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Abstract
Stability and buckling have attracted extensive attention in the design of structural elements, especially in the design
of thin–walled structures since they may naturally have poor stability and be prone to buckling failure. This paper
proposes a level-set based topology optimization (TO) method that can maximize the lowest linear buckling load
under a mean compliance constraint. First, we conduct the linearized buckling analysis and formulate the optimum
design problem. Second, we derive the design sensitivity and revisit the reaction–diffusion equation-based level-set
topology optimization. Finally, we solve several two-dimensional benchmark problems and the design results are
presented to validate the proposed method.

Keywords : Topology optimization, Level–set method, Maximizing linear buckling load, Eigenvalue problem,
Linearized buckling analysis, Sensitivity analysis

1. Introduction

Structural stability is of critical importance in the design of mechanical products, especially in the design of thin–
walled structures. The buckling load obtained by the linearized buckling analysis is an efficient approach to approximately
estimate the structural stability performance, although the buckling load analysis does not provide a perfectly accurate
buckling load. In short, the maximization of the buckling load based on the linearized buckling analysis can be used to
enhance the structural stability.

Structural optimization techniques have been widely used to find optimal structures with a higher stability (Van-
derplaats, 1982; Nishiwaki et al., 2013). Structural optimization can be broadly classified into three categories: size
optimization, shape optimization, and topology optimization (Bendsøe and Kikuchi, 1988; Allaire et al., 1997). Among
them, topology optimization (TO) is known as the most flexible design method that allows topological changes such that
one can obtain a free-form conceptual design in a given design space.

The topology optimization problem is essentially an ill-posed problem since there are possibilities to include an
infinite number of discontinuities in the design domain due to the introduction of the characteristic function. An
appropriate mathematical method should be introduced to overcome this critical problem. The homogenization design
method was first proposed by Bendsøe and Kikuchi (1988), where the homogenization method is used for the relaxation of
the design domain. The density approach, also known as the SIMP method, is one of the most popular methods that uses
the penalized density for convexifying the design domain (Bendsøe,1989). And phase field methods where the phase field
can be evolved using a time-dependent PDE were proposed (Burger and Stainko, 2006)(Wang and Wang, 2004)(Takezawa
et al., 2010).

The level-set method (LSM) is an alternative method and has become popular in recent decades. LSM has the ability
to describe clear boundaries between different phases, meaning that there are no gray scale elements existing during the
optimization process. Allaire et al. (2002; 2004) and Wang et al. (2003) independently proposed a Hamilton-Jacobi
equation-based LSM for varying the boundary according to the shape sensitivity information. Yamada et al. (2010)
proposed the reaction–diffusion equation-based LSM which uses the Ersatz material approach.
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As has been discussed above, it is essential to consider the structural stability in addition to the stiffness when
designing mechanical structures. Especially, the thin wall structures are prone to buckling failure, and deform largely
because of the low second moment of area.

Several relevant research works can be found in the literature. Kanno et al. (2001) proposed a size optimization
method for the truss structure design considering the linearized buckling load as an objective function. Yamada et al.
(2013) studied the influence of stability requirements by considering the geometric nonlinearity using the MPS (Moving
Particle Semi-implicit) method. They found that the design results can avoid unstable behavior in response to design
loads. However, the buckling analysis was not performed in the formulation. Unlike their study, Neves et al. (1995; 2002)
presented a homogenization design method to design a periodic microstructure which can minimize the mean compliance
under a linear buckling load constraint. Recently, Gao and Ma (2015) adopted the SIMP method for the optimization of
a continuum structure. In Dunning et al. (2016), aiming at the need for a large number of linear buckling modes, they
showed how several features of the block Jacobi conjugate gradient eigenvalue method, such as optimal shift estimates,
adaptive eigenvector tolerances, the reuse of eigenvectors, and multiple shifts, can be utilized to compute a large number
of buckling eigenmodes in an efficient and robust way. Yi et al. (2019) have proposed a similar method with Helmholtz
regularization for lattice structure. Ferrari and Sigmund (2019) presented several features of optimization for improving
the buckling performance. It can be said that some achievements have been made by applying those shape and topology
optimization techniques.

As has been briefly discussed above, most of the previous works focused on the influence of stability requirements,
by means of considering a constraint on the linearized fundamental buckling load factor, in a minimum compliance TO
problem. Unlike these works, we formulate the optimum design problem by maximizing the linearized buckling load,
instead of solving a minimum compliance problem, in order to maximize the structural stability. An inequality constraint
of the mean compliance is introduced to avoid the physically unreasonable local optima. The reaction-diffusion equation-
based level-set method is constructed. The linearized buckling analysis is conducted by using the finite element method
implemented in a COMSOL with Matlab environment. The design sensitivity derived, based on the continuous adjoint
method, is verified by the finite difference method. Several two-dimensional numerical examples are presented to support
the effectiveness of the proposed methodology.

This paper is organized as follows. Section 2 describes the formulation about linearized buckling analysis. Section 3
explains the formulation of the level set-based topology optimization. In Section 4, we derive the sensitivity analysis
for the buckling load maximization problem and in Section 5 we show the algorithm to obtain the optimal solution. In
Section 6, some numerical examples and evaluation are shown. The conclusion is provided in Section 7.

2. Linearized Buckling Analysis

In this section, we will first describe the formulation of the linearized buckling analysis in Section 2.1. We then
formulate in Section 2.2 the optimum design problem.

2.1. Formulation
Let us consider a mechanical system and we assume an external force to be applied on a portion of its boundary.

Then stiffness of the structure will be changed due to: (1) the deformation of the structure, or (2) the generation of stress
inside the members (Washidu, 1983). Using the linearized buckling analysis, we can compute the approximate value of
buckling load based only on the linear stiffness and geometric stiffness without considering that the structure deforms with
an increasing load. Then, the stiffness of the entire structure can be expressed by the so-called tangential stiffness matrix
KT, as follows:

KT = KL + KG (q) , (1)

where KL is the linear stiffness matrix, and KG is the geometric stiffness matrix which is a function of the internal force
vector q. By assuming the linearity to the internal stress, the tangential stiffness matrix can be approximated as follows:

KT = KL + KG (𝜆q0)
≈ KL + 𝜆KG (q0) ,

(2)
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where q0 is the internal stress vector when the unit load is applied. The critical point is where the tangential stiffness
matrix KT becomes singular, called the buckling point, and the linear buckling load coefficient 𝜆 is calculated based on
the minimum eigenvalue of the following general eigenvalue problem (Zienkiewicz and Tayror, 2000).

[KL + 𝜆mKG (q0)]𝚽m = 0, (3)

where 𝜆m denotes the 𝑚-th eigenvalue and 𝚽m denotes the 𝑚-th mode shape. We discuss the KL and KG in the two-
dimensional case (Watanabe, 2005). When the domain Ω is discretized into a finite number of elements, the domain
integral is as follows:∫

Ω
dΩ =

𝑛∑
𝑒

∫
Ωe

dΩ. (4)

We follow the lead of Watanabe (2005), and define [Z1] and [Z2], as follows:

[Z1] =


1 + 𝜕𝑢1

𝜕𝑋1
0

𝜕𝑢2

𝜕𝑋1
0

0
𝜕𝑢1

𝜕𝑋2
0 1 + 𝜕𝑢2

𝜕𝑋2
𝜕𝑢1

𝜕𝑋2
1 + 𝜕𝑢1

𝜕𝑋1

𝜕𝑢2

𝜕𝑋2

𝜕𝑢2

𝜕𝑋2


(5)

[Z2] =



𝜕𝑁1

𝜕𝑋1
0 ...

𝜕𝑁𝑛

𝜕𝑋1
0

𝜕𝑁1

𝜕𝑋2
0 ...

𝜕𝑁𝑛

𝜕𝑋2
0

0
𝜕𝑁1

𝜕𝑋1
... 0

𝜕𝑁𝑛

𝜕𝑋1

0
𝜕𝑁1

𝜕𝑋2
... 0

𝜕𝑁𝑛

𝜕𝑋2


, (6)

where 𝑁 𝑖 is the shape function, 𝑢𝑖 is the displacement and 𝑋𝑖 is the basis vector.The green strain tensor due to virtual
displacement 𝛿𝐸𝑖 𝑗 can be expressed as follows:

𝛿𝐸𝑖 𝑗 =
1
2

(
𝜕𝛿𝑢𝑖
𝜕𝑋 𝑗

+
𝜕𝛿𝑢 𝑗

𝜕𝑋𝑖
+ 𝜕𝛿𝑢𝑘
𝜕𝑋𝑖

𝜕𝑢𝑘
𝜕𝑋 𝑗

+ 𝜕𝑢𝑘
𝜕𝑋𝑖

𝜕𝛿𝑢𝑘
𝜕𝑋 𝑗

)
, (7)

where 𝛿𝑢𝑖 is virtual displacement. Then the green strain tensor due to virtual displacement 𝛿E can be discretized as
follows:

{𝛿E} = [Z1]



𝜕𝛿𝑢1

𝜕𝑋1
𝜕𝛿𝑢1

𝜕𝑋2
𝜕𝛿𝑢2

𝜕𝑋1
𝜕𝛿𝑢2

𝜕𝑋2


= [Z1] [Z2] {𝛿u𝑛}
= [B] {𝛿u𝑛},

(8)

where {𝛿u𝑛} is the virtual displacement vector and [B] = [Z1] [Z2]. Also, if the constituent matrix is [D], the linear
stiffness matrix KL can be expressed as the following equation:

KL =
∑

e

[∫
Ωe

[B]T [D] [B]dΩ
]
. (9)

Similarly, the geometric stiffness matrix KG can be expressed by the following equation:
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KG =
∑

e

[∫
Ωe

[Z2]T
[∑

(0)

]
[Z2] dΩ

]
, (10)

where we define 𝑆𝑖 𝑗 as the stress, and the matrix is defined as follows:[∑
(0)

]
=

[
[S] 0
0 [S]

]
(11)

[S] =
[
𝑆11 𝑆12
𝑆21 𝑆22

]
. (12)

2.2. Optimum design problem
Here we formulate the optimum design problem. Considering a fixed design domain ΩD ⊂ Rd (d = 2 or 3), we intend

to find the optimal topological configuration which can maximize the buckling load under a volume constraint and a mean
compliance constraint. A fixed wall boundary condition is imposed on a portion of boundary ΓΩD and a unit surface
traction is applied on the boundary ΓΩN . The mathematical optimization model can be then formulated as follows:

inf
𝜒𝜙 ∈X

𝐽 (Ω) = −𝜆1 (13)

s.t. KL{un} = 𝑓 in ΩD (14)
u(ΓD) = 0 on ΓD (15)

f (ΓN) = f on ΓN (16)
|KL + 𝜆mKG ({un}) | = 0 in ΩD (17)
(KL + 𝜆mKG)𝚽m = 0 in ΩD (18)

KL =
∑
𝑒

[∫
Ωe

[B]T [D] [B]dΩ
]

(19)

KG =
∑
𝑒

[∫
Ωe

[Z2]T
[∑

(0)

]
({𝑢n}) [Z2]

]
(20)

𝐺 (𝜙) =
∫
ΩD

𝜒𝜙 dΩ −𝑉 ≤ 0 (21)

𝐶 (𝑢, 𝜙) =
∫
ΓN

𝑓 𝑢 dΓ − 𝐶 ≤ 0, (22)

where 𝜆1 is the lowest eigenvalue obtained by Eq. (17). f is the unit load vector, and 𝚽m is the discretized mode shape
corresponding to 𝜆m. In addition, 𝑉 is the maximum allowed volume of the material, 𝐶 is the upper bound of the mean
compliance and {un} is the discretized displacement vector when a unit load is applied.

The linear buckling load is computed by Eq. (18) and 𝜆1 can be rewritten as follows:

𝜆1 = −𝚽1KL𝚽1

𝚽1KG𝚽1
. (23)

Eq. (23) is then normalized as follows:

𝚽1KG𝚽1 = −1. (24)

The above equation implies that 𝜆1 is equivalent to the linear stiffness modal energy. In other words, the optimum design
problem of maximizing the linear buckling load is equivalent to that of maximizing the value of 𝚽1KL𝚽1, and this leads
to the maximization of the linear stiffness modal energy. However, we may observe some structures that have isolated
sub-structures in some portion as shown in Section 6.3. This can be problematic since they provide a low static stiffness.
Such optimal structures are not practically useful from an engineering perspective.
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In order to overcome the above-mentioned problem, we set an additional constraint to ensure that the mean compliance
is not larger than a given value 𝐶. Indeed, such mean compliance implementation is necessary for obtaining the realistic
structures that do not greatly deform under the external loads.

In the context of eigenvalue problems, it is essentially not easy to obtain a reasonable optimal solution without
considering any physical constraints. For example, in the work done by Allaire and Jouve (2005) where they proposed a
level-set method for vibration and multiple loads structural optimization, they reported that the role of a heavy tip mass is
to produce an optimal shape which is more robust and closer to the compliance optimal shape. The similar effect can be
achieved by the introduction of a mean compliance constraint. Besides, Andreassen and Jensen (2014) solved a complex
eigenvalue problem with a prescribed wave frequency, and they pointed out that most pure high damping materials exhibit
a stiffness that is too low for practical application, while high stiffness materials have low damping capabilities. The
observations motivated them to add the mean compliance as a constraint in their TO formulation.

3. Reaction–diffusion Equation-based Topology Optimization
3.1. Level set-based boundary expression

Here we overview the basic idea of the level-set based topology optimization method. Let us consider a computational
domain denoted as 𝐷 ⊂ R𝑑 . A solid phase is defined as a subdomain Ω ⊆ 𝐷. The void phase is then the complementary
domain as 𝐷\Ω. The solid and void phases are divided by the boundary 𝜕Ω. Now we introduce an implicit level set
function with a positive value in the solid domain, zero value on the boundary and a negative value in the void domain, as
follows:


𝜙 (x) < 0 if x ∈ Ω
𝜙 (x) = 0 if x ∈ 𝜕Ω
𝜙 (x) > 0 if x ∈ 𝐷\Ω

(25)

3.2. Interpolation of material property
Using a smoothed Heaviside function 𝐻, the characteristic function 𝜒𝜙 is obtained based on the level-set function as

follows:

𝜒𝜙 ≃ 𝐻 (𝜙) =


0 (𝜙 < −𝑤)
1
2
+ 𝜙

𝑤

[
15
16

− 𝜙2

𝑤2

(
5
8
− 3

16
𝜙2

𝑤2

)]
(−𝑤 < 𝜙 < 𝑤)

1 (𝑤 < 𝜙),

(26)

where 𝑤 is the transition width of the continuous function 𝐻 (𝜙) and we set 𝑤 = 0.5 in this paper. Then, the Young’s
modulus can be interpolated using a linear scheme as follows:

𝐸𝜒𝜙 = E0
(
𝜒𝜙 + dE

(
1 − 𝜒𝜙

) )
, (27)

where 𝐸0 is the Young’s modulus of the solid material. In this paper, we set 𝐸0 = 6.9 × 109 Pa, and 𝑑E = 1 × 10−3

for the weak material (void domain). The Poisson’s ratio is set to 0.3.

3.3. Level-set evolution equation
In this paper, we follow the lead of Yamada et al. (2010). We assume that a level-set function is an implicit function

of a fictitious time 𝑡. The level-set function is evolved using the reaction–diffusion equation (RDE). With this level-set
evolution equation, it has been proved that the Lagrangian can decrease with the fictitious time monotonically (Li et al.,
2021). Thus, the RDE is defined as follows:

𝜕𝜙 (x, 𝑡)
𝜕𝑡

= −
(
𝐶̃𝐽 ′ − 𝜏∇2𝜙

)
, (28)

where 𝐽 ′ is the design sensitivity which will be discussed in Section 4. 𝜏 is the regularization parameter. 𝐶̃ is the
normalizer which is defined as follows:

5

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



2
© 2022 The Japan Society of Mechanical Engineers

Ishida, Kondoh, Furuta, Li, Izui and Nishiwaki, Mechanical Engineering Journal, Vol.9, No.4 (2022)

[DOI: 10.1299/mej.21-00425]

𝐶̃ =
𝑟
∫
ΩD

dΩ∫
ΩD

|𝐽 ′ | dΩ
. (29)

The optimization problem described by the reaction equation is an ill-posed problem. Thus, it is regularized by an
additional diffusive term, which is used to guarantee the smoothness of the level-set function. The value of the level-set
function should be bounded in the range of [−1, 1]. This constraint is to ensure that the effect of the regularization term
is approximately constant around the boundaries.

4. Sensitivity analysis

We replace the above constrained optimization problem (cf. Section 2.2) with an unconstrained problem using the
Lagrange method. The Lagrangian is formulated as follows:

ℒ(𝜙) B𝐽 (𝜙) + 𝜇gG(𝜙) + 𝜇cC(u, 𝜙) + u′(KLu − f)

= − 𝜆1 + 𝜇g

(∫
ΩD

𝜒𝜙 dΩ − V
)
+ 𝜇c

(∫
ΓN

fu dΓ − C
)
+ u′(KLu − f),

(30)

where ℒ is the Lagrangian, 𝜇g is the Lagrange multiplier with association to the volume constraint, 𝜇c is the same to the
mean compliance constraint, and u′ is the adjoint variable. The sensitivity of the buckling load maximization problem is
derived as follows:

𝐽 ′ =
𝜕ℒ

𝜕𝜒𝜙

=
1

𝚽𝑇
1 KG𝚽1

(
−𝚽𝑇

1
𝜕KL

𝜕𝜒𝜙
𝚽1 + 𝜆1𝚽

𝑇
1
𝜕KG

𝜕𝜒𝜙
𝚽1

)
+ u′𝑇 𝜕KL

𝜕𝜒𝜙
u + 𝜇g + 𝜇cu [B] [D] [B] u.

(31)

And the adjoint variable can be computed by solving the following adjoint equation:

KLu′ + 𝜆1

𝚽T
1
𝜕KG

𝜕u
𝚽1

𝚽T
1 KG𝚽1

= 0. (32)

The details of the sensitivity analysis can be referred to in Appendix A.

5. Optimization Algorithm

Fig. 1 shows the optimization flowchart. First, we initialize the level-set function 𝜙. Next, the eigenvalue problem is
solved using the finite element method (FEM), and the objective functional is calculated. If the objective functional does
not converge, the adjoint equation will be solved. Then the design sensitivity is calculated and the level-set function 𝜙 is
updated by solving RDE. The aforementioned workload will be terminated until the convergence criteria (see Eq. (33)) is
satisfied for 5 iterative steps in a sequence.

��𝐽i − 𝐽i−1

�� < 𝜀. (33)

6. Numerical examples
6.1. Design problem setting

In this section, we will present three different test cases #1, #2 and #3. The design model for test case #1 is shown
in Fig. 2 . The design domain is a rectangle with a dimension of 10 m × 1 m. The left end is fixed, and the right end is
under a surface traction of f = [−1, 0]TN m−1. The top and bottom surfaces are treated as free boundary. We consider
two different types of boundary conditions: (i) free B.C., and (ii) fixed only in the 𝑦 direction. We set the proportionality
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Fig. 1 Optimization flow chart.

Fig. 2 Design model for test case #1.

constant 𝐾 = 1.0 and the characteristic length 𝐿 = 10 m in the reaction-diffusion equation, Eq. (28). The maximum
allowed volume fraction is set to 𝑉 = 60%, and the upper bound of the stiffness is set to 𝐶 = 1.7𝐶0 where 𝐶0 is the initial
value of the mean compliance. The regularization coefficient is set to 𝜏 = 1.0 × 10−4. The computational domain is
discretized into 1000 × 100 quadrilateral elements.

The design model for test case #2 is shown in Fig. 3 for comparing the optimized result to the previous work (Ferrari
et al, 2021). The fixed design domain is coated by a solid domain with thickness of 0.04 m, clamped at the base. The
surface traction is applied at the left end with f = [1, 0]𝑇 N m−1. We set the characteristic length to 𝐿 = 1.0 m, the upper
bound of stiffness to 𝐶 = 1.6𝐶0 and the upper bound of volume to 𝑉 = 50%. The other coefficients are set to the same as
in test case #1. The computational domain is discretized into 7600 quadrilateral elements.

The design model for test case #3 is shown in Fig. 4. The fixed design domain is a rectangle with a dimension of
4 m×1 m. The lower left is fixed, the lower right is fixed only in the y direction, and the load boundary of f = [−1, 0]TN m−1

is applied in the lower middle. We set the characteristic length 𝐿 = 4.0 m and the lower bound of stiffness 𝐶 = 1.4𝐶0. The
other coefficients are set the same with test case #1. The computational domain is discretized into 400× 100 quadrilateral
elements.

In this paper, we initialize the fixed design domain 𝐷 with solid phase. And the Q4 isoparametric elements are used
to discretize the computational domain.

6.2. Validation of numerical analysis and sensitivity
Before we start to optimize the structure, we should first validate the numerical modeling and the deduced sensitivity. In

Section 6.2.1, we will compare the numerical and analytical solutions for the linearized buckling analysis. In Section 6.2.2,
we will compare the deduced sensitivity with that computed using the finite difference method.

6.2.1. Linearized buckling analysis
We construct a verification model as shown in Fig. 5. Knowing the Young’s modulus 𝐸r, cross sectional area ℎr × br

(ℎr ≤ br), and the length 𝑙r, the analytical solution can be found in Shibata et al. (1991).
For the case where the right end is set to be a free boundary:
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Fig. 3 Design model for test case #2.

Fig. 4 Design model for test case #3.

𝑃𝑟1 =
𝜋2Er

4lr2
1
12

brhr
3 (34)

For the case where the right end is fixed only in the 𝑦 direction:

𝑃𝑟2 =
2.046𝜋2Er

lr2
1
12

brhr
3. (35)

Fig. 5 Model for the analytical solution.

For a two-dimensional case, the analytical solution is
𝑃𝑟

𝑏r
. We set 𝐸r = 6.9 × 109 Pa, 𝑙r = 10 m and ℎr = 10 m. The

analysis results and the numerical results on test caes #1 are summarized in Tables 1 and 2. The relative errors are less
than 9.82% for both cases. Hence, the accuracy of the numerical model is validated.
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Table 1 Fixed-free boundary.

Analytical solution N m−1 Numerical solution N m−1 Relative error
1.42 × 107 1.56 × 107 9.82%

Table 2 Fixed-simple support boundary.

Analytical solution N m−1 Numerical solution N m−1 Relative error
1.16 × 108 1.18 × 108 1.72%

Next, we clarify the effect of the mesh resolution on the buckling analysis accuracy. We summarize in Table 3 the
buckling analysis results obtained by different element numbers in test case #1 and the relative errors compared with the
analytical solution. It can be seen that the numerical errors become mesh independent when the number of elements
reaches 100 × 1000. Therefore, we use this level of mesh resolution in the numerical examples.

Table 3 Buckling analysis result obtained by different element numbers and the relative errors
compared with the analytical solution.

Element number Linearized buckling load [N m−1] Relative error
5 × 50 1.5603 × 107 9.88%

10 × 100 1.5597 × 107 9.84%
20 × 500 1.5595 × 107 9.83%

100 × 1000 1.5594 × 107 9.82%
200 × 5000 1.5594 × 107 9.82%

6.2.2. Design sensitivity
The sensitivity information can be computed based on the finite difference (FD) method as follows (Kishimoto, 2017):

𝐽 B
( 𝑗 + 𝛿 𝑗) − 𝑗

|meas(Ω\Ω𝜀) − meas(Ω) | , (36)

where 𝛿 𝑗 is the amount of change in the objective functional when a small hole Ω𝜖 with a radius of 𝜖 = 0.05 is nucleated.
Fig. 6 plots the sensitivity as a function of the x-coordinate on the cut line 𝑦 = 0.3, 𝑥 ∈ [0.1, 9.7]. The results show that
the deduced sensitivity agrees well with its FD-based counterpart.

Fig. 6 Sensitivity as a function of x-coordinate on the cut line 𝑦 = 0.3, 𝑥 ∈ [0.1, 9.7].

6.3. The mean compliance constraint
Here we use test case #1 to illustrate the necessity of the mean compliance constraint. First, we plot one of the optimal

solutions obtained without considering a mean compliance constraint. As shown in Fig. 7, we can observe the isolated
sub-structures. The optimized value of the linear buckling load is 94% of the initial value. However, such an optimal
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solution makes no sense from an engineering perspective though it shows a better functional performance compared with
the one shown in Fig. 10 where a mean compliance constraint is imposed.

Fig. 7 The optimal solution obtained with no mean compliance constraint being applied for test case #1.

To further investigate the reasons for that, we plot the sensitivity distribution, broken down into three terms given in
Eq. (31). From Figs. 8b and c, we can observe a sudden change in sensitivity value at the right side of the beam. This
indeed results in a disconnection of the optimized structure.

In addition, as can be observed from Fig. 8d, the sensitivity distribution at the final iterative step becomes the same
as that of the obtained optimal solution so the material distribution 𝜙 does not change. In short, the optimization problem
falls into a local solution.

(a) The first term of sensitivity.

(b) The second term of sensitivity.

(c) The third term of sensitivity.

(d) Sensitivity (the sum of above all).

Fig. 8 Sensitivity distribution at the final iterative step.

6.4. Optimal structures
The obtained optimal structures of test case #1 are shown in Fig. 9. By considering the mean compliance constraint,

the optimal solution becomes clear 1/0 binary structure. The material is distributed on the outside of the fixed design
domain, which means two long structures support the load. The structures that have only one long structure in the middle
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can be considered generically as another simple optimal structure. However, even if the cross-sectional area of each
long structure is smaller than that of one long structure, the buckling load as a whole increases. It can be seen that the
optimal structures of free boundary and fixed boundary in the y direction are almost the same. Next, the buckling modes
are shown in Fig. 10. They transform where they meet their respective boundary conditions. At the end, we show the
eigenvalue’s history of the free boundary in Fig. 11. The horizontal axis is the number of iterations and the vertical axis is
the eigenvalue. We plot up to the third eigenvalue. From this figure, it can be seen that there is no switching of eigenvalue
in this model. The linear buckling load converges at 0.37 times the initial value. The reason why the linear buckling load
decreases is the more material that exists, the stronger the structure is.

(a) The free boundary condition is given at the right end.

(b) The fixed boundary condition only in the y direction is given at the right end.

Fig. 9 Optimal structures of test case #1.

(a) The free boundary condition is given at the right end.

(b) The fixed boundary condition only in the y direction is given at the right end.

Fig. 10 Deformations observed in the optimal structures of test case #1
.

The obtained optimal structures for test case #2 are shown in Fig. 12. Fig. 12a shows the solution for the mean
compliance minimization problem without the buckling constraint which resembles the case in Ferrari et al. quite well.
Fig. 12b shows the optimal solution for the case of maximizing the linearized buckling load under the mean compliance
constraint. Although the overall configurations are largely similar with each other, one can still find several design details
which are slightly different from the mean compliance minimization solution without the buckling constraint, mainly
appearing in the top left portion of the design domain. To further investigate the reason behind this, we apply the body-
fitted mesh to the optimal structures by using the COMSOL and conduct the buckling analysis, as shown in Fig. 13. From
Figs. 13b and e, the deformations clearly show that the top left portion of the structure is prone to buckling where the
slender bars are subjected to the compressible force. Moreover, the minimum principal stress in Fig. 13f is lower than that
in Fig. 13c, which offers a better structural stability. We then summarize in Table 4 the linearized buckling load and the
normalized mean compliance values. From the comparison results, it can be found that with the proposed method, the
buckling load is 16% higher than that of the mean compliance minimization solution without the buckling constraint.
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Fig. 11 Eigenvalue history of test case #1 with a free boundary condition at the right end, cf. Fig. 9a.

Furthermore, the results obtained by the proposed method are compared with those by the minimal mean compliance
problem under a buckling constraint. To make this comparison fair enough, we set the lower limit of the buckling constraint
to be the same as the objective value of the proposed method. The optimal solution is shown in Fig. 12c. Comparing
Figs. 12b and c, it can be observed that the structures look quite similar especially at the places where the buckling failure
occurs, although one can argue that there are still slight differences in the lower left portion of the design domain. This
may be caused by the different update schemes of the Lagrange multipliers. It is quite common in topology optimization
since one can only expect to reach local optima. On the other hand, from Table 4, it can be found that the difference
between the two buckling loads is less than 0.7%, which implies that the two TO formulations are essentially equivalent
with each other. From the above results, we have confirmed the effectiveness of the proposed method.

(a) Mean compliance minimization. (b) Buckling maximization. (c) Mean compliance minimization
under the buckling load constraint.

Fig. 12 Optimal solutions for test case #2 obtained by (a) minimizing the mean compliance, (b)
maximizing the linearized buckling load under the mean compliance constraint, and (c) minimizing
the mean compliance under the buckling load constraint.

Next, we show the obtained optimal structures of test case #3 in Fig.14. The structure is stable against axial force.
The optimal structure is shaped to receive force along the axial direction to increase structural stability. We plot the history
of up to the third eigenvalue in Fig. 15. The linear buckling load converges at 0.85 times the initial value. Although there
are some unstable iteration steps, there is no switching of eigenvalue in the optimization process as before. Setting the
objective function to only the lowest eigenvalue has no adverse effect in these models. As a matter of fact, there is no
guarantee that these phenomena can be eliminated by applying only the mean compliance constraint. If this is the case,
𝜆𝑖 𝑎𝑛𝑑 (𝑖 ≥ 2) should be considered to fully reflect the buckling behavior, which is targeted in our future work.
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(a) Mesh. (b) Deformation. (c) Minimum principal stress 𝜎𝐼 𝐼 .

(d) Mesh. (e) Deformation. (f) Minimum principal stress 𝜎𝐼 𝐼 .

(g) Mesh. (h) Deformation. (i) Minimum principal stress 𝜎𝐼 𝐼 .

Fig. 13 Buckling analysis results obtained by the validation model using body-fitted mesh for both
the mean compliance minimization solution (upper row), buckling maximization solution under the
mean compliance constraint (middle row), and the mean compliance minimization solution under
the buckling load constraint (lower row).

Table 4 Buckling analysis results and the normalized mean compliance values computed by the
validation model using body-fitted mesh (cf.Fig. 13).

Linearized buckling load [N m−1] Normalized
mean compliance

Mean compliance minimization (cf. Fig. 12a) 2.61 × 107 1.6
Buckling maximization with mean compliance constraint (cf. Fig. 12b) 3.03 × 107 1.6
Mean compliance minimization with buckling constraint (cf. Fig. 12c) 3.05 × 107 1.6
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Fig. 14 Optimal structure of test case #3.

Fig. 15 Eigenvalue history of test case #3, cf. Fig. 14.

7. Conclusion

In this paper, we constructed a level set-based topology optimization method that can maximize the lowest linear
buckling load under the mean compliance constraint. The main target in this paper was to obtain high structural stability.
The main findings of this work can be concluded as follows:

( 1 ) The maximal linear buckling optimization problem was formulated. The sensitivity and adjoint equations which
we derived were confirmed using the differential sensitivity.

( 2 ) The reaction–diffusion equation-based topology optimization method was constructed. By illustrating three
numerical examples, we showed the validity of the constructed algorithm.

( 3 ) In test case #1, we showed the necessity of the mean compliance constraint. We observed the introduction of the
mean compliance constraint allows us to obtain practically useful optimal structures.

( 4 ) Test case #2 showed the difference between our method and the previous work and indicated the effectiveness of
our method to maximize the linearized buckling load.

( 5 ) We applied the proposed method to a new model setting as test case #3 and we could obtain the optimized
structure.
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Appendix A

Here, we describe the derivation of sensitivity in detail. First, we define the objective function 𝑗 .

𝑗
(
𝜆1 (𝜒𝜙 , u(𝜒𝜙))

)
= −𝜆1, (A.1)

where 𝜆1 is the real lowest eigenvalue. Next, we define the extended objective function 𝐽 as follows:

𝐽
(
𝜆(𝜒𝜙 , u(𝜒𝜙)); u′; u(𝜒𝜙); 𝜒𝜙

)
= −𝜆1 + u′(KLu − f). (A.2)

where u′ is the Lagrange multiplier. We derive the design sensitivity 𝐽 obtained by differentiating the extended objective
function 𝐽 with respect to the characteristic function 𝜒𝜙 .

𝐽 =
d𝐽

d𝜒𝜙
(
𝜆(𝜒𝜙 , u(𝜒𝜙)); u′; u(𝜒𝜙); 𝜒𝜙

)
. (A.3)

When applying the chain’s rule, the above equation can be rewritten as follows:

𝐽 =
𝜕𝐽

𝜕𝜆1

𝜕𝜆1

𝜕𝜒𝜙
+ 𝜕𝐽

𝜕𝜆1

𝜕𝜆1

𝜕u
𝜕u
𝜕𝜒𝜙

+ 𝜕𝐽
𝜕u

𝜕u
𝜕𝜒𝜙

+ 𝜕𝐽

𝜕𝜒𝜙
(A.4)

=
𝜕𝐽

𝜕𝜆1

𝜕𝜆1

𝜕𝜒𝜙
+
(
𝜕𝐽

𝜕𝜆1

𝜕𝜆1

𝜕u
+ 𝜕𝐽
𝜕u

)
𝜕u
𝜕𝜒𝜙

+ 𝜕𝐽

𝜕𝜒𝜙
. (A.5)

The contingent field u′ is defined as follows so that the second term on the right hand side of the above equation yields to
zero.

KLu′ + 𝜆1

𝚽T
1
𝜕KG

𝜕u
𝚽1

𝚽T
1 KG𝚽1

= 0. (A.6)

We describe 𝚽T
1
𝜕K𝐺

𝜕u(𝑛) 𝚽1 in Eq. (A.6) in detail. {u(𝑛) } can be expanded as follows:

{u(𝑛) } = [1, 0, 1, 0, ..., 1, 0]T{𝑢 (𝑛)1 } + [0, 1, 0, 1, ..., 0, 1]T{𝑢 (𝑛)2 } (A.7)

Thus, 𝚽T
1
𝜕K𝐺

𝜕u(𝑛) 𝚽1 can be expanded as follows:

𝜕 (𝚽TKG𝚽)
𝜕u(𝑛) =


𝜕 (𝚽TKG𝚽)
𝜕𝑢 (𝑛)1

𝜕 (𝚽TKG𝚽)
𝜕𝑢 (𝑛)2


=


∑

𝑒

[
{𝚽}T

∫
Ωe

[Z2]
𝜕

𝜕𝑢 (𝑛)1

[
[S]{u(n) } 0

0 [S]{u(n) }

]
[Z2]𝑑Ω{𝚽}

]
∑

𝑒

[
{𝚽}T

∫
Ωe

[Z2]
𝜕

𝜕𝑢 (𝑛)2

[
[S]{u(n) } 0

0 [S]{u(n) }

]
[Z2]𝑑Ω{𝚽}

]


=


∑

𝑒

[
{𝚽}T

∫
Ωe

[Z2]
[
[S] [1, 0, .., 1, 0]T 0

0 [S] [1, 0, .., 1, 0]T

]
[Z2]𝑑Ω{𝚽}

]
∑

𝑒

[
{𝚽}T

∫
Ωe

[Z2]
[
[S] [0, 1, .., 0, 1]T 0

0 [S] [0, 1, .., 0, 1]T

]
[Z2]𝑑Ω{𝚽}

]

.

(A.8)
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