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DESIGNS ON  TAUTOLOGICAL BUNDLE 

YUYAIKEDA 

1. INTRODUCTION 

In the area of combinatorics, many researchers have studied point arrangements called "designs". 
Roughly speaking, "designs" are "good" point arrangements with approximate given space. Here, 
we introduce a difinition of spherical t-design. 

Definition 1.1. (Delsart, Gothals, Seidel(1977) [4]) Let 

(1.1) sn-1 = {(xi,吟，・・・ ,xn) E町 |xr+x~ + ・・. +叶＝ 1}.

A finite subset X of sn-l is called a spherical t-design if 

(1.2) ~ lsn-1 f dμ =由 ~f(u)
uEX 

for any polynomial J(x1, ・ ・ ・ Xn) of degree tor less. 

For spherical designs, refer to [2]. Also designs on following spaces have been studied: 

• Unitary groups [5] 
• Grassmannian spaces [1] 
• Compact symmetric spaces [3] 

In this paper, we see a new definition of designs and its examples. 

2. DEFINITION OF T-DESIGN 

Definition 2.1. Let 

● n :a set, 
• W, 1{: C-vector spaces, 
• 1io :a subset of 1i, 
• {Vp}pEn :a family of vector spaces, 
•{ep:H • %｝pEn :a family of linear maps, 
• T:知→ W :a linear map. 

For a finite subset X c n and linear functions心： Vx→W,a pair (X,｛入x}xEX) is a T-design if 
for any s E Ho the following equation holds: 

(2.1) T(s) = L（心 oex)(s) 
のEX

Example 2.2. Now, we rewrite the spherical design with the definition of T-design. Let 

• S1 = sn-1, 

• V＝恥,1{ = coo(町），Ho=Pol~t(即)|sn-1,
• Vp＝艮（pE S1),ep: 1{→ %，f →f(p), 
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． 
(2.2) T : 1-l。→W,f→ |Sいfsn-1fdμ 

where μ is a radon measure of sn-l, 

• For x E X  C S1 

(2.3) 
1 

入出：怜→ W,z →—z.
IXI 

Then, it is easy to see that 

X is a spherical t-design⇔ (X,入） isa T-design. 

3. DESIGNS ON TAUTOLOGICAL BUNDLE 

3.1. TAUTOLOGICAL BUNDLE 

We define an action SU(2)へCP1as follows: 

(3.1) 

and let vo = {(x,O) Ix EC}. 

Proposition 3.1. 

(3.2) 

g ・ V = {gv I v E V} 

匂： SU(2)→l['.Pl,g→g・ VQ 

is a principal bundle. Moreover, an isotropy subgroup 

(3.3) Isov0(SU(2)) := {g E SU(2) I g ・Vo= vo} = S(U(l) x U(l)) 

leads the following isomorphism: 

(3.4) cpl竺 SU(2)/S(U(l)x U(l)), 

that is (3.2) is a principal S(U(l) x U(l))-bundle. 

Now, we define the following action S(U(l) x U(l)) 0v C: 

(3.5) g ・ X = 91X い（攣） ES(U(l) x U(l)),x E <C) 

Then, 

(3.6) 1r : T2,1→ CP1 

denotes an associated bundle to (3.2) with fiber IC. 

Lemma 3.2. 

(3.7) T2,1 = {(V,v) E <CP1 X <C2 Iv EV}. 

The right-hand side of (3.7) is called a tautological bundle. 
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3.2. SECTION OF TAUTOLOGICAL BUNDLE 

In this section, we sec a decomposition of r(T2,1), which is a set of smooth section of T2,1・

Proposition 3.3. r(T2,1) has the following irreducible decomposition of SU(2) representation: 

(3.8) 

where dime r2k(T2,1) = 2k. 

r(T2,1)＝④I'2k(T2,1), 

k：：：：1 

From the general theory of representations in SU(2), we can see門 (T2,1)as a symmetric tensor. 

Lemma 3.4. Let炉 (Cりbethe set of all symmetric tensors of order n defined on C2 and we define 

(3.9) s: s2k-1(cり→門(T2,1)

as 

(3.10) 叫＝い(:~)) (a E S2k-l(ICり，lE CPり

k n-K where al is a coefficient of e仔~-k of a when the basis of IC2 are e1 = (x,y),e2 = (-y，元） for

l = [x,y]((x,y) ESり． Then,s gives a homeomorphism between S2k-1(1Cりandr2k(T2,1). 

Then, let H =④~=1 門(T2,1) and 

(3.11) T:H→I'2(T2,1) 

be the projection. 

3.3. 7-DESIGN 

Recalling that the associated bundle to (3.2) is 

(3.12) 1r : TJ,1→(Cpl, 

Q = CP国＝ r(T2,1)and Ho = H(＝④~=l r2k(T2,1)). Also, let {VihE<CP'= {l E CPりand

(3.13) e1 : r(r.ふ）→l,e1(s) = s(2l(z). 

where s(2l(l) is the second component of s(l). 
Now we define a G-invariant polynomial ring. 

Definition 3.5. For a subgroup G C GL(n,(C), we define 

(3.14) (C[x1, ・ ・ ・, XnJ° = {! E (C[x1, ・ ・ ・, Xn] I f(Ax1, ・ ・ ・, Axn) = f(x1, ・ ・ ・, Xn)} 

and (C[xぃ•.．， x嘉 denotes a set of all elements of C[x1, ・ ・ ・, x謂 whosedegree is d. The following 
series is called Hilbert series: 

00 

(3.15) 柑(t)＝L(dimcC[x1,・・・,x嘉）td.

d=O 

Then, let 

(3.16) S = (邑o e02)，T =e2: C3(e + 1 e4 -C [ e4), U = (＿1 i) 
where c: is an primitive 5th root of 1. 
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Proposition 3.6. 

(3.17) Gicosa =〈S,T,U〉

is a subgroup of SU(2) and #Gicosa = 120. 

(3.18) G p~ico,a (f) = 
1 +t30 

(1 -四）（1-炉0)
=1+四＋柱D+t24+・・・

For a subset X C ICP1, linear functions心： Vx→戸(T2,1)and g E G c SU(2), we define 

(3.19) 叱x，入） ： H →戸(T2,1)叫 x，入）（s)= 区 心 oex(s), 

and 

(3.20) 

where 

(3.21) 

xEX 

Wg,(X，入） ：H→r2(T2,1), wg,(x，入）（s)＝L(g・ 心） oegx(s) 
xEX 

g・ 心：岸→戸(T2,1),(g ・心）（z)= g・ 心(g―1z). 

For subsets X, Y c <CP1, we define the sum of (X, >.x) and (Yふ） asfollows: 

(3.22) (X, >.x) + (Y，入y)= (XUY，入（XしY))

where 

(3.23) 

Then, we define 

(3.24) 

入(XUY)(>)＝｛芯闘＋（；げり cXnY)
入y(z) (z E Y¥X) 

G ・ (X,,¥)＝ど(g・ X,g．心）．
gEG 

Lemma 3.7. Let G be a finite subset of SU(2) and (Y，入y)=命G・ (X,.¥x). Then,叱Y,ぃisa 
G-intertwining operator. 

Theorem 3.8. For a subset X c CP1, if trc（叱x，入）） ＝2, (Y,入y)= 1 
#Gicosa Gicosa ・ (X,入） isa 

T-design. 

This theorem insists that 

(3.25) 
id (k = 1) 

叱Y,入)|r2k(T2,1)= {。（K= 2, 3, 4, 5)' 

Finally, we com pose a T-design. Let xo = { (x, 0) I x E IC} and入。： Xo →戸(Tか） be

(3.26) 入。(x,O)(l)= (l,2pr1(x,O)). 

Then, trc(w (xo，入o))= 2. Therefore, from Theorem3.8, 

(3.27) 

is a T-design. That is 

(3.28) 

G;cosa ・ (xo,入o)
1 

#G icosa 

1 
T=面 L (g．柚） oegxo 

gEGicosa 
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Furthermore, since the following lemma, we can calculate the equation (3.28) as follows: 

12 
1 

(3.29) T=豆L(g;.入。） oe炉 0

i=l 

where {g;} are the representatives of Gicosa/Isox0(G;cosa)-

Lemma 3.9. 

(3.30) 

and 

(3.31) 

#lsox0(Gicosa) = 10 

Vk E #lsox0(Gicosa), k ・柚＝入。，
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