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Abstract

We consider maximal regularity for the Cauchy problem of the heat equation in a
class of bounded mean oscillations (BMO). Maximal regularity for non-reflexive
Banach spaces is not obtained by the established abstract theory. Based on the
symmetric characterization of BMO-expression, we obtain maximal regularity
for the heat equation in BMO and its sharp trace estimate. Our result shows
that the homogeneous initial estimate obtained by Stein [50] and Koch-Tataru
[32] can be strengthened up to the inhomogeneous estimate for the external
forces and the obtained estimates can be applicable to quasilinear problems. Our
method is based on integration by parts and can also be applicable to other type
of parabolic problems.
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1 | MAXIMAL REGULARITY FOR THE CAUCHY PROBLEM

We consider the initial value problem of the heat equation in the whole space:

{5,u—vAu=f, t>0, x e R, W

u(0,x) = up(x), x e€R",

where v > 0is a constant, u = u(t, x): R, X R" — R" denotes the unknown function, and f = f(t, x): R, X R" — R" and
ug = up(x): R™ —» R" are given external and initial data.

Let X be a proper Banach space and let A be a closed linear operator in X with a dense domain D(A). Given u, € X and
f€LP0,T;X) (1 <p < o), we consider the abstract Cauchy problem

d
—u+Au=f, t>0,
dt f

u(0) = u.
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We say that A has maximal L°-regularity if there exists a unique solution u such that %u, Au € LP(0,T; X) satisfy the
estimate

under the restriction uy € (X, D(A))1_1 /0,0, Where (X, D(A))1_1,, denotes the real interpolation space between X and
D(A), and C is a positive constant independent of u, and f. Maximal regularity for parabolic equations was first developed
by Ladyzhenskaya-Solonnikov-Ural’tseva [34]. Then the research of maximal regularity has progressed immensely in
these last few decades such as [4, 12, 13, 14, 17, 18, 19, 20, 25, 26, 29, 48, 49]. In the general framework on Banach spaces X
that satisfy the unconditional martingale differences (called as UMD), well established especially by Amann([1, 2], Denk-
Hieber-Priiss [15, 16], Weis [53] and by [30, 33, 45].

On the other hand, maximal regularity for Banach spaces that are not UMD (e.g., non-reflexive Banach spaces such
as L! or L®) requires a different treatment. For example, we have previously proven maximal regularity for homogenous
Banach spaces in [36-38].

The class of bounded mean oscillation (BMO) introduced by John-Nirenberg [28] is one of such non-reflexive Banach
spaces. A locally integrable function f is in the class of bounded mean oscillation BMO = BMO(R") if

1 JE—
Ifllsvo = sup ——= [ | £(x) = Fi, | dx < o0, (13)
x>0 |Br| Jy(xo)

where E denotes the integral average of f over a ball BR(xO);

E 1

7 Brl ey

f(x)dx. (1.4)

Introducing the quotient space of all BMO-functions with a constant difference are equivalent, BMO is a Banach space
with the norm || - ||gpr0- We denote VMO = VMO(R"™) as the BMO completion of Cy(R"), where Cy(R") denotes the set
of all continuous functions with compact supports. It is well known that the dual of VMO is the Hardy space H'(R") and
the dual of the Hardy space is BMO (cf. Fefferman-Stein [21]).

Applying Stein’s basic estimate [50, p. 158] to the formulation of a BMO by the Carleson measure, Koch-Tataru [32]
showed the following estimate: For v = 1,

o 1/2
wp [ (e [ el ax)ar) <ol 09
Xo,R>0J 0 |BR| Br(xp)

This is an expression of the BMO-semi-norm using the heat kernel. In view of the theory of evolution equations, the
estimate (1.5) can be regarded as the homogeneous estimate of maximal regularity in (1.2). On the other hand, since BMO
is a dual of the Hardy class 7' (R") but not a pre-dual of itself, it is not reflexive. Further, since any UMD Banach space is
necessarily reflexive (cf. Amann [1], Rubio de Francia [46]), the Banach space BMO is not UMD; therefore, we cannot apply
the general theorem of maximal regularity by e.g. [1, 2, 4, 12, 13-20, 25, 26, 29, 30, 33, 45, 48, 49, 53] as we mentioned before.

In this paper, we derive maximal regularity for the Cauchy problem of the heat equation (1.1) with Vu, € BMO(R")
using the fact that the semi-norm of BMO is expressed by the L?-framework.

It is worth mentioning that the well-posedness of the Cauchy problem for the incompressible Navier-Stokes equation is
considered in various scaling invariant classes. Consider the initial value problem for the Navier-Stokes system in the
whole space:

du—Au+@w-Vyu+Vp=0, t>0, xeR",
divu =0, t>0, x e R", (1.6)
u(0, x) = uy(x), x € R",
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Equation (1.6) remains invariant under the scaling:

{ul(t, x) = Au (A%, Ax),
1.7

pa(t,x) = A2p(2%t,Ax)

and the scaling invariant class is realized by the Bochner class such as the homogeneous Sobolev space H »= H H(R™);

L°(Ry; HY(RGRM), Z+—=1+s,

DI
<SS

where 1 <6 < 00,1 < p < o0 and —1 < s. If we restrict ourselves to 6 = oo, then
L (R H, PR R )

is a typical invariant space. According to the well-known result by Fujita-Kato [23], the solvability of the scaling invariant
problem in such a space is a basic and important problem for (1.6) (cf. [40, 44, 47]). Indeed, the global well-posedness
of the solution for the incompressible Navier-Stokes equation is obtained in L* (0, T;B;i;r"/ P(R™), 1< q < o0, or
BUC,,([0, 00); BMO™!(R?)) n C ((0, 00); L (R?)) (for the time local well-posedness in VMO~! by Miura-Sawada [35]).
A similar well-posedness was obtained by several authors [1, 9, 10, 24, 31, 41] and ill-posedness by [7, 52, 54].

Along with such a background, it is worth considering maximal regularity in BMO based on a Bochner or related
function spaces. It may be possible to apply such estimates to other quasilinear parabolic problems and free boundary

value problems. We shall discuss such a result elsewhere [39].

1.1 | The space of Koch-Tataru

Koch-Tataru [32] introduced the caloric extension for expressing the function of BMO~! and obtained the global well-
posedness for the incompressible Navier—Stokes equation. They introduced the following expression:

R 1/2
Ifllspo = sup L / / e fofdxdt ) < oo. 18)
xeRnR>0 \ |Br(X)| Jo JByco)

Then they constructed a global solution to (1.6) by the metric induced from

IfIl = sup /2|l £l + 11.f mo1-
t<T

We should note that Frazier-Jawerth [22] (cf. Peetre [43]) introduced the equivalent norm of BMO in terms of Lizorkin-
Triebel space (cf. Stein [50], Triebel [51]).

According to the celebrated result due to John-Nirenberg [28], it is reasonable to introduce an equivalent L?-based
semi-norm of BMO;

1/2
1 —2
Wlo = swp (= [ |feo =T ax)
x0eR"R>0 \ |BR| JBy(xp)

where E is defined by (1.4). Then it is easy to see that the following expression gives an equivalent norm (cf. Brezis-
Nirenberg [8]):

1/2
1
o~ sup (- // F) - f0)Pdxdy ) .
Xo€R",R>0 |BR| BRr(x0)XBRr(xp)
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Accordingly, we introduce a class of space-time functions that substitutes for the Bochner class L?(I; BMO).

Definition 1.1. LetI = (0,T) for T < oo and let 1 < 6 < 2. A measurable function f € L(I;BMO(R")) if

62 \V/°
1
||f||%BMO) = sup / — // |f(t,x) —f(t,y)|2 dxdy dt < 0. 1.9)
’ XER™R>0| JIn(0.R2) \ |Bg|™ # Br(x0)xBr(x0)

We also denote if T = oo,

6/2 /O

RZ
1 2
Iflls=— = sup / —// ft,x)— f&, ) dxdy | dt| <oo. (1.10)
LORBMO) = o cpnrso o |BR|2 BR(xO)xBR(xo)l |

These spaces are variants of spaces introduced by Chemin-Lerner [11] !. Let I = (0,T) for some 0 < T < co. Then a
natural extension of the Chemin-Lerner type space for 8 = 2 can be given by

1/2
1f 1l =7 / // (t,x) — f(t,y)| dxdydt < o0.
/ DIrmo) = Xo ER" R>0 ( |BR| Br(x9)xBg(xo) u / |

The norm defined in (1.9) is a modification of this definition. In this sense we regard that the norm in (1.9) as one modifi-
cation of the Chemin-Lerner type variation from the Bochner space. We also define that f € W;BM O(R")) if both f
and o, f € ZT(T;BMO(R”)). We also define I:?(T;VMO(IR")) and M;VMO(IR")) in a manner similar to VMO(R"™). The
homogeneous Sobolev spaces based on BMO and VMO are defined as follows. For any s € R,

BMO' = {f € S*;|V[‘'f € BMORM)},
VMO’ = {f € S*;|VIf € VMORM)},

where S* denotes the tempered distribution and we regard them as Banach spaces by taking a quotient space using

polynomial functions. The spaces L8 (I ; BM OS(R")> and L (I VM OS(IR")) are analogously defined as above.
The above norm (semi-norm) (1.9) is equivalent to the norm below: For1 < p < 2,

2/p 1/2

1 p
TP xeRMR>0| JIn(0.R2) \ [BR|” M Br(xo)xBr(x0)
(see Proposition 5.4 in the Appendix below). From the definition, it follows for I = (0,T) with 0 < T < oo that
L2(I; BMO(R™)) € L2(I; BMO(R™)). (1.11)

One can see that the above norm (semi-norm) (1.9) is equivalent to the following norm:

1/2
1 2
I f lBmomn;2cy) = Sup — // / |f(t,x)— f(t,y)| dt )dxdy < co.
xo€R",R>0 |BR| Br(x0)xBg(xp) \ 7 IN(0,R?)

Besides

BMO(R"; L(I)) ~ L2(T; BMO(R™))

RBAEFHERY LS b

fa
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when we restrict ourselves to a finite time interval I = (0, T), it is a Bochner space of space-time variables 2. From the
definition, it generally follows that

L*(R;;BMO(R™)) c BMO(R"; L*(R,)) C L*(R,; BMO(R™)). (1.12)

1.2 | Maximal regularity in BMO and the sharp trace estimate

We extend the estimate (1.5) for maximal regularity to the initial value problem for the heat equation (1.1) in BMO which
is our main theorem.

Theorem 1.2 (Maximal regularity in BMO). (1) For every f € L2(I;VMO(R")) and Vu, € VMO(R"), then the initial value

_— .2
problem (1.1) admits a unique solutionu € W12(I; VMO(R")) n LZ(R+; VMO (R”)) which satisfies the following estimate:

”a[ullfz\(_j;VMo) + V||Au||%;VMo) < CM(llvuOHVMO + ||f||%,VMO)>’ (113)

where Cy; > 0 is independent of v > 0and T > 0.
(2) Besides if f € L2(I;BMO(R™)) and Vu, € BMO(R"), then the initial value problem (1.1) admits a unique solution

—_— .2
u € WL2(I; BMO(R™)) n LZ(I;BMO (R”)) which satisfies the following estimate:

I19ull .10y + V1AM 75000y < CM<”Vu0||BMO + ”f”I:?(Y;BMO))’ (1.14)
where Cy; > 0 is independent of v > 0and T > 0.

Corollary 1.3 (Global maximal regularity in BMO). All the statements in Theorem 1.2 hold for the case where
Vuy € VMO(R") and f € L2(R,; VMO(R")). Namely, it holds that

18ctl 55 0y + YIAU 3 ago) < O (V8 g + 1 2 0y )

and for Vuy, € BMO(R") and f € L2(R,; BMO(R")),

||al“”L2(R+;BMO) + VllAulle(R+;BMO) < CM<”Vu0||BMO + ||f”L2(R+;BMO)>‘

The uniqueness of the solution presented in the above statements is up to constant, since we admit the spaces BMO
and VMO are understood to be Banach spaces, where any difference of constants is identified.

We should like to note that an analogous maximal regularity estimate for the heat equation is partially shown by
Iwabuchi-Nakamura [27].

It is interesting to consider whether maximal regularity for the heat equation holds in the Bochner class f € L?(I; BMO)
or not. Indeed, the homogeneous estimate (for the initial data) does not hold in BMO since one can derive that

18 ullr2(r:BMoy + VI AU L2(1.BMO) < C'M||V1flo||]gg02 (1.15)
holds for the solution of the heat equation (1.1) with f = 0 (cf. [36], [37]), where BZ,U(R”) denotes the homogeneous Besov

space (see [5]). It is known that the homogeneous estimate (1.15) above is sharp in the sense that the corresponding trace
estimate holds, i.e.,

IV e (10 ) S CIBlILasm0) + 182l 2530 (1.16)
We give a sketch of proof for (1.16) in the Appendix below. By the strict inclusion

50
B, ,(R™) ¢ BMO(R™),
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the homogeneous estimate by || Vuy|| 5, instead of |[Vugl| o in (1.15) fails in general. 3 This is also provided by the trace
0,2

estimate below. The analogous estimate for the Stokes equation is also possible (cf. [39]).
One can generalize the maximal regularity estimate into a non-maximal but useful estimate for the semi-linear problem:

Theorem 1.4 (Generalized maximal regularity in BMO). There exists a constant Cy; > 0 independent of T such that

-1+2/6

forany f € L9<I :BMO (IR")) and Vuy € BMO(R"), then the initial value problem (1.1) admits a unique solution

u € WL2(I; BMO(R™) n L2<[R+; BM OZ(R”)> which satisfies the following estimate:

19l 28310y + VIIAU 278010y < CM <I|Vuo||BMo + llf”ﬁ(ii;gMo‘””)) .

The homogeneous estimate for maximal regularity gives the optimality conditions for the initial data taken in BMO.
This is important to the claim that the Koch-Tataru space is crucial to treating the semi-linear problem in BM O-based
spaces.

Theorem 1.5 (Time trace estimates). For 0 < T < oo, let I = (0, T). Then the following estimate holds:

—_—

— .2
1. Forany f € W12(I,VMO)n L2<I;VMO ) with f(0) = 0, there exists a constant C > 0 independent of f such that

IVAllsucavmoy < C(”atf”ﬁ(I;VMO) + ||Af||ﬁVMO)> (1.17)

holds. In particular, this estimate is sharp.

—_—

- .2
2. Forany f € W12(I;BMO) n L2<I ;BMO ) which f(0) = 0, there exists a constant C > 0 independent of f such that

1V Flsrmnio < € (100 mimnioy + 1A N zamoy ) (L18)

In particular, from (1.12),
||Vf||L°°(I;BMO) < C<||atf||L2(I;BMo) + ”Af”LZ(I;BMO)>- (1-19)

Remark 1.6. The condition on f(0) = 0 is assumed to avoid the case when f has an uncertainty of adding a linear function
such as f + ax + b for a, b € R/{0}. We also note that the above trace estimate holds for a function in

WLP(I; BMO) N LP (I; BM02> ,
but the regularity should be naturally arranged such as |V|'~1/P,

Remark 1.7. After completing this work, we noticed that a related estimate for maximal regularity (1.13) was reported by
Auscher-Frey [3]. They introduced the tent space function T®*(R,. x R") and established a maximal regularity estimate
for the heat equation of the Navier-Stokes type. Their elegant proof is based on an operator theoretical method using a
T-T* argument. Indeed, the Koch-Tataru estimate is dependent on the initial data estimate, which is understood as the
homogeneous space-time estimate. If one can apply a suitable duality argument, then the T-T* argument yields a maximal
regularity estimate, such as (1.13) and (1.14). The basis of our proof is different from theirs, however it is implicitly related
to the T-T* argument via integration by parts.

We should also like to mention that the properties on the heat and Stokes semi-group on a smooth domain are considered
by Bolkart-Giga-Suzuki-Tsutsui [6], where they consider the equivalence of various norms of bounded mean oscillation
in a smooth domain and establish the boundedness and analyticity of the semi-groups in BMO.

In what follows, we use the following notation. S = S(R") denotes the rapidly decreasing functions. {¢> ; }jeZ denotes
the Littlewood-Paley dyadic decomposition of unity. A ~ B stands for the equivalent quantities that are bounded by a
constant each other. Various constants are simply denoted by C unless otherwise noted.
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2 | GENERALIZATION OF THE HOMOGENEOUS ESTIMATE
‘We now turn our focus onto the case T = o0. The general case T < oo can be treated in a similar way. We also assume that
v = 1 in (1.1) for simplicity. The general case easily follows by scaling.
2.1 | Homogeneous estimate in BMO
The following estimate is obtained by Koch-Tataru [32] using the Stein estimate [50].
Proposition 2.1 [32], [50]. Let e'® be the heat kernel and let u, € BMO(R™). Then
”Vemuo”L’z‘(I;BMo) < Colluollgpros 2.1)
where C is independent of T > 0.
It is also shown by Stein [50] that the left-hand side of the estimate (2.1) is equivalent to ||uoll 5,/

Corollary 2.2. LetI = (0,T), let e'® be the heat kernel and let u, € BMO(R™). Then

2
1 —_ 2

sup / / |Ve‘Auo—(VefAuo)B |dx dt < Colluollgpso- @2)

x0,R>0 J 1n(0,R2) |BR| Bg(xo) ‘

where C is independent of T > 0.
Corollary 2.2 follows from Proposition 2.1 directly. We give the proof of Proposition 2.1 without using the Stein argument
in the Appendix (Subsection A.4).

We then extend the estimate in Proposition 2.1 into the inhomogeneous terms of the heat equation.

Proposition 2.3. Let ¢'® be the heat kernel and let uy € BMO(R™). Then

R? R2 ,
sup / : 2 _// / |Vxe(t_S)A"f(S, x)— Vye([_S)Ayf(s,y)| dt |dxdyds
X0.R>0 0 |Bgl Bgr(x¢)xBg(xp) s

< Collf 1 Zzmmoy 23)

1/2

where C is independent of T > 0.

The Stein estimate (see Theorem A.11 below) can be modified into an estimate in the Chemin-Lerner space L2(I;BMO).
For that purpose, we prepare the following lemma:

Lemma2.4. Let1 < 6 < 2. Forany xy € R" and R > 0, there exists a constant C > 0 independent of them such that for any
f € L8(I;BMO),

6/2

K 1 2 dx dy
) |f(t,X)—f(t,y)| n n dt
/0 |BR|2 //R"XR” (1+R1(x—xp)) ! (1+R1(y—x)) 1

<CIflIf— . 2.4
< ”f“Le(I;BMO) (2.4)
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Especially,
6
R2
() = T, )| dx| dr < CIIfI% @5)
/o /R . (R+ |x— x0|)thl Lo0:BMO)

where E denotes an average of f over a ball centered x, with radius R > 0.
The estimate (2.4) is shown in the following way. By setting B, = Baz (X ), we notice

|ka+1 _E)edt =/

22(k+1) R2 22(k+1) p2

dt
0

@/B (/&) = fr,..,) dx

0
1 1 ]
m ‘/Bk |Bk+1| / (f(ta x) _f(tay)) dy dx| dt

/0 Bt
22(k+1) g2 ) 6/2
S/ < 2 // If(t,x)—f(t,y)lzdxdy> dt
0 2n|Bk| BkXBjy1

22(k+1) R2 0/2
< / < // F(x) = f( )P dx dy) dt
0 |Bi+1 | Bier1XBjey1

<Clfl®— (2.6)

LO(I:BMO)

22(k+1) g2

Then for any k € N, apply (2.6) (k — 2)-times to have

R2
A

6/2
dt

1/6
L el ax

R2 6/2
/0 <|Bk|/B’f(tx) To, x> dt

) 1/6 1/0
R® ___ ____®
+ (/ |ka_1 - ka—Z dt
0

) +...+</OR |E—f_gledt>

k — 2 terms

6/2
(I k|/ 0T || x) d
0 1/6 22'2R2_ s
dt) +~~~+</0 [T T

k — 2 terms

1/6

1/6
22k p2 /

|/

22k-1) g2
+ (/ |ka—1 _ka—z
0

1/6

< CKIIfIl 2.7)

L8(I;BMO)’
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Therefore, applying the estimate (2.7) and noticing that

Rdx 1 dx
/ e+l ﬁ/ 1 < Cos
R" (R +|x = xo)|) R (14 R-1|x = xo)

6/2

R2
1 2 dx d
[l f o —se V",
0 | |Bg|” #moxmr (1+R Y x—x0|)  (1+R1|y—x|)

6/2

R? 5
—_— dx
<26 [ |a2 ) len-To) | a
0 | R| ;20 / Bic1\Bi (1+R1|x = x|)
R . o 0/2
+2Ce/ (—/ |f(t,x)—fBR(t)| dx) dt
0 |BR| Br(xp)
R 0/2
1 — 2
<4cC / <— 2~k(n+1) / |f(t,x)_fBR(t)| dx) dt
0 |BR| k>0 By
R2 1 L 5 6/2
+4C / <— | £t = T 0 dx) dt
o \IBr| /Bpcxy)
, 6/2
<cC zz—ek/2< / | f(t,x)—E(t)| dx) dt
0 k>0 IBaer| /B o)
R2 1 L 5 6/2
+c/ (—/ ‘f(t,x)—fBR(t)| dx) dt
o \IBr| /Bpcx)
<C 2—9k/2k9 9 +C 6
Ié (. 1 o)
<C|fle 2.8
[T (28)

The proof of Proposition 2.3 essentially relies on the Stein argument [50, p. 158], which is based on the expression of
BMO by the Carleson measure.

Theorem 2.5 (Stein). Let ®(x) be a smooth potential and satisfy for some constant C > 0

()
[®(x)] < At

with ||®||; = 1andset®;(x) = A7"®(-/A) forany A > 0. Then there exists a constant C > 0such thatforany f € L2(I;BMO),
it holds that

2.dA
) ) t,x)— f(t, — |dxdydt
xOSIILO/o |BR| «//BR(xo)xBR(xo) </ | 10 % ®20) % (82 = y))| A > Y (2.9)

ClfIE—

L2(I;BMO)’

where the double convolution stands for convolutions by each of the variables.

RBAEFHERY LS b

=~s
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Theorem 2.5 is an extension of the Stein estimate (see Theorem A.11 in the Appendix). The potential is relaxed without
posing the zero-average condition because we formulate the estimate with the difference of function f. For the sake of
completeness, we show the outlined proof here.

Proof of Theorem 2.5. Let x and R be chosen arbitrarily and fix them. Then noting ||®,]|; = 1 we have

9200 % ®20) * (£(0.2) = f(1.9)]
< [@2(0) # (%) = F(0)] + | 2200 # (T (0 = £, )|

<|f e (AR -Toyds | [ are(X7E) (2 - Fo0) dz
Bar(x0) Bor(x0)¢
—_— w —
+ / 27 (L) (£ w) = T (0) duw| + / 2o ( L2 (e w) — F(0) dwl. (210)
Bor(xg) Bag(xo)*
2R\A0 2R\A0
The first term can be treated by applying the L?-boundedness for the square function. Namely,
= )"’
H</ |®; * F|? 7) < ClIF|l,. (2.11)
0
2

Indeed, such an estimate can be derived by setting A; = [Zj ,2/71) as a dyadic interval,

12)?
da da
H @, + FI12 <2 ) z/ (Z/I%*Fl2 )
2 R\ jez
1/2
zzlogz/ <Z|¢1*F|> dx
JjeZ
~ C||F|I3,

where {¢ j }jeZ denotes the Littlewood-Paley dyadic decomposition of unity and ~ stands for the iquivarent quantities
that are bounded both from above and below by constants. The first and the third terms of (2.10) are both estimated from
(2.11) as follows: Let yp, (x) be a characteristic function of the ball B (xo),

/0 By | //BRXBR / </BZR(x0) D, (y - w)’f(t,y) —E(t)| dw>26f1—/1 dx dy dt
B « 12)
S2/0 1Bx| R(/O >dxdt

R? o
<c / = [0 - Ty dxa
o |Bar| Jrn

ClIfIZ—

L2(I:BMO)’

fex) - fBR<r)|)

@;(x) * (XBZR
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In contrast, the second and the forth terms in (2.10) are symmetric to each other, so we only treat the second term. Since
x € Br(xp) and z € BS,(xo),

A |x 2] 2 xo = 2] = Jx x| 2 3 (R + |0 2]) (2.13)
and for0 < A <R,

2

/ZR(XO) /I—nq><x ; Z)(f(t, z) —E(t)) dz| <C /BgR(xO) |f(t z)— fBR(t)I

n <1+ u>n+1

s
2
A2 R
<C% / ‘ f(t,z) — fBR(t)‘ — dz|. (2.14)
BSx (x0) (R+ |xo —2|)
On the other hand, by Lemma 2.4,
2
RZ
c / / f(t,2) = fz.(t) dz| dt
0 BgR(x)| i ) R+|x |)n+1
2
R? . R
< C/ / |f(t,2) — fr, ()] —dz| dt
o |/Rn (R+ |xo —2|)
CllfIA— (2.15)

L2(I;BMO)’

Hence, applying (2.13), (2.14) and (2.15), we see by cancelling y-integration for the second term from (2.10) that

K Cda
/ // / (/ CIJ,I(x—z)lf(t,z)—fBR(t)|dz) = [dxdyar
0 |Bg | Br(xo)xBg(xo) | /0 BS,(x0)

2

R? R
1 — A da
< c/ —/ / / |£(8.2) = Fi (0| ———"—7 dz | = dxdt
o IBrl Joeceo) Jo | /B0 (A+|x—z|)

A
ft,z) - fB () dz| dt — dAdx
|BR| LR(XO)/ / /B;R(x ) | R | R + |x |)Vl+1 RZ
R
1 A
< C/ —/ I£12— X | o5 da
o \IBrl Jopip) O oo™ R

1 (R
”f”LZ(IBMO)E Ada

CllfIIE— (2.16)

L2(I;BMO)’

The estimate (2.9) is shown after taking the supremum on R > 0 and x, € R" in both the left-hand sides of (2.12)
and (2.16). O

A Self-archived copy in RBAFEAEEY KT Y

f}': #B j( % Kyoto University Research Information Repository KU RENAI
9 KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp  Information R
Ll MATHEMATISCHE OGAWA AND SHINTZT™

=~s
85UB017 SUOWIWOD SAIERID (dedl|dde auyy Aq peuenob aJe Sapile O 8sN JO Sa|nJ Joj AkeigiTauljuQ AB]I/M UO (SUONIPUOD-PUR-SLLIBY WD A8 | 1M Ake.q1jBuU0//SdnLy) SUONIPUOD Pue Swis 1 8 88S *[£202/70/82] Uo Ariqi auliuo Ae|im ‘Ueder aueiyooD Aq 90S006T0Z eUBLI/ZOOT OT/I0p/W00 A8 1M Aleiq1pul|uoy/sdny Wwolj pepeojumod ‘2 ‘220g ‘gtgzzg |'—|



A Self-archived copy in

A . RBALFHERYFS b
Kyoto University Research Information Repository NAl I%‘I
KYOTO UNIVERSITY https://repository.kulib.kyoto-u.ac.jp —Ky nformation Repository
OGAWA AND SHIMIZU MATHEMATISCHE 1417 S

NACHRICHTEN

Proof of Proposition 2.3. In Theorem 2.5, let ®;(x) as v/t — s V,e(!"92x then it is an integration due to the Haar measure

dg, V/t —sover (s%, R?), and noting

V=985V el (f(s,x) = f(5,)) = V=98 f(s,x) = Vel =% f(s, ),
it is a direct consequence of (2.9) in Theorem 2.5. O

Remark 2.6. One can obtain a similar estimate for maximal regularity directly from Theorem 2.5. Setting ®;(x) = tAe™*4
with 1 = \/?, we directly obtain

2

t
/ Vit —sA e =92 f(s, x) ds
0

L2(1:BMO)

R2 t
1
- [ f ([ (Vimsaetonse
x0,R>0 J o |BR| BRr(x¢)XBgr(xo) 0

2
—\t— sAye(t_S)AYf(s,y)) ds) dxdydt

<C|flIP— ) 2.17
< IIfIILz(I;BMO) 2.17)

This estimate (2.17) does not seem to imply the maximal regularity estimate directly.

3 | PROOF OF MAXIMAL REGULARITY IN BMO

Proof of Theorem 1.2. The homogeneous estimate for the initial value problem with f = 0 have seen in Proposition 2.1 and it
suffices to show that the inhomogeneous estimate with u, = 0. Recall that we have assumed thatv = 1.Let0 < T < oo, let
I=(0,T)andlet f,g € L*(I; S), where S = S(R") denotes the rapidly decreasing functions. In order to apply Lemma A.2,
we introduce a cut-off function. For R > 0, let

-

1
1 — < =R
’ |x xol —_ 2 ’
. . 1 4
nr(x) = { smooth, radially decreasing, ER < |x—=x| £ ER’ 3.1
4
0, =R <|x — xl,
L 5
be a smooth cut-off function around x, € R" and set
t
v(t,x) = / e=98 (s, x) ds. (3.2)
0

Then
d 1
4_1 // (e, %) = v, )| (IR () dx dy
(LI Pt

2
2
[l

// Ot, %) = V(t, ) - 3,0t %) — v(t, YRR dx dy
RrxR"
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[ = o) (Bt = 8,00 ) dx dy
[[n[; ¥R

”77R||i //Rnxw(v(t, x) — v(t,y)) - (f(t,x) — f(&t,)mr(Mr () dx dy

=I+11 (3.3)
The first term of the right-hand side of (3.3) can be treated by noticing
Vyu(t,y) = Vyu(t,x) =0

and integrate by parts of each derivative for x and y variables, respectively to see

=—— // (v(t,x) — v(t,y)) - divy (V 0(t, x) = V,u(t, ) nr()nR(Y) dx dy
[ s

L (e = o) - div, (92030 = V,006) mCGOme ) i dy
[[nx [} ¥R

___2 // V. u(t, x)(Vyu(t, x) = Vyu(t, ) nr(0)nr(y) dx dy
RrxRA

||77R||2
\Y t, \VJ t,x)—V L, dxd
e //R T (Tablt, 0 = V00, ) T ) dxdy
- 2 // (v(t, %) = v(t,)) (V,0(t, X) = V,0(t, ) - V(X)) dx dy
[Imelly # R
_ 2 // (v(t,x) = v(t,»)) (Vyo(t, x) = V,0(t, ) - nr(x)Vyne(y) dx dy
||77R||1 RnxR7
2 2
- Vx £, -V t, dxd
||77R||2 //R"an| v(t, x) = Vyu(t, )| nrConer(y) dx dy
// (vt %) = v(t, ) (V. 0(t, ) = V,yu(t, ) - Vanp()n(y) dx dy, (3.4)
||77R” RAXR"

where we note that the last term in the right-hand side of (3.4) is obtained from the one line above by symmetry of x-y
exchanging. Let 0 < nz(x) < 1 denote a smooth cutoff supported in Br(x) and that is identically 1 over the support of
7r(x). Combining (3.3) and (3.4) and by using nz(x)Vnr(x) = Vnr(x) we integrate it over t € (O,Rz) to see

RZ
1
2 [ [ e - Vo) o) dx dy fae
0 ||;7R|| RXR?
1
R2

1
<= 2 // (e, x) — v(t,y)lan(x)nR(y) dxdy
[[n&ll; ¥ rexre

t=0

(this term is negative and we drop it)

=~s
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R? 1 .
+ E/ 2 // |V u(t, x) — V,u(t, »)| Tr()7R(Y) dx dy dt
0 lmelly ~ree
R? 1 o

2

+C(e) / 2 // |, x) = v(t, Y| IV xnr(Mr()|* dx dy dt + / 11(t) dt‘

o Jonell; Ve :
R? 1
2~
< 5/ 2 // |V u(t, x) = Vyu(t, )| Tr()nR(Y) dx dy dt
O lmelly ~rew

R2
/ I1(t)dt
0

RZ

1

+e@ [ = [ o0 = e IV e dy de +
0 lmelly MR

J; can be cancelled with the left-hand side by choosing € > 0 small.
Since

nrR(x) = NrEOMR(X),  Vinr(x) = Nr(X)Vnr(x), zinIBRl <||nell; < 7Rl < Bkl (3.6)

and noticing that |Vyg| < % and (3.2), J, is estimated as

RIl; xR

x (e f(r,x) — eDAf(r,y)) dr ds>?7}7(X)ﬁ(y) dx dY> dt

R? .R? R?
=C- 1 . // / / < / (e(t_S)Af(S, x) _ e(l_S)Af(S,y))
R2||77R||1 RAXR" 0 J0 max(s,r)

X (e'=PAf(r,x) — e"IAf(r, ) dt) dr ds)%(x)%(Y) dxdy

R? .R? 1 R? 5
SC// —2"// </ [e=92 f(s,x) — =92 f (s, )| dt
o Jo RZ”;?R”1 R1XR? s

R2 1/2
X / |e“=2 f(r, x) — =4 f(r, y)|2 dt) TR(OTR(Y) dx dy dr ds. (3.7)
r

Here the integral can be split into r integration and s integration, the right-hand side is expressed by a multiple integration
and using the Cauchy-Schwartz inequality and 7g(x) < Xp,(x,)(X), 27"|Bg| < ||1z||, to have the following: Let the Riesz
operator be defined by

Rif = 71 [l% 0l )
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Then it follows

12 1%

J,LC E/ // (/ |e(t—s)Af(S, X)—e(t—s)Af(s,y)|2 dt)%(x)%(y) dxdy ds
0 | [nell; #rece
R2
< C/ // </ e=98 (5, x) — =92 £ (s, y)| dt)nR(x)nR(y)dxdyds
o gl e
RZ

<C sup / 1 5
Xo,R>0J o |BR|

R2
2
X // (/ |V - eU=9AR V[T f(s,x) — V- e=94R, V|71 f (s, y)| dt) dx dyds
BRr(x0)XBgr(xo) s

2
= C|||V|_1f||frU;BMO)’ (3.9)

where we used the fact that the Riesz operator is bounded in the Chemin-Lerner space (cf. Proposition A.3 in the
Appendix). Here we have also used the estimate in Proposition 2.3.
We then consider the term J;. Regarding

F6,x) = V- Re| Vo | 8, %)

again it follows that

(0(t, %) = (6, ) Vs - (Re|Vie| 7 £ %) = Ry |V, |7 £, 9) Vnr(emr(y) dx dy
“nR“f//W ( 62

||77R|| //Rann v(t,x) = v(t,y))V, (Ry|Vy|_1f(t,y)—Rx|Vx|‘1f(t,x));yR(x)nR(y)dx dy

T 2||2 // (T = 3006 ) + (Ref Vil 000 = Ry V| F003) )mGomev) iy
77R 1 nxRn

B t, —ult, Rx Vx_1 ) —R,|V -1 s 'Vx dxd
el //R e (v(t, %) = v( y))( V.| ft,x)=R|V,| f(t y)) R COMR(y) dx dy

= II, + I,. (3.10)

Integrating the both sides of (3.10) over ¢ € (0,R?),

R? R?

/OII(t)dt‘s/O (1| + |11,]) dt

1
< E/ 2 // |Vu(t, x) — Vyv(t,y)|217R(x)77R(y) dx dy |dt
o |l e

RZ

A (8

RV, £ = R |9, | £ )| mComey) dedy | at
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R2

2
w2 [ e - e P an e drdy d
0 Imelly M Rexre

RZ
Iy
0 ||;7 || RxR1

=¢l; +4e 'Ly + Ly + Ly. (3.11)

RV, £t = R |9, | 60| FRGORO) e dy s

The first term L; can be cancelled by choosing ¢ > 0 small enough.

R? 5
4¢7\L, + L, < C sup / ! 2/ / |Rx|vx|‘1f(t,x)—Ry|vy|‘1f(t,y)) dx dy |dt
x0,R>0Jo ||77R||1 Bogr(x0) ¥ Bar(xo)

2
< CE”le'_lf”ITZ\(T;BMO)' (3.12)

Using |Vng| < %, we estimate the third term L; by changing the order of the time integration to see

' *ott=9n (t-5)A
—S , _ plt—=s , d
b= C/O (Rz|BR|2 '//BR(XO)XBR(XO) <'/0 (e Jex=e e y)) i
t
X e=PAf(r,x) —e="Af(r,y)) dr |dxdy |dt
X )
0

R? 1 t ot
—c/ < 3 ([ [ 2rem=epom)
0 R2 |BR | Bgr(x0)xBg(xp) \ <0 /0

x (e(t—r)Af(r’ x) — e=PA f(r, y)) dr ds) dx dy)dt

R
2
v/ / = </ €98 (s, x) — =98 (s, )
o Jo |BR | Br(x0)xBg(xp)

1/2

R2
2
x/ let=PAf(r, x) — eTDAf(r, y) dt) dx dydrds
r

12 1%

RZ
<cl|l= / <| | // ( / |e=92 f(s,x) — eU=9A f(s, y)|2 dt> dx dy> ds
By Bgr(x0)xBg(xo)
R? )
/ | | / </ [e@=92 f(s5,x) — eU=9A (5, )] dt) dxdyds
0 |Bg Bg(x0)xBr(xo)

2
<C sup / // ( / |Vxe(t‘s)ARx|V|_l £(s,%) = V,et=95R V|7 £(s, y)| dt> dx dy ds
x9.R>0 J |BR| Br(xo)xBg(x0)

< VI sy (3.13)
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Here we have again used Proposition 2.3. Gathering the estimates (3.5), (3.9), (3.11)—(3.13), we obtain
K 1 2 )
sup 5 |V0(t, %) = V006, )| nrCn() dx dy |dt < Cl[IVI™ || Zzsmo):
X0,R>0J 0 ||}7R ”1 RAxRn ?

In particular, by exchanging f into V f and noting (A.4) in Lemma A.2, we have

- < Cf N zamaoy
L2(I.BMO)

t
V2 / e=94 f(s) ds
0

Combining Proposition 2.1, we conclude the desired estimate. O

We then show the useful estimate of generalized maximal regularity in order to solve the initial value problem of semi-
linear type such as the Navier-Stokes equations.

Proposition 3.1. Let ¢'® be the heat kernel and let f € Ijr(7 ; BMO(R™)). Then

= Cllf iz@mamoy (3.14)
L2(I;:BMO)

t
HV/ e=9 f(s) ds
0

where C is independent of T > 0.

—_—

Corollary 3.2. Let e!2 be the heat kernel, let 1 < 9 < 2 and let fe LG(I :BM O_1+

2/ e(|R<")). Then

t
H \Y% / e=92 f(s)ds
0

<C — _ , 3.15
. = Ollf”LG (I;BMO 1+2/6) ( )
L2(I;BMO)

where C, is independent of T > 0.

Corollary 3.2 follows by interpolating between the proofs from Theorem 1.2 and Proposition 3.1.

Proof of Proposition 3.1. For R > 0let B, = Byp (xo) denote the ball centered at x, € R" and radius R > 0. In the similar
way to the proof of Theorem 1.2, it follows from (3.3) and (3.4), and regarding nz(x)Vnr(x) = Vnr(x) that

RZ
1 2
2 [ I 190 = 9,00 meGome) i dy as
0 RrxR"

2
||77R||1
RZ
1
== 2 // |ot, %) — v(t, )| R (MR () dx dy
”UR” RnxRR
1 =0
RZ
1 — S~
+E/ | “2 // |va(t,x)_Vyv(t’y)lzvR(x)UR(y)dxdy »
0 NR||; RxR

R2

1

v [ = [ e = eIV nGom) dxdy di
0 lmglly MR
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RZ

2
+ /0 ”anz //R"xu;en(v(t’X) —u(t, ) - (f(t,x) — f(t, y))nr()nr () dx dy dt

R2
- E/O ”77 ” //Rnx[Rn |V v(t,x) =V U(t y)| nrR()Nr(y) dx dy dt

+CE // |02, %) = 02, ) VaneGenr)|” dx dy di
REXR"

2
0 fmell;

1/2
1 2
€ sup (s [ ot - e om0 dxdy
0<t<R2 |BR| RAxR"

S (5

1/2
// |f(t,x) = £, y)l nr(X)Nr(y) dx dy) dt
RrxRn

|Br|”

The term K; cancels with the right- hand side. Let 7z (x) be a characteristic function satisfying (3.6). Then the same estimate
from (3.7), it follows from |Vng| < = that

RZ
K, < C/
0
1/2

R2 1 R2 )
(t=5)Ay p(t=5)A, _ —~y N~
=C /0 R2||,7R||i//Rann </s e R USSR (CR)] dt)’?za(x)??za(y)dxdy ds| . (317)

Here the integrant in the right-hand side of (3.17) is estimated by

||77R|| //R"an vt ) - vit, y)| |V77R(X)UR()’)| dxdy |dt

2

1/2

R2
1 3 "// </ |e(t 98— (f(5,x) — £(5,)) |2 dt);’ﬁg(x)ing(y) dxdy
R2||ng||; #mexwn \ /s
1
1 R .z
< C< > // < / |e(t—s)Axe(t—s)Ay XBy (O (f (5, %) —fBR(s))| dt) dx dy>
R2|Bg|” ¥ Br(xo)xBr(xo) \ /s
R2
+C - 2 // / ’e(t_S)AX e(t_S)Ay}(BgR O (f(5,%) = f3,(9)) )2 dt) dxdy
R2|Bg|” ¥ Br(xo)xBr(xo) \ /s
2 1/2
1 § (t-s)A — [
S C R2|BR| /BR(xO) /S- |e XXBZR(x)(f(S’ x) _fBR(S))‘ dt dx
1 R? _ 2
t=)Ayx 5, . _
+ C<R2|BR| BR(xO) <‘/S |e( ) XBZR (x) (f(sa x) fBR (S))| dt) dx)

=Ko +Ksp (3.18)

1/2

1/2

1/2
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The first term of the right-hand side of (3.18) can be estimated by the L?-bound of the square function (cf. (2.11)). Regarding
the heat kernel G, as ®, in (2.11), it follows by 0 < s = t — r < R? that

1/2

R2
1 R 2
Ky <C 2—/ / |e(t_s)A")(BZR(X)(f(S,x)—fBR(S))| dtdx
R |BR| Br(xp) /s

R? 2 1/2
) C(ﬁ/ ( >/ 25| GO (5 =)= Toy ) dy|
R| 7/ Bgr(xo) /s Rn
1 R?—s r L zdr 1/2
: C<@ /BR(xo) ~/0 E /Rn Gr(y)XBZR(x) (f(S’ x—y)-— fBR(S)) dy - dx

1/2
1 - 2
SC(@ /B . ‘ fs,x) — fBR(s)’ dx> , (3.19)

while for K, 5, by changing the variable r = ¢ — s,

1
K;, = C<R2|BR| /BR(x0)</s
1 R? L 2
SC(Rzuw <></ (/ , Gomsx =P, O <S’y>—fBR<S>|dy> ‘“) dx)
1/2

R? 5
C 1 / < pn/2 X5 (y)‘f(s y)— f_(s)’ dy) dr | dx (3.20)
R2|BR| Br(x)\ 70 re (1 +7r~12(x — p))n+l Bor ’ Bg . .

Applying (2.5) in Lemma 2.4 with © = 1 for K, ,, we conclude from (3.19) and (3.20) that

RZ 1/2

|e(t_S)AXXBgR(x)(f(S, x) _ E(S)) |2 dt) dX>

1/2

IA

12 1?
K 1 2
ksc| [ e - fe T drdy | ds
0 “r)R”l RnrxRn
2
< C|lf Iz moy (3.21)
Lastly for the estimate of K3, it suffices to show that
1/2
1 2
sup (= [ o) = vt PreCom) ey
tel0.R2]\ |Bg|” #Rrxrn
R? 1 1/2
2
scsw [ (5 [ jre0- e Prcomodsay ) e G2)
x0,R>0 J |BR| RAXR"

Indeed by the Minkowski inequality,
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1/2
1 2
— // |v(t, %) = v(t, )| DR (IR (y) dx dy
|Br|™ # rrxwr
. , 5 1/2
=== // / (e f(s,3) = e ™% f(s,y)) ds| 1r(x)7(y) dx dy
|BR | RrxR"? 0
1/2

ACA
-/ (@l
2/ (Bl

= K371 + K3’2. (323)

J— 2
e (£(5, ) = Fiy (5))| M) dx) ds

P 2 1/2
=8 (. (x0) (f(s,%) — fBR(s)))’ Nr(x) dx) ds

. 3 1/2
e s, (30) 5120 = T 1) s

Then L? boundedness for the heat semi-group implies that

AR
o
> o \|Br| Jrn
t
32/ <L
o \|Bg| Jrn
1/2

t
S2/0 <|B_1R|./Rn |X32R(xO)(f(t,x)—E(t))fdx) ds

R 2 1/2
e(t_S)AxXBZR (xo) (f(s’ x) — fBR (S)) | nR(x) dx> ds

2 1/2
e(t_S)AxXBzR (XO) (f(S, X) - fBR(S)) | dx> ds

e/ 1/2
<C sup / (—2// |f(t,x)—f(t,Y)|2dxdy> ds
Xo,R>0J |BR| Bor(x0)XBR(xo)

< C\\flliza:sm0y: (3.24)

On the other hand, K3, can be estimated by changing the variables ¢ — s = r, and noticing 0 < r < R?, it follows on the
annulus By (o) \ Bokg(Xo) that for any x € Bg(x),

F1/2 r1/2 c,r'/?

< < .
(r1/2 + |x _ y|)n+1 ((zk — 1)R)n+1 (2kR)n+1

Therefore

_ 2 1/2
e ity (50) (7 =10 = T =) ey

_ <; /
|BR| Br(xo)
2

1 rn/2 —_—
<C|— c t—r,y)— t—r)|d d
|Bz| /BR(X()) /[R" (1+r‘1/2|x—y|)n+1 |XBR(X0)(f( r,y) — [, ( r)| y| dx

1/2

2
dx)

1/2

1 e _
/[Rn (4rryn/? exp<_ . 4ry| >(XB§ (%0) (f(t =1, y) = fa (t = 1)) dy
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5 12
=c|= <2/ i) - Tyt —1) dy> dx
= -7, o (t—
|BR| Br(x0) \ k>0 Byk+15(x0)\B,kz(x0) (/2 + |x — y|r+ N
5 1/2
1 27kyp1/2 —
<c —/ <2— |f<r—r,y)—fBR<t—r>1dy> dx
IBr| JBgx0) \ 50 RIB2tr| B 4 0i0)\Byip i)
12 1/2
r 1 -— 2
<C Z 2—k7< / |f(t —1,Y) = fa(t — r)| dy> ) (3.25)
i1 Bar| /By x0)
Integrating with respect to time of both sides of (3.25), we see by 0 < r <t < R? and
g g
£t = ) = T O] < | £t x = ) = Ty O] + [Ty (0 = Ty O] + -+ + [T (O) = T ()
that
t 1 . 5 1/2
K;, = 2/ <m/ RGOS (XBER (x0)<f(s, x) — fBR(s)>>‘ Nr(x) dx> ds
0 R n
t 1/2 1 2 12
r
< C/ Zkz—k = / ‘f(t r,y)— fszR(t—r)| dy dr
o i1 1Batrl S By 0
1/2
2
<c Y ko / L / fs.9) = Fop ()| dy ) ds
o (it L 1090
(2FR)? ) 5 1/2
<C2k2 k- sup / B—/ |f(t y)— fBZkR(t)| dy dt
k>1 x—X0,R>0 |Bakg] B, g (x—x0)
< Clf lammoy (3.26)
From (3.16), (3.21) and (3.23), (3.24), (3.26), it follows that
R? 1
2 2
su —_— V. u(t,x)—V,u(t,y) COmr(y)dxdy ) dt < C|fll5=—= .
xo,REO/O <|BR|2 //R"XR" IV yo [ rCImR() dx dy gm0
Namely
t
v, / ¢t=94 £(s) ds < CllSf I mmoy -
0 L2(I;BMO)

4 | PROOF OF THE SHARP TRACE ESTIMATE

Proof of Theorem 1.5. For the simplicity we show the proof for the case T = oo. Let f € L® n CY(R; S(R™)) with f(0) =0
Let nz(x) be a smooth cut-off function defined in (3.1). Then

% // |V f(t,x)— Vyf(t,y)|2 Nr()Mr(y) dx dy
RrXRA

=2 // (Vif (6, %) = Vy f(t,9)) - Vi (8.f (8, %) — 3, f (£, ¥)) nr(x)nr(y) dx dy
RnrxRn

RBAEFHERY LS b %
|

AliL
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-2 // (VS (62) =V, f(6,9)) - Yy (8:f (6, 3) = 8,f (1, 20)) me(eIme(v) dx dy
RrxRn
= -2 // (Bef(t,3) = A, f(6,)) (8,f (6, %) = 8 (¢, ) 1R (INR(Y) dx dy
RnrxRn

—4 // (Vif (6, %) = Vy f(t,9)) (8.1 (8, x) = 3, f (¢, ) Vinr(x)ng(y) dx dy
RxRn
=I+1I. 4.1)

Dividing by |Bg /2|2, restricting the integral region on By ,, integrating it over time and then taking a supremum on R > 0
and X, we obtain that the left-hand side is the BMO-norm. Noting f(0, x) = 0, we have for any , < R? that

/ / V. (ton %) = Y, f (t0o) | dx dy
Bg/2(xo) 4 Bra(x0)

lo
</ B, 2 dt//Rn . |V f(t,x) =V, f(t, y)| nrR()Nr(Y) dx dy dt
/2 X

to to
< / Idt+/

The first term of the right-hand side is

to R?
/ 2Idt§22”/ %/ / ALt x) = A, £, y)| dx dy dt
0 0 |BR| Bg(xo) ¥ Br(xo)

|BR/2|

1T dt|. (4.2)

|BR/2| |BR/2|

|Br/2]

42 / / / |0 f(t,x) — 3, f(¢, y)| dxdydt|. (4.3)
0 |BR| Bg(xo) 7 Br(xo)

Furthermore, the second term of the right-hand side is

=

Fllde=4-2% / // (Vo f(,3) = Vo £, 9)) (8 (8, ) = 8, £ (£, 1)) V(e (y)| dox dy dt
By 0 |Br|” ¥ BacoxBr(xo)

R2
1 2
sc[ | wsen- vy v
0 | |Bg|" #Brlxo)xBr(xo)

1/2

1Bl il i 9D =S C DV COme ) dixdy | .
R Br(x0)XBgr(xg

Applying the Cauchy-Schwartz inequality in ¢ variable and using |V, 7g(x)| < %, it follows

to
/0

1/2

Irde <4-2%( R 8,£(t,x) = 8, f |V, dx dy dt
2 < '/0 |BR| //BR(X(J)XBR(XO)| tf( X) [f( y)| | UR(X)UR(y)| xay >

1/2

|Br/2|

1 2
X Sub < 2 // |V f(t,%) =V, f(t,)| dxdy)
te(O.R?) \ |Bg|~ # Br(x)xBr(x0)

RBAEFHERY LS b %
|

AliL
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S2CE/ / |0, f(t,x) — 0, f(t, y)| dxdydt
0 |BR | BR(x0)xBg(xo)

1 2
+2¢ sup <—2 // [V f(t,x) =V, f(t,y)| dx dy>. (4.4)
t€(0.R?) \ |Bg|"~ # Br(x0)xBr(x0)

In particular, from (4.2)-(4.4)

X,R>0

||Vf(t0) lyo < Cn sUp / // |ALf(t,x) — A f(2, y)| dxdydt
|BR| Bg(x0)xBg(xo)

+C sup / // |0 f(t,x) — 8, f(t, y)| dxdy dt
x0.R>0J0 |BR| BR(x0)xBR(xo)

1
+2¢ sup sup —2// |V f(t, x)— Vyf(t,y)|2 dxdy ). (4.5)
Xo.R>01€(0,00) \ |Bg|” # Br(xo)xBr(x0)

After taking the supremum in ¢, > 0 in the left-hand side of (4.5) and then choosing € < 1/4 and passing the right end
term into the left-hand side, we obtain

2 2
”VflléUc([;VMo) < C'(”Af”LFTJ(I;VMO) + “aff”fr(I;VMO))'

Note that the above estimate remains valid for the finite interval case I = (0,T) N (O, R2) with T < co, since in the
inequality (4.4)
C min(T?,R?)
. 2 )
min (T2, R?)|Vnr ()|~ < — <C

independent of R > 0. Then since t, € I = (0, T) can be taken arbitrary in (4.5), we conclude the estimate (1.17) holds.

To obtain (1.18), we employ the Hahn-Banach extension theorem. The right-hand side of (1.18) can be changed into
L?(I; BMO) as is seen in (1.12) but it is a weaker estimate (which is (1.19)). From (1.18), it holds that

IV Ao mmo) < C<”aff”L2(I;BMO) + ”Af”LZ(I;BMo))' O
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ENDNOTES

1Koch-Tataru denotes L2(I : BMO(R")) by V.
2Hence, the measurability remains consistent.
3This observation is an indirect proof for the strict inclusion shown in (1.11).
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APPENDIX A

We summarize basic properties of the function class BMO and its Chemin-Lerner class iT(I ; BMO).

A.1 | A class of the bounded mean oscillation

We mention that the equivalent expression of norms on bounded mean oscillations. First we notice the elementary
relation:

LemmaA.l. Letl < p<ooandlet f € LiC(IR”; R™). Then it holds that

1 — P 1
[ feo-Ta| ar<s— [ [ i foardxdy
|Br| /3exo) |Br|” ¥ Brxo) / Brxo)
4 .
_@ - ))f(x)_fBR(xo) dx,
R(X0

where

1
Forny = / FO)dy
|BR| Bgr(x0)

denotes the average of f over B (x;).
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Proof of Lemma A .1. Applying the Minkowski and Hélder inequalities, for f = (f1(x), f2(X), ..., f(x)), it follows

n p/2
1 2
= @/B ( )(Z (fk(x)_fBR(xo)) > dx
R(Xo k=1

2
n 2P/

1 1
- @ '/BR(xo) k;l (fk(X) - @ /BR(xo) fk(y) dy) o

1 — P
[ p0 =T ax
|BR| Bgr(xo)

n 2\P/2
1
) @/B ) Z<|BR| /B (x)(fk(x)—fk(y))dy> dx
172 P

1 1 n R
= 1Bal B - dy| d
A /BR(xo> | Br| /BR(xo> <,§{ (i) = /i) ) y| dx

fx) = fO)| dxdy.
|BR| //BR(Xo)XBR(xo)l |

The other inequality follows by the triangle inequality,

1 1/p
<—2 // |f () = f)|° dx dy)
|B R | BR(x0)xBr(xo)
1/p

1/
1 —-— P g 1 _— p
<(— /60 = Foop| dxdy ) +(— [ Foen = FO)| dxdy
|B R | BR(x0)XBr(xo) |B R | BRr(x0)xBr(xo)

O
Let nr(x) be a smooth cut-off function satisfying
XBg (x = xp) < MR(x) < xp, (x — x0)- (A1)
Here y 4(x) denotes the characteristic function whose support is a set A. It holds
1Br/2] < [nell; < I, < [Bal- (A2)
Then from (A.2), it follows
— [ =T dr=e [ [0 dx
e p— —JB == —JB
28| Brya| By o) N 1B /g 0x0) N
1 — 2
< / nr(x)dx
72, Jee
<! |FG0 Ty | lx
<— —JB
|Br/2| JBycxo) ‘
1 2
<o — | F0) = fop | dx (A3)
|Bx| Jecxo)

Thus under the setting (A.1)-(A.2), we have the following:
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Lemma A.2. It holds that

1 1
(272) "I fllzmo < sup /
X,R>0 ||77R||1 RA

) = fa,

, 1/2
Nr(X) dx) < 22| fllsamo-

Similarly,
2 1/2
e A A S [ 1560= T meordxas
L2(I;BMO) xo.r>0 \ Jo ||77R||1 R Bg| IR
1/2

RZ
~ sup /0 L //[R 1R = faPreComO)dxdydr | (A4)

X0,R>0 ||’7R||i

The most of the properties on BM O are adopted into the class If,Z\(f :BMO). For instance the singular integral operator
is bounded on this space. In particular, we have the following:

Proposition A.3. Let R; be the Riesz operator defined in (3.8). Then there exists a constant C > 0 such that for any
f € L(1;BMO),

”ij”ﬁ‘(l;BMo) < C”f”ET(I;BMo)'
The proof of Proposition A.3 can be shown very much similar way as in the case of BMO. See for the details Peetre [42].

A.2 | Extended John-Nirenberg estimate
We recall the well-known John-Nirenberg estimate.

Definition A.4. A measurable function f on R" is bounded mean oscillation BMO(R™) if

1 —_—
Wlso= swp =0 [ |0) = T dy <o
xeR",R>0 |BR| Bgr(x)

where [, () is the average of f over the ball Bg;

—_— 1
Fory = — / £ dy.
|Br| JBrc)

A typical example of a function belonging to BMO(R") is log |x|. This example and an easy observation show that
L®(R™) ¢ BMO(R™).
The following fact is well-known due to John-Nirenberg [28]. For any 1 < p < oo, let f € BMO,(R") stand for

1/p
p
dy> < 0.

1 —_—
flsvo, = sup | == / 0) -
f BMO,, xeR”,Il)2>0 |BR| Bax) |f JNES)

Then there exists a constant C »>0 such that

Ifllemo < 1fllsmo, < Cpllf llemo-

We extend this fact to the Chemin-Lerner space.
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Definition A.5. Foranyl < p<oo,f €L (I,BMOP(R )) if
1/2

R2 1 » 2/p
Lf Nl 57 = sup / —/ ft,x)— f dx | dt|] <.
L2(I;BMO,) roernr>o| Jo |BR| BeGro) | Br(xp)

As we see in Lemma A.1 above, the norms || f]| dBMo,) ATe equivalent to
’ p

2/p 1/2

R2
1
I Zamo,, ) = Sup / — // |f(t,x) —f(t,y)|p dxdy | dt
; () x0€R",R>0| J ¢ |BR| Bg(xo)XBr(xo)

We recall the Bochner space BMO, (R"; LA(I)) given by

P/2 1/P
2
dt dx < 00,

R2
1 -
I fllBmo,mn;12) = sup —/ / |f(f, X) = [Ba(xy)
xoE€R",R>0 |BR| Bg(xp) 0

where I = (0,T) forany T < oo.
Proposition A.6 (John-Nirenberg). Let 1 < p < oo.
1. For f € BMO,(R";L?), there exists a constant Cj, > 0 such that
-1
Cp IIfllsmo,@nir2) < I1f Mo, ®nir2y < I llBmo,®nsL2)s (A.5)

where C, ~ O(p) as p — co.

—_—

2. For f € L2(I :BM Op) with 1 < p < 2, there exists a constant Cp>0 such that

-1
Co WA ETsmo0,) < WMo, < W ETEMO,)- (A.6)
The right-hand side inequality in (A.6) also holds forall 1 < p < .
Remark A.7. If 2 < p,
I lemo, mn;12) < ”f”i?(T;BMop)
andif1<p <2,
”f”ZZTI;BMop) < Iflsmo, ®n;L2)»

and particularly

N mnson = 1 Isnoyanze)-

—_—

Lemma A.8 (Vector valued John-Nirenberg’s inequality). Let f € L2 (I ; BM Ol) and assume that || f|| Za:BM0,) S 1. For
any cube Q° C R" and 1 > 0, there exist constants a, > 0 and C > 0 independent of f such that

u({erO;Hf(~,x)—f_Qo

5 a}) < Ceen, (A7)
i
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where

1/2

IFCox) = Fooll 2 = </OR |7, —f_Qo(t)|2dt>

In particular, for any cube Q° C R" and 0 < a < a,,

@~fq0
/ <eoc||fx fQOHL? _ 1> dx < ClQOl (A.8)
QO

—_—

Remark A.9. The assumption on the function f € L2(I; BMO, ) can be exchanged into f belongs to BMO,; (R"; L*(I)) and
the following proof remains valid with a minor modification.

Proof of Lemma A .8. We show the proof by following the original proof of John-Nirenberg [28]. For f € m ; BM Ol),
we assume without losing generality that || f1| 737,50, < 1. Let a family of hyper-cubes {Q}}  satisfies

, /2

R? 1 _
— t,x)— fooldx | dt <1.
/ |Q°|/020|f( Vel

We then apply the Caldéron-Zygmund decomposition and selection to each of hyper-cube. We consider some Q° and find

a sequence of hyper-cubes {Q,’C” (where m denotes the volume of cubes and k,, denotes the number of the cubes of
m )i,

the same volume). Then let G,,,_; = |J " ka and

* For a good region G,,, every cube QZ} satisfies (where |QZ} =1Q™|)
2
R? 1 _
/ o / |f(t,x) - fQO‘ dx | dr <22, " C Gy (A9)
0 Qo m
decompose Qg further and reduce itinto G = (1, Gp,.
* For a bad region By, every hyper-cube Q;" satisfies
2
R? 1 _
/ W / |f(t,x) - fQO dx| dt > 22, ka C B,,. (AIO)
0 Q. "

Then we see that

1. By passingalimitm — oo in (A.9), it follows by the Fatou lemma and the Lebesgue differential theorem that for almost

allx e G = ﬂme,
R? _
( / |£t.x) = Foo
0

2. For any x € B = G*, there exists a double sides hyper-cube which is in a good region, namely, for any Q;" C B, there

exists some Q;{'ﬁ_l C Gy such that Q) C Ql’:“,_l and from (A.9), (A.10),
m m—1

m—1 —

1/2

’ dt) <2 (A1)
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5 \/2
R2
2|Q™ < / / |f(t,x) — foo|dx | dt
0 Ql'(”m
2 1/2
R2
< / / |f(t,x)—fQo dx | dt
0 Q!
m—1
<2]|Q™ Tt =2-2"Q™|. (A12)

3. For any hyper-cube in the bad region Q)" , it follows from (A.10) and ¥, af < (X, ak)2 that

, \/2
1/2 R
" 2 1 -
<Z|ka)> < Z/ /m |£t.x) = Foo dx |
m,ky, m.kyy, 0 ka
1/2
1| * 2
55/ / |f(t,x)—fQo|dx dt
0 Um,km Q;nm
(e 5 \1/2
<= / < / ’ ft,x) = foo dx> de| . (A13)
2 0 Q0
Then we claim that for sufficiently large 4 > 0,
{x € QO;Hf(.,x)—f_Qo 2 >/1} c U {x eQZ“m;“f(x)—erkn p >l—2.2n}, (A.14)
1 m,ky, oL

Indeed, from (A.10) it suffices to show the case x € | o m Qf in the bad region. Then from (A.11), there exists a cube
Q' > x such that from (A.12),

, N2
R2
N@—f_@) L2(D) - /0 |Q1n | /Q,'f |f(t’x)_f_Q0 dx | dt <2-2% (A.15)
Thus for any x € {x € QY% ”f(-,x)—f_Qo e /1} nQy
T
£~ TFor ot 7oy —Teo 52 (SR ok

—_ m —_ .on
lreo for ||L12 >A—2-2",
Hence (A.14) follows. Following the argument due to John-Nirenberg [28], let F(1) defined by

2>A}>
L
F(A) = sup ! .

O (S e = Taw)] dx) s

u({er;“f(x)—E
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Then by (A.14),

#<{XGQ°;||f(-,x)—f_Qo

7))

<y M<{x e Q,'{"m;||f(x)—@||L2 > /1—2-2"}>
k, T

Km

2

< ZF(A—z-zn)/ORZ /anm |f(t,x)—@’dx dt

m,ky,

2 R? 1 - ’
Qr / 1 / f(tx) = Fqr | dx| di
km| 0 |Q;{nm| lenm | ka

(since we assumed that ||f||

< ) F(A-2-2")

m,ky,

2a:amoy) < 1)

<F(1-2-2") ) |Q,'€"m|2

m,ky,

=F(/1—2-2")%/0R2</QO

where we use (A.13). The inequality (A.16) holds for all hyper-cube Q° which implies

2
ft,x) = foo dx> dt, (A.16)

F(d) < sF(A—2-2").

NS

For a, =27" and 1 > 0, let A > 0 satisfy
F(1) < A2=%4,
Then we see that
FA+2-2M < %F(/l) < A2~a(+227) 1 gntl < 4 <o pntl
Then for any integer m >> 1, m € N, for any parmeter 1 € [2”+1m, 2" (m + 1)),
F(1) < A2=%A 2mlm < 2 < 2" (m + 1).

Varying m, it follows for any large 4 >> 1 that

#({x € Q%:||f 0~ Foo fx) = oo

R2 5 2
2>/1}>SF(A)/ / dx | di
Ly 0 Q0
R? 5 2
SAe_“;zA/ / dx | dt,
0 Qo

where o, = 27" log 2. This shows (A.7). The estimate (A.8) follows from (A.7) directly. In fact, for a < a,.

f(t,x) = foo

RBAEFHERY LS b
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Hence for any 1 < p < 2, we have from (A.8) that

1 eot”f(~,x)—fQ0||L12_1 dre L / /Ilf(~,x)—fgo||L; d P
Q% Jqo 1] Joo | Jo i
1 « .
= 1501 X . (t, x)ae* dA dx
Q) o Jo {erO;||f(-,x)—fQo||L%>a}

=@/Ooo,u<{er° Hf( x)— fqo >/1}>oce“’1d/1

[s9)
< @ / aAe~ (@01 4y
0

aA
< .
a, —a O

(A17)

Proof of Proposition A.6. We only show the left inequality (A.6). The inequality (A.5) follows almost in the same way
including 1 < p < oo after we modify Lemma A.8. Let 1 < p < 2. For any f € L2 (I;BMOl), letting

==L f (A18)

L2(I;BMO;)

and without losing generality, we may assume that || f|| 5~ ZaBMOo,) = = 1. Using AP < ( ok 1) ~ CS (e""1 - 1),

L2(1)>
1/2

» 1/p
x) dt <<|Q0/”f( x)— fQ L2(D) >
1/p
sZa‘m/pmm/p(ﬁ/QoeXp< a||fC.x) = oo L2(1)> x)

< 2a~™M/Pmm/PKI/P. (A.19)

160 - T

<a™m! exp<oc”f(-, x) — f_Qo

L(I)

with m = 2.... From (A.8) in Lemma A.8, the Minkowski inequality yields that

[ (@il

ft,x) = foo

In general, if ||f||L~2~(I;BMOI) # 1 then by (A.18) and (A.19),

[ (@ freo-7al

1/2 n\1/2

2/p R2 1
dx <Cv KYPp sup / —0/ |f(',x)—f_QO dx
R0 Jo  \ |Q0| Joo

= Cp”f”i:z\(_j:BMol)s (AZO)

which implies forall1 < p <2,
||f||fr(,;BMop) < Collf i zzzmo, (A21)
This proves (A.6). O

Remark A.10. If we modify the proof of Proposition A.6 into the case f € BMO, (IR";L?(I )), the estimate (A.21) remains
valid for all 1 < p < oo and the constant C}, in (A.21) behaves Cj, ~ O(p) as p — oo.
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A.3 | Carleson measure and BMO

It is well-understood that a characterization of a function in BMO by the Carleson measure (cf. Stein [50, p. 159,
Theorem 3]). We first recall the following estimate:
Let ®(x) € S be

/ d(x)dx =0
RVI
and set ®;(x) = A7"®(-/A) and consider

® * f(x) = / B3(x = Y)f ) dy.

Rn

Theorem A.11 (Stein, Frazier-Jawerth). For any ®(x) € S with

/ ®d(x)dx =0,
Rn
and A > 0, set ®;(x) = A7"®(-/A). Then there exists a constant C > 0 such that for any f € BMO

! , ., dA )
sup =7 [ 1@ fQOIF dx == < Cllfllzy0- (A.22)
o |Br| /B,

X0,R>0
This theorem is a characterization of a function of BMO by a Carleson measure. In particular, choosing ®; as A ~ 27/,

®; can be chosen as the Littlewood-Paley dyadic decomposition of unity ®; = ¢;, then the estimate (A.22) implies the
relation between the Lizorkin-Triebel space and BMO. Forany 1 € I; = [277,277%1),

(1/2)-2
1 2
1705, = sop 5 /B 2k<2 |¢j*f(x)|> dx

j2—k
1 2, da
= sup Z/ / |¢; * f(2)] de
x0.R>0 ;5 ) Jael; |sz| Bk
R
= sup/ L/ |<Dl*f(x)|2dx%
x0.R>0J0  |Br| /B, A
< Cllf Mpr0- (A.23)

For the proof of Theorem A.11, see Stein [50, p. 159, Theorem 3].
As a corollary of the above theorem, one can consider the Koch-Tataru [32] class:

Corollary A.12 [32]. Let e'® be the heat semi-group. Then there exists a constant C > 0 such that for any u, € BMO,

(s
sup / L[ [Vettug [P dxdt < Cllug|y- (A.24)
o |Br| /B,

Xo,R>0

Proof of Corollary A .12. Let the potential in Theorem A.11 be

n/2 5
®,(x) = VIVG,(x) = <4Lm> (ﬁ)@m(—%).

Regarding A = \ﬂ G,(x) is rapidly decaying smooth function and

VIVG.(y) dy = / Vi) dy = o.
Rn Rn
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Then

R? 2
1 sup / L/ [VG, uo(x)|2 dxdt = sup / / )\/;VGt * uo(x)‘ dx dt 5
2 xor>0J0  |Br| /g, Xo,R>0 20/

1 da
= su — D,y * uy(x)| dx —
xO,REO/ |Bx / % A (A.25)

2
< Clluollzpr0- O

In Theorem A.11, the condition of vanishing average VG is essential. If one try to extend such an estimate into a fractional
order Laplacian, for example, s > 0,

/ |V|SGt(x)dx:c,;1/ e XS |VISG,(x) dx
Rn Rn

= ' §1°Gi(®)| b0 =0
£=0 -

Hence it can be transformed into the fractional power of derivative. We expect that

2/c

1 6] 2 o 2
sup — </ ‘|V|Eemu0’ dt) dx < Clluo |00
0

x0.R>0 |BR| By (x)
and hence

[|Aet2 <c||vie

Uo ”Ij’?f;BMO) Uoll g0

are valid.

A.4 | Proof of Proposition 2.1

We give an alternative proof of Koch-Tataru estimate

Proof of Proposition 2.1. Let ng(x) =1 for |x — x| < R and ng(x) = 0 for |x — X,| > 2R be a smooth cut-off function.
Applying Lemma A.1, we have

37 // ‘VIA‘I,{ (x) — thAuO(y)l nR(x)nR(y) dx dy
|B |” at Rann

// (7Ba0(x) — e Bug(y)) (36" D110 (x) — 316" Bug(y)) 1R (XINR(Y) dx dy
|BR| Rann

|BR| Rann (€ ug(x) — € %uo(3) Vi - (V€ ug(x) — Vyeug(y)) nr (g (y) dx dy
IB %5 e (€720060 Ty (9561500 = V) ) ey
R xR
- |BR| | V€ ) =V y€Cug)| R CMR(y) dx dy
IBR| | (€00 — () (Vae ug(x) = Vi () - Vaeeme(y) dx dy
SThE (A26)
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For x € supp Vngr(x), y € supp nr(x), le%yl <2 and |Vng(x)| < C/R, integrating the both sides of (A.26) over
€ (0,R?), we obtain

]z(t) dt| = vtAu (x) _ evtAu (y))

R"xR"

|BR|

X (Ve ug(x) — Ve ug(y)) - Vinr(0ng(y) dx dy dt

1/2

t
1 2
<a [ (—2 I e - euo) |van<x>nR<y>|2dxdy>
0 |BR| RAxR"

1/2
1 2
X <—2 // |V e Bug(x) — Vye' 2ug(v)| mr(x)nR(y) dx dJ’> dt
|BR| RxR?
1/2
<4v sup <% // Ie”muo(x)—e“uo(y)lzdx dy)
te(0,R?) |BR | Br(x9)xBr(xp)
2 . i 1/2
x/ ( > // |V e"Bug(x) — Ve bug(y)| dx dy> dt
0 R2 |BR | BR(x0)xBg(xo)
1 vtA VtA 2
<Cv sup | — le” B ug(x) — e’ ?uo(y)|” dx dy
t€(O.R?) \ |Bg|™ # Br(xo)xBr(x0)

R2
+£v</ // |V e Bug(x) — Vyer2uy(y)| dxdydt)
0 |BR| Bg(x9)xBg(xo)

R2
=J)+¢ / Jy dt. (A.27)
0

Then

1
J}=Cv sup <—2 // | ug(x) — " Bup(y)| dx dy>
te(0,R?) |BR| BR(x0)xBg(xo)

I VA (A.28)

=C.v sup

u
(EO.R) 0 “ BMO

2
< Cs””“O“BMO'

The last estimate follows from the Fefferman-Stein H!-BMO-duality [21] and heat kernel can be regarded as the H! test
as is shown in

(0, )| = (s0:€"9) < ol " 0ls < CltllysolleMro

|(e" o, )]
sup ———

S T < Clollauo:

Hence

sup supJ1 Cv ||e”muo||1231\4O < Cv||u0||2Mo (A.29)

holds. From (A.26), (A.27) and (A.28), we obtain

RBAEFHERY LS b

fa

85UB017 SUOWIWOD SAIERID (dedl|dde auyy Aq peuenob aJe Sapile O 8sN JO Sa|nJ Joj AkeigiTauljuQ AB]I/M UO (SUONIPUOD-PUR-SLLIBY WD A8 | 1M Ake.q1jBuU0//SdnLy) SUONIPUOD Pue Swis 1 8 88S *[£202/70/82] Uo Ariqi auliuo Ae|im ‘Ueder aueiyooD Aq 90S006T0Z eUBLI/ZOOT OT/I0p/W00 A8 1M Aleiq1pul|uoy/sdny Wwolj pepeojumod ‘2 ‘220g ‘QTQZZZ§



A Self-archived copy in

44 g Kyoto University R rch Information R iton RBAFEAEEY K LY
Y RERE ey sl oMot st e KURERA AT
NACHRICHTEN T
R? 1
2”/ ( 2 // |V e”ug(x) — Vye’”muo(y)|2 dx dy) dt
0 \|Bg|™ #Br(xo)xBr(x0)
RZ
1 2
i // |e”Bu10(x) — € ug(y)| " 1R (& (y) dx dy
|BR| BR(X())XBR(XO) -

vtAu (x) _ evtAu (y))

R"XR"

X (Ve ug(x) — Ve ug(y)) - Vinr(X)ng(y) dx dy

< sup // () — up(y)|? dx dy
X0, R>0 |BR| Bgr(x0)xBg(xg)

1
+C.v sup —2// |evmuo(X)—e”‘Au0(y)|2 dx dy
t€(O.R?) \ |Bg|~ ¥ Br(x0)xBr(xo)

|BR|

R
+ev / // |V e Buy(x) — V eV‘Auo(y)| dxdydt|. (A.30)
0 |BR | BR(x0)xBR(xo)
Thus the BMO-bound (A.29) for the heat kernel it follows that
R 1 2 2
sup v/ (—2 // |V e”Bug(x) — Ve 2 uy(y)|” dx dy> dt < Clluol|zp0- (A.31)
x0.R>0  Jo |BR | Bg(x0)xBR(xo)

The left-hand side of the above estimate is a form of the Chemin-Lerner type and one can regard that

2 o0
= sup / % / / |V e Bug(x) — Vye”muo(y)|2 dx dy dt.
BMO  x,,R>0J¢ |BR | Bgr(xo) 4 Br(xo)

A.5 | Sharp trace estimate in the Bochner space

” ||V’3WA“0||L2(R+)

We show the outline of the proof for (1.16). For t € I = (0, ), let f € W'2(I; BMO) n L*(I; BMO?). Then there exists
a sequence of smooth functions {f,} ¢ C'(I; BMO) n C* (I; BMO?) such that for any ¢ > 0 and ¢ € I there exists N € N
such that foralln > N,

18:fn = 8cf | 2rmnaoy + 180 = Af Nl 2 rppioy < & 72 No (A.32)
and lim;_, o, f,(t,x) = 0. Then it suffices to show that

1950l < C(18Fullmmion + 187 mniey ) (a3)

Since

Vfu(r,x) = —/ 9, VeXs—MAf (s,x)ds
r

=— / V2143 f, (s, x) ds — / Ve2S=NAAf, (s, x) ds

r r
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and

0 1/o
el ) < Clulig,

(see for instance [38], Proposition 3.3) we choose for any g € C;°(R"), it holds that

</ Ve2B=NAAL, (s, X) ds,g>‘
.

/ (Ve AG, f(s, x),e5 g ) ds
.

(V) 8| < < / ) Vez(s_’)Adsfn(s,x)ds,g> +

r

IA

oo
+ / (Ve AAS, (s, x), e Ag) ds
r

I\

+

/ (Veshasf, (s +r,x),e2g) ds / (VeSBAfu(s +r,x),e%g) ds
0 0

(/000 “\/EVeSAann(S, x)“io ds) </roo S—1||esAg”i ds>

" </0°o ”\/gveSAAfn(S, X)HZO ds> </Ooo S—1||esAg”i ds>

- </00° (“ Vave, H! ”an”(S)”BMo)2 ds) </0oo (5‘1/2||65Ag||1)2 dS>
([ (Wovel], 1anle) as) ([ (el as)

< C(“asfn“LZ(I;BMo) + ”Af"”LZ(I;BMO))”g”B(l),z'

IA

Dividing the both side of above by ||g| 40 »
1,2

[(Vfu(r). 8)]

< (N8 full 2maror + 8%l 2mnion )
e\ (0} ”g”B(l’z SInL2(I;BMO) I L2(I;BMO)

and we conclude that (A.33) holds.
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