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Abstract

This paper derives a subspace identification algorithm for a j-operator state-space
model by using the methods due to Moonen et al. [11], [12], [21]. Since the d-operator
model converges to a continuous-time model as the sampling interval goes to zero, the
algorithm obtained is applicable to the identification of continuous-time medels. A method
of computing the state vector from the block Hankel matrix is developed. Simulation
studies show the present algorithm provides good results for the case of a low N/S ratio.
Improvement of the algorithm for the case of a higher N/S ratio remains to be done.

1. Imntroduction

Some thirty years ago, Ho and Kalman [1] developed a basic minimal realization
technique of the state-space model based on the block Hankel matrix constructed by
Markov parameters, or the impulse responses. Also, Kung [2] derived an algorithm for
obtaining a reduced order state-space model by using SVD (singular value decomposi-
tion) [3] of the Hankel matrix. To apply the above techniques, we must first estimate
Markov parameters based on the input-output data. Since the estimation of the Markov
parameters is not a trivial task [4], the techniques of [1] and [2] are not suitable for prac-
tical application.

By defining the predictor space based on the CVA (canonical variate analysis),
stochastic realization theory was initiated by the pioneering works of Akaike [4], [5], in
which the block Hankel matrix is generated by the covariance matrices of input-output
data. Also, Larimore [6], [7] has derived a general reduced order identification tech-
nique for MIMO linear state-space models by extending the CVA based technique of [4]
so that the arbitrary control inputs can be included in the model. The computation
associated with the CVA can effectively be performed by the SVD.

More recently, the subspace method has received much interest in system identifica-
tion and signal processing [8], [9], [10]. In the subspace method, the identification prob-
lem is formulated and solved on signal level; the main problem is thus the approximation
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of a subspace spanned by the column or row vectors in block Hankel matrices formed by
the array of input-output data. The most effective technique for solving this approxima-
tion problem is due to the SVD. In particular, subspace state-space identification techni-
ques have been developed based on the SVD of the block Hankel matrix by Moonen ef al.
[11}], [12]. Verhaegen and Dewilde [13] have derived a subspace output error method for
the identification of the state-space model based on QR decomposition. Also, the
subspace methods are analyzed from a statistical point of view by Viberg et al. [14].

The classical system identification techniques are based on the least-squares (LS)
method or iterative nonlinear optimization techniques (see [15], [16]). The drawbacks of
this classical approach are the difficulty in model selection and the overparametrization
of the model. For example, pole-zero cancellation in a polynomial model makes the
model not identifiable, so that the multivariable ARMAX parametrization is inherently ill-
conditioned. For the linear time-invariant models, the subspace identification schemes
are possible alternatives to the classical approach in that model selection is much simpler
and the application to MIMO cases is almost trivial. Thus for the state-space models,
the subspace approach has better numerical conditioning than the classical polynomial
model identification, although the determination of the model order is not a trivial task
for noisy input-output data. In the CVA approach [6], [7], the model order is selected
based on the AIC [4].

Another recent interest in this area is the identification of continuous-time models
from sampled data in the literature [17], [18], because the analysis and design of a control
system are usually carried out by using continuous-time models since most physical
systems are continuous-time. The indirect approach is to first estimate a discrete-time
model using sampled-data by the classical approach and then convert it to a continuous-
time model. It is shown [18] that the continuous-time model obtained using this ap-
proach is highly sensitive to the choice of sampling interval, since the discrete-time and
continuous-time models in frequency domain are connected by the transcendental rela-
tion z=e%4, where A is the sampling interval. This difficulty may be overcome by using a
d-operator model rather than a standard shift-operator model [19], [20].

The direct approach is to estimate the parameters of a continuous-model based on
the sampled data, without computing an intermediate discrete-time model. A basic idea
is to obtain an equivalent discrete-time model whose parameters are identical to those of
a continuous time model by using a numerical integration based on a digital filter [17],
[18]. Also a direct SVD-based subspace identification method for continuous-time state-
space models is presented by Moonen et al. [21], in which state variable filters are used
for approximate computing of higher order derivatives.

In this paper, motivated by the works of [20] and [21], we derive a subspace iden-
tification algorithm for a d-operator state-space model. Since the §-operator model
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reduces to the continuous-time model as the sampling interval tends to zero, the present
technique may be applied to the identification of continuous-time state-space models
[20]. In Section 2, we briefly describe the j-operator model based on [19]. In Section 3,
based on [11], [12], [21], we present relevant block Hankel matrices formed by the input-
output data to determine the state vector of the model. A method of computing the state
vector is developed by using the two SVDs, namely the SVD of the Hankel matrix formed
by the input-output data and the SVD of a submatrix formed by the left singular vectors
obtained from the first SVD. The system matrices are then determined by applying the
LS method to an overdetermined system of equations. Section 5 considers the case
where the input-output data are corrupted by white noise. A prefiltering scheme is
developed in order to compute the higher order differences of the input-output data.
The LS estimate of the block Hankel matrix is then derived by using the technique due to
De Moor [23]. Numerical results are presented in Section 6 to show the feasibility of the
present algorithm by using a version of the model from [20]. The conclusions are given
in Section 7. Appendix includes a proof of Lemma 3.

2. &Operator Model

Consider a continuous-time model

X(®)=Ax() + Bu(t)
1)

YO =Cx(H)+Du(t)
where x(f) € R" is the state vector, u(f) € R™ is the input vector, y(f) € RP is the output
vector, and A, B, C, D are nxXn, nXm, pXn, pX m constant matrices, respectively.

Suppose that the input u(f) is a staircase function of the form

u()=u(kd), kAZt<(k+1a, k=0,1,2, 2)

where A is the sampling interval. It then follows that
A
*((k+ DAY= etextid)+( fo e#de) Bu(ks)

Thus we have

x(t+8)=AX(O) +Bu(), t=0, A, 24, 3)
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where
Ag=e®, B,=( fo Ae"‘fdr) B @

By using the shift operator g, we have the following discrete-time model relating the
sampled input to the sampled output

gx(t)=A () +Bu(t)
(5)
y() =Cx(®)+Du(t), t=0, A, 24, -

1t follows from (4) that for A—0, we have A,—1, B,—0, so that the discrete-time
model degenerates. Hence, in order to derive a model that has a better correspondence
with the continuous-time model, we define the delta operator ([17], [19])

t+A)—x(t
5x(t)_—_-’_‘(__A)___’£(_) ©)
Note that this is the forward difference with §:=(g—1)/A. Since g=1+A4d, it follows
that (5) is reduced to

3x(f)=A () + Byu(?)
)]
() =Cx(t)+Du(t), t=0, A, 24, -

where

A,—1 B

A5=JA_9 Baz_Aq

Since A;—A, B;—B as A—0, we see that the delta operator model of (7) reduces to the
continuous-time model where the sampling interval is very small. This fact shows that
the identification algorithm for the §-operator model is applicable to the identification of

a continuous-time model of (1) (see [20]).

3. State Vector and Block Hankel Matrix

Consider the §-operator state-space model of (7), where A4;, B;, C, D are nXn, nXm,
P X n, pX mmatrices, respectively. We define the augmented controllability and observ-
ability matrices
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C
Ce=[A}"'B; --- A;B; Byl, O,= C,:‘l,;

CAk!

where k is assumed to be larger than n. In the following, we assume that the state-space
model is controllable and observable, so that we have rank C,=n, rank O,=n. Itistobe
noted that (A4;, B;, C) is minimal if and only if (4,, B,, C) is minimal.

By using higher order differences of the input-output variables, we now define two
k x L block Hankel matrices

u(t) Ju(t+4)y - §/u(t+ (L—1)4)
U= 5,“;”([) 6’+‘u§t+A) 5’+‘u(t+g(L—1)A) ®)
Ve ly() Yk lu(t+A) - VTR Iy 4+ (L—1)A)
and
My dy@e+4a) - dy@+(L—1)a)
Y = Mty  dty(t+4A) - Sy +H(L—1)A) ©)
(A : : :

FHEIp(e) FHELy(e+A) o+ FHIy(E+(L—1)A)

where both U, ; and Y, ; have & block rows and L columns, although k, L do not appear as
indices of them. We also define the augmented state vector with L columns as

X =[ox(t) ¥x(t+4) - Fx(t+(L—1a)] (10)
It follows from (8)—(10) that

Y, 0= X, 0+ T U, 11

Y 1 =0 X+ ThUp i (12)

where I'; is the block Toeplitz matrix defined by

D 0 0 - 0 0
CB, D 0 - 0 0

F’( = CAEB,; CBJ D e O 0

CAg—ZB‘; CA§_3B6 CAg—-‘B& M CB5 D
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The above input-output matrix relations are used for defining the state vector by us-
ing external variables U, ; and Y,;. In the following, we assume that L>>max (km, kp),
namely both U,; and Y,; are rectangular.

We define two block Hankel matrices H; and H, as

U, U,
H =[ 1,0]’ H =l: l,k:l
! YI,O 2 Y Lk
Let W, and W, be subspaces spanned by the row vectors of H, and H,, respectively.
Then we have

W,=Im (H]), W,=Im (HI)

Lemma 1 ([11]) Suppose that the following three conditions hold.
1) rankX,,=n
2) Im (XF)NIm (Ul)=4¢
3) rankU,,=km

Then it follows that

rankH,=km+n 13)

Proof: See Moonen ef al. [11]. ]

The following lemma gives a fundamental relation between the state vector and the
subspaces defined by external variables.
Lemma 2 ([11]) Suppose that the conditions in Lemma 1 hold. Then the subspace spanned
by the row vectors of X, , coincides with the intersection of subspaces W, and W>, name-
ly, under the assumption that rank g:: =2km,

Im (XT)=W,NnW, 14)

Proof: See Moonen ef al. [11]. []

4. Determination of State Vector and System Matrices

For convenience, we redefine H, and H, as

u(t)  u@+d) - u(@+EL—1)b)
yH o oyt o ye+HEL-DA)
su(®  ou(t+8) - su(t+(L—1)A)

Hy= | y(t) y(t+a) - Sy(t+(L—1)d) (15)

B-lut) FFtu(t+A) - S lu(t+(L— 1))
L3 19() 6%~ y(e+a) -+ Syt + (L —1)D)
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and

[ Sfu(t)  Su(t+a) - Su(+(EL—1)A) )
Fy)  Fpet+A) o vE+EL—1)h)
SFHu(r) S lut+A) o Sk lu(t+(L—1)A)
Hy= | &4 1p(5) 3% lp(1+4) - dk+y(t+(L—1)A)

F-tu(t) *-tu(t+b) - %= tu(t-+(L—1)A)
[3%-19(0) 8%-1y(t+0) - %-Ip(t+(L—1)A))

It is clear that Lemma 2 also holds for these block Hankel matrices.
Define H= [Z;:I Let the SVD of H be given by

_ Hl:lz[:Uu Ulz] [Su 0] T
H=U,SpVh, [Hz o or] [ olv

where
Uyt 2k(m-+p) x2k(m+p); Uy, Uy k(m+p) X Qkm—+n)
Syt 2k(m+p)x L; Uiy, Upy: k(m+p) X (2kp—n)
Vyg: LXL; Si: @km+n)x (2km+n)
Lemma 3 ([12]) The SVD of U,, of (17) is given by

U,=10, Q, Ol ZIZWT

where

, C,=diag(c, ‘-, c,)

Okm X (kp— n)jl
and

Qi k(m+p)X(kp—n)
O, k(m+p)Xn

Qs k(m+p)xXkm

W: (kp—n)x(2kp—n)

79

(16)

an

18)

Proof: A proof is given in Appendix based on [22], since no proof is provided in [12]. []

4.1 Determination of State Vector

Lemma 4 ([11]) The subspace spanned by the row vectors of ULH, is included in W, N\ W,,
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namely
Im {(ULH)T} C WiN W, (19
Proaof: Since Uy is orthogonal,

w02 [ om [ ] (6 o] a0

so that
U1T2H1:'"U§.2H2 (20)

we see that the row spaces of both sides of (20) are included in W, and W,. []
Lemma § The row space of UL,H, coincides with that of X, ,, namely

Im {(ULH)"} =Im (X[ @n

Proof: It follows from Lemmas 3 and 4 that Im {(ULH,)"} CIm (X7,). Moreover, from
Appendix, we have rank (ULH,)=n. This implies (21). []

There exist 7 independent rows among 2kp — n rows of ULH, so that any n independ-
ent row basis vectors form the state vector. The SVD of U, gives n indépendent bases of
the state space.

Theorem 1 ({12]) Suppose that the SVD of U, is given by (18). Then a state vector is
given by

X, =07 H, (22)
Proof: This follows from Lemma 5 and (A7) in Appendix. []

4.2 Determination of System Matrices
We introduce the “colon” notation [3]. Let A(p:q, r:s) be the submatrix of A at the in-
tersection of rows p, p+1, -+, g and columns 7, r+1, ---, s. For example,

A(3:4, 2:5)=["32 @33 3 "”]
gy Qa3 Aay Qs
Moreover, A(p:q, :) and A(:, r:s) denote submatrices of 4 consisting of rows p, p+1, ---,
q and columns 7, r+1, ---, s, respectively.
Theorem 2 Suppose that SVDs of H and U, are given by (17) and (18), respectively.
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Then the system matrices A;, B;, C, and D are obtained by solving the following
overdetermined equation by the LS technique.

[ QIUx(m+p+1:(k+1)m+p), 1:2km+n)S,, :]
Uk(m+p)+m+1:(k+ 1D)(m+p), 1:2km+n)S,,

__|:A,, B,,:| [ QIUu(L:k(m+p), 1:2km+n)S,, ]

- U(k(m+p)+ 1:k(m+p)+m, 1:2km+n)S,, (23)

C D
Proof: 1t follows from Theorem 1 that
X, «=QlH,

=QIH (1:k(m+p), :)
=QiUn(1:k(m+p), )SuVE

and

X k1=QiH(m+p+1:(k+1)(m+p), 3)
=QIUy(m+p+1:(k+1)m+p), )SyVh

Also, we have

[6%u(e) o*u(t+A4) -+ stu(t+ (L —1)A)]
=H(k(m+p)+1:k(m+p)+m, :)
=Ugk(m+p)+1:k(m+p)+m, )S,VE

and

[0%p(8) o*y(z+4) -+ d*y(t+(L—1)A)]
=H(k(m+p)+m+1L:(k+1)(m+p), 3)
=Ulk(m+p)+m+1:(k+1)(m+p), )SyVh

Substituting the above equations into

[5"“x(t) oK+ ix(¢+4) - 5"+‘x(t+(L—l)A):|
k(D Sy(+A) - SFy(+(L—1A)
_[A,; B,,] [ﬁkx(t) Skx(t+A) - 6"x(t+(L—l)A):|
“Lc DJ Lsu@ sku(z+a) -+ s*ku(t+(L—1)A)

vields
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[ TUm+p+1:(k+1)(m+p), HSyVE :|
Uglk(m+p)+m+1:(k+ 1)(m+p), )SgVi

=|:Aa B.s] |: JUw(1:k(m+p), )SuVE :|
C D] LUk(m+p)+1:k(m+p)+m, )SyVE

Since the orthogonal matrix V} has no effect on the LS estimate, it can be removed.
Also, since Sy has zeros except for S;,, we have (23). [

It should be noted that a considerable computational saving is achieved in the SVD
of (17), since a large orthogonal matrix ¥ is not needed in actual computation.

5. Generation of Block Hankel Matrices

5.1 Prefiltering
We need higher order differences of u(f) and y(f) to form the block Hankel matrices H,
and H, of (15) and (16). But since the raw differences are susceptible to noise, we instead
use filtered differences.

Define a stable polynomial with order 2k by

E@)=0%+e,0% 1+ +ey_ 5 +ey 4
where e,, ‘-, ey are constants. Also define
HO=p=A0, WO=m=uld), YO=m=H0) 25)
EG) EG) " EGY’
Pre-multiplying (7) by a stable filter 1/E(5) gives
ox(t)= A () + By (D)
(26)

Y@ =CH(O+Du(r), t=0, A, 24, -

Thus we can use the filtered differences #w/(t+id), #)(¢+iA) in place of the raw
differences y/u(z+iA), ¥y(t+iA) in H, and H,. The block Hankel matrix thus obtained
will be denoted by Hf= Lé]

In order to form H, we define

ul(9) YA
oul(?) v |, i=L2,m

(D,,{(t) = s (Dy’/(t) =

- 1ul(r) )
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It follows from (24) and (25) that
()= — e, 0% \(t) — -+ — ey 10t () — eyt (1) + u(l) 27
P ()= — e, 0%~ 1y(8) — -+ — e~ 100 (1) — e’ (D) + ¥(2) (28)

These equations are respectively expressed as

r o 1 0
0 1 0
0, ()= o+ | 1| u(D), i=1,2, -, m
01 0
L—ey —ey— —e 1
r o 1 0
0 1 0
5(1>,.§(t)= <l>,.lr(t)+ iy, ji=12,,p
01 0

L€y —€y— **° —€ 1

Solving the above equations with initial conditions ©,/(0)=0, ©,(0)=0, we get filtered
differences to form H’.

5.2 Least-Squares Estimate of H'

If the input-output data u(f) and y(¢) are disturbed by noises, then H is corrupted by
noise. In order to reduce the effect of noise, we consider the LS estimate of A/ under the
assumption that A is perturbed by noise, namely

H=H+N 29
We assume that the unperturbed H has the SVD of (17), namely
wan [0 [F
H=w, vl [0l [ 30)
where
Uy 2k(m+p)x km+n); V: LXQ2km+n)

Uy 2k(m+p)x 2kp—n); V1 LX({L—2km—n)
S1: @km+n)x 2km+n)
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In the following, we assume that
(A1) NNT=g?[
(A2) HNT=0

Assumption (A1) implies that N is an orthogonal matrix where the norm of each row vec-
toris ¢. Also, (A2) shows that the row spaces of N and H are orthogonal. It should be
noted that (A1) is not very realistic, since if the input-output data () and y(¢) are disturbed
by white noise, then elements of A are perturbed by colored noise whose statistical
characteristics are determined by the prefilterings. To cope with the colored noise, we
can apply the techniques of [12], [21].

Since [U; U,] is orthogonal,

HI=H+N
=U1311V1T+(U1U{+({2U3)N 1
_ Sy t+a2D: 0] [(Su'*‘ﬂzl)-i(SuVT'F UlTN)]
=l Uil [ 0 ol ¢-\UIN 6D
We see that this is the SVD of H, so that we may write
Sqh 0 Vi
[f == N N
H=1Un Upl [ 0 sﬂ] [Vﬁ] 2)

where

Sﬂ= V811 + 0 g (33)
Sﬂ=012kp_,, (34)

Lemma 6 Let the singular values of Hf be u;, ', Uym+p Suppose that
rankH=2km-+n. Then the estimate of ¢2 is given by

632=.u§km+n+l +- +.u%k(m+p)
2kp—n

(33

Proof: A proof is immediate from (34). [
It follows from (33) that the estimate of S, is given by

Sn= stl_ilezkmﬂ. (36)
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We now wish to derive the LS estimate of H based on . Since the LS estimate A is
given by the orthogonal projection of H on the row space of H, this problem is
equivalent to finding X such that

min | XK —H|}, g=2k(m+p)

XERe

where ||+ |[2 denotes the Frobenius norm. Note that X is optimal if and only if XH— H is
orthogonal to A”, namely (XH' — H)(H")7=0. Thus we get X=HHTH/(HNT]"!.
Lemma 7 The LS estimate of H is given by

A=Up Sy +@D 31 V5 @37
Proof: It can be shown that
A=XH
= HEY [ H (Y H
a7

=w ua [ 3] [F] s+ NrUxS+o 73 -y |

=10 U [0 9] [Su(S%IjaZI)-% I mﬂ

=

By replacing S;; by $;; of (36), we get 37). (]

5.3 Identification Algorithm
The identification algorithm is summarized as follows.
Step 0: Set k, and E(5).
Step 1: For given input-output data, generate A”, and compute SVD of (32).
Step 2: Compute H from (37), and put H:=H.
Step 3: Compute SVD of H and Uj,.
Step 4: Solve the overdetermined equation (23) to get A;, B;, C, D.

6. Example
We consider the system of output error type shown in Fig. 1, where

10s+5

GO)= g6+ 215426

(3%



86 Tohru Katayama, Takaya Yamamoro and Yang Wu

The above system is simulated over 15 seconds, where e(f) is the white Gaussian noise
with mean zero and variance ¢} and the input u(?) is a composite sine wave

u(t)=10 cos 2t+4 sin 7t+6 cos 1.7¢

which is used in [20], where the equation error model is employed for numerical examples.
Figs. 2 and 3 display the input u(?) and the output y(¢) for ¢5=(0.1)?, respectively.
We assume that k=3 and let the filter be given by

1 1
EG) (3+3)0+5) 32 +25+2)(0*+4o+13)

Thus we have a block Henkel matrix of 12 X L, where L is related to the data length used
for identification. Tables 1 and 2 show the identification results for the sampling inter-
vals A=0.01 and 0.005, respectively, where

d=4 5 (@;0)2
=1\ 6
In each case, 20 realizations are generated over 15 seconds. From the estimates obtained
in each of 20 independent realizations, the sample mean and standard deviation (s.d.) are
evaluated. For the noise variance ¢2=(0.05)2 and (0.1)?, we see that the parameters so ob-
tained show good agreement with the true parameters. We also observed, although have
not presented here, that if the noise variance is getting larger, the identification results are
quite unsatisfactory.

7. Conclusions

This paper has developed a subspace identification algorithm for a 5-operator model. As
A tends to zero, the j-operator model converges to a continuous-time model, so the pres-
ent technique can be applied to the identification of a continuous-time model. We show
by simulation studies that if the output N/S ratio is low, then the estimated parameters

e

uw® yo
— G il s

Fig. 1. Continuous-time output-error model
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Table 1. Identification results for A=0.01

75=(0.05) a2=(0.1)2
true mean s.d. mean s.d.

a 6 6.1006 0.1186 6.3067 0.3180
a, 21 20.9521 0.5845 21.5290 1.4872
a 26 25.8184 1.0489 27.4145 2.6457
by 10 9.8501 0.3539 10.1494 0.8863
b, B 5.0422 0.2104 5.5250 0.5349

NSR (%) 0.0104 0.0336

d 0.0251 0.1321

Table 2. Identification results for A=0.005

a3=(0.05) a3=(0.1)
true mean s.d. mean s.d.

a 6 6.0483 0.1146 6.1140 0.2261
a, 21 20.9930 0.5361 21.2523 1.1520
as 26 25.8951 0.9802 26.4961 2.0495
by 10 9.9386 0.3239 10.0876 0.7043
b, 5 5.0051 0.1960 5.1701 0.4095

NSR (%) 0.0069 0.0277

d 0.0109 0.0459

s.d.:=standard deviation
NSR:=var{e(t)}/var{y(t)}

show good agreement with the true parameters. For noisy cases, the algorithm remains
to be improved, e.g., based on the canonical correlation approach.

(1]
[21

131
141

[51
[6]
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Appendix: Proof of Lemma 3

For simplicity, define x:=k(m+p), n:=2kp—n, u:=2km+n Qt=n+u). Let
I:U‘Z g”], where U’ is a 2« X (z +u) orthogonal matrix. It follows from [22] that

2 21
there ex%st four orthogonal matrices Q, VER<**x, WeRr*z, Z& R#*# such that

[ oz 2] 15 2]
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05
Ss

0c

Ix—1r+r
—Cs

I, — [212 2;1:| (A1)

Z22 Z21
Ss

Iﬂ —§=r

0%

C,=diag (a,+1, " Arrg)y 12,12 20,4520

S;=diag (B;+1, s Br+sy 0B 1S <B,45<1
C+8i=1;

Zi2s ZnER® T4y, Zn ERFH

Oc, Og: (k—s—P) X (x—s—r) and (x— = +r) X r zero matrices

where s, r are to be determined. From (Al),

iisz Uu:|=[Q212WT Qzuer
U22 U21 VEZZWT VZZIZT

Since Q, W are orthogonal, the (1,1) block of (A2) gives the SVD of U;,. In the follow-
ing, we prove s=n, r=kp—n, showing that QX,, W7 gives the SVD of (18).

(a) Partition Q=[Q, Q, O3], where Q;ER**’, Q,ER:*s, Q,ER* =51, We show
that Q, is orthogonal to H,. It follows from (20) and (A2) that

(A2)

H\=[U;;Sy, 0] VETI
=[QZ]12TS11 0] qu-}

0%
=([Q: Q, Qil [ Ss :|ZTSu 0) Vi (A3)
I—s—
Since QfQ;=0, i#j, we get
OTH,=([0 QQ,S, QTQ:1Z7S,; 0) VE=0 (Ad)

This shows that Q, is orthogonal to H;.
(b) We show that n>s. From (A2), (A3),
I, or 0
ULH,= szTzQTle w Cs QzT}Hl = W{Cs]Q{HI (AS)
o 0

0¢

Also from, (A3)
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TH,=([0 S, 01Z'Sy 0) VE=S.ZiSuVin : (A6)

where Z=[Z, Z, Z;], Z,ER:*G-+0 Z,ERuxs, Z,ERuxG=s—n § & Ruxu VI & RuxL,
Since each matrix on the right-hand side of (A6) has full rank, we get rank(QIH))=s. It
also follows from (A5) that Im(ULH,)"CIm (QTH))T. Partition W=[W; W, W], where
W,ER**r, W,ER**s, W,&R=*«~s=n_ Then, from (AS5), we get C; 'WIULH,=QIH,.
This implies that Im (QJH,)"CIm (ULH,)”. Thus we have

Im {(ULH)™} =Im {(QfH))"} (A7)

Hence, rank (ULH,)=rank (Q7H,)=s holds. Since, from Lemma 4, n>rank (ULH,), it
follows that n>s.

(c) We prove s=n. Note that H, is kX L and rankH,=km+n. Thus we see from
(A4) that rankQ, is smaller than the rank deficiency of Hj, so that

r<k—(km-+ny=kp—n
Similarly to the derivation of (A3), it follows that

H,=[UySy; 0] VITf
=[VZ, Z7Sy; 0] VL

I/c~7t+r
Vi V2 Vil =G |Z%8n O)VE

0%

where V,ER#*¢—+n y,ERexs, V,ER:*E=s=n, Since V]V;=0, i#j, we get
ViH,=0 (A8)

Since H, is a £ X L matrix and rankH,=km + n, its rank deficiency is kp—n. It therefore
follows from (A8) that rank V;=x—s—r<kp—n, so that

r=kp—s (A9)

Hence, we see from (A8) and (A9) that kp—s<r<kp—n, or s>n.
From the above, we see that n=s and r=kp—n hold.





