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Computation of weighted Bergman inner products 

on bounded symmetric domains 

and Parseval-Plancherel-type formulas 

for (Sp(r，賊），Sp(r'，賊） xSp(r"，賊））

Ryosuke Nakahama•t 

NTT Institute for Fundamental Mathematics 

Abstract 

Let (G, G') = (G, (G'7)0) be a symmetric pair of holomorphic type, and we consider a pair 
of Hermitian symmetric spaces D'= G'/ K'C D = G / K, realized as bounded symmetric 
domains in complex vector spaces Pi :=（炉）'7C p+ respectively. Then the universal 
covering group G of G acts unitarily on the weighted Bergman space払 (D)c O(D) = 

切 (D)on D for sufficiently large入． Itsrestriction to the subgroup G'decomposes discretely 
and multiplicity-freely, and its bran中inglaw is given explicitly by Hua-Kostant-Schmid-
Kobayashi's formula in terms of the K'-decomposition of the space P(pf) of polynomials on 
吋：＝ （炉）一'7c p +. Our goal is to understand the decomposition of the restriction払 (D)|69
by studying the weighted Bergman inner product on each斥'-typein P（好） C1-l.¥(D). In this 
article we mainly deal with the symmetric pair (G, G') = (Sp(r，艮），Sp(r'皇） xSp(r"，股））．

1 Setting 

First we review a family of representations, called holomorphic discrete series representations, 

of a Hermitian Lie group G, in the case G = Sp(r，照）． Werealize the real symplectic group 

G = Sp(r皇） as

G=Sp(r,lR):={gEGL(2r,<C)lg(~I ~)tg=(~I ~),g(~ ~)=(~ ~)?J} 
Then this is isomorphic to the usual Sp(r, JR() via the Cayley transform. Under this realization, 
G acts transitively on 

Dr := { x E Sym(r, C) I I -X歪ispositive definite} 

by the linear fractional transform 

(: !).x := (ax+b)(cx+d)―19 

and Dr gives the bounded symmetric domain realization (Harish-Chandra realization) of the 

Hermitian symmetric space Sp(r鷹）／U(r). Next let入EC, and let (T, V) be a finite dimen-
sional representation of GL(r,C), with the K := U(r)-invariant inner product (・,・)v. Then 

*This work was supported by Grant-in-Aid for JSPS Fellows Grant Number JP20J00114. 
tThis work was supported by the Research Institute for Mathematical Sciences, an International Joint Us-
age/Research Center located in Kyoto University. 
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the universal covering group G of G acts on the space of V-valued holomorphic functions 

V(Dr, V)＝叩Dr,V) by 

T入((::）―1) f(x) := det(cx + d)ービ(t(ex+ d)) f ((ax + b) (ex + d)-1). 
We note that det(cx+d)二入 isnot well-defined on G x D unless入EZ, but is well-defined on the 
universal covering space G x D. Let払 (Dr,V) CV入(Dr,V) be the non-zero unitary subrepre-
sentation of G if it exists. We note that such subrepresentation is unique, since the corresponding 
reproducing kernel is proportional to T(I -xy) det(J -xy戸 bythe transitivity of the action 
of G on Dr. Especially, if入E股issufficiently large, then such unitary subrepresentation exists, 
and its inner product is given by the explicit converging integral 

〈f,g〉入，v:=C入，vJし(I-X歪）―1f(x),g(x))vdet(I-x歪）入—(r+l)dx.
Dr 

This is called a weighted Bergman inner produet, and the unitary representation (T入，払(Dr,V)) 
is called a holomorphie diserete series representation. Especially when (T, V) = IC is trivial, 
then we write 1{入(Dr,IC) = 1i入(Dr),and call it of sealar type. In this case 1{入(D)becomes a 
holomorphic discrete series representation if入＞ r,with the inner product 

〈f,g〉入：＝ C入J f(x)g(x) det(I -X百）入ー(r+l)dx.
Dr 

(1.1) 

Here we determine the constant C入suchthat 111||入=1holds. 
Next suppose (G, G') is a symmetric pair of holomorphic type, that is, both G / K and G'/ K' 
are Hermitian symmetric spaces and the natural embedding G'/ K'"---+ G / K is holomorphic, 
and let H>.(D) be a holomorphic discrete series representation of G of scalar type. Then it 
is known that the restriction 1i>.(D)l0, decomposes discretely and multiplicity-freely, and its 

branching law is explicitly determined (see Kobayashi [13]). In the following, we consider the 

case (G, G') := (Sp(r，駅），Sp(r'，政）xSp(r"，政）） withr = r'+r", r'さr",and give the description 
of the branching law of1i>.(Dr)l0,. To do this, let 

炉：＝ Sym(r,<C), Pt1 := Sym(r', <C), p五：＝ M(r',r"; <C), p五：＝ Sym(r",<C), 

and write the elements x E p+ as 

酎＝P五①Pt2①Pt2ぅx= （911 X12)． 
X12 X22 

Also, let 

訊—+：= ｛k = (k1,..., kr) E宮 |k12: ・ ・ ・ 2: kr 2: O}. 

Then the space of polynomials P(pt2) on p五isdecomposed under K':= U(r') x U(r") as 

P(p五）＝P(M(r', r"; <C)) ＝〶 A(Pt2) c::c EB vt'lv図vJr")v,
kEZ'; kEZ'; 
+＋ +＋ 

(r')v 
where vr) V is the irreducible representation of U(r') with the lowest weight -k under a suitable 

(r")v 
identification of the weight lattice for U(r') and zr', and similar for vt" JV, where we identify k 

and (k, 0,..., 0). According to this decomposition, for入＞ r,払 (Dr)l0,is decomposed as 

1i>.(Dr)lc, ~ LE!l払 (Dr,,vt)v)図1i>.(Dr",vt')v) (1.2) 

kEZ': ＋＋ 
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(see Kobayashi [13, Theorem 8.3]). Now we w皿 tto understand this decomposition concretely 
by considering the inner product 

〈f（位），etr(xz)〉
入，x
（f（叩） EP叫），”＝ （誓~ :~~), z E p+), (1.3) 

where the subscript x stands for the variable of integration. 

For example, suppose r'= r", and we consider the case k = (k,..., k). Then we have 

叩，…，K）（応） ＝叩，．．．，k)(M(r',C))= Cdet(x12l- In this setting, the above inner product is 
explicitly computable. 

Theorem 1.1 ([21, Theorem 6.8 (2)]). Suppose r'= r11. Then for k E Z⑳ ,Re入＞ 2r',
Z= （誓~ ;~~) E p+, we have 

〈det(x12)尺etr(x芝）〉
入，a：

rr乙＇＋1（い「~l-½) lk/2」―ふ—旱 t -1 -1 
= rr:：1 （入ー手）Krrごが＋1（入―手）lk/2」det(z12l2F1(_入-K + r'＋ 1; Zn z12 Z22Z12)． 

Here, （入）m := 入（入＋ 1）（入＋ 2)・・・（入＋ m-1). We omit the definition of 2F1, but this 
coincides with a special case of Heckman-Op dam's multivariate hypergeometric function of t:y:評

BCr, under a suitable change of variables. By using this, we can construct explicitly the G'-

intertwining operator (symmetry breaking operator) from払 (Dr)lc,to 1i>.+k(Dり図1{入十k(Dr1)
(see [21, Theorem 8.6]). Also, by the theorem we can immediately determine the top term (i.e., 

the value at zn = 0, z22 = 0) of (1.3) as 

〈det（知）［etr（立）〉 rr巳’が＋1(入＋ ［い一½)lk/2」
入，xlzu=O, z22=0 rr:~1 （入冒りkIT;:'r'+l（入 i-1

det(z12)尺
-y) lk/2」

and determine the poles of (1.3) with respect to入E<C, that is, 

且（入— t; 1)K 9＝几（入— ~)lk/2」〈det(x12)尺 etr(xz) 〉入，x
is holomorphically continued for all入EIC. In the following, we consider general partitions 

k E :::Z~+- Then we cannot compute explicitly (1.3) so far, but can compute the top term and 
the poles. This is applied for the determination of the Parseval-Plancherel-type formula for the 

decomposition of払 (Dr)la,・

2 Main th eorems and applications 

As before, let p+ := Sym(r, qっp五：＝ M(r',r";C)with r = r'+ r", r'::; r", and write 
x = (,:~~ ~~~) E p+. First we give a result on top terms of (1.3). 

Theorem 2.1. Let k E Zに andput kr'+l := 0. Then for Re入＞ r,J(x12) E叩応）， wehave 

〈f(x12), etr(xz)〉＝C（入，k)f(z12),
入，xlzu=O, z22=0 
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where 

C（入，k)=
2lkl IT因く］<::r'(2入— (i + j))ki+kj rr:~1 （入— i)柘

rrいく］ダ＋1(2入— (i+ j -l))ki+ki rr:~1 （入ー (i-1)）柘

＝ 

叫i<j<::r' （入— t+；-1)予Jrrにさj<::r' （入—干）「平l

rr臼厨＋1(入— 9十;-2) ［平J rr区9く］ダ＋1(入— 9十;-1) 「平l
(2.1) 

rr止 1rr「a/2l-1 ＿戸 2r’la/2」_g 
a=3 1 li=max{l,a-r 

= 2 

,a-r1}（入 2)『三a-，Jrra=2 rr9=max{1,a-r’} （入りIk,+：a-tl
rr~:1 IT[~~lx{l,a-r'} （入—号）lk,+K:+1-，J rr:r/2 rr巳~L{l,a-r'}(入- g)「k,+K:+1-tl.

Next we give a result on poles of (1.3). 

Theorem 2.2. Fork E Z~+'define ¢(k) E zt~ by 

¢(k)a := min { l ~;柘 J 11 :::; i :::; j :::; r'+ 1, i + j =a+ 1} (1 :Sa :S 2r'), (2.2) 

where kr'+l := 0. Then for J(xl2) E Pk(P五），

り（入ーデ）の（k)a〈f(x12), etr（立）〉心

zs holomorphically continued for all入EC. 

Remark 2.3. We can easily verify the restriction of Theorem 2.2 to z11 = 0, z22 = 0 by uszng 
Theorem 2.1, that is, 

g い—~)</>(k)a C（入，k)=g い— ~)minil~J
x rrニ—lrrご贔，a-r’}（入—デ）l圧 ka-，Jrr:：2 rr図竺応，a-r’}(入-g) 「 k戸が—']

rr亨~1IT[：：し{1,a-r'}（入ーデ）l朽十ka+1-,Jrr:r/2 rrばし{1,a-r' 入ー旦 朽十ka+1-t, } （ 2)「2 l 

zs holomorphic for all入EC. 

Next we consider some applications of the theorems. Let (G, G') = (Sp(r，駅），Sp(r'，駅） x 
Sp(r",JR)) as before. Then since払 (Dr)l0,decomposes as in (1.2) for入＞ r,for each k E zt+ 

there exists uniquely (up to scalar) a G'-intertwining operator (symmetry breaking operator) 

瓦，k:恥 (Dr)lij,---+%（Dr1,VJが）V)図払(Dr",vt')v). 

We fix the normalization of芯，ksuch that 

IIF>.,k(J(x12)）||；入(Dr,,vt'Jv)恥 (Dr”'叫')V)=『（嘉zo12)f(z12) Z12=0 (J(x12) E Pk(P五））

holds, independent of入． Thenwe can easily prove the following. 
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Corollary 2.4. For入＞ r,for f E払 (Dr),we have 

||f||負⑫） ＝ LC（入，k)11-F入，Kf||2,1-l>.(D,,,vt')v)白恥(D,,,,vt")v)'
kEZ~ 

where C（入，k)is as in {2.1). 

We omit the proof of Corollary 2.4. Next we consider the decomposition of払 (Dr)l0,for 

smaller入． G=西(r皇） actson a入(Dr),and it is known that there exists a non-zero unitary 
subrepresentation 1-{入(Dr)C 0入(Dr)if and only if 

入E{ 0, ~'1,..., ~} U (~, oo) 
(see, e.g., [5, Theorem XIII.2. 7]). This set is called the Wallach set. Especially, 1i入(Dr)is 
a holomorphic discrete series representation (i.e., the integral (1.1) converges) for入＞ r. If 
入＞ s1,then the decomposition of払 (Dr)la,is again given by (1.2). On the other hand, for 
smaller入thefollowing holds. Here, ¢(k)a is defined as in (2.2) for 1 S aさ2r',and we set 

efJ(k)a := 0 for 2r1 < aさr.

Corollary 2.5. For a= 0, l, 2,..., r -1, we have 

6 
叫 (Dr)|GI~ど和(Dr,,VJr')v)図％（Dr",vJr")v) 

， 
kEZ': ++ 
</>(k)a+1=0 

＝汀区④叫(Dr’鱈，t.,1,0,...,0)）区叫 (Dr”凰';:~.,1,0,...,0)).
‘‘‘‘  09:,;c::;r'kEび

b+cこa kb¥+2+ c-b r1-c c-b r11-c 

Remark 2.6. {1) Parseval-Plancherel-type formulas for Hermitian symmetric pairs (G, K), 
i.e., cases such that K C G is a maximal compact subgroup, are studied by, e.g., 0rsted 
{23}, Famut-Koranyi [4, 5), 0rsted-Zhang [24, 25}, Hwang-Liu-Zhang {10} and the author 

/20}. 

{2) Parseval-Plancherel-type formulas for general symmetric pairs of holomorphic type (G, G') 
are studied by, e.g., Hilgert-Krotz /7, 8}, Ben Sai'd /1, 2} and Kobayashi-Pevzner /18}, 

under different realization of holomorphic discrete series representations. 

{3) In this article, we treat the explicit forms of symmetry breaking operators as black boxes. 

Construction of differential symmetry breaking operators are studied by, e.g., Rankin /27}, 

Cohen /3}, Peng-Zhang /26}, Juhl /12}, Ibukiyama-Kuzumaki-Ochiai /11}, Kobayashi-

妍sted-Somberg-Soucek/15}, Kobayashi-Pevzner /16, 17}, Kobayashi-Kubo-Pevzner /14} 

and the author [21}. 

(4) Branching laws of unitary highest weight modules for discrete Wallach sets are studied by, 
e.g., Sekiguchi /28} and Molters-Oshima /19}. We can also study branching laws of unitary 

highest weight modules by using the seesaw dual pair theory {see, e.g., /9, Section 3}) as in 

/19} when (G, G') is classical. 
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3 Proof of Theorem 2.2 and Corollary 2.5 

IE th粗sectionwe give proofs of Theorem 2.2色!1-dCorollary 2.5. To do this, we observe the 
K = U(r)-type decomposition of払 (Dr).The K-finite part of払 (Dr)is given by 

叩 D改＝det―入げ(p+)= det―入 121P(Sym(r, C)), 

and the space of polynomials P（炉） ＝P(Sym(r, C)) is decomposed under K = U(r) as 

亨）＝ ① ％（P十戸 ① V2ば．
mEZr 
＋＋ 

mEZr 
＋＋ 

According to this decomposition, the following holds. 

Theorem 3.1 (Faraut-Koranyi [5, Corollary XIII.2.3]). Let m E Z++・ Then for Re入＞ r,

f(x) E%（酎）， wehave 

〈f(x),etr(xz)〉 1 
＝ 
入，x rrい（入—仁り

f(z). 
2 / ma 

Especially, for f (x) E P(p+) and for 1 E Z+十9

n い— a; 1) 〈f(x),etr(xz)〉入，x
a=l ¥ ~ I la 

is holomorphically continued for all入E('. if and only if 

f(x) E 〶知（炉）．
mEZr 
＋＋ 
ma:C:la 

Proof of Theorem 2.2. Under Theorem 3.1, Theorem 2.2 is equivalent to 

疇む） C 〶知（酎），
mEZ'; 
＋＋ 

叫笠(k)a

(3.1) 

and hence it is enough to prove this inclusion. Since Pk(Pt2) c::-vt')v図vt"Jvas a K'= 

U(r') x U(r")-module and Pm(P+) c::-V~臼 as a K = U(r)-module, it is enough to show that 

Homu(r')xU(r") (vt')v図Vir”)V,V2闊り＃｛O} implies maさef;(k)a (1 ::; a::; r), 

or equivalently by the definition of ¢(k)釦

Homu(r') xU(r") (vt')v図Vir”)V,v}ばり＃｛O} implies 2mi+j-1さki+ kj (1さi,jさr'+1), 

with kr'+l := 0. On the other hand, fork E zt+, l E zt~, m E 互—+with r'+ r" = r, 

dim Homu(r')xU(r") (vt')v図叩”)v,v;ぷ;Jv)= dimHomu(r)(V,ぷ;iv,vt)v R片(r)V)
holds in general by [6, Theorem 9.2.3], and by the Littlewood-Richardson rule, we can show 

that for k, 1, m E Z+十9

Homu(r)( 
(r)V TT(r)V = 1r(r)V 

U(T) Vm ,vk R M ) =I= ｛O} implies mi+j-1 :S k;十り (1 :S i, j, i + j :S r + 1) 

(see [22, Lemma 3.6]). Hence the theorem follows. ロ

We note that this proof for (G,G') = (Sp(r,JR),Sp(r'，股） xSp(r"，股）） isnot available for 
other symmetric pairs in general. 
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Next, to prove Corollary 2.5, we observe the K-type formula for the discrete Wallach set. By 

Theorem 3.1, <•, •〉入 is meromorphically continued for all入EIC, and is positive definite on P(p+) 
for入＞房． Thatis，払（D情＝ det―入 0P(p+) holds for入＞崎． Onthe other hand, 〈•,•〉入
has poles at 入 E 房— ½Z;;,o, and O;_(D惰 becomesreducible for such入． Ifthe restriction of 
<•, •〉入 to the irreducible (g,斥)-submoduleof O;_(Dr屈ispositive definite, then this becomes an 
infinitesimally unitary submodule. This occurs when入＝o,ふ1,...，号． Thatis, the following 
holds. 

Corollary 3.2 (Faraut-Koranyi [5, Theorem XIIl.2.7]). For a= 0, 1, 2,..., r -1, we have 

叫(D情＝ det―入R ① %（酎）．
mEZ~ 
ma+1=D 

Especially, f(x) E叫(D情 holdsif and only if〈f(x),etr(xz)〉入，xis holomorphic for入＞デ

Proof of Corolla内 2.5. We embed炉＝ Sym(r,(['.) into gc =,sp(r, (['.), the complexified Lie 
algebra of G = Sp(r皇）， byX→(8 0), and similarly embed Pii① p五intog'c =,sp(r', (['.)① 
sp(r", (['.) compatibly, so that we have 

gc つ炉：＝ Sym(r,(['.)
u u 
g'C っ Pi1④p五：＝ Sym(r',(['.)④ Sym(r",(['.).

Then since Pii① p五actsonむ(D情＝ P(p+)by constant coefficient differential operators 
along p五④p五cp+, the Pii①Ptrnull part of叫 (D情 isgiven by 

叫 (Dr)繋iEllPす2=P（応）n④ Pm(P+),
mEZ'; 
ma+1=0 

with Pt2 := M(r',r";I['.). Since every (g'，和）ーsubmodulein叫 (Dr)intersects the above space, 
it is enough to show that 

P(p五）n①靡（炉）＝ EB Pk(Pt2) 
mEZ++ kEZ':' 
叫＋1=0 ＋＋ 

ef,(k)a+1=D 

holds. To prove the inclusion from right to left, suppose k E zt+ satisfies ¢(k)a+1 = 0. Then 
by (3.1), we have 

P叫） C ④ ％（p+) C ④芦（酎）．
mEZ': ＋＋ mEZ': ＋＋ 
叫堡(K)3 叫＋1=0

To prove the opposite inclusion, suppose k E zt+ satisfies ¢(k)a+1 -/ 0, and take the smallest 

a'> a such that ¢(k)a'+l = 0. Then for f (x12) E P叫）， byTheorem 2.1, we can show that 

〈f(x12), etr(xz)〉| ＝ C（入，k)f(z12) 
心 z11=D,z22=D

has a pole at入＝“f-1.Especially,〈f(x12),etr(xz)〉入，xis not holomorphic on入＞攣 andhence 
by Theorem 3.1 we have 

Pk(P五） ¢ ①囮(p+).
mEZ': ＋＋ 
ma+1=0 

This completes the proof of Corollary 2.5. 口
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4 Proof of Theorem 2.1 

In this section we give a proof of Theorem 2.1. First, for k E Z~+'we define a polynomial 
ふ (x12)on応＝ M(r',r"; q by 

ふ (x12):= IT det(((x12)ij辰，Jg)Kl-Kl+19
l=l 

where kr'+I := 0. Then Pk(Pむ） isgenerated byふ (x12)as a K'= U(r') x U(r")-module. Since 
the inner product (1.1) is K'-equivariant, it is enough to prove the theorem when f(x12) = 

ふ (x12)E Pk(P五）．
To prove the theorem, we prepare some lemmas. First, for s < r we fix an inclusion 
Sym(s, (C)←+ Sym(r, q suitably, and for x E Sym(r, q, let x'E Sym(s, q denote the or-
thogonal projection of x. Then the following holds. 

Lemma 4.1. For Re入＞ r,for f(x') E P(Sym(s,(C)) C P(Sym(r,(C)), we have 

〈f(x'), etr（立）〉加(Dr),x=〈f(x'), etr（立）〉％（Ds),x'

Proof. Let m E Zぃ． Thenwe have Pm(Sym(s, <C)) C Pm(Sym(r, <C)) = P(m，Q(Sym(r, <C)), 
and by Theorem 3.1, for f(x') E Pm(Sym(s, <C)) C Pm(Sym(r, <C)) we have 

〈f(x'),etr(xz)〉 1 
＝ 

恥 (Dr),x rr:=l （入—デ）叫
f(z') =〈f(x'),etr(x'フ）〉

H入(Ds),x'

Since this holds for every m E Z++, we get the lemma. 口

Suppose r = r-1 + r-11, r-1 S r-11, and let s = 2r1. Then by applying the above lemma for the 
inclusion 

Sym(2r', <C) C Sym(r, <C) 

u u 
M(r',<C) c M(r',r";<C), 

I 

for every k E Z++ we get 

〈ふ(x12),etr(xz)〉％（Dr),x=〈ふ（左），etr（四）〉％（D砂 x'

Hence it is enough to prove Theorem 2.1 when r'= r". 

In the following suppose r1 = r11, and let p五：＝ M(r',q. For x E p+ = Sym(r, q, let 

det'(x) := detしG~)), 
so that det'('x~2 x~2) = det(x12)2 x12 。)＝det(x12)2 holds. Then the following holds. 
Proposition 4.2. For Re入＞ r,k E Z:::,o, f(x) E P(p+), we have 

〈det(x12)勺(x),etr（エz)〉
入，x

1 k 

＝ 
rr~=l （入—手） K

det'(z)→＋宇 detG~) ~ det'(z)入＋K-宇
2 8z12 

〈f(x),etr(xz)〉．
入＋k,x
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The proof of Proposition 4.2 is given later. We also need the following. 

Lemma 4.3 ([5, Proposition VII.1.6]). Forμ EC, k E Z2o, 1 E官＋十,z12 E Pi2 = M(r', q, we 
have 

(8 k 
det (-/;;;) ~ det(z12)国 (z12)= !J (μ + l; -k + r'-i + l)k det(z12t-kふ(z12).

i=l 

Proof of Theorem 2.1. The 2nd equality of (2.1) follows from (2μ)k = 2k(μ)「k/27(μ + ½\k/2」'
and the 3rd equality is easy. For the 1st equality, it is enough to prove when r'= r" and 

f(x12) =ふ（x12),as explained before. We prove this by induction on r'= r/2. First, when 
k = (0,..., 0) ("r'= 0 case"), this is clear. Next we assume the theorem for r'-1, and prove 
it for r'. We write性：＝ （kr,,...，位）． Thenby Proposition 4.2 we have 

` v‘  

〈△此12),etr（立）〉＝〈det(x12lr’ △k-~(x12), etr（丘）
入，xlz11=0,z22=0 二＼，xlzu=O, z22=0 

1,.,  (0 z12 →＋宇 l8 ¥ kr, 入＋知—宇
= rr:＝1 いー ~det' （加 。） det (iOz12) det'し°12 Z闊）

x <• k-~(x12), etr(xz) 
二〉入＋和，xlz11=0,z22=0

C（入十kr1,K-K,) 1 8 知
＝ 

rr乙（入—手）柘9
ニ det(z12)2（一入十r'+½)detG戸；） det(z12)2（入十似,-r'- ｝）△k-~(z12) 

C（入＋位，K-佐）
n(2入十k;-i -r')k,, det(z12lr'△k-kr, (z12) 

= 2位Irlrrご1（入—手）位I t=1 
1 2lkl-kr,r'IT区i<jダー1(2（入＋心）一 (i+ j))(k，ー和）＋（kj―和）

2kr,r'IT己（入—デ）似, ITピi<j勺'(2（入十kr,)-(i + j -l))(k，ー和）＋（KJ―和）

x~（入十 kr1 -i)h-Kr’ r 
， 

rr言（入＋kr'―(i-1)）に一kr’t=1
I1(2入十k;-i -r')kr’ふ (z12)

21kl-2kr,r'IT区i<j玄'-1(2入— (i+ j))ki+kj IT区i<j<:'.r'(2入— (i+ j -l)br, 

に（入― ¥)kr,IT芦 <j<:'.r'(2入ー (i+ j -1)）柘十kjIT因＜均'-1(2入ー (i+ j))2kr, 

X 
rr:□ （入— i)ki IT::1 （入—（i-1) ）柘, IT::1 (2入— (i+ r'））に＋知

rr:~1 （入—（i-1 foi rr:~1 （入— i)kr, rr:~1 (2入— (i+ (r'+ 1) -1)）柘
如 12)

21kl-2kr,r' ITl<:'.iくj<:'.r'(2入ー (i+ j))ki+kj IT羹 j<:'.r1-1(2入ー (i+ j)br, 

rr己（入—デ）柘, IT区iく亙＋1(2入— (i+ j -1)）柘十kjIT心<J玄'-1(2入— (i+ j)br, 

x rr:；1(A-i)h rr:：1（入ー (i-1)）知
叫（入ー（i-1)）k, 叫（入— i)知

(2入ー2r'）2k占 (z12)

2lkl ITピi<j<:'.r'(2入— (i+ j))ki+ki rr:~1 （入— i)に
rr因＜忍＋1(2入— (i+ j -1)）柘十kJrr:：1 （入—（i-1)）柘

2-2kr,r'rrr~l (2入ー2ibr, rr:~1 （入—（i- 1)）k, 
X 

rr:~1 （入ー (i-1)k, rr:~1 （入ー (i -½)) kr, rr:~1 （入— i)知
r △k(z12) 

=C（入，K）△臥Z12),
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where we have used Lemma 4.1 and the induction hypothesis at the 3rd equality, and Lemma 

4.3 at the 4th equality. Hence the theorem holds for all r'．ロ

Now the proof of Proposition 4.2 is remaining. To prove this, for p+ = Sym(r, q with 
r = 2r', let n+ c酎 bethe real form and O c酎 bethe open cone given by 

0 I 
n+ := p+ n Herm(r, qし。）にSym(r,JR)),
n :=p+ 0 I n Herm+（r,C) (l o)にSym+(r，股）），

where Herm+(r, C) is the set of r x r positive definite Hermitian matrices. Also, for入E(C let 

E（入）：＝ （21rr(r-1)/4 rr:=1 r （入— S1), and let n := dim炉＝ r(r+ 1)/2. Then the following 
holds. 

Lemma 4.4. For Re入＞ r,f E P（炉）， z,a E O, we have 

〈f(x),etr(xz)〉＝det'(z)→＋土じ（入）2 J etr(zw)f(W―1) det'(w)―入dw.
入，m （2ハ《）n a+《ゴn+

Proof. Let m E Z++・ Then for f(x) E Pm（炉）， byTheorem 3.1 we have 

〈f(x),etr（年）〉＝ 1 
入，X rr:=1 （入—手）叫

f(z), 

and by the inverse Laplace transform (Gindikin, see [5, Lemma XI.2.3, Section IX.3]), we have 

det'(z)―入十rが E（入） ！ etr(zw) f(w―1) det'(w)―入dw= ~ f(z). 
(21ry'=I)n la＋ごTn+ rr:＝1 （入—手）叫

Hence the both sides coincide. Since this holds for every m E Z'.i-+, the both sides coincide for 

all f(x) E Pm(p+). ロ

Proof of Proposition 4.2. First, let Proj12: p十→ p五bethe orthogonal projection. Then for 
w = （tW11 W12) E p+ 
w12 w22 we have 

det(Projdw―1)) = det((tw12 -w22w砂wu)-1)= det'(w)―1 det(w12). 

Now let z =（：晶悶） EDC炉 andf(x) E P（炉）． Thenby using 1 y using lemma 4.4 twice we have 

〈det(x12)勺(x),etr(xz)〉入，x=〈det(Pro恥(x)）勺(x),etr(xz)〉入，x
= det'(z)—入十二 E（入） ！ tr(zw) e -l k 

(21r✓可）n a＋vCfn+ 
det(Projdw-1))k f(wりdet'(w)入dw

E（入）
= det'(z)→＋宇 1+J~fn+ etr(zw) det(W12灯(w―1)det'(w)―入―kdw

(2ハ／可）n a＋ごn+

=IE悶―＿入；:det（昌土）Kば闊［［＋vCfn+ etr(zw) f(w―1) det'(w)_入-kdw
det'(z)→＋r；1 1 8 k 
= rr:＝1 （入ー ~detG~r det'(z)入十k-r;1〈f(x),etr（エ芝）〉入十k,尤

Since both sides are single-valued holomorphic with respect to z E p+, both sides coincide for 

allzEp+. ロ
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5 Results for other symmetric pairs of holomorphic type 

In this section we state the theorems in the preprint [22] on top terms and poles of weighted 

Bergman inner products〈・，ね onbounded symmetric domains D'.:::'G / K for other symmetric 
pairs (G, (G勺o)of holomorphic type. Let G be a connected simple Hermitian Lie group with a 
Cartan involution 0, that is, the maximal compact subgroup K = G0 has a 1-dimensional center 
Z(K). Letび bean involution of G. Without loss of generality we may assumeび commutes

with 0. Then (G, (G囁） iscalled a symmetric pair of holomorphic type if Z(K) c ca (see [13, 
Section 3.4]). Then the complexified Lie algebras g竺(g叶，（祈）aeare decomposed into the 
Ad(Z(K))-eigenspaces as 

祈＝ p＋〶 tc 〶 P―,

(g予＝ （炉）a ①ぽ）a ① (p―)叫
(g叶 0 = (p打―び①ぽ）a ① (p―戸．

Let (p+f =:Pi,（酎）―a=: Pt so that酎＝ pt ④Pt, and write x = (x1，四） €炉＝ Pi ①pt. 
In the following, for simplicity we assume that both g and the non-compact ideals of ga0 are of 

tube type, that is, there exists e E Pt C炉 suchthat ad([e，で])Iv+ = 2/p+ holds, where x→歪p p 

is the complex conjugate with respect to the real form g C glC, although this assumption is not 

essential. Then both p+ and的haveJordan algebra structures with the unit element e, and we 
have rank酎＝ rankRG =: r, rankp! = rankR(G門o=: r2. Let n := dimp+, and when r ~ 2 

政let d :＝ rir-1). Also, if吋 issimple, then we define d2 similarly for p;. lf r2 = 1, then we 
cannot define d2 by this way, and we set d2 := 2d. Then one of the following holds. 

(1) Pt = p+'①p+" and r = rank炉'+rank炉”=： r'+r",

(2) Pt is simple, r = 2乃 andd=必／2,

(3) Pt is simple, r = r2 and d = 2d公

(4) pすissimple, r =乃＝ 2and d > d2. 

First we consider Case (1). Suppose (G, (G勺0,(aa0)0) is one of the following. 

(S00(2, d + 2), S00(2, d) x S0(2), 
(Sp(r，賊）， U(r',r"), 

(U(r, r), U(r', r") x U(r", r'), 
(S0*(4r), U(2r1,2r"), 

(E1(-25), U(I) x E6(-14), 

S0o(2, 2) x SO(d)) 

Sp(r',JR) x Sp(r”晨））
U(r',r') x U(r",r")) 
S0*(4r') x S0*(4r")) 

SL(2，恥） xSpino(2, 10)) 

9

9

9

9

.
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＝
＝
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Let (r, r', r") = (2, 1, 1) for the 1st case, (r, r', r") = (3, 1, 2) for the 5th case. Then we have the 

following. 

L '”  Theorem 5.1. Let k E Z~+'l E Z~~ and put kr'+l = lr"+l := 0. Let f（吟） EP(k,l)（的）．

(1) For Re入＞翌ー 1,we have 

〈f(x2), e（平）〉 叫犀（入— ~(i+j-1)）柘＋lj
＝ 

入，xlz,=o rr:~11 IT;：ド（入—胚＋ j -2)) 
f（硲）

柘＋lj

rrra=2rr：：悶aa工＇い（入— ~(a-1))
＝ 

柘＋la-i

rr:＝lrrmln{a,r’+1} （一 ~(a -1)) 
f（砂）．

i=max{l,a-r"} 入 k，十la+l-i
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(2) The following is holomorphically continued for all入EC. 

n い—和— 1)）〈f（四）， e（x|z) 〉·
a=1 min｛柘＋lj11:Si:Sr'+l, 1:Sj:Sr"+l, i+j=a+l} 入，x

Next we consider Case (2). Suppose (G, (G勺o,(G叫o)is one of the following. 

(S00(2,n), S00(2,n-1), SO。(2,1) x SO(n -1)) (d = n -2), 
(Sp(2乃，恥）， Sp（四，賊） xSp(r2，恥）， U（乃，乃）） （d = 1), 
(SU(2乃，2乃）， Sp(2乃直）， S0*(4乃） ） （d = 2). 

Let乃＝ 1for the 1st case. Then we have the following. 

Theorem 5.2. Let k E Z~こ andput kr2+I := 0. Let f（四） €冗(Pt).

(1) For Re入＞翌ー 1,we have 

〈f（四），e（平）〉
入，xlz1=0

恥i<jSふ— ~(i+j-1)) 『子」 H函jSr2 （入— ½-~(i+j-1)) 「平l

叫硲2+1 （入—］（i+j-2)）［平」 HいくjSr叶1 （入— ½-~(i+j-2)）「平l

Hご Hご贔，a-r2}（入— ~(a- 1))「勺a-，J

m n［□贔，a-r2} （入— ~(a-1))『汽＋1-＇」
叩直a/2」{1 入2=max,a-r2}(-2 ― ~(a-1)) 「 k,+Ka-2

X 
2 l 

H乞nla/2」 1 d 2=max{1,a-r2} （入ーう― ~(a-1)) 「朽十k:+1-']

(2) The following is holomorphically continued for all入EC.

且（入— ;(a- l))min{l~」| 1傘 J玄＋1,i+j=a+l}〈f（四），e国）〉入，ぉ．
Next we consider Case (3). Suppose (G, (G勺o,(G叫o)is one of the following. 

(S0*(4r), S0*(2r) x S0*(2r), U(r, r)) (d = 4), 

(SU(r, r), S0*(2r), Sp(r皇）） （d = 2), 
(E1(-25), SU(2,6), S0*(12)) (d=8). 

Let r = 3 for the 3rd case. Then we have the following. 

Theorem 5.3. Let k E Zいandput kr+l := 0. Let f（四） E叩叫）．
(1) For Re入＞翌ー l,we have 

〈f（四），e(x|芝）〉 n戸く］さr（入— 1(i + j -2)) ki+kj 
＝ 

入，xlz,=0 TI因く声＋1(入ー1(i + j -3)）に十kj
f(z2) 

TI~'.:c22 TIご詞，a+l-r} （入— t(a-1)）柘十ka+l-i
＝ 
饂汀l[:：し{l,a+l-r} （入— t(a-1)) kけka+2-i

f（硲）．

/(z2) 

f(z叫．
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(2) The following is holomorphically continued for all入EC. 

n い— ~(a-1)) 〈 f（四）， e（平）
a=1 min｛柘十kjI lsi<jsr+l, i+j=2a+l} 〉,¥，の・

Finally we consider Case (4). Suppose 

(G, (G")o, (G"8)0) = (S00(2, n), S00(2, n') x SO(n"), S00(2, n") x SO(n')), 

with n = n'+ n", n" ~ 3. Then we have the following. 

Theorem 5.4. Let k E Z仁， andlet f（四） EA(Pt). 

(1) For Re入＞ n-l, we have 

〈f（四），e（平）〉 I （入十k1一号）k2
＝ 

入，”丸＝0 （入）柘→ （入—号） k2
f (z2). 

(2) The following is holomorphically continued for all入EC. 

（入）k1+k2(入-n ; 2) 〈f（四），e（平）〉・
k2 入，x

In fact, for this case we have 

〈f（四），e(平）〉 ＝ い＋K1一附）k2 2F1 (-K2, -K1ー笙＋ 1 ＿q(z1)） 
心 （入）K1+K2（入ーデ）K2 →-k1 -k2 +附＋1＇ q（硲） f (z2), 

where q(z1), q(z2) are suitable quadratic forms on Pt c::: en', Pt c::: en". By using these results, 
we can determine the Parseval-Plancherel-type formulas for the decomposition of払 (D)|（む）0'

and can determine the branching laws for the discrete Wallach sets. For more detail see the 

preprint [22]. 
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