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SPHERICAL HARMONICS AND  HARDY'S INEQUALITIES 

SHUJI MACHIHARA 

ABSTRACT. We consider the derivative operators for radial direction and spherical di-
rection. We also investigate the operator which takes the spherical average for functions. 
We reconfirm those properties with particular attention to orthogo叫 ity.As an applica— 

tion, the Hardy type inequality is presented with spherical derivatives in the framework 
of equalities. This clarifies the difference between contribution by radial and spheri-
cal derivatives in the improved Hardy inequality as well as nonexistence of nontrivial 
extremizers without compactness arguments. 

This paper is based on the joint work with Neal Bez and Tohru Ozawa. 

1. PRELIMINARIES PART 1 

In this section we define and investigate some derivative operators in Euclian space. 

Although the facts are well-known, we here check the all lines for calclations and the 

orthogonality of those. We define the radial derivative and the spherical derivative 

Dr=喜・▽＝〗臼

L= ▽—責Dr= （め一計~' 心ー胴）
where切＝ 8/axj,j= l,...,n. We define 

Xj n 

Lj =切— -Br= 切一
lxl 

区デK

k=l 
I叫2

Ok, j = 1,...,n, 

to have Lf = (Lif,...,L』).Weuse the polar coordinate x = rw, r = lxl, w = x/lxl 

for X E町＼｛O}. We may write f(x) = f(r,w). If f(r,w) depends on r only, that is 

J(x) = f(r), we have 

叫）＝戸酎Ji(lxl)= t加'(r)叫rl= J'(r) 戸~ = J'(r), 

Ljf(x) =（切一伽） f(lxl)= J'(r)冒—加'(r) = 0 

2010 Mathematics Subject Classification. Primary 26D10, Secondary 35A23. 
Key words and phrases. Spherical harmonic decomposition, Improved Hardy inequalities, radial and 

spherical derivatives. 
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If f(r,w) depends on w only, that is f(x) = f(w) = fい）， wehave lxl 

叫）＝芦恥し（凸））＝言畠名仇f)（凸）囁

＝戸冒t叩）（w）（賛賛）
n 

1 
n n 

＝瓢叩）（W)―-饂（幻）（w）叶~=0,
j=l 

| |x| 
j=l k=l 

lxl4 

Ljf(x) =（切—畠り（f(出））＝ 8] （f (出））＝切f(x),

if we continue to calcurate 

切し（~))=責（叩）（w)-t叩）（w)X汗K
k=l 

国3

1 xJ 
= -（叩）（w)- （幻）（w)

|x| 1年
l l 

＝国(L』)（w)=(日LJf)(w) = (LJf)(w). 

Si ince we have Leibniz rule 

叫fg) = f8rg + g8ふ Lj(fg) = f Ljg + gLjf, 

we estimate for f = f(r), g = g(w) and general h = h(r, w) as 

(1.1) 8r(gh) = g8rh, Lj(fh) = f Ljh. 

We have the pointwise orthogonality between Lf for any f and x as 

Lf・x= t（むf-巳）巧＝ X • V f -lxl8rf = 0. 

Therefore we have the orthogonality pointwisely between Lf and f!!:r8rf for any f, 
叫

x 8rf 
Lf• 一8』= -（Lf-x)=O. 

|x| |x| 

We use the inner product and the norm forび（町），
(fig) = 1n f(x)g(ifdx, 

政”

|| f ||2 = || f ||L2 ＝亭・

We define 

IILJII~= 区 ||Ljfll~-
J=l 

We have the relation▽ ＝賛r+ L and, as a corollary, the following orthogonality in the 

Hilbert spaceび（町）．
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Proposition 1. 

(1.2) 

Proof. We estimate 

II • ill~= ll8rf||委+||Lf||g. 

n 11 112 

II▽f||；＝ど五幻＋ Lif
国 2j=l 

n 

= t臼fl[+2Re 1n冒x訂 dx十芦IILjf11; = 118』||； ＋||Lf||；． 

口

We give the following two results by parts for Lj. 

(Ljulv) =-（鴫v)+ t (ulak（冒））
= -(ulLjv) + (n -1) (ul I：閾），

and so 

n n 
1 

n 

苫LjulLjv)=-t(ulL五）＋ （n -1) (ul~x • Lv) =-t(ulL;v). 

We consider second order derivative. We introduce the Laplacian on the unit sphere, 
that is, the Laplace-Beltrami operator. 

△岳1 :＝ L (x位k-X凸）乞
1<::j<k<::n 

We have the following relation between the second order of the spherical derivative L and 
the Laplace-Beltrami operator. 

苫(Ix|し)2= lxl2苫LJ= lxl2苫（的一鸞屈＋ 1：f2o;) 
=(Xi+・・・＋叶）（冴＋・・・＋洸）ー（髯＋・・・＋疇）ー 2 L 凸碍

1勺 <k<;n

= L (x賃＋x詞）― 2 L も゜汗kOk=△sn-1, 

1：：：j<k：：：n 1'.'oj<k'.'on 

where we use (1.1) at the first equality. The following is also well-known 

△ = 02 
n -1 1 

r + 0r + 2 △別—1.
国国
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2. PRELIMINARIES PART 2 

We denote by L[ad（町） andH如（町） theclosed subspacesび（町） andが（町）， respec-
tively, of radial functions: 

L;ac1（町）：＝｛fEび（町）； Thereexists u Eび(0,(X)）suchthat 

f(x) = u(lxl)lx|デ foralmost all x E町＼｛O}},

H;ac1（囮？り：＝｛fE (H1 n L;ad)（民n);Orf E 1名ad（恨翌）｝．

For any f E L2（町）， wedenote by Pf its radial average over the unit sphere 

1 
(Pf)(x) := ~ 1n-i f(lxlw)如 (w), XE町

(Jn-1 J sn-1 

Then P : f H Pf induces the orthogonal projection fromび（町） ontoL;ad国） aswell 
as from H1（町） ontoH如（町） （see Proposition 3 below). 

Lemma 2. 

戸＝ P, P* = P. 

Proof. For any radial function f E L2(田）， andwe write J(x) = J(lxl), we have 

l r r/1.. 1¥.1 I.¥ J(lxl) 
(PJ)(x) = ~ 1n—1 J(lxl)du(w) ＝匹~1n-l du(w) = J(x). 

Therefore for any f we have the radial Pf and so we have P(PJ) = Pf. For any u, v, we 
calclate 

1 
(Pulv) = 1n ~ Ln-i u(lxlw)d叫）v(x)dx

即 O"n-lJ 5n-l 

= Jsn ll□ ((J"n1-l f炉,u(rw)d叫）） v(r0)r"-'drda(0) 

= 1n—1 [（亡1n-lv(r0)du(e)) u(rw)rn-ldrdu(w) = (ulPv). 

ロ
We define the orthogonal projection onto the orthogonal complement of these spaces 

p_j_ =I -P. 

Wehavef=Pf+P_j_f. 

Proposition 3. The following relations hold: 

(1) (P_j_戸=P_j_，（P_j_）＊ = P_j_． 
(2) pp_j_ ＝ P_j_P=O. 

(3) (PulP」-v)= 0, llu||多=||Pull~+ IIP_j_ull~, u,v Eび（町）．
(4) (VP叫▽Pサ） ＝0, II Vu II~ = IIV Pu||芸+||V P1_u||芸,u,vEが（町）．

Proof. The all orthogonal projections satisfy the properties (1), (2) and (3). 

(1) From Lemma 2, 

(P州 ＝ I-2P＋戸＝ I-2P + P = P1_, 

(P1_ulv) = (ulv) -(Pulv) = (ulv) -(ulPv) = (ulP1_v). 
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(2) From Lemma 2, 

pp_j_ = P_j_p = p -p2 = p -p = 0. 

(3) From (2), 

(PulP_j_v) = (ulPP_j_v) = (ulO) = 0. 

llull2 = II Pu+ P_j_u|12 = 11Pull2 + 2Re(PulP_j_v) + IIP_j_vll2 = IIPull2 + IIP_j_vll2. 

(4) We have 

1 
紅 u:作 1|x|苫JJ炉—1 切 (u(lxlw))de(w)

= ~ 1n-l tx誓 u)(lxlw)・ wdO"(w) = P（▽u • w) = P如．
びn-1lxl J sn-, 

We have seen Ljv = 0 for any radial function v, and so Lv = 0 and LP = 0. 

ロ
By using the orthogonal projection P and P_j_,we have the following orthogonal de-

compositions: 

び（町）＝ L;ad国） ① （L;ad（町））上＇

Hl（町） ＝ H如（町）〶（H如（町））主

We also use the complete orthogonal decomposition 

(2.1) び（町）＝〶が（町），
k~O 

whereが（町） isa closed subspace spanned by spherical harmonics of order k multiplied 
by radial functions. We denote by Pk the associated orthogonal projection. We refer the 
reader to [4, 5, 6, 24, 26] for details on the decomposition (2.1). Here we notice that 

P=Po, 

L;ad（町）＝が（町）．

We introduce the eigenvalues of the spherical harmonics 

△釦—,pk= -k(k + n -2)Pk, k 2'. 0. 

3. HARDY'S INEQUALITIES AND EQUALITIES, KNOWN RESULTS. 

In this talk, we study the classical Hardy inequality of the form 

(3.1) (n ; 2)2畜：::;I I▽f||t 

for all f E H1（町） withn：：：： 3. We rem碍畑 呻醗m仇一 2肛戸記。ptimaland応血

attained. The follwoing also holds 

(n ; 2)2喜：さ訊f||；

for all f E圧（町） withn ~ 3. 
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We call a kinds of the followings Hardy's equalities. Dolbeault-Volzone (2012) and 
Bogdan-Dyda-Kim (2016) showed 

(n-2) 2 f 2 n-2 x 2 

2 
- ＝ |1 • f|| ;—• f+ f 
x| 2 2 |x|22. 

M-Ozawa-Wadade (2016) showed 

(n-2)2 f 2 n-2 2 

2 J 11 lxl 
- ＝ ||8』||；—幻＋ f 

21x1, ll2. 

Meanwhile, Ekholm-Frank (2006) introduce the fillowing as an improved Hardy ineq叫 ity

(3.2) 
炉 f112 

4 11 lxl 112 
- -さ ||Vf||；

for all f E C0（町） withn ~ 2 satisfying 

(3.3) ln-l f (rw)如 (w)= 0 
sn-1 

for all r ~ 0, where O" is the Lebesgue measure on the unit sphere sn-l = { w E印； 1叫＝
1}, [7, 12]. In [12], the inequality (3.2) is referred to as an improved Hardy inequality on 

the basis of the improvement in the coefficient庁onthe left hand side of (3.2), which is 

larger than the corresponding coefficient（デ）2on the left hand side of (3.1), as well as 
of the applicable range of dimensions, in particular, n = 2 is now admissible. 

4. HARDY'S INEQUALITIES AND EQUALITIES, THEOREMS. 

We now state the main results in this paper. 

Theorem 4. Let n ~ 2. Then, the following equality 

p_j_f200  2 
(4.1) (n -1) 11~11 = IILP_j_f||; — L(k- l)(k + n-1) 

pkf 

|ぉ| 2 k=2 |x| 2 

holds for all f Eが（町）．

Corollary 5. Let n ~ 2. Then the following inequality 

p_j_f 2 

(4.2) (n -1) lltf-112 :s; IILP_j_f||； 
holds for all f E H1（町）． Equalityholds in (4.2) if and only if there exist a E icn and 
g,hEH如（町） suchthat 

(4.3) f(x) =(a・ x)g(x) + h(x) 

for almost all x E町＼｛0},where a ・ y = Lい疇 fory E尉 Inthis case, both sides 

of (4.2) are given by 

p_j_f 2 

(n-1) 11~1[ = IILP_j_f||t = n ; 1匹 1lal2100 lu(r)隣，(4.4) 

where u Eび(0,oo) satisfies g(x) = u(lxl)lx|ーデ foralmost all x E町＼｛O}and lal2 = 

冗7=1a凸•



98

Theorem 6. Let n 2 2. Then, the following equalities 

(~r11~1i: +(n-l)II~.l[ : 

(4.5) = (~r り 2 十竺だf 2 

2)  11 lxl 112'4 II lxl 112 
2 00 2 

n-2 
= IIVJII~ -II (ar + ~) f-t(k-l)(k+n-1) 

pkf 

2 k=2 |x| 2 

hold for all f Eが（町）．

Corollary 7. Let n ~ 2. Then, the following inequality 

(4.6) 『;2)2：ヽ＋（n -1) 11~11: :s: IIVJII~ 

holds for all f Eが（町）． Equalityholds in (4.6) if and only if f = 0. 

Theorem 8. Let n ~ 2. Then, the following equality 

(4.7) 

n2 IIP_lf 2 n -2 2 
- ＝ |1 • P_l!II~ — 8r+~)P_lf 
4 11 lxl ll2 

00 

(2|x|) 2 

pkf 
2 

— L(k-l)(k+n-1) 
k=2 lxl ll2 

holds for all J Eが（町）．

Corollary 9 (Improved Hardy inequality [7, 12]). Let n 2'. 2. Then, the following in-
equality 

(4.8) 
n2 IIP_j_f 2 

4 II lxl X 
2 

さIIVP_j_f||；

holds for all J Eが国）． Equalityholds in (4.8) if and only if f E H;ad（町）． Inthis 
case, both sides of (4.8) vanish. 

The inequality (4.6) improved the Hardy inequality (3.1) in the sense that (4.6) reveals 

a novel term (n-1) II~ II~ on the left hand side and that the improvement in (3.2) in two 
I叫

£ 
2 

space dimensions arises as a result of the existence of the novel term 11 ~ 11: when n = 2. 

Moreover, (4.6) clarifies the contribution by the orthogonal component to H如（町） with

coefficient n -1, which together with the standard coefficient（号）2yields the improved 

coefficient庁in(3.2) on the basis of the simple identity（号）2+(n-1)＝予．
In Section 2, we prove a density lemma, which enables us to prove the main theorems 

for functions in C0（恥八{O}). In Section 3, we prove the main results stated above. 

Furthermore, we also include a justification of the observation that the constant庁inthe 
improved Hardy inequality (4.8) is best possible and thus we establish the nonexistence 
of nontrivial extremizers for the improved Hardy inequality. 
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5. PROOFS OF THE MAIN THEOREMS 

The following proposition is important in the proofs of the main theorems: 

Proposition 10. P_j_(Co（町＼｛O}))is dense in P_j_（が（町）） ＝ （H如（町））上 ifn ~ 2. 

In this section, we prove Theorems 4, 6, 8 and their corollaries. By a density argument 
based on Proposition 10, it suffices to prove the theorems for functions in C0（町＼｛O}).
In the proofs below, all functions are supposedly elements of C,訂記＼｛O}).

Proof of Theorem 4-Let f E C0（恥八{O}).By Propositions 3 and??, the first term on 
the right hand side of (4.1) is represented as 

and hence 

n 

IILP_j_f||；=Z:IILjP_j_f||； 
J=l 

n 

＝一L(L初 JIP_j_f)
J=l 
n oo 

＝ーとど（閏P_j_PkflP_j_f)
J=l k=O 
n oo 

＝ーLL(L誓 Pkf|P_j_f)
J=l k=l 
00 

＝一L(lx|―2△sn-1凡P_j_JIP_j_!)

k=l 

00 
IILP_j_f||t= -00〗 [00偽sn-lpkp_j_f)(r(-)IP_j_f(r(•)））正(Sn-1)／dT

＝匹(k+ n -2) 100 (PkP_j_f)(r(·)IP_j_f(r(•) ））い (Sn-l)Tn-3ふ
k=l ゜00 

1 
2 

＝L k(k + n -2) Iii-TA記 f
k=1 |x| 2 

00 2 00 2 
1 

= (n-1)とーPkp_j_f ＋L(k(k + n -2) -(n -1)) lli-T 1 
pkp_j_f 

|x| I叫k=l II 1~1 112 k=l II 1~1 112 

= (n-1)文pk(p_j_f) I[+ t(k -l)(k + n -l) 上
2 

pkp_j_f 
|x| 2 |x| k=O II'- 1~1 / 112 k=2 II 1~1 112 

p_j_f 112, ~/, a¥/,,  a¥  IIPkf 112 
= (n -1) ＋区(k-l)(k+n-l)

|x| 2 k=2 |x| 2 9 
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where we have used relations 

p。戸＝ P.lP0 =0, 

PKだ＝ Pk(I-P0) = A for k 2: 1, 

pkい）＝上凡g fork 2: 0. lxl) lxl 

This completes the proof. 口
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This proves (4.4)．ロ

Proof of Theorem 6. The equality (4.5) follows from (??), (1.2), (4.1), and IILP_lfll2 = 
IILflk ロ
Proof of Corollary 7. The equality in (4.6) holds if and only if (4.3) and 

lxl1一訊(Ix|子1f) = (or + ~) f = 0. 

Then f is written as f(x) = lx11-1}い（白） forsome function心： sn-1→C,which together 

with (4.3) implies that f(x) = lxl1翌 (a• ~) for some a E C匹 Inthis case, ifi Eび（町）

if and only if a = 0, which means f = 0. ロ

Proof of Theorem 8. The equality (4. 7) follows by substituting f by Pザ in(4.5)．ロ

Proof of Corollary 9. The equality (4.8) follows if and only if Pげ＝ 0,which means 

f E Hr1ad（町）．ロ
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