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Abstract
We considermaximal regularity for the Cauchy problem of the heat equation in a
class of bounded mean oscillations (𝐵𝑀𝑂). Maximal regularity for non-reflexive
Banach spaces is not obtained by the established abstract theory. Based on the
symmetric characterization of 𝐵𝑀𝑂-expression, we obtain maximal regularity
for the heat equation in 𝐵𝑀𝑂 and its sharp trace estimate. Our result shows
that the homogeneous initial estimate obtained by Stein [50] and Koch–Tataru
[32] can be strengthened up to the inhomogeneous estimate for the external
forces and the obtained estimates can be applicable to quasilinear problems. Our
method is based on integration by parts and can also be applicable to other type
of parabolic problems.
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1 MAXIMAL REGULARITY FOR THE CAUCHY PROBLEM

We consider the initial value problem of the heat equation in the whole space:{
𝜕𝑡𝑢 − 𝜈Δ𝑢 = 𝑓, 𝑡 > 0, 𝑥 ∈ ℝ𝑛,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ ℝ𝑛,
(1.1)

where 𝜈 > 0 is a constant, 𝑢 = 𝑢(𝑡, 𝑥):ℝ+ × ℝ𝑛 → ℝ𝑛 denotes the unknown function, and 𝑓 =𝑓(𝑡, 𝑥):ℝ+ ×ℝ𝑛 → ℝ𝑛 and
𝑢0 = 𝑢0(𝑥): ℝ𝑛 → ℝ𝑛 are given external and initial data.
Let𝑋 be a proper Banach space and let𝐴 be a closed linear operator in𝑋 with a dense domain(𝐴). Given 𝑢0 ∈ 𝑋 and

𝑓 ∈ 𝐿𝜌(0, 𝑇; 𝑋) (1 ≤ 𝜌 ≤ ∞), we consider the abstract Cauchy problem

⎧⎪⎨⎪⎩
𝑑

𝑑𝑡
𝑢 + 𝐴𝑢 = 𝑓, 𝑡 > 0,

𝑢(0) = 𝑢0.
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We say that 𝐴 has maximal 𝐿𝜌-regularity if there exists a unique solution 𝑢 such that 𝑑

𝑑𝑡
𝑢, 𝐴𝑢 ∈ 𝐿𝜌(0, 𝑇; 𝑋) satisfy the

estimate ‖‖‖‖ 𝑑

𝑑𝑡
𝑢
‖‖‖‖𝐿𝜌(0,𝑇;𝑋) + ‖𝐴𝑢‖𝐿𝜌(0,𝑇;𝑋) ≤ 𝐶

(‖‖𝑢0‖‖(𝑋,(𝐴))1−1∕𝜌,𝜌
+ ‖𝑓‖𝐿𝜌(0,𝑇;𝑋)) (1.2)

under the restriction 𝑢0 ∈ (𝑋,(𝐴))1−1∕𝜌,𝜌, where (𝑋,(𝐴))1−1∕𝜌,𝜌 denotes the real interpolation space between 𝑋 and
(𝐴), and𝐶 is a positive constant independent of 𝑢0 and 𝑓. Maximal regularity for parabolic equations was first developed
by Ladyzhenskaya–Solonnikov–Ural’tseva [34]. Then the research of maximal regularity has progressed immensely in
these last few decades such as [4, 12, 13, 14, 17, 18, 19, 20, 25, 26, 29, 48, 49]. In the general framework on Banach spaces 𝑋
that satisfy the unconditional martingale differences (called as UMD), well established especially by Amann[1, 2], Denk–
Hieber–Prüss [15, 16], Weis [53] and by [30, 33, 45].
On the other hand, maximal regularity for Banach spaces that are not UMD (e.g., non-reflexive Banach spaces such

as 𝐿1 or 𝐿∞) requires a different treatment. For example, we have previously proven maximal regularity for homogenous
Banach spaces in [36–38].
The class of bounded mean oscillation (BMO) introduced by John–Nirenberg [28] is one of such non-reflexive Banach

spaces. A locally integrable function 𝑓 is in the class of bounded mean oscillation 𝐵𝑀𝑂 = 𝐵𝑀𝑂(ℝ𝑛) if

‖𝑓‖𝐵𝑀𝑂 ≡ sup
𝑥,𝑅>0

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅
||| 𝑑𝑥 < ∞, (1.3)

where 𝑓𝐵𝑅 denotes the integral average of 𝑓 over a ball 𝐵𝑅
(
𝑥0

)
;

𝑓𝐵𝑅 ≡ 1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) 𝑓(𝑥) 𝑑𝑥. (1.4)

Introducing the quotient space of all 𝐵𝑀𝑂-functions with a constant difference are equivalent, 𝐵𝑀𝑂 is a Banach space
with the norm ‖ ⋅ ‖𝐵𝑀𝑂. We denote 𝑉𝑀𝑂 = 𝑉𝑀𝑂(ℝ𝑛) as the 𝐵𝑀𝑂 completion of 𝐶0(ℝ

𝑛), where 𝐶0(ℝ
𝑛) denotes the set

of all continuous functions with compact supports. It is well known that the dual of 𝑉𝑀𝑂 is the Hardy space1(ℝ𝑛) and
the dual of the Hardy space is 𝐵𝑀𝑂 (cf. Fefferman–Stein [21]).
Applying Stein’s basic estimate [50, p. 158] to the formulation of a 𝐵𝑀𝑂 by the Carleson measure, Koch–Tataru [32]

showed the following estimate: For 𝜈 = 1,

(
sup

𝑥0,𝑅>0
∫

𝑅2

0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) ||∇𝑒𝑡Δ𝑢0||2 𝑑𝑥

)
𝑑𝑡

)1∕2

≤ 𝐶0
‖‖𝑢0‖‖𝐵𝑀𝑂

. (1.5)

This is an expression of the 𝐵𝑀𝑂-semi-norm using the heat kernel. In view of the theory of evolution equations, the
estimate (1.5) can be regarded as the homogeneous estimate of maximal regularity in (1.2). On the other hand, since 𝐵𝑀𝑂

is a dual of the Hardy class1(ℝ𝑛) but not a pre-dual of itself, it is not reflexive. Further, since any UMD Banach space is
necessarily reflexive (cf. Amann [1], Rubio de Francia [46]), the Banach space𝐵𝑀𝑂 is notUMD; therefore,we cannot apply
the general theorem of maximal regularity by e.g. [1, 2, 4, 12, 13–20, 25, 26, 29, 30, 33, 45, 48, 49, 53] as wementioned before.
In this paper, we derive maximal regularity for the Cauchy problem of the heat equation (1.1) with ∇𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛)

using the fact that the semi-norm of 𝐵𝑀𝑂 is expressed by the 𝐿2-framework.
It is worthmentioning that the well-posedness of the Cauchy problem for the incompressible Navier–Stokes equation is

considered in various scaling invariant classes. Consider the initial value problem for the Navier–Stokes system in the
whole space:

⎧⎪⎨⎪⎩
𝜕𝑡𝑢 − Δ𝑢 + (𝑢 ⋅ ∇)𝑢 + ∇𝑝 = 0, 𝑡 > 0, 𝑥 ∈ ℝ𝑛,

div 𝑢 = 0, 𝑡 > 0, 𝑥 ∈ ℝ𝑛,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑥 ∈ ℝ𝑛.

(1.6)
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1408 OGAWA and SHIMIZU

Equation (1.6) remains invariant under the scaling:{
𝑢𝜆(𝑡, 𝑥) ≡ 𝜆𝑢

(
𝜆2𝑡, 𝜆𝑥

)
,

𝑝𝜆(𝑡, 𝑥) ≡ 𝜆2𝑝
(
𝜆2𝑡, 𝜆𝑥

) (1.7)

and the scaling invariant class is realized by the Bochner class such as the homogeneous Sobolev space 𝐻̇𝑠
𝑝 = 𝐻̇𝑠

𝑝(ℝ
𝑛);

𝐿𝜃
(
ℝ+; 𝐻̇

𝑠
𝑝(ℝ

𝑛;ℝ𝑛)
)
,

2

𝜃
+

𝑛

𝑝
= 1 + 𝑠,

where 1 ≤ 𝜃 ≤ ∞, 1 ≤ 𝑝 < ∞ and −1 < 𝑠. If we restrict ourselves to 𝜃 = ∞, then

𝐿∞
(
ℝ+; 𝐻̇

−1+𝑛∕𝑝
𝑝 (ℝ𝑛;ℝ𝑛)

)
is a typical invariant space. According to the well-known result by Fujita–Kato [23], the solvability of the scaling invariant
problem in such a space is a basic and important problem for (1.6) (cf. [40, 44, 47]). Indeed, the global well-posedness
of the solution for the incompressible Navier–Stokes equation is obtained in 𝐿∞

(
0, 𝑇; 𝐵̇

−1+𝑛∕𝑝
𝑝,𝑞 (ℝ𝑛)

)
, 1 ≤ 𝑞 < ∞, or

𝐵𝑈𝐶𝑤

(
[0,∞); 𝐵𝑀𝑂−1

(
ℝ3

))
∩ 𝐶

(
(0,∞); 𝐿∞

(
ℝ3

))
(for the time local well-posedness in 𝑉𝑀𝑂−1 by Miura–Sawada [35]).

A similar well-posedness was obtained by several authors [1, 9, 10, 24, 31, 41] and ill-posedness by [7, 52, 54].
Along with such a background, it is worth considering maximal regularity in 𝐵𝑀𝑂 based on a Bochner or related

function spaces. It may be possible to apply such estimates to other quasilinear parabolic problems and free boundary
value problems. We shall discuss such a result elsewhere [39].

1.1 The space of Koch–Tataru

Koch–Tataru [32] introduced the caloric extension for expressing the function of 𝐵𝑀𝑂−1 and obtained the global well-
posedness for the incompressible Navier–Stokes equation. They introduced the following expression:

‖𝑓‖𝐵𝑀𝑂−1 ≡ sup
𝑥∈ℝ𝑛,𝑅>0

(
1||𝐵𝑅(𝑥)|| ∫

𝑅2

0
∫
𝐵𝑅(𝑥)

||𝑒𝑡Δ𝑓(𝑥)||2 𝑑𝑥 𝑑𝑡
)1∕2

< ∞. (1.8)

Then they constructed a global solution to (1.6) by the metric induced from

|||𝑓||| ≡ sup
𝑡<𝑇

𝑡1∕2‖‖𝑒𝑡Δ𝑓‖‖∞ + ‖𝑓‖𝐵𝑀𝑂−1 .

We should note that Frazier–Jawerth [22] (cf. Peetre [43]) introduced the equivalent norm of 𝐵𝑀𝑂 in terms of Lizorkin–
Triebel space (cf. Stein [50], Triebel [51]).
According to the celebrated result due to John–Nirenberg [28], it is reasonable to introduce an equivalent 𝐿2-based

semi-norm of 𝐵𝑀𝑂;

‖𝑓‖𝐵𝑀𝑂 ≡ sup
𝑥0∈ℝ𝑛,𝑅>0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅

|||2 𝑑𝑥
)1∕2

,

where 𝑓𝐵𝑅 is defined by (1.4). Then it is easy to see that the following expression gives an equivalent norm (cf. Brezis–
Nirenberg [8]):

‖𝑓‖𝐵𝑀𝑂 ≃ sup
𝑥0∈ℝ𝑛,𝑅>0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

|𝑓(𝑥) − 𝑓(𝑦)|2 𝑑𝑥 𝑑𝑦)1∕2

.
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OGAWA and SHIMIZU 1409

Accordingly, we introduce a class of space-time functions that substitutes for the Bochner class 𝐿2(𝐼; 𝐵𝑀𝑂).

Definition 1.1. Let 𝐼 = (0, 𝑇) for 𝑇 < ∞ and let 1 ≤ 𝜃 ≤ 2. A measurable function 𝑓 ∈ 𝐿𝜃(𝐼;𝐵𝑀𝑂(ℝ𝑛)) if

‖𝑓‖
𝐿𝜃(𝐼;𝐵𝑀𝑂)

≡ sup
𝑥0∈ℝ𝑛,𝑅>0

⎛⎜⎜⎝∫𝐼∩(0,𝑅2)
(

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
)𝜃∕2

𝑑𝑡
⎞⎟⎟⎠
1∕𝜃

< ∞. (1.9)

We also denote if 𝑇 = ∞,

‖𝑓‖
𝐿𝜃(ℝ+;𝐵𝑀𝑂)

≡ sup
𝑥0∈ℝ𝑛,𝑅>0

⎛⎜⎜⎝∫
𝑅2

0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
)𝜃∕2

𝑑𝑡
⎞⎟⎟⎠
1∕𝜃

< ∞. (1.10)

These spaces are variants of spaces introduced by Chemin–Lerner [11] 1. Let 𝐼 = (0, 𝑇) for some 0 < 𝑇 ≤ ∞. Then a
natural extension of the Chemin–Lerner type space for 𝜃 = 2 can be given by

‖𝑓‖
𝐿2(𝐼𝑇;𝐵𝑀𝑂)

≡ sup
𝑥0∈ℝ𝑛,𝑅>0

(
∫

𝑇

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
)1∕2

< ∞.

The norm defined in (1.9) is a modification of this definition. In this sense we regard that the norm in (1.9) as one modifi-
cation of the Chemin–Lerner type variation from the Bochner space. We also define that 𝑓 ∈ 𝑊1,2(𝐼;𝐵𝑀𝑂(ℝ𝑛)) if both 𝑓
and 𝜕𝑡𝑓 ∈ 𝐿2(𝐼;𝐵𝑀𝑂(ℝ𝑛)). We also define 𝐿2(𝐼;𝑉𝑀𝑂(ℝ𝑛)) and𝑊1,2(𝐼;𝑉𝑀𝑂(ℝ𝑛)) in a manner similar to 𝑉𝑀𝑂(ℝ𝑛). The
homogeneous Sobolev spaces based on 𝐵𝑀𝑂 and 𝑉𝑀𝑂 are defined as follows. For any 𝑠 ∈ ℝ,

̇𝐵𝑀𝑂
𝑠
=

{
𝑓 ∈ ∗; |∇|𝑠𝑓 ∈ 𝐵𝑀𝑂(ℝ𝑛)

}
,

̇𝑉𝑀𝑂
𝑠
=

{
𝑓 ∈ ∗; |∇|𝑠𝑓 ∈ 𝑉𝑀𝑂(ℝ𝑛)

}
,

where ∗ denotes the tempered distribution and we regard them as Banach spaces by taking a quotient space using

polynomial functions. The spaces
˜
𝐿𝜃

(
𝐼; ̇𝐵𝑀𝑂

𝑠
(ℝ𝑛)

)
and

˜
𝐿𝜃

(
𝐼; ̇𝑉𝑀𝑂

𝑠
(ℝ𝑛)

)
are analogously defined as above.

The above norm (semi-norm) (1.9) is equivalent to the norm below: For 1 ≤ 𝑝 ≤ 2,

‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂𝑝)

≡ sup
𝑥0∈ℝ𝑛,𝑅>0

⎛⎜⎜⎝∫𝐼∩(0,𝑅2)
(

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||𝑝𝑑𝑥 𝑑𝑦
)2∕𝑝

𝑑𝑡
⎞⎟⎟⎠
1∕2

< ∞

(see Proposition 5.4 in the Appendix below). From the definition, it follows for 𝐼 = (0, 𝑇) with 0 < 𝑇 ≤ ∞ that

𝐿2(𝐼; 𝐵𝑀𝑂(ℝ𝑛)) ⊊ 𝐿2(𝐼; 𝐵𝑀𝑂(ℝ𝑛)). (1.11)

One can see that the above norm (semi-norm) (1.9) is equivalent to the following norm:

‖𝑓‖𝐵𝑀𝑂(ℝ𝑛;𝐿2(𝐼)) ≡ sup
𝑥0∈ℝ𝑛,𝑅>0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫
𝐼∩(0,𝑅2)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦

)1∕2

< ∞.

Besides

𝐵𝑀𝑂
(
ℝ𝑛; 𝐿2(𝐼)

)
≃ 𝐿2(𝐼; 𝐵𝑀𝑂(ℝ𝑛))
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1410 OGAWA and SHIMIZU

when we restrict ourselves to a finite time interval 𝐼 = (0, 𝑇), it is a Bochner space of space-time variables 2. From the
definition, it generally follows that

𝐿2(ℝ+; 𝐵𝑀𝑂(ℝ𝑛)) ⊂ 𝐵𝑀𝑂
(
ℝ𝑛; 𝐿2(ℝ+)

)
⊂ 𝐿2(ℝ+; 𝐵𝑀𝑂(ℝ𝑛)). (1.12)

1.2 Maximal regularity in 𝑩𝑴𝑶 and the sharp trace estimate

We extend the estimate (1.5) for maximal regularity to the initial value problem for the heat equation (1.1) in 𝐵𝑀𝑂 which
is our main theorem.

Theorem 1.2 (Maximal regularity in 𝐵𝑀𝑂). (1) For every 𝑓 ∈ 𝐿2(𝐼;𝑉𝑀𝑂(ℝ𝑛)) and∇𝑢0 ∈ 𝑉𝑀𝑂(ℝ𝑛), then the initial value

problem (1.1) admits aunique solution𝑢 ∈ ˜̇𝑊1,2(𝐼; 𝑉𝑀𝑂(ℝ𝑛)) ∩
˜
𝐿2
(
ℝ+; ̇𝑉𝑀𝑂

2
(ℝ𝑛)

)
which satisfies the following estimate:

‖𝜕𝑡𝑢‖𝐿2(𝐼;𝑉𝑀𝑂)
+ 𝜈‖Δ𝑢‖

𝐿2(𝐼;𝑉𝑀𝑂)
≤ 𝐶𝑀

(‖∇𝑢0‖𝑉𝑀𝑂 + ‖𝑓‖
𝐿2(𝐼;𝑉𝑀𝑂)

)
, (1.13)

where 𝐶𝑀 > 0 is independent of 𝜈 > 0 and 𝑇 > 0.
(2) Besides if 𝑓 ∈ 𝐿2(𝐼;𝐵𝑀𝑂(ℝ𝑛)) and ∇𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛), then the initial value problem (1.1) admits a unique solution

𝑢 ∈ ˜̇𝑊1,2(𝐼; 𝐵𝑀𝑂(ℝ𝑛)) ∩
˜
𝐿2
(
𝐼; ̇𝐵𝑀𝑂

2
(ℝ𝑛)

)
which satisfies the following estimate:

‖‖𝜕𝑡𝑢‖‖𝐿2(𝐼;𝐵𝑀𝑂)
+ 𝜈‖Δ𝑢‖

𝐿2(𝐼;𝐵𝑀𝑂)
≤ 𝐶𝑀

(‖‖∇𝑢0‖‖𝐵𝑀𝑂
+ ‖𝑓‖

𝐿2(𝐼;𝐵𝑀𝑂)

)
, (1.14)

where 𝐶𝑀 > 0 is independent of 𝜈 > 0 and 𝑇 > 0.

Corollary 1.3 (Global maximal regularity in 𝐵𝑀𝑂). All the statements in Theorem 1.2 hold for the case where
∇𝑢0 ∈ 𝑉𝑀𝑂(ℝ𝑛) and 𝑓 ∈ 𝐿2(ℝ+;𝑉𝑀𝑂(ℝ𝑛)). Namely, it holds that

‖𝜕𝑡𝑢‖𝐿2(ℝ+;𝑉𝑀𝑂)
+ 𝜈‖Δ𝑢‖

𝐿2(ℝ+;𝑉𝑀𝑂)
≤ 𝐶𝑀

(‖‖∇𝑢0‖‖𝑉𝑀𝑂
+ ‖𝑓‖

𝐿2(ℝ+;𝑉𝑀𝑂)

)
and for ∇𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛) and 𝑓 ∈ 𝐿2(ℝ+; 𝐵𝑀𝑂(ℝ𝑛)),

‖𝜕𝑡𝑢‖𝐿2(ℝ+;𝐵𝑀𝑂)
+ 𝜈‖Δ𝑢‖

𝐿2(ℝ+;𝐵𝑀𝑂)
≤ 𝐶𝑀

(‖‖∇𝑢0‖‖𝐵𝑀𝑂
+ ‖𝑓‖

𝐿2(ℝ+;𝐵𝑀𝑂)

)
.

The uniqueness of the solution presented in the above statements is up to constant, since we admit the spaces 𝐵𝑀𝑂

and 𝑉𝑀𝑂 are understood to be Banach spaces, where any difference of constants is identified.
We should like to note that an analogous maximal regularity estimate for the heat equation is partially shown by

Iwabuchi–Nakamura [27].
It is interesting to consider whethermaximal regularity for the heat equation holds in the Bochner class 𝑓 ∈𝐿2(𝐼; 𝐵𝑀𝑂)

or not. Indeed, the homogeneous estimate (for the initial data) does not hold in 𝐵𝑀𝑂 since one can derive that

‖𝜕𝑡𝑢‖𝐿2(𝐼;𝐵𝑀𝑂) + 𝜈‖Δ𝑢‖𝐿2(𝐼;𝐵𝑀𝑂) ≤ 𝐶𝑀‖∇𝑢0‖𝐵̇0
∞,2

(1.15)

holds for the solution of the heat equation (1.1) with 𝑓 ≡ 0 (cf. [36], [37]), where 𝐵̇𝑠
𝑝,𝜎(ℝ

𝑛) denotes the homogeneous Besov
space (see [5]). It is known that the homogeneous estimate (1.15) above is sharp in the sense that the corresponding trace
estimate holds, i.e.,

‖∇𝑢(⋅)‖
𝐵𝑈𝐶

(
𝐼;𝐵̇0

∞,2

) ≤ 𝐶
(‖𝜕𝑡𝑢‖𝐿2(𝐼;𝐵𝑀𝑂) + ‖Δ𝑢‖𝐿2(𝐼;𝐵𝑀𝑂)

)
. (1.16)

We give a sketch of proof for (1.16) in the Appendix below. By the strict inclusion

𝐵̇0
∞,2(ℝ

𝑛) ⊊ 𝐵𝑀𝑂(ℝ𝑛),
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OGAWA and SHIMIZU 1411

the homogeneous estimate by ‖∇𝑢0‖𝐵𝑀𝑂 instead of ‖∇𝑢0‖𝐵̇0
∞,2

in (1.15) fails in general. 3 This is also provided by the trace
estimate below. The analogous estimate for the Stokes equation is also possible (cf. [39]).
One can generalize themaximal regularity estimate into a non-maximal but useful estimate for the semi-linear problem:

Theorem 1.4 (Generalized maximal regularity in 𝐵𝑀𝑂). There exists a constant 𝐶𝑀 > 0 independent of 𝑇 such that

for any 𝑓 ∈
˜
𝐿𝜃
(
𝐼; ̇𝐵𝑀𝑂

−1+2∕𝜃
(ℝ𝑛)

)
and ∇𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛), then the initial value problem (1.1) admits a unique solution

𝑢 ∈ ˜̇𝑊1,2(𝐼; 𝐵𝑀𝑂(ℝ𝑛)) ∩
˜
𝐿2
(
ℝ+; ̇𝐵𝑀𝑂

2
(ℝ𝑛)

)
which satisfies the following estimate:

‖𝜕𝑡𝑢‖𝐿2(𝐼;𝐵𝑀𝑂)
+ 𝜈‖Δ𝑢‖

𝐿2(𝐼;𝐵𝑀𝑂)
≤ 𝐶𝑀

(‖∇𝑢0‖𝐵𝑀𝑂 + ‖𝑓‖ ˜
𝐿𝜃
(
ℝ+; ̇𝐵𝑀𝑂

−1+2∕𝜃)) .

The homogeneous estimate for maximal regularity gives the optimality conditions for the initial data taken in 𝐵𝑀𝑂.
This is important to the claim that the Koch–Tataru space is crucial to treating the semi-linear problem in 𝐵𝑀𝑂-based
spaces.

Theorem 1.5 (Time trace estimates). For 0 < 𝑇 ≤ ∞, let 𝐼 = (0, 𝑇). Then the following estimate holds:

1. For any 𝑓 ∈ ˜̇𝑊1,2(𝐼; 𝑉𝑀𝑂) ∩
˜
𝐿2
(
𝐼; ̇𝑉𝑀𝑂

2
)
with 𝑓(0) ≡ 0, there exists a constant 𝐶 > 0 independent of 𝑓 such that

‖∇𝑓‖𝐵𝑈𝐶(𝐼;𝑉𝑀𝑂) ≤ 𝐶
(‖𝜕𝑡𝑓‖𝐿2(𝐼;𝑉𝑀𝑂)

+ ‖Δ𝑓‖
𝐿2(𝐼;𝑉𝑀𝑂)

)
(1.17)

holds. In particular, this estimate is sharp.

2. For any 𝑓 ∈ ˜̇𝑊1,2(𝐼;𝐵𝑀𝑂) ∩
˜
𝐿2
(
𝐼; ̇𝐵𝑀𝑂

2
)
which 𝑓(0) ≡ 0, there exists a constant 𝐶 > 0 independent of 𝑓 such that

‖∇𝑓‖𝐿∞(𝐼;𝐵𝑀𝑂) ≤ 𝐶
(‖𝜕𝑡𝑓‖𝐿2(𝐼;𝐵𝑀𝑂)

+ ‖Δ𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂)

)
. (1.18)

In particular, from (1.12),

‖∇𝑓‖𝐿∞(𝐼;𝐵𝑀𝑂) ≤ 𝐶
(‖‖𝜕𝑡𝑓‖‖𝐿2(𝐼;𝐵𝑀𝑂)

+ ‖Δ𝑓‖𝐿2(𝐼;𝐵𝑀𝑂)

)
. (1.19)

Remark 1.6. The condition on 𝑓(0) = 0 is assumed to avoid the case when 𝑓 has an uncertainty of adding a linear function
such as 𝑓 + 𝑎𝑥 + 𝑏 for 𝑎, 𝑏 ∈ ℝ∕{0}. We also note that the above trace estimate holds for a function in

𝑊̇1,𝑝(𝐼; 𝐵𝑀𝑂) ∩ 𝐿𝑝
(
𝐼; ̇𝐵𝑀𝑂

2
)
,

but the regularity should be naturally arranged such as |∇|1−1∕𝑝.
Remark 1.7. After completing this work, we noticed that a related estimate for maximal regularity (1.13) was reported by
Auscher–Frey [3]. They introduced the tent space function 𝑇∞,2(ℝ+ × ℝ𝑛) and established a maximal regularity estimate
for the heat equation of the Navier–Stokes type. Their elegant proof is based on an operator theoretical method using a
𝑇-𝑇∗ argument. Indeed, the Koch–Tataru estimate is dependent on the initial data estimate, which is understood as the
homogeneous space-time estimate. If one can apply a suitable duality argument, then the𝑇-𝑇∗ argument yields amaximal
regularity estimate, such as (1.13) and (1.14). The basis of our proof is different from theirs, however it is implicitly related
to the 𝑇-𝑇∗ argument via integration by parts.
We should also like tomention that the properties on the heat and Stokes semi-group on a smooth domain are considered

by Bolkart–Giga–Suzuki–Tsutsui [6], where they consider the equivalence of various norms of bounded mean oscillation
in a smooth domain and establish the boundedness and analyticity of the semi-groups in 𝐵𝑀𝑂.
In what follows, we use the following notation.  = (ℝ𝑛) denotes the rapidly decreasing functions.

{
𝜙𝑗

}
𝑗∈ℤ

denotes
the Littlewood–Paley dyadic decomposition of unity. 𝐴 ≃ 𝐵 stands for the equivalent quantities that are bounded by a
constant each other. Various constants are simply denoted by 𝐶 unless otherwise noted.
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1412 OGAWA and SHIMIZU

2 GENERALIZATION OF THE HOMOGENEOUS ESTIMATE

We now turn our focus onto the case 𝑇 = ∞. The general case 𝑇 < ∞ can be treated in a similar way. We also assume that
𝜈 = 1 in (1.1) for simplicity. The general case easily follows by scaling.

2.1 Homogeneous estimate in 𝑩𝑴𝑶

The following estimate is obtained by Koch–Tataru [32] using the Stein estimate [50].

Proposition 2.1 [32], [50]. Let 𝑒𝑡Δ be the heat kernel and let 𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛). Then

‖‖∇𝑒𝑡Δ𝑢0‖‖𝐿2(𝐼;𝐵𝑀𝑂)
≤ 𝐶0‖𝑢0‖𝐵𝑀𝑂, (2.1)

where 𝐶0 is independent of 𝑇 > 0.

It is also shown by Stein [50] that the left-hand side of the estimate (2.1) is equivalent to ‖𝑢0‖𝐵𝑀𝑂.

Corollary 2.2. Let 𝐼 = (0, 𝑇), let 𝑒𝑡Δ be the heat kernel and let 𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛). Then

sup
𝑥0,𝑅>0

∫
𝐼∩(0,𝑅2)

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||∇𝑒𝑡Δ𝑢0 − (

∇𝑒𝑡Δ𝑢0
)
𝐵𝑅

||| 𝑑𝑥
)2

𝑑𝑡 ≤ 𝐶0‖𝑢0‖2𝐵𝑀𝑂, (2.2)

where 𝐶0 is independent of 𝑇 > 0.

Corollary 2.2 follows from Proposition 2.1 directly.We give the proof of Proposition 2.1 without using the Stein argument
in the Appendix (Subsection A.4).
We then extend the estimate in Proposition 2.1 into the inhomogeneous terms of the heat equation.

Proposition 2.3. Let 𝑒𝑡Δ be the heat kernel and let 𝑢0 ∈ 𝐵𝑀𝑂(ℝ𝑛). Then

sup
𝑥0,𝑅>0

(
∫

𝑅2

0

1|𝐵𝑅|2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

|||∇𝑥𝑒
(𝑡−𝑠)Δ𝑥𝑓(𝑠, 𝑥) − ∇𝑦𝑒

(𝑡−𝑠)Δ𝑦𝑓(𝑠, 𝑦)
|||2 𝑑𝑡

)
𝑑𝑥 𝑑𝑦 𝑑𝑠

)1∕2

≤ 𝐶0‖𝑓‖𝐿2(𝐼;𝐵𝑀𝑂)
, (2.3)

where 𝐶0 is independent of 𝑇 > 0.

The Stein estimate (see TheoremA.11 below) can bemodified into an estimate in the Chemin–Lerner space 𝐿2(𝐼;𝐵𝑀𝑂).
For that purpose, we prepare the following lemma:

Lemma 2.4. Let 1 ≤ 𝜃 ≤ 2. For any 𝑥0 ∈ ℝ𝑛 and 𝑅 > 0, there exists a constant 𝐶 > 0 independent of them such that for any
𝑓 ∈ 𝐿𝜃(𝐼;𝐵𝑀𝑂),

∫
𝑅2

0

⎛⎜⎜⎝
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑥(
1 + 𝑅−1

(
𝑥 − 𝑥0

))𝑛+1 𝑑𝑦(
1 + 𝑅−1

(
𝑦 − 𝑥0

))𝑛+1 ⎞⎟⎟⎠
𝜃∕2

𝑑𝑡

≤ 𝐶‖𝑓‖𝜃
𝐿𝜃(𝐼;𝐵𝑀𝑂)

. (2.4)
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OGAWA and SHIMIZU 1413

Especially,

∫
𝑅2

0

⎛⎜⎜⎝∫ℝ𝑛

|||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)
||| 𝑅(
𝑅 + ||𝑥 − 𝑥0||)𝑛+1 𝑑𝑥

⎞⎟⎟⎠
𝜃

𝑑𝑡 ≤ 𝐶‖𝑓‖𝜃
𝐿𝜃(𝐼;𝐵𝑀𝑂)

, (2.5)

where 𝑓𝐵𝑅 denotes an average of 𝑓 over a ball centered 𝑥0 with radius 𝑅 > 0.

The estimate (2.4) is shown in the following way. By setting 𝐵𝑘 = 𝐵2𝑘𝑅
(
𝑥0

)
, we notice

∫
22(𝑘+1)𝑅2

0

|||𝑓𝐵𝑘+1 − 𝑓𝐵𝑘
|||𝜃𝑑𝑡 =∫

22(𝑘+1)𝑅2

0

||||| 1||𝐵𝑘|| ∫𝐵𝑘 (𝑓(𝑡, 𝑥) − 𝑓𝐵𝑘+1
)
𝑑𝑥

|||||
𝜃

𝑑𝑡

=∫
22(𝑘+1)𝑅2

0

||||| 1|𝐵𝑘| ∫𝐵𝑘 1||𝐵𝑘+1|| ∫𝐵𝑘+1(𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)) 𝑑𝑦 𝑑𝑥
|||||
𝜃

𝑑𝑡

≤∫
22(𝑘+1)𝑅2

0

(
1

2𝑛||𝐵𝑘||2 ∬𝐵𝑘×𝐵𝑘+1

|𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)|2 𝑑𝑥 𝑑𝑦)𝜃∕2

𝑑𝑡

≤∫
22(𝑘+1)𝑅2

0

(
2𝑛||𝐵𝑘+1||2 ∬𝐵𝑘+1×𝐵𝑘+1

|𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)|2 𝑑𝑥 𝑑𝑦)𝜃∕2

𝑑𝑡

≤𝐶‖𝑓‖𝜃
𝐿𝜃(𝐼;𝐵𝑀𝑂)

. (2.6)

Then for any 𝑘 ∈ ℕ, apply (2.6) (𝑘 − 2)-times to have

⎛⎜⎜⎝∫
𝑅2

0

||||| 1||𝐵𝑘|| ∫𝐵𝑘 |||𝑓(𝑡, 𝑥) − 𝑓𝐵1
|||2 𝑑𝑥|||||

𝜃∕2

𝑑𝑡
⎞⎟⎟⎠
1∕𝜃

≤
⎛⎜⎜⎝∫

𝑅2

0

(
1||𝐵𝑘|| ∫𝐵𝑘 |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑘−1

|||2 𝑑𝑥
)𝜃∕2

𝑑𝑡
⎞⎟⎟⎠
1∕𝜃

+

(
∫

𝑅2

0

|||𝑓𝐵𝑘−1 − 𝑓𝐵𝑘−2
|||𝜃𝑑𝑡

)1∕𝜃

+⋯+

(
∫

𝑅2

0

|||𝑓𝐵2 − 𝑓𝐵1
|||𝜃𝑑𝑡

)1∕𝜃

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
𝑘 − 2 terms

≤
⎛⎜⎜⎝∫

22𝑘𝑅2

0

(
1||𝐵𝑘|| ∫𝐵𝑘 |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑘−1

|||2 𝑑𝑥
)𝜃∕2

𝑑𝑡
⎞⎟⎟⎠
1∕𝜃

+

(
∫

22(𝑘−1)𝑅2

0

|||𝑓𝐵𝑘−1 − 𝑓𝐵𝑘−2
|||𝜃𝑑𝑡

)1∕𝜃

+⋯+

(
∫

22⋅2𝑅2

0

|||𝑓𝐵2 − 𝑓𝐵1
|||𝜃𝑑𝑡

)1∕𝜃

⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟
𝑘 − 2 terms

≤ 𝐶𝑘‖𝑓‖
𝐿𝜃(𝐼;𝐵𝑀𝑂)

. (2.7)
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1414 OGAWA and SHIMIZU

Therefore, applying the estimate (2.7) and noticing that

∫
ℝ𝑛

𝑅 𝑑𝑥(
𝑅 + ||𝑥 − 𝑥0||)𝑛+1 =

1

𝑅𝑛 ∫
ℝ𝑛

𝑑𝑥(
1 + 𝑅−1||𝑥 − 𝑥0||)𝑛+1 ≤ 𝐶0,

∫
𝑅2

0

⎛⎜⎜⎝
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑥(
1 + 𝑅−1||𝑥 − 𝑥0||)𝑛+1

𝑑𝑦(
1 + 𝑅−1||𝑦 − 𝑥0||)𝑛+1

⎞⎟⎟⎠
𝜃∕2

𝑑𝑡

≤ 2𝐶𝜃 ∫
𝑅2

0

⎛⎜⎜⎝
1||𝐵𝑅||

∑
𝑘≥0∫𝐵𝑘+1⧵𝐵𝑘

|||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)
|||2 𝑑𝑥(

1 + 𝑅−1||𝑥 − 𝑥0||)𝑛+1
⎞⎟⎟⎠
𝜃∕2

𝑑𝑡

+ 2𝐶𝜃 ∫
𝑅2

0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

|||2 𝑑𝑥
)𝜃∕2

𝑑𝑡

≤ 4𝐶 ∫
𝑅2

0

(
1||𝐵𝑅||

∑
𝑘≥0

2−𝑘(𝑛+1) ∫
𝐵𝑘+1

|||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)
|||2 𝑑𝑥

)𝜃∕2

𝑑𝑡

+ 4𝐶 ∫
𝑅2

0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

|||2 𝑑𝑥
)𝜃∕2

𝑑𝑡

≤ 𝐶 ∫
𝑅2

0

∑
𝑘≥0

2−𝜃𝑘∕2

(
1||𝐵2𝑘𝑅|| ∫𝐵2𝑘𝑅(𝑥0) |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

|||2 𝑑𝑥
)𝜃∕2

𝑑𝑡

+ 𝐶 ∫
𝑅2

0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

|||2 𝑑𝑥
)𝜃∕2

𝑑𝑡

≤ 𝐶
∑
𝑘≥0

2−𝜃𝑘∕2𝑘𝜃‖𝑓‖𝜃
𝐿𝜃(𝐼;𝐵𝑀𝑂)

+ 𝐶‖𝑓‖𝜃
𝐿𝜃(𝐼;𝐵𝑀𝑂)

≤ 𝐶‖𝑓‖𝜃
𝐿𝜃(𝐼;𝐵𝑀𝑂)

. (2.8)

The proof of Proposition 2.3 essentially relies on the Stein argument [50, p. 158], which is based on the expression of
𝐵𝑀𝑂 by the Carleson measure.

Theorem 2.5 (Stein). Let Φ(𝑥) be a smooth potential and satisfy for some constant 𝐶 > 0

|Φ(𝑥)| ≤ 𝐶

(1 + |𝑥|)𝑛+1
with‖Φ‖1 = 1and setΦ𝜆(𝑥) ≡ 𝜆−𝑛Φ(⋅∕𝜆) for any𝜆 > 0. Then there exists a constant𝐶 > 0 such that for any𝑓 ∈ 𝐿2(𝐼;𝐵𝑀𝑂),
it holds that

sup
𝑥0,𝑅>0

∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅

0

||Φ𝜆(𝑥) ∗ Φ𝜆(𝑦) ∗ (𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦))||2 𝑑𝜆

𝜆

)
𝑑𝑥 𝑑𝑦 𝑑𝑡

≤ 𝐶‖𝑓‖2
𝐿2(𝐼;𝐵𝑀𝑂)

,

(2.9)

where the double convolution stands for convolutions by each of the variables.
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OGAWA and SHIMIZU 1415

Theorem 2.5 is an extension of the Stein estimate (see Theorem A.11 in the Appendix). The potential is relaxed without
posing the zero-average condition because we formulate the estimate with the difference of function 𝑓. For the sake of
completeness, we show the outlined proof here.

Proof of Theorem 2.5. Let 𝑥0 and 𝑅 be chosen arbitrarily and fix them. Then noting ‖Φ𝜆‖1 = 1 we have

|||Φ𝜆(𝑥) ∗ Φ𝜆(𝑦) ∗
(
𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)

)|||
≤ |||Φ𝜆(𝑥) ∗

(
𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

)||| + |||Φ𝜆(𝑦) ∗
(
𝑓𝐵𝑅(𝑡) − 𝑓(𝑡, 𝑦)

)|||
≤ |||||∫𝐵2𝑅(𝑥0) 𝜆−𝑛Φ

(𝑥 − 𝑧

𝜆

)(
𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)

)
𝑑𝑧

||||| +
|||||∫𝐵2𝑅(𝑥0)𝑐 𝜆−𝑛Φ

(𝑥 − 𝑧

𝜆

)(
𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)

)
𝑑𝑧

|||||
+

|||||∫𝐵2𝑅(𝑥0) 𝜆−𝑛Φ
(𝑦 − 𝑤

𝜆

)(
𝑓(𝑡, 𝑤) − 𝑓𝐵𝑅(𝑡)

)
𝑑𝑤

||||| +
|||||∫𝐵2𝑅(𝑥0)𝑐 𝜆−𝑛Φ

(𝑦 − 𝑤

𝜆

)(
𝑓(𝑡, 𝑤) − 𝑓𝐵𝑅(𝑡)

)
𝑑𝑤

|||||. (2.10)

The first term can be treated by applying the 𝐿2-boundedness for the square function. Namely,

‖‖‖‖‖‖
(
∫

∞

0

|Φ𝜆 ∗ 𝐹|2 𝑑𝜆

𝜆

)1∕2‖‖‖‖‖‖2 ≤ 𝐶‖𝐹‖2. (2.11)

Indeed, such an estimate can be derived by setting 𝐴𝑗 =
[
2𝑗, 2𝑗+1

)
as a dyadic interval,

‖‖‖‖‖‖
(
∫

∞

0

|Φ𝜆 ∗ 𝐹|2 𝑑𝜆
𝜆

)1∕2‖‖‖‖‖‖
2

2

≃ ∫
ℝ𝑛

(∑
𝑗∈ℤ

∫
𝐴𝑗

||𝜙𝑗 ∗ 𝐹||2 𝑑𝜆

𝜆

)
𝑑𝑥

≃ 2 log 2∫
ℝ𝑛

(∑
𝑗∈ℤ

||𝜙𝑗 ∗ 𝐹||2
)1∕2

𝑑𝑥

≃ 𝐶‖𝐹‖22,
where

{
𝜙𝑗

}
𝑗∈ℤ

denotes the Littlewood–Paley dyadic decomposition of unity and ≃ stands for the iquivarent quantities
that are bounded both from above and below by constants. The first and the third terms of (2.10) are both estimated from
(2.11) as follows: Let 𝜒𝐵𝑅(𝑥) be a characteristic function of the ball 𝐵𝑅

(
𝑥0

)
,

∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅×𝐵𝑅

⎛⎜⎜⎝∫
𝑅

0

(
∫
𝐵2𝑅(𝑥0)

Φ𝜆(𝑥 − 𝑧)
|||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)

||| 𝑑𝑧
)2

𝑑𝜆

𝜆

⎞⎟⎟⎠ 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ ∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅×𝐵𝑅

⎛⎜⎜⎝∫
𝑅

0

(
∫
𝐵2𝑅(𝑥0)

Φ𝜆(𝑦 − 𝑤)
|||𝑓(𝑡, 𝑦) − 𝑓𝐵𝑅(𝑡)

||| 𝑑𝑤
)2

𝑑𝜆

𝜆

⎞⎟⎟⎠𝑑𝑥 𝑑𝑦 𝑑𝑡
≤ 2∫

𝑅2

0

1||𝐵𝑅|| ∫ℝ𝑛

(
∫

∞

0

||||Φ𝜆(𝑥) ∗
(
𝜒𝐵2𝑅

|||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)
|||)||||

2
𝑑𝜆

𝜆

)
𝑑𝑥 𝑑𝑡

≤ 𝐶 ∫
𝑅2

0

1||𝐵2𝑅|| ∫ℝ𝑛

𝜒𝐵2𝑅 (𝑥)
|||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

|||2 𝑑𝑥 𝑑𝑡
≤ 𝐶‖𝑓‖2

𝐿2(𝐼;𝐵𝑀𝑂)
.

(2.12)
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1416 OGAWA and SHIMIZU

In contrast, the second and the forth terms in (2.10) are symmetric to each other, so we only treat the second term. Since
𝑥 ∈ 𝐵𝑅

(
𝑥0

)
and 𝑧 ∈ 𝐵𝑐

2𝑅

(
𝑥0

)
,

𝜆 + ||𝑥 − 𝑧|| ≥ ||𝑥0 − 𝑧|| − ||𝑥 − 𝑥0|| ≥ 1

3

(
𝑅 + ||𝑥0 − 𝑧||) (2.13)

and for 0 < 𝜆 < 𝑅,

||||||∫𝐵𝑐2𝑅(𝑥0) 𝜆−𝑛Φ
(𝑥 − 𝑧

𝜆

)(
𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)

)
𝑑𝑧

||||||
2

≤ 𝐶

⎛⎜⎜⎜⎝∫𝐵𝑐2𝑅(𝑥0)
|||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)

||| 𝑑𝑧

𝜆𝑛
(
1 +

|𝑥−𝑧|
𝜆

)𝑛+1

⎞⎟⎟⎟⎠
2

≤ 𝐶
𝜆2

𝑅2

⎛⎜⎜⎝∫𝐵𝑐2𝑅(𝑥0) |||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)
||| 𝑅(
𝑅 + ||𝑥0 − 𝑧||)𝑛+1 𝑑𝑧

⎞⎟⎟⎠
2

. (2.14)

On the other hand, by Lemma 2.4,

𝐶 ∫
𝑅2

0

⎛⎜⎜⎝∫𝐵𝑐2𝑅(𝑥0) |||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)
||| 𝑅(
𝑅 + ||𝑥0 − 𝑧||)𝑛+1 𝑑𝑧

⎞⎟⎟⎠
2

𝑑𝑡

≤ 𝐶 ∫
𝑅2

0

⎛⎜⎜⎝∫ℝ𝑛

||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)
|| 𝑅(
𝑅 + ||𝑥0 − 𝑧||)𝑛+1 𝑑𝑧

⎞⎟⎟⎠
2

𝑑𝑡

≤ 𝐶‖𝑓‖2
𝐿2(𝐼;𝐵𝑀𝑂)

. (2.15)

Hence, applying (2.13), (2.14) and (2.15), we see by cancelling 𝑦-integration for the second term from (2.10) that

∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

⎛⎜⎜⎝∫
𝑅

0

(
∫
𝐵𝑐
2𝑅
(𝑥0)

Φ𝜆(𝑥 − 𝑧)
|||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)

||| 𝑑𝑧
)2

𝑑𝜆

𝜆

⎞⎟⎟⎠ 𝑑𝑥 𝑑𝑦 𝑑𝑡
≤ 𝐶 ∫

𝑅2

0

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) ∫
𝑅

0

⎛⎜⎜⎝∫𝐵𝑐2𝑅(𝑥0) |||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)
||| 𝜆(
𝜆 + ||𝑥 − 𝑧||)𝑛+1 𝑑𝑧

⎞⎟⎟⎠
2

𝑑𝜆

𝜆
𝑑𝑥 𝑑𝑡

≤ 𝐶
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)∫

𝑅

0
∫

𝑅2

0

⎛⎜⎜⎝∫𝐵𝑐2𝑅(𝑥0) |||𝑓(𝑡, 𝑧) − 𝑓𝐵𝑅(𝑡)
||| 𝑅(
𝑅 + ||𝑥0 − 𝑧||)𝑛+1 𝑑𝑧

⎞⎟⎟⎠
2

𝑑𝑡
𝜆

𝑅2
𝑑𝜆 𝑑𝑥

≤ 𝐶 ∫
𝑅

0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) ‖𝑓‖2𝐿2(𝐼;𝐵𝑀𝑂)

𝑑𝑥

)
𝜆

𝑅2
𝑑𝜆

≤ 𝐶‖𝑓‖2
𝐿2(𝐼;𝐵𝑀𝑂)

1

𝑅2 ∫
𝑅

0

𝜆 𝑑𝜆

≤ 𝐶‖𝑓‖2
𝐿2(𝐼;𝐵𝑀𝑂)

. (2.16)

The estimate (2.9) is shown after taking the supremum on 𝑅 > 0 and 𝑥0 ∈ ℝ𝑛 in both the left-hand sides of (2.12)
and (2.16). □
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OGAWA and SHIMIZU 1417

Proof of Proposition 2.3. In Theorem 2.5, let Φ𝜆(𝑥) as
√
𝑡 − 𝑠 ∇𝑥𝑒

(𝑡−𝑠)Δ𝑥 , then it is an integration due to the Haar measure
𝑑
√
𝑡−𝑠√
𝑡−𝑠

,
√
𝑡 − 𝑠 over

(
𝑠2, 𝑅2

)
, and noting

∇𝑥𝑒
(𝑡−𝑠)Δ𝑥∇𝑦𝑒

(𝑡−𝑠)Δ𝑦
(
𝑓(𝑠, 𝑥) − 𝑓(𝑠, 𝑦)

)
= ∇𝑥𝑒

(𝑡−𝑠)Δ𝑥𝑓(𝑠, 𝑥) − ∇𝑦𝑒
(𝑡−𝑠)Δ𝑦𝑓(𝑠, 𝑦),

it is a direct consequence of (2.9) in Theorem 2.5. □

Remark 2.6. One can obtain a similar estimate for maximal regularity directly from Theorem 2.5. Setting Φ𝜆(𝑥) ≡ 𝑡Δ𝑒−𝑡Δ

with 𝜆 =
√
𝑡, we directly obtain

‖‖‖‖‖∫
𝑡

0

√
𝑡 − 𝑠Δ𝑥𝑒

(𝑡−𝑠)Δ𝑥𝑓(𝑠, 𝑥) 𝑑𝑠
‖‖‖‖‖
2

𝐿2(𝐼∶𝐵𝑀𝑂)

= sup
𝑥0,𝑅>0

∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑡

0

(√
𝑡 − 𝑠Δ𝑥𝑒

(𝑡−𝑠)Δ𝑥𝑓(𝑠, 𝑥)

−
√
𝑡 − 𝑠Δ𝑦𝑒

(𝑡−𝑠)Δ𝑦𝑓(𝑠, 𝑦)
)
𝑑𝑠

)2

𝑑𝑥 𝑑𝑦 𝑑𝑡

≤ 𝐶‖𝑓‖2
𝐿2(𝐼;𝐵𝑀𝑂)

. (2.17)

This estimate (2.17) does not seem to imply the maximal regularity estimate directly.

3 PROOF OFMAXIMAL REGULARITY IN BMO

Proof of Theorem 1.2. Thehomogeneous estimate for the initial value problemwith𝑓 ≡ 0have seen inProposition 2.1 and it
suffices to show that the inhomogeneous estimate with 𝑢0 ≡ 0. Recall that we have assumed that 𝜈 = 1. Let 0 < 𝑇 ≤ ∞, let
𝐼 = (0, 𝑇) and let𝑓, 𝑔 ∈ 𝐿2(𝐼;), where = (ℝ𝑛) denotes the rapidly decreasing functions. In order to apply LemmaA.2,
we introduce a cut-off function. For 𝑅 > 0, let

𝜂𝑅(𝑥) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

1, |𝑥 − 𝑥0| ≤ 1

2
𝑅,

smooth, radially decreasing, 1

2
𝑅 < |𝑥 − 𝑥0| ≤ 4

5
𝑅,

0,
4

5
𝑅 < |𝑥 − 𝑥0|,

(3.1)

be a smooth cut-off function around 𝑥0 ∈ ℝ𝑛 and set

𝑣(𝑡, 𝑥) = ∫
𝑡

0

𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) 𝑑𝑠. (3.2)

Then

𝑑

𝑑𝑡

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
=

2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)) ⋅ 𝜕𝑡(𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦))𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
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1418 OGAWA and SHIMIZU

=
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)) ⋅
(
Δ𝑥𝑣(𝑡, 𝑥) − Δ𝑦𝑣(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

+
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)) ⋅ (𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦))𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

≡ 𝐼 + 𝐼𝐼. (3.3)

The first term of the right-hand side of (3.3) can be treated by noticing

∇𝑥𝑣(𝑡, 𝑦) = ∇𝑦𝑣(𝑡, 𝑥) = 0

and integrate by parts of each derivative for 𝑥 and 𝑦 variables, respectively to see

𝐼 =
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)
⋅ div𝑥

(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

+
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)
⋅ div𝑦

(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

= −
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

∇𝑥𝑣(𝑡, 𝑥)
(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

+
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

∇𝑦𝑣(𝑡, 𝑦)
(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

−
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
⋅ ∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

−
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
⋅ 𝜂𝑅(𝑥)∇𝑦𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

= −
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2 𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
−

4‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
⋅ ∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦, (3.4)

where we note that the last term in the right-hand side of (3.4) is obtained from the one line above by symmetry of 𝑥-𝑦
exchanging. Let 0 ≤ 𝜂𝑅(𝑥) ≤ 1 denote a smooth cutoff supported in 𝐵𝑅(𝑥) and that is identically 1 over the support of
𝜂𝑅(𝑥). Combining (3.3) and (3.4) and by using 𝜂𝑅(𝑥)∇𝜂𝑅(𝑥) = ∇𝜂𝑅(𝑥) we integrate it over 𝑡 ∈

(
0, 𝑅2

)
to see

2∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡

≤ −
⎡⎢⎢⎣ 1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎤⎥⎥⎦
𝑅2

𝑡=0

(this term is negative and we drop it)
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OGAWA and SHIMIZU 1419

+ 𝜀 ∫
𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 𝐶(𝜀)∫

𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2|∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)|2 𝑑𝑥 𝑑𝑦 𝑑𝑡 + ||||∫
𝑅2

0

𝐼𝐼(𝑡) 𝑑𝑡
||||

≤ 𝜀 ∫
𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 𝐶(𝜀)∫

𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2|∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)|2 𝑑𝑥 𝑑𝑦 𝑑𝑡 + ||||||∫
𝑅2

0

𝐼𝐼(𝑡) 𝑑𝑡

||||||
≡ 𝐽1 + 𝐽2 + 𝐽3. (3.5)

𝐽1 can be cancelled with the left-hand side by choosing 𝜀 > 0 small.
Since

𝜂𝑅(𝑥) = 𝜂𝑅(𝑥)𝜂𝑅(𝑥), ∇𝑥𝜂𝑅(𝑥) = 𝜂𝑅(𝑥)∇𝑥𝜂𝑅(𝑥),
1

2𝑛
|𝐵𝑅| ≤ ‖‖𝜂𝑅‖‖1 ≤ ‖𝜂𝑅‖1 ≤ |𝐵𝑅|, (3.6)

and noticing that |∇𝜂𝑅| ≤ 𝐶

𝑅
and (3.2), 𝐽2 is estimated as

𝐽2 ≤ 𝐶 ∫
𝑅2

0

(
1

𝑅2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑡

0
∫

𝑡

0

(
𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)

)

×
(
𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑥) − 𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑦)

)
𝑑𝑟 𝑑𝑠

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

)
𝑑𝑡

=𝐶
1

𝑅2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑅2

0
∫

𝑅2

0

(
∫

𝑅2

max(𝑠,𝑟)

(
𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)

)

×
(
𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑥) − 𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑦)

)
𝑑𝑡

)
𝑑𝑟 𝑑𝑠

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

≤𝐶 ∫
𝑅2

0
∫

𝑅2

0

1

𝑅2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)||2 𝑑𝑡
×∫

𝑅2

𝑟

||𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑥) − 𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑦)||2 𝑑𝑡)
1∕2

𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑟 𝑑𝑠. (3.7)

Here the integral can be split into 𝑟 integration and 𝑠 integration, the right-hand side is expressed by amultiple integration
and using the Cauchy–Schwartz inequality and 𝜂𝑅(𝑥) ≤ 𝜒𝐵𝑅(𝑥0)(𝑥), 2

−𝑛|𝐵𝑅| ≤ ‖‖𝜂𝑅‖‖1 to have the following: Let the Riesz
operator be defined by

𝑅𝑗𝑓 = −1

[
𝜉𝑗

𝑖|𝜉|𝑓
]
. (3.8)
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1420 OGAWA and SHIMIZU

Then it follows

𝐽2 ≤ 𝐶

⎡⎢⎢⎢⎣
1

𝑅 ∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)||2 𝑑𝑡
)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

⎞⎟⎟⎠
1∕2

𝑑𝑠

⎤⎥⎥⎥⎦
2

≤ 𝐶 ∫
𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)
|||2 𝑑𝑡

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑠

≤ 𝐶 sup
𝑥0,𝑅>0

∫
𝑅2

0

1||𝐵𝑅||2
×∬

𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

||∇𝑥 ⋅ 𝑒
(𝑡−𝑠)Δ𝑅𝑥|∇|−1𝑓(𝑠, 𝑥) − ∇𝑦 ⋅ 𝑒

(𝑡−𝑠)Δ𝑅𝑦|∇|−1𝑓(𝑠, 𝑦)||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦 𝑑𝑠

≤ 𝐶‖‖|∇|−1𝑓‖‖2𝐿2(𝐼;𝐵𝑀𝑂)
, (3.9)

where we used the fact that the Riesz operator is bounded in the Chemin–Lerner space (cf. Proposition A.3 in the
Appendix). Here we have also used the estimate in Proposition 2.3.
We then consider the term 𝐽3. Regarding

𝑓(𝑡, 𝑥) = ∇𝑥 ⋅ 𝑅𝑥||∇𝑥
||−1𝑓(𝑡, 𝑥)

again it follows that

𝐼𝐼 =
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)
∇𝑥 ⋅

(
𝑅𝑥||∇𝑥

||−1𝑓(𝑡, 𝑥) − 𝑅𝑦||∇𝑦
||−1𝑓(𝑡, 𝑦))𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

−
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)
∇𝑦 ⋅

(
𝑅𝑦||∇𝑦

||−1𝑓(𝑡, 𝑦) − 𝑅𝑥||∇𝑥
||−1𝑓(𝑡, 𝑥))𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

= −
2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)

)
⋅
(
𝑅𝑥||∇𝑥

||−1𝑓(𝑡, 𝑥) − 𝑅𝑦||∇𝑦
||−1𝑓(𝑡, 𝑦))𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

−
4‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)

)(
𝑅𝑥||∇𝑥

||−1𝑓(𝑡, 𝑥) − 𝑅𝑦||∇𝑦
||−1𝑓(𝑡, 𝑦)) ⋅ ∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

≡ 𝐼𝐼1 + 𝐼𝐼2. (3.10)

Integrating the both sides of (3.10) over 𝑡 ∈ (0, 𝑅2),

||||∫
𝑅2

0

𝐼𝐼(𝑡) 𝑑𝑡
|||| ≤∫

𝑅2

0

(|𝐼𝐼1| + |𝐼𝐼2|) 𝑑𝑡
≤ 𝜀 ∫

𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡
+ 4𝜀−1 ∫

𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

|||𝑅𝑥||∇𝑥
||−1𝑓(𝑡, 𝑥) − 𝑅𝑦||∇𝑦

||−1𝑓(𝑡, 𝑦)|||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡
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OGAWA and SHIMIZU 1421

+ ∫
𝑅2

0

2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

|𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)|2||∇𝑥𝜂𝑅(𝑥)||2𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ ∫

𝑅2

0

2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

|||𝑅𝑥||∇𝑥
||−1𝑓(𝑡, 𝑥) − 𝑅𝑦||∇𝑦

||−1𝑓(𝑡, 𝑦)|||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
≡ 𝜀𝐿1 + 4𝜀−1𝐿2 + 𝐿3 + 𝐿4. (3.11)

The first term 𝐿1 can be cancelled by choosing 𝜀 > 0 small enough.

4𝜀−1𝐿2 + 𝐿4 ≤ 𝐶 sup
𝑥0,𝑅>0

∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∫𝐵2𝑅(𝑥0) ∫𝐵2𝑅(𝑥0)

|||𝑅𝑥||∇𝑥
||−1𝑓(𝑡, 𝑥) − 𝑅𝑦||∇𝑦

||−1𝑓(𝑡, 𝑦)|||2 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡
≤ 𝐶𝜀

‖‖|∇𝑥|−1𝑓‖‖2𝐿2(𝐼;𝐵𝑀𝑂)
. (3.12)

Using |∇𝜂𝑅| ≤ 𝐶

𝑅
, we estimate the third term 𝐿3 by changing the order of the time integration to see

𝐿3 ≤ 𝐶 ∫
𝑅2

0

(
1

𝑅2||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑡

0

(
𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)

)
𝑑𝑠

)

×

(
∫

𝑡

0

(
𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑥) − 𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑦)

)
𝑑𝑟

)
𝑑𝑥 𝑑𝑦

)
𝑑𝑡

= 𝐶 ∫
𝑅2

0

(
1

𝑅2||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑡

0
∫

𝑡

0

(
𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)

)
×
(
𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑥) − 𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑦)

)
𝑑𝑟 𝑑𝑠

)
𝑑𝑥 𝑑𝑦

)
𝑑𝑡

≤ 1

𝑅2 ∫
𝑅2

0
∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)||2 𝑑𝑡
× ∫

𝑅2

𝑟

||𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑥) − 𝑒(𝑡−𝑟)Δ𝑓(𝑟, 𝑦)||2 𝑑𝑡
)1∕2

𝑑𝑥 𝑑𝑦 𝑑𝑟 𝑑𝑠

≤ 𝐶
⎡⎢⎢⎣ 1𝑅 ∫

𝑅2

0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦

)1∕2

𝑑𝑠
⎤⎥⎥⎦
2

≤ 𝐶 ∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑓(𝑠, 𝑦)||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦 𝑑𝑠

≤ 𝐶 sup
𝑥0,𝑅>0

∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

|||∇𝑥𝑒
(𝑡−𝑠)Δ𝑅𝑥|∇|−1𝑓(𝑠, 𝑥) − ∇𝑦𝑒

(𝑡−𝑠)Δ𝑅𝑦|∇|−1𝑓(𝑠, 𝑦)|||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦 𝑑𝑠

≤ 𝐶‖‖|∇|−1𝑓‖‖2𝐿2(𝐼;𝐵𝑀𝑂)
. (3.13)
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1422 OGAWA and SHIMIZU

Here we have again used Proposition 2.3. Gathering the estimates (3.5), (3.9), (3.11)–(3.13), we obtain

sup
𝑥0,𝑅>0

∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡 ≤ 𝐶‖‖|∇|−1𝑓‖‖2𝐿2(𝐼;𝐵𝑀𝑂)
.

In particular, by exchanging 𝑓 into ∇𝑓 and noting (A.4) in Lemma A.2, we have

‖‖‖‖‖∇2
𝑥 ∫

𝑡

0

𝑒(𝑡−𝑠)Δ𝑓(𝑠) 𝑑𝑠
‖‖‖‖‖𝐿2(𝐼;𝐵𝑀𝑂)

≤ 𝐶‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂)

.

Combining Proposition 2.1, we conclude the desired estimate. □

We then show the useful estimate of generalized maximal regularity in order to solve the initial value problem of semi-
linear type such as the Navier–Stokes equations.

Proposition 3.1. Let 𝑒𝑡Δ be the heat kernel and let 𝑓 ∈ 𝐿1(𝐼; 𝐵𝑀𝑂(ℝ𝑛)). Then

‖‖‖‖‖∇∫
𝑡

0

𝑒(𝑡−𝑠)Δ𝑓(𝑠) 𝑑𝑠
‖‖‖‖‖𝐿2(𝐼;𝐵𝑀𝑂)

≤ 𝐶0‖𝑓‖𝐿1(𝐼;𝐵𝑀𝑂)
, (3.14)

where 𝐶0 is independent of 𝑇 > 0.

Corollary 3.2. Let 𝑒𝑡Δ be the heat kernel, let 1 ≤ 𝜃 ≤ 2 and let 𝑓 ∈
˜
𝐿𝜃
(
𝐼; ̇𝐵𝑀𝑂

−1+2∕𝜃
(ℝ𝑛)

)
. Then

‖‖‖‖‖∇∫
𝑡

0

𝑒(𝑡−𝑠)Δ𝑓(𝑠) 𝑑𝑠
‖‖‖‖‖𝐿2(𝐼;𝐵𝑀𝑂)

≤ 𝐶0‖𝑓‖˜
𝐿𝜃
(
𝐼; ̇𝐵𝑀𝑂

−1+2∕𝜃), (3.15)

where 𝐶0 is independent of 𝑇 > 0.

Corollary 3.2 follows by interpolating between the proofs from Theorem 1.2 and Proposition 3.1.

Proof of Proposition 3.1. For 𝑅 > 0 let 𝐵2𝑅 = 𝐵2𝑅
(
𝑥0

)
denote the ball centered at 𝑥0 ∈ ℝ𝑛 and radius 𝑅 > 0. In the similar

way to the proof of Theorem 1.2, it follows from (3.3) and (3.4), and regarding 𝜂𝑅(𝑥)∇𝜂𝑅(𝑥) = ∇𝜂𝑅(𝑥) that

2∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡

≤ −
⎡⎢⎢⎣ 1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎤⎥⎥⎦
𝑅2

𝑡=0

+ 𝜀 ∫
𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 𝐶(𝜀)∫

𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2||∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡

 15222616, 2022, 7, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

ana.201900506 by C
ochrane Japan, W

iley O
nline L

ibrary on [28/04/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense
A Self-archived copy in

Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp



OGAWA and SHIMIZU 1423

+ ∫
𝑅2

0

2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)) ⋅ (𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦))𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡

≤ 𝜀 ∫
𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 𝐶(𝜀)∫

𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2||∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 𝐶 sup

0<𝑡<𝑅2

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)1∕2

× ∫
𝑅2

0

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)1∕2

𝑑𝑡

≡ 𝐾1 + 𝐾2 + 𝐾3. (3.16)

The term𝐾1 cancelswith the right-hand side. Let 𝜂𝑅(𝑥) be a characteristic function satisfying (3.6). Then the same estimate
from (3.7), it follows from |∇𝜂𝑅| ≤ 𝐶

𝑅
that

𝐾2 ≤ 𝐶 ∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2||∇𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠𝑑𝑡

≤ 𝐶

⎡⎢⎢⎢⎣∫
𝑅2

0

⎛⎜⎜⎝
1

𝑅2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑥𝑒(𝑡−𝑠)Δ𝑦
(
𝑓(𝑠, 𝑥) − 𝑓(𝑠, 𝑦)

)||2 𝑑𝑡
)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

⎞⎟⎟⎠
1∕2

𝑑𝑠

⎤⎥⎥⎥⎦
2

. (3.17)

Here the integrant in the right-hand side of (3.17) is estimated by

⎛⎜⎜⎝
1

𝑅2‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

(
∫

𝑅2

𝑠

||𝑒(𝑡−𝑠)Δ𝑥𝑒(𝑡−𝑠)Δ𝑦
(
𝑓(𝑠, 𝑥) − 𝑓(𝑠, 𝑦)

)||2 𝑑𝑡
)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

⎞⎟⎟⎠
1∕2

≤ 𝐶

(
1

𝑅2||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑥𝑒(𝑡−𝑠)Δ𝑦𝜒𝐵2𝑅 (𝑥)
(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦

)1∕2

+ 𝐶

(
1

𝑅2||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

(
∫

𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑥𝑒(𝑡−𝑠)Δ𝑦𝜒𝐵𝑐
2𝑅
(𝑥)

(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑡
)
𝑑𝑥 𝑑𝑦

)1∕2

≤ 𝐶

(
1

𝑅2||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(
∫

𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑥𝜒𝐵2𝑅 (𝑥)
(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑡
)
𝑑𝑥

)1∕2

+ 𝐶

(
1

𝑅2||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(
∫

𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑥𝜒𝐵𝑐
2𝑅
(𝑥)

(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑡
)
𝑑𝑥

)1∕2

≡ 𝐾2,1 + 𝐾2,2. (3.18)
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1424 OGAWA and SHIMIZU

The first term of the right-hand side of (3.18) can be estimated by the 𝐿2-bound of the square function (cf. (2.11)). Regarding
the heat kernel 𝐺𝑡 as Φ𝑡 in (2.11), it follows by 0 < 𝑠 = 𝑡 − 𝑟 ≤ 𝑅2 that

𝐾2,1 ≤ 𝐶

(
1

𝑅2||𝐵𝑅|| ∫𝐵𝑅(𝑥0) ∫
𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑥𝜒𝐵2𝑅 (𝑥)
(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑡 𝑑𝑥
)1∕2

≤ 𝐶

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) ∫

𝑅2

𝑠

1

𝑅2

|||||∫ℝ𝑛

𝐺𝑡−𝑠(𝑦)𝜒𝐵2𝑅 (𝑥)
(
𝑓(𝑠, 𝑥 − 𝑦) − 𝑓𝐵𝑅(𝑠)

)
𝑑𝑦

|||||
2

𝑑𝑡 𝑑𝑥

)1∕2

≤ 𝐶

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) ∫

𝑅2−𝑠

0

𝑟

𝑅2

|||||∫ℝ𝑛

𝐺𝑟(𝑦)𝜒𝐵2𝑅 (𝑥)
(
𝑓(𝑠, 𝑥 − 𝑦) − 𝑓𝐵𝑅(𝑠)

)
𝑑𝑦

|||||
2
𝑑𝑟

𝑟
𝑑𝑥

)1∕2

≤ 𝐶

(
1||𝐵𝑅|| ∫𝐵2𝑅(𝑥0) |||𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

|||2 𝑑𝑥
)1∕2

, (3.19)

while for 𝐾2,2, by changing the variable 𝑟 = 𝑡 − 𝑠,

𝐾2,2 = 𝐶

(
1

𝑅2||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(
∫

𝑅2

𝑠

|||𝑒(𝑡−𝑠)Δ𝑥𝜒𝐵𝑐
2𝑅
(𝑥)

(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑡
)
𝑑𝑥

)1∕2

≤ 𝐶

(
1

𝑅2||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(
∫

𝑅2

𝑠

(
∫
ℝ𝑛

𝐺𝑡−𝑠(𝑥 − 𝑦)𝜒𝐵𝑐
2𝑅
(𝑦)

|||𝑓(𝑠, 𝑦) − 𝑓𝐵𝑅(𝑠)
|||𝑑𝑦

)2

𝑑𝑡

)
𝑑𝑥

)1∕2

≤ 𝐶

(
1

𝑅2||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(
∫

𝑅2

0

(
∫
ℝ𝑛

𝑟−𝑛∕2

(1 + 𝑟−1∕2(𝑥 − 𝑦))𝑛+1
𝜒𝐵𝑐

2𝑅
(𝑦)

|||𝑓(𝑠, 𝑦) − 𝑓𝐵𝑅(𝑠)
|||𝑑𝑦

)2

𝑑𝑟

)
𝑑𝑥

)1∕2

. (3.20)

Applying (2.5) in Lemma 2.4 with 𝜃 = 1 for 𝐾2,2, we conclude from (3.19) and (3.20) that

𝐾2 ≤ 𝐶

⎡⎢⎢⎢⎣∫
𝑅2

0

⎛⎜⎜⎝
1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑓(𝑠, 𝑥) − 𝑓(𝑠, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠
1∕2

𝑑𝑠

⎤⎥⎥⎥⎦
2

≤ 𝐶‖‖𝑓‖‖2𝐿1(𝐼;𝐵𝑀𝑂)
. (3.21)

Lastly for the estimate of 𝐾3, it suffices to show that

sup
𝑡∈[0,𝑅2]

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)1∕2

≤ 𝐶 sup
𝑥0,𝑅>0

∫
𝑅2

0

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)1∕2

𝑑𝑡. (3.22)

Indeed by the Minkowski inequality,

 15222616, 2022, 7, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

ana.201900506 by C
ochrane Japan, W

iley O
nline L

ibrary on [28/04/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense
A Self-archived copy in

Kyoto University Research Information Repository
https://repository.kulib.kyoto-u.ac.jp



OGAWA and SHIMIZU 1425

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑣(𝑡, 𝑥) − 𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)1∕2

=
⎛⎜⎜⎝

1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

|||||∫
𝑡

0

(
𝑒(𝑡−𝑠)Δ𝑥𝑓(𝑠, 𝑥) − 𝑒(𝑡−𝑠)Δ𝑦𝑓(𝑠, 𝑦)

)
𝑑𝑠

|||||
2

𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
⎞⎟⎟⎠
1∕2

≤ 2∫
𝑡

0

(
1||𝐵𝑅||∫ℝ𝑛

|||𝑒(𝑡−𝑠)Δ𝑥
(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2𝜂𝑅(𝑥) 𝑑𝑥
)1∕2

𝑑𝑠

= 2∫
𝑡

0

(
1||𝐵𝑅|| ∫ℝ𝑛

|||𝑒(𝑡−𝑠)Δ𝑥
(
𝜒𝐵2𝑅

(
𝑥0

)(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

))|||2𝜂𝑅(𝑥) 𝑑𝑥
)1∕2

𝑑𝑠

+ 2∫
𝑡

0

(
1||𝐵𝑅|| ∫ℝ𝑛

|||𝑒(𝑡−𝑠)Δ𝑥
(
𝜒𝐵𝑐

2𝑅

(
𝑥0

)(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

))|||2𝜂𝑅(𝑥) 𝑑𝑥
)1∕2

𝑑𝑠

= 𝐾3,1 + 𝐾3,2. (3.23)

Then 𝐿2 boundedness for the heat semi-group implies that

𝐾3,1 ≤ 2∫
𝑡

0

(
1||𝐵𝑅|| ∫ℝ𝑛

|||𝑒(𝑡−𝑠)Δ𝑥𝜒𝐵2𝑅

(
𝑥0

)(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2𝜂𝑅(𝑥) 𝑑𝑥
)1∕2

𝑑𝑠

≤ 2∫
𝑡

0

(
1||𝐵𝑅|| ∫ℝ𝑛

|||𝑒(𝑡−𝑠)Δ𝑥𝜒𝐵2𝑅

(
𝑥0

)(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

)|||2 𝑑𝑥
)1∕2

𝑑𝑠

≤ 2∫
𝑡

0

(
1||𝐵𝑅|| ∫ℝ𝑛

||𝜒𝐵2𝑅

(
𝑥0

)(
𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑡)

)||2 𝑑𝑥)1∕2

𝑑𝑠

≤ 𝐶 sup
𝑥0,𝑅>0

∫
𝑅2

0

(
1||𝐵𝑅||2 ∬𝐵2𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
)1∕2

𝑑𝑠

≤ 𝐶‖‖𝑓‖‖𝐿1(𝐼;𝐵𝑀𝑂)
. (3.24)

On the other hand, 𝐾3,2 can be estimated by changing the variables 𝑡 − 𝑠 = 𝑟, and noticing 0 < 𝑟 < 𝑅2, it follows on the
annulus 𝐵2𝑘+1𝑅

(
𝑥0

)
⧵ 𝐵2𝑘𝑅

(
𝑥0

)
that for any 𝑥 ∈ 𝐵𝑅

(
𝑥0

)
,

𝑟1∕2(
𝑟1∕2 + |𝑥 − 𝑦|)𝑛+1 ≤ 𝑟1∕2

((2𝑘 − 1)𝑅)𝑛+1
≤ 𝐶𝑛𝑟

1∕2

(2𝑘𝑅)𝑛+1
.

Therefore(
1||𝐵𝑅|| ∫ℝ𝑛

|||𝑒𝑟Δ𝑥
(
𝜒𝐵𝑐𝑅

(
𝑥0

)(
𝑓(𝑡 − 𝑟, 𝑥) − 𝑓𝐵𝑅(𝑡 − 𝑟)

)|||2𝜂𝑅(𝑥) 𝑑𝑥
)1∕2

=

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)

|||||∫ℝ𝑛

1

(4𝜋𝑟)𝑛∕2
exp

(
−
|𝑥 − 𝑦|2

4𝑟

)(
𝜒𝐵𝑐𝑅

(
𝑥0

)(
𝑓(𝑡 − 𝑟, 𝑦) − 𝑓𝐵𝑅(𝑡 − 𝑟)

)
𝑑𝑦

|||||
2

𝑑𝑥

)1∕2

≤ 𝐶

⎛⎜⎜⎜⎝
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)

⎛⎜⎜⎝∫ℝ𝑛

𝑟−𝑛∕2(
1 + 𝑟−1∕2|𝑥 − 𝑦|)𝑛+1 |||𝜒𝐵𝑐𝑅

(
𝑥0

)(
𝑓(𝑡 − 𝑟, 𝑦) − 𝑓𝐵𝑅(𝑡 − 𝑟)

||| 𝑑𝑦⎞⎟⎟⎠
2

𝑑𝑥

⎞⎟⎟⎟⎠
1∕2
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1426 OGAWA and SHIMIZU

= 𝐶
⎛⎜⎜⎝

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(∑

𝑘≥0∫𝐵2𝑘+1𝑅(𝑥0)⧵𝐵2𝑘𝑅(𝑥0)
𝑟1∕2

(𝑟1∕2 + |𝑥 − 𝑦|)𝑛+1 |||𝑓(𝑡 − 𝑟, 𝑦) − 𝑓𝐵𝑅(𝑡 − 𝑟)
|||𝑑𝑦

)2

𝑑𝑥
⎞⎟⎟⎠
1∕2

≤ 𝐶
⎛⎜⎜⎝

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(∑

𝑘≥0
2−𝑘𝑟1∕2

𝑅||𝐵2𝑘𝑅|| ∫𝐵2𝑘+1𝑅(𝑥0)⧵𝐵2𝑘𝑅(𝑥0) |||𝑓(𝑡 − 𝑟, 𝑦) − 𝑓𝐵𝑅(𝑡 − 𝑟)
|||𝑑𝑦

)2

𝑑𝑥
⎞⎟⎟⎠
1∕2

≤ 𝐶
∑
𝑘≥1

2−𝑘
𝑟1∕2

𝑅

(
1||𝐵2𝑘𝑅|| ∫𝐵2𝑘𝑅(𝑥0) |||𝑓(𝑡 − 𝑟, 𝑦) − 𝑓𝐵𝑅(𝑡 − 𝑟)

|||2𝑑𝑦
)1∕2

. (3.25)

Integrating with respect to time of both sides of (3.25), we see by 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑅2 and

|||𝑓(𝑡, 𝑥 − 𝑦) − 𝑓𝐵𝑅(𝑡)
||| ≤ |||𝑓(𝑡, 𝑥 − 𝑦) − 𝑓𝐵2𝑘𝑅 (𝑡)

||| + |||𝑓𝐵2𝑘𝑅 (𝑡) − 𝑓𝐵2𝑘−1𝑅 (𝑡)
||| +⋯+

|||𝑓𝐵2𝑅 (𝑡) − 𝑓𝐵𝑅(𝑡)
|||

that

𝐾3,2 = 2∫
𝑡

0

(
1||𝐵𝑅|| ∫ℝ𝑛

|||𝑒(𝑡−𝑠)Δ𝑥

(
𝜒𝐵𝑐

2𝑅

(
𝑥0

)(
𝑓(𝑠, 𝑥) − 𝑓𝐵𝑅(𝑠)

))|||2𝜂𝑅(𝑥) 𝑑𝑥
)1∕2

𝑑𝑠

≤ 𝐶 ∫
𝑡

0

∑
𝑘≥1

𝑘2−𝑘
𝑟1∕2

𝑅

(
1|𝐵2𝑘𝑅| ∫𝐵2𝑘𝑅(𝑥0) |||𝑓(𝑡 − 𝑟, 𝑦) − 𝑓𝐵2𝑘𝑅 (𝑡 − 𝑟)

|||2 𝑑𝑦
)1∕2

𝑑𝑟

≤ 𝐶
∑
𝑘≥1

𝑘2−𝑘 ∫
𝑡

0

(
1|𝐵2𝑘𝑅| ∫𝐵2𝑘𝑅(𝑥−𝑥0) |||𝑓(𝑠, 𝑦) − 𝑓𝐵2𝑘𝑅 (𝑠)

|||2 𝑑𝑦
)1∕2

𝑑𝑠

≤ 𝐶
∑
𝑘≥1

𝑘2−𝑘 sup
𝑥−𝑥0,𝑅>0

∫
(2𝑘𝑅)2

0

(
1|𝐵2𝑘𝑅| ∫𝐵2𝑘𝑅(𝑥−𝑥0) |||𝑓(𝑡, 𝑦) − 𝑓𝐵2𝑘𝑅 (𝑡)

|||2𝑑𝑦
)1∕2

𝑑𝑡

≤ 𝐶‖‖𝑓‖‖𝐿1(𝐼;𝐵𝑀𝑂)
. (3.26)

From (3.16), (3.21) and (3.23), (3.24), (3.26), it follows that

sup
𝑥0,𝑅>0

∫
𝑅2

0

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑣(𝑡, 𝑥) − ∇𝑦𝑣(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)
𝑑𝑡 ≤ 𝐶‖𝑓‖2

𝐿1(𝐼;𝐵𝑀𝑂)
.

Namely ‖‖‖‖‖∇𝑥 ∫
𝑡

0

𝑒(𝑡−𝑠)Δ𝑓(𝑠) 𝑑𝑠
‖‖‖‖‖𝐿2(𝐼;𝐵𝑀𝑂)

≤ 𝐶‖𝑓‖
𝐿1(𝐼;𝐵𝑀𝑂)

.
□

4 PROOF OF THE SHARP TRACE ESTIMATE

Proof of Theorem 1.5. For the simplicity we show the proof for the case𝑇 = ∞. Let 𝑓 ∈ 𝐿∞ ∩ 𝐶1(ℝ+;(ℝ𝑛))with 𝑓(0) ≡ 0.
Let 𝜂𝑅(𝑥) be a smooth cut-off function defined in (3.1). Then

𝑑

𝑑𝑡 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)||2 𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
= 2∬

ℝ𝑛×ℝ𝑛

(
∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)

)
⋅ ∇𝑥

(
𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
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− 2∬
ℝ𝑛×ℝ𝑛

(
∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)

)
⋅ ∇𝑦

(
𝜕𝑡𝑓(𝑡, 𝑦) − 𝜕𝑡𝑓(𝑡, 𝑥)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

= −2∬
ℝ𝑛×ℝ𝑛

(
Δ𝑥𝑓(𝑡, 𝑥) − Δ𝑦𝑓(𝑡, 𝑦)

)(
𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

− 4∬
ℝ𝑛×ℝ𝑛

(
∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)

)(
𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)

)
∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

= 𝐼 + 𝐼𝐼. (4.1)

Dividing by ||𝐵𝑅∕2||2, restricting the integral region on 𝐵𝑅∕2, integrating it over time and then taking a supremum on 𝑅 > 0

and 𝑥0, we obtain that the left-hand side is the 𝐵𝑀𝑂-norm. Noting 𝑓(0, 𝑥) = 0, we have for any 𝑡0 ≤ 𝑅2 that

1||𝐵𝑅∕2||2 ∫𝐵𝑅∕2(𝑥0) ∫𝐵𝑅∕2(𝑥0) ||∇𝑥𝑓 (𝑡0, 𝑥) − ∇𝑦𝑓 (𝑡0, 𝑦) ||2 𝑑𝑥 𝑑𝑦
≤∫

𝑡0

0

1||𝐵𝑅∕2||2
𝑑

𝑑𝑡∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡
≤

⎛⎜⎜⎝∫
𝑡0

0

1||𝐵𝑅∕2||2 𝐼 𝑑𝑡 + ∫
𝑡0

0

1||𝐵𝑅∕2||2 𝐼𝐼 𝑑𝑡
⎞⎟⎟⎠. (4.2)

The first term of the right-hand side is

∫
𝑡0

0

1||𝐵𝑅∕2||2 𝐼 𝑑𝑡 ≤ 22𝑛 ∫
𝑅2

0

1||𝐵𝑅||2 ∫𝐵𝑅(𝑥0) ∫𝐵𝑅(𝑥0) ||Δ𝑥𝑓(𝑡, 𝑥) − Δ𝑦𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 22𝑛

⎛⎜⎜⎝∫
𝑅2

0

1||𝐵𝑅||2 ∫𝐵𝑅(𝑥0) ∫𝐵𝑅(𝑥0) ||𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡⎞⎟⎟⎠. (4.3)

Furthermore, the second term of the right-hand side is

∫
𝑡0

0

1||𝐵𝑅∕2||2 𝐼𝐼 𝑑𝑡 = 4 ⋅ 22𝑛 ∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||(∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)
)(
𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)

)
∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)||𝑑𝑥 𝑑𝑦 𝑑𝑡

≤ 𝐶 ∫
𝑅2

0

⎛⎜⎜⎝
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)||2||∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 𝑑𝑥 𝑑𝑦⎞⎟⎟⎠
1∕2

𝑑𝑡.

Applying the Cauchy–Schwartz inequality in 𝑡 variable and using ||∇𝑥𝜂𝑅(𝑥)|| ≤ 𝐶

𝑅
, it follows

∫
𝑡0

0

1||𝐵𝑅∕2||2 𝐼𝐼 𝑑𝑡 ≤ 4 ⋅ 22𝑛

(
𝑅2 ∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)||2||∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
)1∕2

× sup
𝑡∈(0,𝑅2)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
)1∕2
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≤ 2𝐶𝜀 ∫
𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
+2𝜀 sup

𝑡∈(0,𝑅2)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
)
. (4.4)

In particular, from (4.2)–(4.4)

‖∇𝑓(𝑡0)‖2𝑉𝑀𝑂
≤ 𝐶𝑛 sup

𝑥0,𝑅>0
∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||Δ𝑥𝑓(𝑡, 𝑥) − Δ𝑦𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
+𝐶 sup

𝑥0,𝑅>0
∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝜕𝑡𝑓(𝑡, 𝑥) − 𝜕𝑡𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
+ 2𝜀 sup

𝑥0,𝑅>0
sup

𝑡∈(0,∞)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑓(𝑡, 𝑥) − ∇𝑦𝑓(𝑡, 𝑦)||2 𝑑𝑥 𝑑𝑦
)
. (4.5)

After taking the supremum in 𝑡0 > 0 in the left-hand side of (4.5) and then choosing 𝜀 < 1∕4 and passing the right end
term into the left-hand side, we obtain

‖∇𝑓‖2
𝐵𝑈𝐶(𝐼;𝑉𝑀𝑂)

≤ 𝐶
(‖‖Δ𝑓‖‖2𝐿2(𝐼;𝑉𝑀𝑂)

+ ‖‖𝜕𝑡𝑓‖‖2𝐿2(𝐼;𝑉𝑀𝑂)

)
.

Note that the above estimate remains valid for the finite interval case 𝐼 = (0, 𝑇) ∩
(
0, 𝑅2

)
with 𝑇 < ∞, since in the

inequality (4.4)

min
(
𝑇2, 𝑅2

)||∇𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 ≤ 𝐶min
(
𝑇2, 𝑅2

)
𝑅2

≤ 𝐶

independent of 𝑅 > 0. Then since 𝑡0 ∈ 𝐼 = (0, 𝑇) can be taken arbitrary in (4.5), we conclude the estimate (1.17) holds.
To obtain (1.18), we employ the Hahn–Banach extension theorem. The right-hand side of (1.18) can be changed into

𝐿2(𝐼; 𝐵𝑀𝑂) as is seen in (1.12) but it is a weaker estimate (which is (1.19)). From (1.18), it holds that

‖∇𝑓‖𝐿∞(𝐼;𝐵𝑀𝑂) ≤ 𝐶
(‖‖𝜕𝑡𝑓‖‖𝐿2(𝐼;𝐵𝑀𝑂)

+ ‖‖Δ𝑓‖‖𝐿2(𝐼;𝐵𝑀𝑂)

)
.

□
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ENDNOTES
1Koch–Tataru denotes 𝐿2(𝐼 ∶ 𝐵𝑀𝑂(ℝ𝑛)) by 𝑉.
2Hence, the measurability remains consistent.
3This observation is an indirect proof for the strict inclusion shown in (1.11).
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APPENDIX A

We summarize basic properties of the function class 𝐵𝑀𝑂 and its Chemin–Lerner class 𝐿2(𝐼; 𝐵𝑀𝑂).

A.1 A class of the bounded mean oscillation

We mention that the equivalent expression of norms on bounded mean oscillations. First we notice the elementary
relation:

Lemma A.1. Let 1 ≤ 𝑝 < ∞ and let 𝑓 ∈ 𝐿
𝑝

𝑙𝑜𝑐
(ℝ𝑛;ℝ𝑛). Then it holds that

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅(𝑥0)
|||𝑝 𝑑𝑥 ≤ 1||𝐵𝑅||2 ∫𝐵𝑅(𝑥0) ∫𝐵𝑅(𝑥0) |𝑓(𝑥) − 𝑓(𝑦)|𝑝 𝑑𝑥 𝑑𝑦

≤ 4||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅(𝑥0)
|||𝑝 𝑑𝑥,

where

𝑓𝐵𝑅(𝑥0) =
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) 𝑓(𝑦) 𝑑𝑦

denotes the average of 𝑓 over 𝐵𝑅
(
𝑥0

)
.
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Proof of Lemma A .1. Applying the Minkowski and Hölder inequalities, for 𝑓 =
(
𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑛(𝑥)

)
, it follows

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅(𝑥0)
|||𝑝𝑑𝑥 =

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(

𝑛∑
𝑘=1

(
𝑓𝑘(𝑥) − 𝑓𝐵𝑅(𝑥0)

)2)𝑝∕2

𝑑𝑥

=
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)

⎛⎜⎜⎝
𝑛∑

𝑘=1

(
𝑓𝑘(𝑥) −

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) 𝑓𝑘(𝑦) 𝑑𝑦
)2⎞⎟⎟⎠

𝑝∕2

𝑑𝑥

=
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)

⎛⎜⎜⎝
𝑛∑

𝑘=1

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) (𝑓𝑘(𝑥) − 𝑓𝑘(𝑦)

)
𝑑𝑦

)2⎞⎟⎟⎠
𝑝∕2

𝑑𝑥

≤ 1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
⎛⎜⎜⎝

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(

𝑛∑
𝑘=1

(
𝑓𝑘(𝑥) − 𝑓𝑘(𝑦)

)2)1∕2
𝑑𝑦

⎞⎟⎟⎠
𝑝

𝑑𝑥

=
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑥) − 𝑓(𝑦)||𝑝 𝑑𝑥 𝑑𝑦.
The other inequality follows by the triangle inequality,

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑥) − 𝑓(𝑦)||𝑝 𝑑𝑥 𝑑𝑦
)1∕𝑝

≤
(

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

|||𝑓(𝑥) − 𝑓𝐵𝑅(𝑥0)
|||𝑝 𝑑𝑥 𝑑𝑦

)1∕𝑝
+

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

|||𝑓𝐵𝑅(𝑥0) − 𝑓(𝑦)
|||𝑝 𝑑𝑥 𝑑𝑦

)1∕𝑝
.

□

Let 𝜂𝑅(𝑥) be a smooth cut-off function satisfying

𝜒𝐵𝑅∕2

(
𝑥 − 𝑥0

) ≤ 𝜂𝑅(𝑥) ≤ 𝜒𝐵𝑅

(
𝑥 − 𝑥0

)
. (A.1)

Here 𝜒𝐴(𝑥) denotes the characteristic function whose support is a set 𝐴. It holds

||𝐵𝑅∕2|| ≤ ‖‖𝜂𝑅‖‖22 ≤ ‖‖𝜂𝑅‖‖1 ≤ ||𝐵𝑅||. (A.2)

Then from (A.2), it follows

1

2𝑛||𝐵𝑅∕2|| ∫𝐵𝑅∕2(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅
|||2 𝑑𝑥 =

1||𝐵𝑅|| ∫𝐵𝑅∕2(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅
|||2 𝑑𝑥

≤ 1‖‖𝜂𝑅‖‖1 ∫ℝ𝑛

|||𝑓(𝑥) − 𝑓𝐵𝑅
|||2𝜂𝑅(𝑥) 𝑑𝑥

≤ 1||𝐵𝑅∕2|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅
|||2 𝑑𝑥

≤ 2𝑛
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑥) − 𝑓𝐵𝑅

|||2 𝑑𝑥. (A.3)

Thus under the setting (A.1)–(A.2), we have the following:
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1432 OGAWA and SHIMIZU

Lemma A.2. It holds that

(
2𝑛∕2

)−1‖𝑓‖𝐵𝑀𝑂 ≤ sup
𝑥0,𝑅>0

(
1‖‖𝜂𝑅‖‖1 ∫ℝ𝑛

|||𝑓(𝑥) − 𝑓𝐵𝑅
|||2𝜂𝑅(𝑥) 𝑑𝑥

)1∕2
≤ 2𝑛∕2‖𝑓‖𝐵𝑀𝑂.

Similarly,

‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂)

≃ sup
𝑥0,𝑅>0

(
∫

𝑅2

0

1‖‖𝜂𝑅‖‖1 ∫ℝ𝑛

|||𝑓(𝑥) − 𝑓𝐵𝑅
|||2𝜂𝑅(𝑥) 𝑑𝑥 𝑑𝑡

)1∕2

≃ sup
𝑥0,𝑅>0

⎛⎜⎜⎝∫
𝑅2

0

1‖‖𝜂𝑅‖‖21 ∬ℝ𝑛×ℝ𝑛

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡⎞⎟⎟⎠
1∕2

. (A.4)

The most of the properties on 𝐵𝑀𝑂 are adopted into the class 𝐿2(𝐼∶𝐵𝑀𝑂). For instance the singular integral operator
is bounded on this space. In particular, we have the following:

Proposition A.3. Let 𝑅𝑗 be the Riesz operator defined in (3.8). Then there exists a constant 𝐶 > 0 such that for any
𝑓 ∈ 𝐿2(𝐼; 𝐵𝑀𝑂),

‖‖𝑅𝑗𝑓‖‖𝐿2(𝐼;𝐵𝑀𝑂)
≤ 𝐶‖𝑓‖

𝐿2(𝐼;𝐵𝑀𝑂)
.

The proof of Proposition A.3 can be shown very much similar way as in the case of 𝐵𝑀𝑂. See for the details Peetre [42].

A.2 Extended John–Nirenberg estimate

We recall the well-known John–Nirenberg estimate.

Definition A.4. Ameasurable function 𝑓 on ℝ𝑛 is bounded mean oscillation 𝐵𝑀𝑂(ℝ𝑛) if

‖𝑓‖𝐵𝑀𝑂≡ sup
𝑥∈ℝ𝑛,𝑅>0

1||𝐵𝑅|| ∫𝐵𝑅(𝑥) |||𝑓(𝑦) − 𝑓𝐵𝑅(𝑥)
||| 𝑑𝑦 < ∞,

where 𝑓𝐵𝑅(𝑥) is the average of 𝑓 over the ball 𝐵𝑅;

𝑓𝐵𝑅(𝑥) =
1||𝐵𝑅|| ∫𝐵𝑅(𝑥) 𝑓(𝑦) 𝑑𝑦.

A typical example of a function belonging to 𝐵𝑀𝑂(ℝ𝑛) is log |𝑥|. This example and an easy observation show that
𝐿∞(ℝ𝑛) ⊊ 𝐵𝑀𝑂(ℝ𝑛).
The following fact is well-known due to John–Nirenberg [28]. For any 1 < 𝑝 < ∞, let 𝑓 ∈ 𝐵𝑀𝑂𝑝(ℝ

𝑛) stand for

‖𝑓‖𝐵𝑀𝑂𝑝
= sup

𝑥∈ℝ𝑛,𝑅>0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥) |||𝑓(𝑦) − 𝑓𝐵𝑅(𝑥)

|||𝑝𝑑𝑦
)1∕𝑝

< ∞.

Then there exists a constant 𝐶𝑝 > 0 such that

‖𝑓‖𝐵𝑀𝑂 ≤ ‖𝑓‖𝐵𝑀𝑂𝑝
≤ 𝐶𝑝‖𝑓‖𝐵𝑀𝑂.

We extend this fact to the Chemin–Lerner space.
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OGAWA and SHIMIZU 1433

Definition A.5. For any 1 ≤ 𝑝 < ∞, 𝑓 ∈ 𝐿2
(
𝐼;𝐵𝑀𝑂𝑝(ℝ

𝑛)
)
if

‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂𝑝)

≡ sup
𝑥0∈ℝ𝑛,𝑅>0

⎛⎜⎜⎝∫
𝑅2

0

(
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0) |||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑥0)

|||𝑝 𝑑𝑥
)2∕𝑝

𝑑𝑡
⎞⎟⎟⎠
1∕2

< ∞.

As we see in Lemma A.1 above, the norms ‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂𝑝)

are equivalent to

‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂(𝑝))

≡ sup
𝑥0∈ℝ𝑛,𝑅>0

⎛⎜⎜⎝∫
𝑅2

0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)||𝑝 𝑑𝑥 𝑑𝑦
)2∕𝑝

𝑑𝑡
⎞⎟⎟⎠
1∕2

.

We recall the Bochner space 𝐵𝑀𝑂𝑝

(
ℝ𝑛; 𝐿2(𝐼)

)
given by

‖𝑓‖𝐵𝑀𝑂𝑝(ℝ𝑛;𝐿2) ≡ sup
𝑥0∈ℝ𝑛,𝑅>0

⎛⎜⎜⎝
1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)

(
∫

𝑅2

0

|||𝑓(𝑡, 𝑥) − 𝑓𝐵𝑅(𝑥0)
|||2 𝑑𝑡

)𝑝∕2
𝑑𝑥

⎞⎟⎟⎠
1∕𝑝

< ∞,

where 𝐼 = (0, 𝑇) for any 𝑇 < ∞.

Proposition A.6 (John–Nirenberg). Let 1 ≤ 𝑝 < ∞.

1. For 𝑓 ∈ 𝐵𝑀𝑂𝑝

(
ℝ𝑛; 𝐿2

)
, there exists a constant 𝐶𝑝 > 0 such that

𝐶𝑝
−1‖𝑓‖𝐵𝑀𝑂𝑝(ℝ𝑛;𝐿2) ≤ ‖𝑓‖𝐵𝑀𝑂1(ℝ𝑛;𝐿2) ≤ ‖𝑓‖𝐵𝑀𝑂𝑝(ℝ𝑛;𝐿2), (A.5)

where 𝐶𝑝 ≃ 𝑂(𝑝) as 𝑝 → ∞.
2. For 𝑓 ∈ 𝐿2

(
𝐼;𝐵𝑀𝑂𝑝

)
with 1 ≤ 𝑝 ≤ 2, there exists a constant 𝐶𝑝 > 0 such that

𝐶𝑝
−1‖𝑓‖

𝐿2(𝐼;𝐵𝑀𝑂𝑝)
≤ ‖𝑓‖

𝐿2(𝐼;𝐵𝑀𝑂1)
≤ ‖𝑓‖

𝐿2(𝐼;𝐵𝑀𝑂𝑝)
. (A.6)

The right-hand side inequality in (A.6) also holds for all 1 ≤ 𝑝 < ∞.

Remark A.7. If 2 ≤ 𝑝,

‖𝑓‖𝐵𝑀𝑂𝑝(ℝ𝑛;𝐿2) ≤ ‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂𝑝)

and if 1 ≤ 𝑝 ≤ 2,

‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂𝑝)

≤ ‖𝑓‖𝐵𝑀𝑂𝑝(ℝ𝑛;𝐿2),

and particularly

‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂2)

≃ ‖𝑓‖𝐵𝑀𝑂2(ℝ𝑛;𝐿2).

Lemma A.8 (Vector valued John–Nirenberg’s inequality). Let 𝑓 ∈ 𝐿2
(
𝐼; 𝐵𝑀𝑂1

)
and assume that ‖𝑓‖

𝐿2(𝐼;𝐵𝑀𝑂1)
≤ 1. For

any cube 𝑄0 ⊂ ℝ𝑛 and 𝜆 > 0, there exist constants 𝛼𝑛 > 0 and 𝐶 > 0 independent of 𝑓 such that

𝜇

({
𝑥 ∈ 𝑄0;

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝐿2𝐼 > 𝜆

})
≤ 𝐶𝑒−𝛼𝑛𝜆, (A.7)
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1434 OGAWA and SHIMIZU

where

‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0‖‖𝐿2𝐼 =
(
∫

𝑅2

0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0(𝑡)
|||2 𝑑𝑡

)1∕2

.

In particular, for any cube 𝑄0 ⊂ ℝ𝑛 and 0 < 𝛼 < 𝛼𝑛,

∫
𝑄0

(
𝑒
𝛼‖‖𝑓(𝑥)−𝑓𝑄0‖‖𝐿2

𝐼 − 1

)
𝑑𝑥 ≤ 𝐶||𝑄0||. (A.8)

RemarkA.9. The assumption on the function 𝑓 ∈ 𝐿2
(
𝐼; 𝐵𝑀𝑂1

)
can be exchanged into 𝑓 belongs to 𝐵𝑀𝑂1

(
ℝ𝑛; 𝐿2𝑡 (𝐼)

)
and

the following proof remains valid with a minor modification.

Proof of Lemma A .8. We show the proof by following the original proof of John–Nirenberg [28]. For 𝑓 ∈ 𝐿2
(
𝐼; 𝐵𝑀𝑂1

)
,

we assume without losing generality that ‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂1)

≤ 1. Let a family of hyper-cubes
{
𝑄0
𝑘

}
𝑘
satisfies

⎛⎜⎜⎜⎝∫
𝑅2

0

⎛⎜⎜⎝
1||𝑄0|| ∫𝑄0

𝑘0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡

⎞⎟⎟⎟⎠
1∕2

≤ 1.

We then apply the Caldéron–Zygmund decomposition and selection to each of hyper-cube. We consider some𝑄0 and find
a sequence of hyper-cubes

{
𝑄𝑚
𝑘𝑚

}
𝑘𝑚

(where 𝑚 denotes the volume of cubes and 𝑘𝑚 denotes the number of the cubes of

the same volume). Then let 𝐺𝑚−1 =
⋃

𝑘𝑚
𝑄𝑚
𝑘𝑚

and

∙ For a good region 𝐺𝑚, every cube 𝑄𝑚
𝑘′𝑚

satisfies (where |||𝑄𝑚
𝑘′𝑚

||| = |𝑄𝑚|)

∫
𝑅2

0

⎛⎜⎜⎝
1|𝑄𝑚| ∫𝑄𝑚

𝑘′𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡 ≤ 22, 𝑄𝑚
𝑘′𝑚

⊂ 𝐺𝑚, (A.9)

decompose 𝑄𝑚
𝑘′𝑚

further and reduce it into 𝐺 =
⋂

𝑚
𝐺𝑚.

∙ For a bad region 𝐵𝑚, every hyper-cube 𝑄𝑚
𝑘𝑚

satisfies

∫
𝑅2

0

⎛⎜⎜⎝
1|𝑄𝑚| ∫𝑄𝑚

𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡 > 22, 𝑄𝑚
𝑘𝑚

⊂ 𝐵𝑚. (A.10)

Then we see that

1. By passing a limit𝑚 → ∞ in (A.9), it follows by the Fatou lemma and the Lebesgue differential theorem that for almost
all 𝑥 ∈ 𝐺 =

⋂
𝑚
𝐺𝑚, (

∫
𝑅2

0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
|||2 𝑑𝑡

)1∕2
≤ 2. (A.11)

2. For any 𝑥 ∈ 𝐵 = 𝐺𝑐, there exists a double sides hyper-cube which is in a good region, namely, for any 𝑄𝑚
𝑘𝑚

⊂ 𝐵, there
exists some 𝑄𝑚−1

𝑘′
𝑚−1

⊂ 𝐺𝑚−1 such that 𝑄𝑚
𝑘𝑚

⊂ 𝑄𝑚−1
𝑘′
𝑚−1

and from (A.9), (A.10),
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OGAWA and SHIMIZU 1435

2|𝑄𝑚| ≤ ⎛⎜⎜⎜⎝∫
𝑅2

0

⎛⎜⎜⎝∫𝑄𝑚
𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡

⎞⎟⎟⎟⎠
1∕2

≤
⎛⎜⎜⎜⎝∫

𝑅2

0

⎛⎜⎜⎝∫𝑄𝑚−1

𝑘′
𝑚−1

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡

⎞⎟⎟⎟⎠
1∕2

≤ 2 ||𝑄𝑚−1|| = 2 ⋅ 2𝑛|𝑄𝑚|. (A.12)

3. For any hyper-cube in the bad region 𝑄𝑚
𝑘𝑚
, it follows from (A.10) and

∑
𝑘
𝑎2
𝑘
≤ (∑

𝑘
𝑎𝑘

)2
that

( ∑
𝑚,𝑘𝑚

|||𝑄𝑚
𝑘𝑚

|||2
)1∕2

≤ 1

2

⎛⎜⎜⎜⎝
∑
𝑚,𝑘𝑚

∫
𝑅2

0

⎛⎜⎜⎝∫𝑄𝑚
𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
|||𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡

⎞⎟⎟⎟⎠
1∕2

≤ 1

2

⎛⎜⎜⎜⎝∫
𝑅2

0

⎛⎜⎜⎝∫⋃
𝑚,𝑘𝑚

𝑄𝑚
𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡

⎞⎟⎟⎟⎠
1∕2

≤ 1

2

⎛⎜⎜⎝∫
𝑅2

0

(
∫
𝑄0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥

)2
𝑑𝑡

⎞⎟⎟⎠
1∕2

. (A.13)

Then we claim that for sufficiently large 𝜆 > 0,{
𝑥 ∈ 𝑄0;

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝐿2𝐼 > 𝜆

}
⊂

⋃
𝑚,𝑘𝑚

{
𝑥 ∈ 𝑄𝑚

𝑘𝑚
;
‖‖‖𝑓(𝑥) − 𝑓𝑄𝑚

𝑘𝑚

‖‖‖𝐿2𝐼 > 𝜆 − 2 ⋅ 2𝑛
}

. (A.14)

Indeed, from (A.10) it suffices to show the case 𝑥 ∈
⋃

𝑘𝑚,𝑚
𝑄𝑚
𝑘𝑚

in the bad region. Then from (A.11), there exists a cube
𝑄𝑚
𝑘𝑚

∋ 𝑥 such that from (A.12),

‖‖‖𝑓𝑄𝑚
𝑘𝑚

− 𝑓𝑄0
‖‖‖𝐿2(𝐼) ≡

⎛⎜⎜⎜⎝∫
𝑅2

0

⎛⎜⎜⎝
1|||𝑄𝑚
𝑘𝑚

||| ∫𝑄𝑚
𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
|||𝑑𝑥⎞⎟⎟⎠

2

𝑑𝑡

⎞⎟⎟⎟⎠
1∕2

≤ 2 ⋅ 2𝑛. (A.15)

Thus for any 𝑥 ∈

{
𝑥 ∈ 𝑄0;

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝐿2𝐼 > 𝜆

}
∩ 𝑄𝑚

𝑘𝑚
,

‖‖‖𝑓(𝑥) − 𝑓𝑄𝑚
𝑘𝑚

‖‖‖𝐿2𝐼 + ‖‖‖𝑓𝑄𝑚
𝑘𝑚

− 𝑓𝑄0
‖‖‖𝐿2𝐼 ≥ ‖‖‖𝑓(𝑥) − 𝑓𝑄0

‖‖‖𝐿2𝐼 > 𝜆,

‖‖‖𝑓(𝑥) − 𝑓𝑄𝑚
𝑘𝑚

‖‖‖𝐿2𝐼 > 𝜆 − 2 ⋅ 2𝑛.

Hence (A.14) follows. Following the argument due to John–Nirenberg [28], let 𝐹(𝜆) defined by

𝐹(𝜆) ≡ sup
𝑄

𝜇

({
𝑥 ∈ 𝑄;

‖‖‖𝑓(𝑥) − 𝑓𝑄
‖‖‖𝐿2𝐼 > 𝜆

})
∫ 𝑅2

0

(∫
𝑄

|||𝑓(𝑡, 𝑥) − 𝑓𝑄(𝑡)
||| 𝑑𝑥)2

𝑑𝑡

.
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1436 OGAWA and SHIMIZU

Then by (A.14),

𝜇

({
𝑥 ∈ 𝑄0;

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝐿2𝐼 > 𝜆

})
≤ ∑

𝑚,𝑘𝑚

𝜇

({
𝑥 ∈ 𝑄𝑚

𝑘𝑚
;
‖‖‖𝑓(𝑥) − 𝑓𝑄𝑚

𝑘𝑚

‖‖‖𝐿2𝐼 > 𝜆 − 2 ⋅ 2𝑛
})

≤ ∑
𝑚,𝑘𝑚

𝐹
(
𝜆 − 2 ⋅ 2𝑛

)
∫

𝑅2

0

⎛⎜⎜⎝∫𝑄𝑚
𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄𝑚
𝑘𝑚

||| 𝑑𝑥⎞⎟⎟⎠
2

𝑑𝑡

≤ ∑
𝑚,𝑘𝑚

𝐹
(
𝜆 − 2 ⋅ 2𝑛

)|||𝑄𝑚
𝑘𝑚

|||2 ∫ 𝑅2

0

⎛⎜⎜⎝
1||𝑄𝑚
𝑘𝑚

|| ∫𝑄𝑚
𝑘𝑚

|||𝑓(𝑡, 𝑥) − 𝑓𝑄𝑚
𝑘𝑚

||| 𝑑𝑥⎞⎟⎟⎠
2

𝑑𝑡

(
since we assumed that ‖f‖

𝐿2(𝐼;𝐵𝑀𝑂1)
≤ 1

)
≤ 𝐹

(
𝜆 − 2 ⋅ 2𝑛

) ∑
𝑚,𝑘𝑚

|||𝑄𝑚
𝑘𝑚

|||2

= 𝐹
(
𝜆 − 2 ⋅ 2𝑛

)1
4 ∫

𝑅2

0

(
∫
𝑄0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥

)2

𝑑𝑡, (A.16)

where we use (A.13). The inequality (A.16) holds for all hyper-cube 𝑄0 which implies

𝐹
(
𝜆
) ≤ 1

4
𝐹
(
𝜆 − 2 ⋅ 2𝑛

)
.

For 𝛼𝑛 = 2−𝑛 and 𝜆 > 0, let 𝐴 > 0 satisfy

𝐹(𝜆) ≤ 𝐴2−𝛼𝑛𝜆.

Then we see that

𝐹(𝜆 + 2 ⋅ 2𝑛) ≤ 1

4
𝐹(𝜆) ≤ 𝐴2−𝛼𝑛(𝜆+2⋅2

𝑛), 2𝑛+1 ≤ 𝜆 < 2 ⋅ 2𝑛+1.

Then for any integer𝑚 >> 1,𝑚 ∈ ℕ, for any parmeter 𝜆 ∈
[
2𝑛+1𝑚, 2𝑛+1(𝑚 + 1)

)
,

𝐹(𝜆) ≤ 𝐴2−𝛼𝑛𝜆, 2𝑛+1𝑚 ≤ 𝜆 < 2𝑛+1(𝑚 + 1).

Varying𝑚, it follows for any large 𝜆 >> 1 that

𝜇

({
𝑥 ∈ 𝑄0;

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝐿2𝐼 > 𝜆

})
≤ 𝐹(𝜆)∫

𝑅2

0

(
∫
𝑄0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
|||2 𝑑𝑥

)2

𝑑𝑡

≤ 𝐴𝑒−𝛼
′
𝑛𝜆 ∫

𝑅2

0

(
∫
𝑄0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
|||2 𝑑𝑥

)2

𝑑𝑡,

where 𝛼′𝑛 = 2−𝑛 log 2. This shows (A.7). The estimate (A.8) follows from (A.7) directly. In fact, for 𝛼 < 𝛼′𝑛.
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OGAWA and SHIMIZU 1437

Hence for any 1 < 𝑝 ≤ 2, we have from (A.8) that

1||𝑄0|| ∫𝑄0

(
𝑒
𝛼‖‖𝑓(⋅,𝑥)−𝑓𝑄0‖‖𝐿2

𝐼 − 1

)
𝑑𝑥 =

1||𝑄0|| ∫𝑄0

⎛⎜⎜⎝∫
‖‖𝑓(⋅,𝑥)−𝑓𝑄0‖‖𝐿2

𝐼

0

𝑑

𝑑𝜆
𝑒𝛼𝜆 𝑑𝜆

⎞⎟⎟⎠ 𝑑𝑥
=

1||𝑄0|| ∫𝑄0 ∫
∞

0

𝜒{
𝑥∈𝑄0;‖𝑓(⋅,𝑥)−𝑓𝑄0‖𝐿2

𝐼
>𝜆

}(𝑡, 𝑥)𝛼𝑒𝛼𝜆 𝑑𝜆 𝑑𝑥
=

1||𝑄0|| ∫
∞

0

𝜇

({
𝑥 ∈ 𝑄0;

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝐿2𝐼 > 𝜆

})
𝛼𝑒𝛼𝜆 𝑑𝜆

≤ 1||𝑄0|| ∫
∞

0

𝛼𝐴𝑒−(𝛼
′
𝑛−𝛼)𝜆 𝑑𝜆

≤ 𝛼𝐴

𝛼′𝑛 − 𝛼
.

(A.17)

□

Proof of Proposition A.6. We only show the left inequality (A.6). The inequality (A.5) follows almost in the same way
including 1 ≤ 𝑝 < ∞ after we modify Lemma A.8. Let 1 < 𝑝 ≤ 2. For any 𝑓 ∈ 𝐿2

(
𝐼; 𝐵𝑀𝑂1

)
, letting

𝑓 = ‖𝑓‖−1
𝐿2(𝐼;𝐵𝑀𝑂1)

𝑓 (A.18)

and without losing generality, we may assume that ‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂1)

= 1. Using 𝜆𝑝 ≤ [𝑝]!

𝛼𝑝

(
𝑒𝛼𝜆 − 1

)
≃ 𝐶

𝑝
𝑝

(
𝑒𝛼𝜆 − 1

)
,

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝑚𝐿2(𝐼) ≤ 𝛼−𝑚𝑚! exp

(
𝛼
‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0

‖‖‖𝐿2(𝐼)
)

with𝑚 = 2… . From (A.8) in Lemma A.8, the Minkowski inequality yields that

⎛⎜⎜⎝∫
𝑅2

0

(
1||𝑄0|| ∫𝑄0

|||𝑓(𝑡, 𝑥) − 𝑓𝑄0
|||𝑝𝑑𝑥

)2∕𝑝

𝑑𝑡
⎞⎟⎟⎠
1∕2

≤
(

1||𝑄0|| ∫𝑄0

‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0
‖‖‖𝑝𝐿2(𝐼) 𝑑𝑥

)1∕𝑝

≤ 2𝛼−𝑚∕𝑝𝑚𝑚∕𝑝

(
1||𝑄0|| ∫𝑄0

exp

(
𝛼
‖‖‖𝑓(⋅, 𝑥) − 𝑓𝑄0

‖‖‖𝐿2(𝐼)
)
𝑑𝑥

)1∕𝑝

≤ 2𝛼−𝑚∕𝑝𝑚𝑚∕𝑝𝐾1∕𝑝. (A.19)

In general, if ‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂1)

≠ 1 then by (A.18) and (A.19),

⎛⎜⎜⎝∫
𝑅2

0

(
1||𝑄0|| ∫𝑄0

|||𝑓(⋅, 𝑥) − 𝑓𝑄0
|||𝑝𝑑𝑥

)2∕𝑝⎞⎟⎟⎠
1∕2

≤ 𝐶𝜈−1𝐾1∕𝑝𝑝 sup
𝑅>0,𝑥0

⎛⎜⎜⎝∫
𝑅2

0

(
1||𝑄0|| ∫𝑄0

|||𝑓(⋅, 𝑥) − 𝑓𝑄0
||| 𝑑𝑥

)2⎞⎟⎟⎠
1∕2

= 𝐶𝑝‖𝑓‖𝐿2(𝐼∶𝐵𝑀𝑂1)
, (A.20)

which implies for all 1 ≤ 𝑝 ≤ 2, ‖𝑓‖
𝐿2(𝐼;𝐵𝑀𝑂𝑝)

≤ 𝐶𝑝‖𝑓‖𝐿2(𝐼;𝐵𝑀𝑂1)
. (A.21)

This proves (A.6). □

Remark A.10. If we modify the proof of Proposition A.6 into the case 𝑓 ∈ 𝐵𝑀𝑂1

(
ℝ𝑛; 𝐿2𝑡 (𝐼)

)
, the estimate (A.21) remains

valid for all 1 ≤ 𝑝 < ∞ and the constant 𝐶𝑝 in (A.21) behaves 𝐶𝑝 ≃ 𝑂(𝑝) as 𝑝 → ∞.
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1438 OGAWA and SHIMIZU

A.3 Carleson measure and BMO

It is well-understood that a characterization of a function in 𝐵𝑀𝑂 by the Carleson measure (cf. Stein [50, p. 159,
Theorem 3]). We first recall the following estimate:
Let Φ(𝑥) ∈  be

∫
ℝ𝑛

Φ(𝑥) 𝑑𝑥 = 0

and set Φ𝜆(𝑥) ≡ 𝜆−𝑛Φ(⋅∕𝜆) and consider

Φ𝜆 ∗ 𝑓(𝑥) = ∫
ℝ𝑛

Φ𝜆(𝑥 − 𝑦)𝑓(𝑦) 𝑑𝑦.

Theorem A.11 (Stein, Frazier–Jawerth). For any Φ(𝑥) ∈  with

∫
ℝ𝑛

Φ(𝑥) 𝑑𝑥 = 0,

and 𝜆 > 0, set Φ𝜆(𝑥) ≡ 𝜆−𝑛Φ(⋅∕𝜆). Then there exists a constant 𝐶 > 0 such that for any 𝑓 ∈ 𝐵𝑀𝑂

sup
𝑥0,𝑅>0

∫
𝑅

0

1||𝐵𝑅|| ∫𝐵𝑅 |Φ𝜆 ∗ 𝑓(𝑥)|2 𝑑𝑥 𝑑𝜆

𝜆
≤ 𝐶‖𝑓‖2

𝐵𝑀𝑂
. (A.22)

This theorem is a characterization of a function of 𝐵𝑀𝑂 by a Carleson measure. In particular, choosing Φ𝜆 as 𝜆 ≃ 2−𝑗 ,
Φ𝜆 can be chosen as the Littlewood–Paley dyadic decomposition of unity Φ𝜆 = 𝜙𝑗 , then the estimate (A.22) implies the
relation between the Lizorkin–Triebel space and 𝐵𝑀𝑂. For any 𝜆 ∈ 𝐼𝑗 =

[
2−𝑗, 2−𝑗+1

)
,

‖‖𝑓‖‖̇0
∞,2

=

‖‖‖‖‖‖‖sup𝑘∈ℤ

1||𝐵2𝑘 || ∫𝐵2𝑘
( ∑

𝑗≥−𝑘
||𝜙𝑗 ∗ 𝑓(𝑥)||2

)(1∕2)⋅2
𝑑𝑥

‖‖‖‖‖‖‖∞
= sup

𝑥0,𝑅>0

∑
𝑗≥−𝑘 ∫𝜆∈𝐼𝑗

1||𝐵2𝑘 || ∫𝐵2𝑘 ||𝜙𝑗 ∗ 𝑓(𝑥)||2 𝑑𝑥 𝑑𝜆

𝜆

= sup
𝑥0,𝑅>0

∫
𝑅

0

1||𝐵𝑅|| ∫𝐵𝑅 ||Φ𝜆 ∗ 𝑓(𝑥)||2 𝑑𝑥 𝑑𝜆

𝜆

≤ 𝐶‖𝑓‖2
𝐵𝑀𝑂

. (A.23)

For the proof of Theorem A.11, see Stein [50, p. 159, Theorem 3].
As a corollary of the above theorem, one can consider the Koch–Tataru [32] class:

Corollary A.12 [32]. Let 𝑒𝑡Δ be the heat semi-group. Then there exists a constant 𝐶 > 0 such that for any 𝑢0 ∈ 𝐵𝑀𝑂,

sup
𝑥0,𝑅>0

∫
∞

0

1||𝐵𝑅|| ∫𝐵𝑅 ||∇𝑒𝑡Δ𝑢0||2 𝑑𝑥 𝑑𝑡 ≤ 𝐶‖‖𝑢0‖‖2𝐵𝑀𝑂
. (A.24)

Proof of Corollary A .12. Let the potential in Theorem A.11 be

Φ𝜆(𝑥) =
√
𝑡∇𝐺𝑡(𝑥) ≡

(
1

4𝜋𝑡

)𝑛∕2(
𝑥

2
√
𝑡

)
exp

(
−
|𝑥|2
4𝑡

)
.

Regarding 𝜆 =
√
𝑡, 𝐺𝑡(𝑥) is rapidly decaying smooth function and

∫
ℝ𝑛

√
𝑡∇𝐺𝑡(𝑦) 𝑑𝑦 = ∫

ℝ𝑛

∇𝐺1(𝑦) 𝑑𝑦 = 0.
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Then

1

2
sup

𝑥0,𝑅>0
∫

𝑅2

0

1||𝐵𝑅|| ∫𝐵𝑅 ||∇𝐺𝑡 ∗ 𝑢0(𝑥)||2 𝑑𝑥 𝑑𝑡 = sup
𝑥0,𝑅>0

∫
𝑅2

0

1||𝐵𝑅|| ∫𝐵𝑅 |||√𝑡∇𝐺𝑡 ∗ 𝑢0(𝑥)
|||2 𝑑𝑥 𝑑𝑡

2
√
𝑡
2

= sup
𝑥0,𝑅>0

∫
𝑅

0

1||𝐵𝑅|| ∫𝐵𝑅 ||Φ𝜆 ∗ 𝑢0(𝑥)||2 𝑑𝑥 𝑑𝜆

𝜆

≤ 𝐶‖‖𝑢0‖‖2𝐵𝑀𝑂
.

(A.25)

□

In TheoremA.11, the condition of vanishing average∇𝐺 is essential. If one try to extend such an estimate into a fractional
order Laplacian, for example, 𝑠 > 0,

∫
ℝ𝑛

|∇|𝑠𝐺𝑡(𝑥) 𝑑𝑥 = 𝑐−1𝑛 ∫
ℝ𝑛

𝑒−𝑖𝑥⋅𝜉|∇|𝑠𝐺𝑡(𝑥) 𝑑𝑥
|||||𝜉=0 = 𝑐−1𝑛 |𝜉|𝑠𝐺𝑡(𝜉)

|||𝜉=0 = 0.

Hence it can be transformed into the fractional power of derivative. We expect that

sup
𝑥0,𝑅>0

1||𝐵𝑅|| ∫𝐵𝑅(𝑥0)
(
∫

∞

0

||||∇| 2𝜎 𝑒𝑡Δ𝑢0|||𝜎𝑑𝑡
)2∕𝜎

𝑑𝑥 ≤ 𝐶‖‖𝑢0‖‖2𝐵𝑀𝑂

and hence ‖‖Δ𝑒𝑡Δ𝑢0‖‖𝐿𝜎(𝐼;𝐵𝑀𝑂)
≤ 𝐶‖‖|∇|2∕𝜎′𝑢0‖‖𝐵𝑀𝑂

are valid.

A.4 Proof of Proposition 2.1

We give an alternative proof of Koch–Tataru estimate

Proof of Proposition 2.1. Let 𝜂𝑅(𝑥) = 1 for ||𝑥 − 𝑥0|| < 𝑅 and 𝜂𝑅(𝑥) = 0 for ||𝑥 − 𝑥0|| > 2𝑅 be a smooth cut-off function.
Applying Lemma A.1, we have

1||𝐵𝑅||2
𝑑

𝑑𝑡∬ℝ𝑛×ℝ𝑛

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2 𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
=

2||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

(
𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)

)(
𝜕𝑡𝑒

𝜈𝑡Δ𝑢0(𝑥) − 𝜕𝑡𝑒
𝜈𝑡Δ𝑢0(𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

=
2𝜈||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

(
𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)

)
∇𝑥 ⋅

(
∇𝑥𝑒

𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒
𝜈𝑡Δ𝑢0(𝑦)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

−
2𝜈||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

(
𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)

)
∇𝑦 ⋅

(
∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦) − ∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥)

)
𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

= −
2𝜈||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
−

4𝜈||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

(
𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)

)(
∇𝑥𝑒

𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒
𝜈𝑡Δ𝑢0(𝑦)

)
⋅ ∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

≡ −𝐽1 + 𝐽2. (A.26)
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1440 OGAWA and SHIMIZU

For 𝑥 ∈ supp ∇𝜂𝑅(𝑥), 𝑦 ∈ supp 𝜂𝑅(𝑥),
|𝑥−𝑦|
𝑅

≤ 2 and ||∇𝜂𝑅(𝑥)|| ≤ 𝐶∕𝑅, integrating the both sides of (A.26) over
𝑡 ∈

(
0, 𝑅2

)
, we obtain|||||∫

𝑡

0

𝐽2(𝑡) 𝑑𝑡
||||| =

||||||∫
𝑡

0

4𝜈||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

(
𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)

)

×
(
∇𝑥𝑒

𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒
𝜈𝑡Δ𝑢0(𝑦)

)
⋅ ∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦 𝑑𝑡

||||||
≤ 4𝜈 ∫

𝑡

0

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2||∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦)||2 𝑑𝑥 𝑑𝑦
)1∕2

×

(
1||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦
)1∕2

𝑑𝑡

≤ 4𝜈 sup
𝑡∈(0,𝑅2)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)1∕2

×∫
𝑅2

0

(
1

𝑅2||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)1∕2

𝑑𝑡

≤ 𝐶𝜀𝜈 sup
𝑡∈(0,𝑅2)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)

+ 𝜀𝜈

(
∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡
)

≡ 𝐽12 + 𝜀 ∫
𝑅2

0

𝐽1 𝑑𝑡. (A.27)

Then

𝐽12 = 𝐶𝜀𝜈 sup
𝑡∈(0,𝑅2)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)

= 𝐶𝜀𝜈 sup
𝑡∈(0,𝑅2)

‖‖𝑒𝜈𝑡Δ𝑢0‖‖2𝐵𝑀𝑂

≤ 𝐶𝜀𝜈‖‖𝑢0‖‖2𝐵𝑀𝑂
.

(A.28)

The last estimate follows from the Fefferman–Stein1-𝐵𝑀𝑂-duality [21] and heat kernel can be regarded as the1 test
as is shown in

||(𝑒𝜈𝑡Δ𝑢0, 𝜙)|| = (
𝑢0, 𝑒

𝜈𝑡Δ𝜙
) ≤ 𝐶‖‖𝑢0‖‖𝐵𝑀𝑂

‖‖𝑒𝜈𝑡Δ𝜙‖‖1 ≤ 𝐶‖‖𝑢0‖‖𝐵𝑀𝑂
‖𝜙‖1 ,

sup
𝜙∈1

||(𝑒𝜈𝑡Δ𝑢0, 𝜙)||‖𝜙‖1
≤ 𝐶‖‖𝑢0‖‖𝐵𝑀𝑂

.

Hence

sup
𝑥0

sup
𝑅>0

𝐽12 = 𝐶𝜈 ‖‖𝑒𝜈𝑡Δ𝑢0‖‖2𝐵𝑀𝑂
≤ 𝐶𝜈‖‖𝑢0‖‖2𝐵𝑀𝑂

(A.29)

holds. From (A.26), (A.27) and (A.28), we obtain
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2𝜈 ∫
𝑅2

0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)
𝑑𝑡

= −
⎡⎢⎢⎣ 1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2 𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦⎤⎥⎥⎦
𝑅2

𝑡=0

−
4𝜈||𝐵𝑅||2 ∬ℝ𝑛×ℝ𝑛

(
𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)

)
×
(
∇𝑥𝑒

𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒
𝜈𝑡Δ𝑢0(𝑦)

)
⋅ ∇𝑥𝜂𝑅(𝑥)𝜂𝑅(𝑦) 𝑑𝑥 𝑑𝑦

≤ sup
𝑥0,𝑅>0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

|𝑢0(𝑥) − 𝑢0(𝑦)|2 𝑑𝑥 𝑑𝑦
+ 𝐶𝜀𝜈 sup

𝑡∈(0,𝑅2)

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||𝑒𝜈𝑡Δ𝑢0(𝑥) − 𝑒𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)

+ 𝜀𝜈
⎛⎜⎜⎝∫

𝑅2

0

1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡⎞⎟⎟⎠. (A.30)

Thus the BMO-bound (A.29) for the heat kernel it follows that

sup
𝑥0,𝑅>0

𝜈 ∫
𝑅2

0

(
1||𝐵𝑅||2 ∬𝐵𝑅(𝑥0)×𝐵𝑅(𝑥0)

||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦
)
𝑑𝑡 ≤ 𝐶‖‖𝑢0‖‖2𝐵𝑀𝑂

. (A.31)

□

The left-hand side of the above estimate is a form of the Chemin–Lerner type and one can regard that

‖‖‖‖‖∇𝑒𝜈𝑡Δ𝑢0‖‖𝐿2(ℝ+)

‖‖‖2𝐵𝑀𝑂
= sup

𝑥0,𝑅>0
∫

∞

0

1||𝐵𝑅||2 ∫𝐵𝑅(𝑥0) ∫𝐵𝑅(𝑥0) ||∇𝑥𝑒
𝜈𝑡Δ𝑢0(𝑥) − ∇𝑦𝑒

𝜈𝑡Δ𝑢0(𝑦)||2 𝑑𝑥 𝑑𝑦 𝑑𝑡.
A.5 Sharp trace estimate in the Bochner space

We show the outline of the proof for (1.16). For 𝑡 ∈ 𝐼 = (0,∞), let 𝑓 ∈ 𝑊1,2(𝐼; 𝐵𝑀𝑂) ∩ 𝐿2
(
𝐼; 𝐵𝑀𝑂2

)
. Then there exists

a sequence of smooth functions {𝑓𝑛} ⊂ 𝐶1(𝐼; 𝐵𝑀𝑂) ∩ 𝐶1
(
𝐼; 𝐵𝑀𝑂2

)
such that for any 𝜀 > 0 and 𝑡 ∈ 𝐼 there exists 𝑁 ∈ ℕ

such that for all 𝑛 ≥ 𝑁,

‖‖𝜕𝑡𝑓𝑛 − 𝜕𝑡𝑓‖‖𝐿2(𝐼;𝐵𝑀𝑂)
+ ‖‖Δ𝑓𝑛 − Δ𝑓‖‖𝐿2(𝐼;𝐵𝑀𝑂)

< 𝜀, 𝑛 ≥ 𝑁0, (A.32)

and lim𝑡→∞ 𝑓𝑛(𝑡, 𝑥) = 0. Then it suffices to show that

‖‖∇𝑓𝑛(𝑡)‖‖𝐵̇0
∞,2

≤ 𝐶
(‖‖𝜕𝑡𝑓𝑛‖‖𝐿2(𝐼;𝐵𝑀𝑂)

+ ‖‖Δ𝑓𝑛‖‖𝐿2(𝐼;𝐵𝑀𝑂)

)
. (A.33)

Since

∇𝑓𝑛(𝑟, 𝑥) = − ∫
∞

𝑟

𝜕𝑠∇𝑒
2(𝑠−𝑟)Δ𝑓𝑛(𝑠, 𝑥) 𝑑𝑠

= − ∫
∞

𝑟

∇𝑒2(𝑠−𝑟)Δ𝜕𝑠𝑓𝑛(𝑠, 𝑥) 𝑑𝑠 − ∫
∞

𝑟

∇𝑒2(𝑠−𝑟)ΔΔ𝑓𝑛(𝑠, 𝑥) 𝑑𝑠
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and (
∫

∞

0

‖‖𝑒𝑟Δ𝑢‖‖21 𝑑𝑟

𝑟

)1∕𝜎
≤ 𝐶‖𝑢‖𝐵̇0

1,2

(see for instance [38], Proposition 3.3) we choose for any 𝑔 ∈ 𝐶∞
0 (ℝ𝑛), it holds that

||⟨∇𝑓𝑛(𝑟), 𝑔⟩|| ≤ |||||
⟨
∫

∞

𝑟

∇𝑒2(𝑠−𝑟)Δ𝜕𝑠𝑓𝑛(𝑠, 𝑥) 𝑑𝑠, 𝑔

⟩||||| +
|||||
⟨
∫

∞

𝑟

∇𝑒2(𝑠−𝑟)ΔΔ𝑓𝑛(𝑠, 𝑥) 𝑑𝑠, 𝑔

⟩|||||
≤ |||||∫

∞

𝑟

⟨
∇𝑒(𝑠−𝑟)Δ𝜕𝑠𝑓𝑛(𝑠, 𝑥), 𝑒

(𝑠−𝑟)Δ𝑔
⟩
𝑑𝑠

||||| +
|||||∫

∞

𝑟

⟨
∇𝑒(𝑠−𝑟)ΔΔ𝑓𝑛(𝑠, 𝑥), 𝑒

(𝑠−𝑟)Δ𝑔
⟩
𝑑𝑠

|||||
≤ |||||∫

∞

0

⟨
∇𝑒𝑠Δ𝜕𝑠𝑓𝑛(𝑠 + 𝑟, 𝑥), 𝑒𝑠Δ𝑔

⟩
𝑑𝑠

||||| +
|||||∫

∞

0

⟨
∇𝑒𝑠ΔΔ𝑓𝑛(𝑠 + 𝑟, 𝑥), 𝑒𝑠Δ𝑔

⟩
𝑑𝑠

|||||
≤

(
∫

∞

0

‖‖‖√𝑠∇𝑒𝑠Δ𝜕𝑠𝑓𝑛(𝑠, 𝑥)
‖‖‖2∞ 𝑑𝑠

)(
∫

∞

𝑟

𝑠−1‖‖𝑒𝑠Δ𝑔‖‖21 𝑑𝑠)
+

(
∫

∞

0

‖‖‖√𝑠∇𝑒𝑠ΔΔ𝑓𝑛(𝑠, 𝑥)
‖‖‖2∞ 𝑑𝑠

)(
∫

∞

0

𝑠−1‖‖𝑒𝑠Δ𝑔‖‖21 𝑑𝑠)
≤

(
∫

∞

0

(‖‖‖√𝑠∇𝐺𝑠
‖‖‖1

‖‖𝜕𝑠𝑓𝑛(𝑠)‖‖𝐵𝑀𝑂

)2

𝑑𝑠

)(
∫

∞

0

(
𝑠−1∕2‖‖𝑒𝑠Δ𝑔‖‖1)2 𝑑𝑠)

+

(
∫

∞

0

(‖‖‖√𝑠∇𝐺𝑠
‖‖‖1

‖‖Δ𝑓𝑛(𝑠)‖‖𝐵𝑀𝑂

)2

𝑑𝑠

)(
∫

∞

0

(
𝑠−1∕2‖‖𝑒𝑠Δ𝑔‖‖1)2 𝑑𝑠)

≤ 𝐶
(‖‖𝜕𝑠𝑓𝑛‖‖𝐿2(𝐼;𝐵𝑀𝑂)

+ ‖‖Δ𝑓𝑛‖‖𝐿2(𝐼;𝐵𝑀𝑂)

)‖‖𝑔‖‖𝐵̇0
1,2
.

Dividing the both side of above by ‖‖𝑔‖‖𝐵̇0
1,2
,

sup
𝑔∈𝐶∞

0
⧵{0}

||⟨∇𝑓𝑛(𝑟), 𝑔⟩||‖‖𝑔‖‖𝐵̇0
1,2

≤ 𝐶
(‖‖𝜕𝑠𝑓𝑛‖‖𝐿2(𝐼;𝐵𝑀𝑂)

+ ‖‖Δ𝑓𝑛‖‖𝐿2(𝐼;𝐵𝑀𝑂)

)
and we conclude that (A.33) holds.
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