : f (x) = x} is called the set of all fixed 
points off. 

Definition 21. Let X be a nonempty set and E a Riesz space. A mapping d : 
XxX→E is said to be a vector metric or E-metric if it satisfies the following 
conditions: 

(E 1) d(x, y) = 0 if and only if x = y; 
(E 2) d(x, y) ~ d(x, z) + d(y, z); for all x, y, z EX. 
We call (X, d, E) a vector metric space. 

Definition 22. (See /24}). Let f, g : X→X be mappings of a set X. If f(w) = 
g(w) = z for some z E X, then w is called a coincidence point off and g, and z is 
called a point of coincidence off and g. 
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Definition 23. (See /24/). Paire of self-mappings (f, g) on an ordered vector 
metric space (X, d, E) is said to be compatible if, for arbitrary sequence (xn) C X, 

such that limn→oo f (xn) = limn→00 g(xn) EX, and for arbitrary c EE, there exists 
n0 E N such that 

d(fg(xn),gf(％）） :s; c, 

whenevern > n0. It is said to be weakly compatible if f(x) = g(x) implies fg(x) = 
gf(x). It is clear that, as in the case of metric space, the pair (!,ix) (ix is the 
identity mapping) is both compatible and weakly compatible, for each self-map f. 

Lemma 24. (See /2/). Let f and g be weakly compatible self-maps of a set X. If 
f and g have a unique point of coincidence z = f (w) = g(w), then z is the unique 

common fxed point off and g. 

For arbitrary elements x, y, z and w of a vector metric space, the following holds 
true: 

(Em 1) 0さd(x,y); 
(Em2) d(x,y)=d(y,x); 

(Em 3) ld(x,z)-d(y,z)I :s; d(x,y); 
(Em4) ld(x,z)-d(y,w)Iさd(x,y)+d(z,w).

A Riesz space E is a vector metric space with d : E x E→E defined by 
d(x,y) = Ix -YI-This vector metric is called absolute valued metric on E. 

Definition 25. (See /6, 11/). 

(i) A sequence { Xn} in X is vectorial converges or E-converges to some x EX  
(we write Xn→d,E x), if there is a sequence {an} in E satisfying an↓ 0 
and d(xn,X):s; an for all n; 
(ii) A sequence (xn) is called E-Cauchy sequence if there exists a sequence（い
in E such that an↓0 and d(xn, Xn+p):s; an holds for all n and p; 

(iii) A vector metric space X is called E-complete if each E-Cauchy sequence 
in X E-converges to a limit in X. 

Lemma 26. (See /6, 11/). We have following properties in vector metric space X: 

(a) The limit x is unique; 
(b) Every subsequence of (xn) E-converges to x; 
(c) If Xn→d,E x and珈→d,Ey, then d(x叫 In)→0d(x, y). 
Definition 27. (See /6, 11/) An ordered set isか completeif sup A and inf A exists 
in numerable subset A in X. 

3. MAIN RESULTS 

A fixed point problem is to find some x EE  such that f(x) = x and we denote 
it by FP(f,E). Let f,g: E→E. A common fixed point problem is to find some 
x EE  such that x = f(x) = g(x) and we denote it by CFP(f,g,E). The equation 
f(x) = g(x) (f(x) = g(x) = x) is called coincidence point equation (resp. common 
fixed point equation). 

In [4, Corollary 1], the following results obtained, see also [1]. 

Theorem 28. Let (X, d) be a complete metric space. Suppose mappings f, g : X→ 
X satisfy 

(1) d(f(x), J(y)）さ kd(g(x),g(y)), for all x, y EX, 
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where k E [O, 1) is a constant. If the range of g contains the range off and g(X) is 
a complete subspace of X, then f and g have a unique point of coincidence in X. 
Moreover if f and g are weakly compatible, then f and g have a unique common 

fixed point. 

Inspirering the above result, we give a fixed point theorem versions of a-心and
a—叫 contractive mappings. 

Definition 29. Let f, g be mappings such that the range off is contained in the 

range of g. We say that f is g-continous at x0 E X if g(x)→g(x0) imples 
f(x)→f(xo). 
Proposition 30. Let f and g be weakly compatible self maps of a set X. If f and g 

have a unique point of coincidence w = f(x) = g(x), then w is the unique common 

fixed point off and g. 

Proof. Since w = f(x) = g(x) and f and g are weakly compatible, we have f(w) = 

fg(x) = gf(x) = g(w): i.e., f(w) = g(w) is a point of coincidence off and g. 
However w is the only point of coincidence off and g, so w = f(w) = g(w). 
Moreover if z = f(z) = g(z), then z is a point of coincidence of f and g, and 
therefore z = w by uniqueness. Thus w is a unique common fixed point of f and 
g. ロ

Theorem 31. Let (X, d, E) be an E-complete vector metric space and we assume 

that E is Archimedean. Let f, g : X→X bea灼 mappingssatisfying the following 
conditions; 

(i) f is a-admissible; 
(ii) there exists x0 E X such that a(x0, f x0) ~ l; 
(iii) The range of g contains the range off and g(X) is a E-complete subspace 

of X. 
(iv) f is g-continous. 
(vi) f and g are weakly compatible. 

Then the common fixed point problem CF P(f, g, E) has a solution. 

Proof. Let x。EX be a arbitary point in X. Choose a point x1 in X such that 
a(xo,x1)~ 1 and f (xo) = g(x1). Also for Xn there exists Xn+i such that f(xn) = 
g(xn+i)-This can be done since the range of g contains the range off. Then 

d(g(xn), g(xn+1)) = d(f(xn_i), f(xn)) = d(r(xo), r(x1)) 

：：：：： a(xぃxo)d(r(x1),r(xo))：：：：：心n(d(g(x1),g(xo)))

In this case we have 
m 

d(g(xm),g(xn))：：：：：と叫(g(xi),g(xo))). 
k=n 

Then there exists n0 such taht区':=no仇(d(g(xo),g(x1)）)→0 0, Since E is Arch-
median, for any m,n with m > n > no, d(g(xm),g(％））→0 0, d(g(xm),g(xn)) 
is E-Cauchy in E. Hence (g(xn) is a E-Cauchy sequence in g(X). Since g(X) is 
E-complete, there exists q E g(X) such that g(%）→d,E q as n→ (X)．Then there 
exists p E X such that g(p) = q. Since f is g-continous, g(%）→d,E g(p) imples 
f(％）→d,E f(p). Since 

d(g(xn+1), f(p)) = d(f(xn), f(p)), 
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we have g(％）→d,E f (p). The uniquness of limit in an ordered metric space E, 
we have f(p) = g(p). From Proposition 30 and (vi), f and g have a common fixed 
point. 

ロ

Corollary 32. Let (X, d, E) be a E-complete vector metric space with E is Ar-
chimedean. Let f, g : X→X be two a池 mappingssatisfying the same conditions 
in theorem 31. Then, the common fixed point problem CF P(J, g, E) has a solution. 

Proof. Put叫＝炉， then炉 satisfiesthe condition of Thoeorem 33 and also the 
rest of proof is same. ロ

Now we give the another versions of theorem. 

Theorem 33. Let (X, d, E) be a E-complete vector metric space and we assume 
that E is Archimedean. Let f, g : X→X be mutually a岱 mappingssatisfying 
the following conditions; 

(i) f is a-admissible; 
(ii) there exists x0 E X such that a(xo, f xo)~ 1; 
(iii) If {xn} is a sequence in X such that a(xn,Xn+i) ~ 1 for all n EN  and 
％ →xEXasn→oo, then there exists a subsequence｛圧｝ of{xn}
such that 

叩虹,x) ~ 1 for all k E N. 

(iv) For any t > 0,切（t)< t. 
(v) The range of g contains the range off and g(X) is a complete subspace of 
X. 

(vi) f and g are weakly compatible. 

Then, the common fixed point problem CF P(J, g, E) has a solution. 

Proof. Following the proof of Theorem 31, we know that the sequence {g(xn)} 
defined in Theorem 31 E-converges to some q E X and there exists p E X such 
that g(p) = q. In this case by (iii) and (iv) 

d(g(Xn+1), f(p)) = d(f(xn), f(p)) 

~ a(nk,p)d(f(％ふf(p))

さ'l/J1(d(g(x□,g(p)))
Thus g(xn+l)→d,E f(p) as n→ oo, and f(%）→d,E f(p) as n→ oo. The 
uniqueness of a limit in an ordered metric space implies that f(p) = g(p). From 
Proposition 30 and (vi), f and g have a common fixed point. ロ

Corollary 34. Let (X, d, E) be a E-complete vector metric space with E is Ar-
chimedean. Let f, g : X→X be two a心mappingssatisfying the same conditions 
in theorem 33. Then, the common fixed point problem CF P(J, g, E) has a solution. 

Proof. Put匹＝炉， then炉 satisfiesthe condition of Thoeorem 33 and also the 
rest of proof is same. ロ

In order to take an uniquness of coincidence point, we give the following condi-
tion. 
We also give the following assmuption. 
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(i) Condition (H): For all x, y E X, there exists z E X such that a(x, z) ~ 1 
and a(y, z)ミl.

Then we have the following theorem. 

Theorem 35. Adding to the settings of Theorem 31 or Theorem 33 we assume切
satisfies切(t)M< t for all t > 0 and satisfies condition (H), then the coinidence 
point off and g has unique common fixed point. 

Prnof. Suppose that u and v are two different points of coincidence of f and g. 
From (H), there exists z E X such that 

(2) a(u,z) ~ 1 and a(v,z) ~ l. 

Since f is a-admissible, from (2), we get 

(3) a(f(u), f(z)) ~ 1 and a(f(v), f(z)) ~ l. 
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Then 

a(x, y)d(f軍），r(y))= (~)n (x-y)et::; ~ (~)n-l ~(x-y)et 

Then 

匹(u)={i;信11,ofn>2
Clea'rly f(X)こg(X)and f(X) ;;;:i g(X) and f is g-continuous. Next let x, y E 
R with a(x,y) = l. This imples x,y E [0,1]. In this case J,* E [0,1] thus 
a(f(x), f(y)) 2'. 1. Thern.f, ernforn f is a-admissible. 
MoTeoveT xo =ぅ,thenJ(xo)=百.Thusa(x0, f(x0)) 2'. 1. TheTejoTe the 
conditions of Theorem 31 aTe satisfied. 

For more details on (c)-comparison operators, we refer to [7] and references 
mentioned therein. 

4. APPLICATIONS 

We shall study sufficient condition for the existence of common solution of the 
following integral equations([l, 14]) in the framework of E-metric spaces. 
We consider the implicit integral equation 

(4) p(t,x(t)) = 11 q(t,s,x(s))ds,t,s E [O, 1], 

゜where x E L叶0,1],l<pく oo. Integral equations like (4) were introduced by 
Feckan [14] and could occur in the study of nonlinear boundary value problems of 
ordinary differential equations. 

For E =Rand X = L1([0, 1]), its norm is defined by llxll = Ji。~ lx(t)ldt for any 
x E X and we define d : X x X→Rby 

d(x,y) = sup lx(t) -y(t)I-
tE[0,1] 

for any x, y EX. Then dis a E-metric on X. Suppose that the following conditions 
holds: 

(i) For all t E [O, 1], n EN  and x, y EX, there existsゆ： ［0,1]→R such that 

謬~l lp(t, x(t)) -p(t, y(t))I ~心（t：仇？~l 111 q(t,s,x(s)) -q(t,s,y(s))I ds), 

［喜？~I lq(t, s, x(s)) -q(t, s, y(s))I ds ~心（t:仇？~1 lx(t) -y(t)I) 
and心is(c)-comparison. For instane, take心(t)= rt, where O ~ r < l. 
(ii) p(t, x(t)) ~ Ji。~q(t,s,x(s))ds さ x(t) for all t E [O, 1]. 
(iii) p(t, Ii。~q(t, s, x(s))ds)さ:J。~q(t, s, x(s))ds for all t E [O, 1]. 
(iv) x(t) ~ y(t) implies p(t, x(t)）さp(t,y(t))for all t E [O, l]. 

Then, the implicit integral equation (4) has a solution in L門0,l]. 
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Proof. Take f(x(t)) = p(t, x(t)) and g(x(t)) = Ji。~q(t,s,x(s))ds. Let r0 be a 
bounded positive number and M be the closed subset ofじ[O,1] defined by 

M=Br。=｛xEL門o,1J I llx さro}}. 

For each x E M, since Ji。~q(t,s,x(s))ds S p(t,x(t)) S x(t) for all t E [0,1], the 
range off is contained in that of g. Also since Ji。~q(t, s, x(s))ds S ro, g(M) C M 
and g(M) is closed set, then g(M) is complete metric spaces by the L1-norm. Thus 
we have the condition (iv) of Theorem 31. By the condition (i), we have 

d(f(x), f(y)) 

= sup lp(t,x(t))) -p(t,y(t)))I 
tE[0,1] 

S 心 C:~~l] 111 (q(t, s, x(s) -q(t, s, y(s))ds 

S心(]0,t:］|q(t,s,x(s)） -q(t,s,X(s)|）ds] 

さ心(d(g(x),g(y))) 

Also by (i), we have 

d（ド（x),J2(y)) 

sup lp(t,p(t,x(t)))-p(t,p(t,y(t)))I 
tE[0,1] 

S心（［ t:~~l] q (t, s,p(s, x(s))) ds -q (t, s,p(s, y(s))) dsl) 

S心(fo1t!~~l] lq (t, s,p(s,x(s))) -q (t, s,p(s, y(s)))I ds 

S心（ゅ。（二゚p11]]|p(t,x(t)）-P(t,y(t)）|）） ） 
さ炉(d(g(x),g(y))) 

Then by indution, we have 

d(r(x)い『(y))sゆれ(d(g(x,g(y))

Put卯＝炉， thenwe have 

d(『（x)い『(y))s叫 (d(g(x,g(y)))

By the definition of心， itsatisfies (c)-comparison,叫 isalso so. 
Next let 

a(x,y) ＝ ｛lif xミy,
Q if X < y. 

Let x(t) 2: y(t) for all t E [O, l]. In this case by (iv), for any t E [O, 1], f(x(t)) 2: 
f(y(t)). Thus f is a-admissible. Moreover by (ii), there exists x0(t) such that 
xo(t) -f(xo(t)) = xo(t) -p(t, xo(t)) 2: 0, thus 0:(xo(t), f(xo(t))) 2: 1. 
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By by (ii) and (iii), f, g are mutually dominated. In fact 

f (g(x(t))) = p (t, 11 q(t, s, x(s))ds) ::::; 11 q(t, s, x(s))ds = g(x(t)), 

゜
g(f(x(t))) = j1 q(t, s,p(s, x(s)))ds::::; p(t, x(t)) = J(x(t)). 

゜We define a sequence {xn} with X2n+1 = J(x2n) and X2n = g(x2n+1)-Then we 
have 

x1 = J(xo) 2: gf (xo) = g(x1) = x2 = g(xi) 2: f g(x1) = J(x叫＝X32'.,,,, 

repeaing this arguments, we have 

X1 2". X2 2". X3 2".... 2". Xn 2"..... 

Then the sequence { Xn} is decreasing and X is complete, there exists x E X and 

we have Xn→x as n→oo. Then for all n 2". 1, we have a(xn, Xn+i) 2". 1. Consider 
the subsequence xれk= X2n, then we have a(Xnk, x) 2". 1. Thus the condition (iv) 
of Theorem 31 is satisfied. 
Finally let f(x(t)) = g(x(t)) for all t E [O, 1], then we have 

g(f(x(t))) = 11 q(t, s, f(x(s)))ds = p(t, f(x(t))) = J(f(x(t))) = f(g(x(t))). 

゜So, f and g are weakly compartible. 

By using Theorem 29, the common fixed point problem CF P(f, g, K) has a 
solution which in turn solves the integral equation (I). 

ロ

Remark 38. In examples, the decision of r0 is obtained by the following assump-

tions, see [3]. 

We assume that the function q(s, t, x(t)) is given by 

q(s, t, x(t)) = ~(s, t)h(s, y(s)) 

where~: [O, l]x[O, 1]→R is strongly measurable and ft。~ ~(-, s)y(s))ds E 
£1 [O, 1] whenever y E £1 [O, 1] and there exists a function 0 : [O, 1]→ 
R belonging to L00[0, 1] such that 0 さ ~(t,s) さ 0(t) for all t, s E 

[O, 1] x [O, 1]. The function f : [O, 1] x R ---+ R is a Caratheodory June-
tion and there exist a constant b > 0 and a function a(•) E £1 [O, 1] 
such that 

lh(t,u)I ~ a(t) + blul 

for all t E [O, 1] and u E R. Moreover, h(t,x(t)) ~ 0 whenever 
x E Lt[o, 1], where Lt[o, 1] = {x E L1[0, 1]} I x(t)ミ:0for all t E 
[0,1]}; 
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In this case r0 is defined by r。=｛門闊閏． Infact for each x EM, 

fo1 llq(t,s,x(s))llds = fo1 lll(s,t)h(s,x(s))llds 

゜
S:: 0(t) 1¥a(s) + bx(x))ds 

゜::;; IIBlloo(llall +bro)= ro. 
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