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(Received March 22, 1993)

Abstract

This paper considers the ), estimation problem by using a model matching
technique. For a given possibly unstable plant, the J, estimation problem is reduced
to a standard model matching problem by introducing a class of all stable and unbiased
estimators. Based on Nehari's theorem, a necessary and suffcient condition for the
existence of a solution of the J, estimation problem is derived in terms of an J,-type
algebraic Riccati equation. The LFT representation of the class of all solutions is
also developed.

1. Introduction

Recently considerable attention has been directed to #, estimation
problems [1]-[7]. The estimation with #,_ criterion is appropriate when there
is significant uncertainty in the spectral density of disturbance. Yaesh and Shaked
have developed full-order estimators by using game theoretic approaches [1],[2]
and the bounded real condition [3]. An operator theoretic L.Q optimization
technique in the time domain is employed to derive £, filters and smoothers by
Nagpal and Khargonekar [4]. An 3, estimator with an £, error bound is also
developed in [5] based on a coupled system of modified Riccati equations. Fer-
nandes et al. [6] have presented design techniques for robust estimators based on
a parametrization of all stable unbiased estimators and %, ¥, and %,
optimizations. Recently, Limebeer and Shaked [7] considered a minimax terminal
estimation and the J#, filtering problem by employing a game theoretic approach
and the duality between estimation and control. In particular, for the
infinite-horizon case, they derived a necessary and sufficient condition for the
existence of stable estimators for a possibly unstable plant based on the bounded
real condition and they parametrized all stable unbiased ), estimators. It may
be noted that although a parametrization of all J, estimators is given as a
solution to OE problem in {8], it cannot be directly applied to an unstable plant
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due to the restriction of internal stability.

In this paper, we derive a state-space description of all solutions
to the 4, estimation problem based on a model matching technique. Since
the S, estimation problem is not a standard model matching problem when the
plant is unstable, we first reduce the J#, estimation problem to a standard model
matching problem by using a parametrization of all stable unbiased estimators
{6], [9]. We then derive a necessary and sufficient condition for the existence of
a solution based on Nehari’s theorem. Although the main result of the paper is
also contained in [7], we present a straightforward proof based on a
purely frequency domain approach [10]. Finally we develop an LFT (linear
fractional transformation) representation of all solutions to the £, estimation
problem.

The notation used in this paper is standard. In particular, [-], and [-]_ are
the stable and antistable parts of a transfer matrix by partial fraction expansion,
respectively. And G(s)~ denotes G(—s)T. A transfer matrix G(s) in terms of
state-space data is denoted by

A|B
|:——I-—:|: =C(GI—A)"*B+D
clp

Tll T12

An LFT (T, Q) with T=|: ] is defined by

21 T22

FUT,0):=Tyy+T1,QU—T,,0) ' Ty,
2. Problem Formulation

We consider a linear time invariant plant described by

2=C,x (2.2)
y=Cyx+Dw (2.3)

where x,y and z are the state, the measurement and the output to be estimated,
respectively. We have two exogenous signals ¥ and w. The signal u is the known
control input, while w is the unknown disturbance that has finite energy, i.e.
we¥,. We assume that (4, B,) is stabilizable and that (C,, 4) is detectable.

. B 0 .
Moreover, to simplify the discussion, we assume that [l;:lDT: [I] This

condition ensures that the process disturbance and measurement noise are
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independent and that the measurement noise is normalized.

. . u . A s
Let T,.(s) be an estimator transfer matrix from [ ] to the estimate 2, i.e.

y

A

u . . o
z=Tm[ :I Then the transfer matrix from w to the estimation error e:=z—2%

is given as

0
Tew= Tzw_ Test I:T ] (24’)

yw.

where T,,(s) = [g‘%] and T,,(s) = [g

1 2
to z and y, respectively. Then the J, estimation problem considered
in this paper is stated as follows.

B .
—L | are the transfer matrices from w

,, Estimation Problem

For a given constant y >0, we wish to establish a necessary and sufficient condition
for the existence of a stable unbiased estimator T,,(s) that satisfies the #, error
bound || T, ||, <y. Moreover, if the solvability condition holds, we derive a class
of all stable unbiased estimators that satisfy the £, norm bound ||T,,|,<7.

3. Preliminaries

In this section, we summarize some useful results for the class of all stable
unbiased estimators, the model matching problem and the 5, norm of a transfer
matrix based on [8]-{10].

3.1 The class of all stable unbiased estimators

Definition 1 An estimator is stable if the estimate is generated by a stable
proper linear time invariant system subject to the plant inputs and outputs.

Definition 2 An estimator is unbiased if the estimation error decays to zero for
any plant inputs in the absence of modeling errors and disturbances.

Lemma 1 Consider the linear time invariant plant of (1), (2) and (3). Suppose
that a stable unbiased state estimator is given by

£o=Afo+L(y—C,%0)+Byu (3.1
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where £, is an estimate of x, and 4,: =4 — LC, is a stability matrix. Then a class
of all stable unbiased estimators T,,(s) is given by

Toa(8)=[Te1(s) Tex(s)] (3.2)
.- [A ~LC, Bz]_ K[A —LC2|BZ:| (3.3)
c, |0 c, |o

— L A—LC,[L
r[ AL, fA-tedt) -
Cl O - Cz

I
where K(s) is an arbitrary transfer matrix in £ .
Proof See Appendix A.

3.2 Model matching problem

The model matching problem of the Nehari type is to approximate a given
R(sYeRL, by X(s)eRH# ,. It is well known as Nehari’s theorem [10] that

inf ||[R—Xj,=|R|g, where ||']|; denotes the Hankel norm.
XeRH

I [R].-
Lemma 2 For a given R(s)eR¥, such that |R|5z<1, define G(s)=|:0 [ I] ]

I 0
and J =|:O :| Then there exists a J-spectral factor TI(s) such that

G~JG=N"JI, I, I 'eRH¥

o

Furthermore, a class of all X(s)e ##,, satisfying |R—X]| <1 is given by

X=R—(L,Q+L)}L;Q+Ly)~"

L, L

where [ ! 2:|=GH_l and Q(s) is an arbitrary transfer matrix in %5, such
3 Ly

that O, <1.

Proof A proof is given in [10].
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3.3 , norm of a transfer matrix

Lemma 3 For a given G(s)=[g

B
E:I we assume that (4, B) is stabilizable and

that (C, A) is detectable. Then Ge#4, and |G|, <1 if and only if there exists
a non-negative stabilizing solution M of the following algebraic Riccati equation

(ARE).

AM+MAT+MCT"CM+BB"=0

Proof See Lemma 4 in [8].

T, T
Lemma 4 Consider an LFT system & (T, Q), where T(s) =[ 1 12] and Q(s)
21 122
is a proper rational transfer matrix. Suppose TT =1 and T;}e#¥#,. Then

the following are equivalent.
(i) The system is internally stable and | #(T, Q)| <1.
(i) Q()eRH,, and |QI,<1.

Proof This lemma is dual to Lemma 15 in [8].

4. Solution to , Estimation Problem

The main result of this paper is summarized in the following theorem.
{Theorem)

(i) There exists a stable unbiased estimator T,(s) satisfying ||T,, ||, <y if and
only if there exists a non-negative stabilizing solution P to the following ARE.

AP +P_AT+P_ (y *CiC,~-C3C,)P,+B,BT=0 4.1)

(i) 'The class of all stable unbiased estimators satisfying || T,,,{ , <7 is given by

Teu(s)=F(G, U) (4.2)
4, | B, P,CI] —y7?PCT

G®=|C, | [0 0 1] I (4.3)
C, |0 -11] 0

where A, =A—P_CIC,, and U(s) is an arbitrary transfer matrix in ## . such
that |U|,<y. Furthermore, |T,,ll,<y holds if and only if [U]|,<y.
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In the remainder of this section, we give a proof of Theorem based on

Nehari’s theorem.

4.1 Reduction to model matching problem

Since T,,, and T, may not be stable in general, the standard model matching
approach cannot be directly applied to the 5, estimation problem. Thus, we
first introduce a class of all estimators stabilizing T,,. Suppose P, is the unique

non-negative stabilizing solution to the following ARE.
AP2+P2AT_P2C;C2P2+B1B{=O (4.4)
Then the #, optimal estimator, or the steady-state Kalman filter, is given by

2 =A%, +P,CY (y—Cy%,)+ B,u

2>,

"
Ci,

22

2

where £, and £, are the estimate of x and z, respectively. Define 4,:=A4—P,C1C,.
Then from Lemma 1, a class of all stable unbiased estimators is given by

Ten()=[T.1(s) Tca(s)] (4.5)
_[44B:7] AAB{] p
n“”_[CJO] B{CAO #6)
T (S)—l:éPZC;].*.K[_A_ZPZ_C;:l “4.7)
eyl o —C,| I '

where K(s) is an arbitrary transfer matrix in #5¢,. Substituting (4.5) into (2.4)
and some algebraic manipulations yield

nx»=E%
1

(4.8)

B, —chgp]
D

0 C,

Since A4, is a stability matrix, the £, estimation problem is reduced to a standard
model matching problem of finding K=y~ !Ke##,, such that

Ily_lTew"m=|IT1—KT2"00<1 (49)

where
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y |
C,=y7'Cy, Ty(s)=|22
% Y 1 1(5) [CY

B,—P,CID A
BB - | 22
0 C,

Bl —chgD]
D

4.2 Proof of Theorem

(Necessity) Since T,T;=1, itis easily seen that EE~=Iwith E=[T; I-T;T,],
so that

|| T1 —K'Tzllw= "(Tl _KTz)E"oo
=T, T;—K T:(d-T;Ty)}ll»

Therefore, if there exists K(s)e #,, that satisfies (4.9), then | Y| <1 holds,
where Y=T,(I—-T;T,).

Furthermore, if | Y|, <1, there exists a co-spectral factor Y,(s) such that

I-YY~=Y,Y; Y, Y 'eRH

oo

We see from Lemma 8.2 of [10] that the following inequality also holds.
IV, T, T5—- Y, 'K, <1 (4.10)

We now derive the state-space representations of the conditions of || Y|, <1
and (4.10). After some algebraic manipulations, we get

r T~=[A2|PZC$ ] +[A2|PZC$ ]
el o c, o
—Ai—d]

C,P,| 0

T T ]~
T1T5T2T;=[C‘;2RIP f’]{c’i ZR!PZOCV]
y* 2 yt 2

T1T5=[

where R is a unique non-negative definite solution to the following Lyapunov
equation.

ATR+RA,+CIC,=0 (4.11)

Thus,
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YY" =T\(I-T;T)I-T;T,yTY
= T1(I— T2~T2)Tf= T1T1~_ T1 T2~T2T1~
_[ A, |ch,T] [ A, |P203]~
C(I-P,R)| 0 C,(I-P,R)| 0

(4.12)

In order to derive a condition for || Y|, <1, we introduce Lemmas 5 and 6.

Lemma 5 Let P, be a non-negative stabilizing solution to (4.4) and R be a
non-negative solution to (4.11). Then I—P,R>0 holds.

Proof See Appendix B.

[ A4, |<I—P2R)‘1Bl]
C,(I—P,R)| 0
Proof See Appendix C.

Lemma 6 |Y|_ =

a0

Therefore, Lemmas 3 and 6 show that || V|| <1 holds if and only if there
exists an M=M7>0 satisfying

A,M+MAT+M(I—RP,)CTC(I—P,R)M +(I—P,R)"'B,BI(I-RP,)"' =0
(4.13)

with AM:=A2+M(I—RP2)C;'Cy(I—P2R) stable. A state-space realization of
the co-spectral factor Y, (s) is then given by

A, |MUI—RP,)C] ]

Y"(S)z[cy(I—PzR)I I

It therefore follows that

yoir,ro=| A |M<I-RP2)CYT] [—Afl—cf_

CI-P,R)| I C,Py| 0
- 4, MUI-RP)CTCP,| 0
= 0 —Ar -cT
| C,(I-P,R) C,P, | o

(4.14)

We define S:=M—P,(I—RP,)"!. Then S is a non-negative symmetric solution

to the following Lyapunov equation.
A,8+SA]+MI—-RP)CIC,(I-P,RIM=0 (4.15)

Furthermore, we get



Parametrization of All Stable Unbiased ¥, Estimators Based on Model Matching 163

AyS+SAL +M(I—RP,)CTC(I— P,R)P, =0 (4.16)

I
Applying the basis change [0 fjl to (4.14) and using (4.16) yield

Y,,_1T1T2~=[ A |SC;]+[ —4 |_C§]

C,I-P,R)| 0 C{I—P,R)M| 0

Since A4, is stable and — A7 is antistable, we get

T
[Y;‘TIT;J+=[ Au ’SC’]
C(I-P,R)| 0
AT _ T
[Y;‘T,T;J_=[ 4 C’]
CI—-P,R)M]| 0

Here, the Hankel norm of Y, ! T, T; can be computed by | Y, T, T;||g=p(L,L.)
[10], where L, and L, are defined by

— A,L,—L,AY=M(I— RP,)CTC(I—P,R)M
—AlL,—L A,=CIC,

From (4.11) and (4.15), we get L,=S and L.=R. Therefore, it follows from
Nehari’s theorem that there exists Y ' K that satisfies (4.10) if and only if p(SR) <1
holds. Hereafter, we assume that there exists a non-negative stabilizing solution
M to the ARE of (4.13) and that p(SR)<1 holds.

We define P:=P,+(I—SR)"!S [11]. Then P is also non-negative definite
since P,>0 and $>0. It is straightforward to show that P_ satisfies

M(I—RP,)=(I-SR)P,,
AP +P_AT+P_(CTC,—CIC,)P+B,BT=0
A+ P (CTC,~CIC,)=(I—SR) ' Apy(I— SR)

Moreover, since A, is a stability matrix, it follows from the above equations that
A +Pw(C,TCy— CJ1C,) is stable, i.e. P_ is a stabilizing solution to the ARE of (4.1).

(Sufficiency) Suppose that there exists a non-negative definite stabilizing solution
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P to the ARE of (4.1) and p(SR)<1. Then, it is easily seen that a unimodular
matrix I1 satisfying

[1 [Y,,“TIT;]_]“J[I (Y, 'T,T5]_

=[1"JII
0 I 0 I

is given by

(I-SR) 'A,(I— SR)\PQC,T (P,—P,)CT
C,P.R(I—SR) ‘ I 0
- Cz O I

11

It therefore follows from Lemma 2 that K(s)e RH#, satisfying |V, T,T;
— Y, 'K||, <1 is expressed as

K(S) =T T;—- Y (LiQ+L,)LyQ+Ly)" !

I [ -4] —RPOOCYT]
"led-P,RM| T
o[ -4t —(I—RS)-IC{]
*"Lc,a-pr,RM| 0
L3=—épwcg‘j|

[ C,f 0

[ 4,|(P,, —Pz)d]
Ly=| 23 o272

.G, I

where Q(s) is an arbitrary transfer matrix in #¢,, such that | Q] ,<1. Wedefine
Aoo: =4 _PwC;CZJ U(S) =’YQ(S)

G(S)::[’Y(TIT;— Y0L2L4—.1) YD(Ll—LZL;1L3):]

~-L;! —y 7Ly L,
Then the LFT representation of K(s) is given by

K(s)=yK(s)=F(G,U) (4.17)
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Aoo'(Poo_PZ)Cg —ybzpwcr
G=1| C, 0 I (4.18)
C2 —I 0

Thus, from (4.6) and (4.7), we obtain

A4,|B, —yP,C]

A4
Tel=|: lez]—K{Alez}f, C,|0 I , U
c,lo c,lo
C, 0
Te2=|:14—2*P2C§]+K[ 4

Cl 0 '—Cz

Substituting the above equations into (4.5) yields (4.2) and (4.3), as was to be shown.
Moreover, from (4.2) and (4.3), y"'T,,=T,~KT, is expressed as

Aoo|PooC;' —V_ZPOOC{

T

PZICZ]=37, c,l o I , U
C,l —1I 0

y_ 1Tew= Tl _KTZ ='%(T)Q)

[AwlBl—Pmch ~P,CT
C‘/

e,

where Q(s)=yU(s) and |Q|,<1. It is straightforward to verify that TT =1
and Tpj= [A +P,(C;C,—CIC,)|P,CY
C, | 1
the ARE of (4.1), T ))e®RH#,. Therefore, it follows from Lemma 4 that
T, —KT,) o<1 iff O}, <1, namely |U|,<y. It may be noted that the
parametrization of (4.2) and (4.3) does not contain S and R. Thus, a sufficient

T(s)=|:T“ le]_: 0 I

T21 T22

D 0

:I. Since P, is a stabilizing solution to

condition for the existence of K(s) satisfying ||T,,ll, <y is that there exists a
non-negative definite solution to the ARE of (4.1). O

Remark The transfer matrix K(s) of (4.8) is very important in that it characterizes
the relationship between J#, estimators and 4, optimal estimator, modifying the
estimation error z—£, using the innovation y—C,%, so that [T,,|,<?7.
Comparing (2.4) with (4.8), it is easily seen that K(s) must have the same
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estimator structure as T,,(s) except for the control input term. In fact, we see
from (4.17) and (4.18) that K(s) has the same form as T, (s) with the filter gain
(P,—P,)C}. Furthermore, P, tends to P, and U(s) becomes arbitrary in #,,
as y tends to infinity. Therefore, if y tends to infinity, K(s) tends to — U(s) and
T,.(s) becomes the 5, optimal estimator with U(s)=0.

5. Conclusion

In this paper, we have derived a necessary and suffcient condition for the
existence of a solution to the J, estimation problem in terms of the ARE of
(4.1) and developed a class of all solutions based on the Nehari’s theorem. The
property of the transfer matrix K(s) that characterizes the relationship between

H#, estimator and J¥, optimal estimator has been examined.
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Appendix A: Proof of Lemma 1

We give a proof of Lemma 1 based on the technique of [9]. We first define
2,=C %, and vo=y—C,%,. Then, it follows from (3.1) that
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A—LC,|L A—LCsz]

So=| —— )= | y+| ——=2 A1

z°[c10]y[020“ @
- A—-L

vo{ﬂé] y_[_cz_&] u (A.2)
-C, |I c, |o

(Sufficiency) From (3.2)-(3.4), (A.1) and (A.2), we get
4=T,, [3’]=§0+Kvo
u

Here, we assume that there exist no modeling errors and disturbance. Then,
since £, is an unbiased estimate of x, v, and z— %, tend to zero as time ¢ tends

A

to infinity. Therefore, 2— % also tends to zero, i.e. £ is unbiased.
The stability of T,,(s) is immediate from the stabilities of K(s) and 4 — LC,.

(Necessity) We assume that stable estimates £ and 2, are given by
2=Tu+Ay (A.3)
2o=Tou+Apy (A.4)

where I'(s) and A(s) are #H#,, matrices and

A—L
—Bz], Ao(s)=[—C’
0 C,

A-LC,

Io(s)= [ C, 0

E] (A.5)

It then follows that
2—2,=T-Tou+(A—Apy
={T—To)+(A—A)NM '} u (A.6)

_ A
where NM ™! is a right coprime factorization of T,,(s) =|:C—

2
modeling errors and disturbance, the left hand side of (A.6) is zero due to the

%:l Without

unbiasedness of £ and 2,. Thus, we get

(T=T)M+(A—A)N=0 (A7)
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Since N(s) and M(s) are coprime in ##,, I'(s) and A(s) satisfying (A.7) are
expressed as

F=T,+KT,, (A.8)

A=Ay, +KT (A.9)

voy

where K(s) is an arbitrary transfer matrix in £, and

B, A-LC
F], Tvoy(s )= [—_—(Tz

A-LC,

Tvou(s) =—- [ C
2

L
7] (A.10)

It should be noted that T,,= T,.!T

voy You

(A.8) and (A.9) into (A.3) yields

is a left coprime factorization. Substituting

2=Tu+Ay
=T+ KT, Ju+(Ao+KT,,,)y (A.11)
Thus
Tou=[Ao+KT,, T¢+KT,,] (A.12)
Substituting (A.5) and (A.10) into (A.12) yields (3.2)—(3.4). O

Appendix B: Proof of Lemma 5

Without loss of generality, we assume that the matrices A, B; and C, are

[AZIAZZ’ 1=\ g, =19

where (4,,,B,) is stabilizable, (C,A4,,) is observable and 4,, is a stability
P, P,
B} P,
(4.4). Then we get

of the forms

matrix. Let P2=[ ] be a non-negative stabilizing solution to the ARE of

Allpl +P1A{1—PICTCP.1 +51§{=0 (B.1)

(4,,~P,CTCO)P,+ P, 47, + B,B]=0 (B.2)
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A3,Py+P3A%,+ A, P+ P1 A5 4+ B,B] =0 (B.3)

Since P, is a non-negative stabilizing solution to (4.4), P, is also a non-negative

stabilizing solution to (B.1), i.e. 4,,—P,CTC is stable. Moreover, we see from

(B.2) and (B.3) that P, and P, are uniquely determined by P,.

R, R

Similarly, let R=[R;_ Rz] be a non-negative solution to the Lyapunov
2 Ity

equation of (4.11). Then we get

(4;,—P,CTC)'R, +R,(4,, - P,C"C)

+(A,,—-PICTCYTRI+ R,(A,,— PICTC)+ CTC=0 (B.4)
(4,,—P,C"O)R,+ R, A}, +(A,,—PJC"C)"R,=0 (B.5)
A52R3 +R3A22=0 (B.6)

We see from (B.6) that R;=0 since 4,, is stable. Since 4,,—FP,CTC and 4,,
are stable, substituting R;=0 into (B.5) yields R,=0. Thus, (B.4) is reduced
to the Lyapunov equation

(AII—PICTC)TRI+R1(A11_PICTC)+CT6=O (B.7)
It follows from the observability of (C, 4,,) that R, is a unique positive definite

solution to (B.7). Therefore, we obtain

-P,R, ©
I—P2R=|:I P.R, ]

_PIR, I
It remains to show I—P,R,>0. Since R,>0 holds, we see from (B.7) that
(4,,—P,C"C+R{'CTOR;'+R; \(4,,—P,CTC+R{'CTC)T
—R{'CTCR; =0 (B.8)

Since (C,A4,,) is observable, (4,,—P,CTC+R;'CTC, R;!CT) is stabilizable.
Thus, it follows from R;!'>0 that A,,—P,CTC+R;!CTC is antistable.
Moreover, from (B.1), we get

(4,,—P,CTC+R{'CTC)P +P(4,,—P,CTC+R{'CTO
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—R;\CTCR; Y + (P, — Ry YOTC(P, — Ry ')+ B,BT =0 (B.9)
Subtracting (B.8) from (B.9) yields
(4, —P,CTC+R{'CTCY(P,—R{ ")+ (P, — Ry 'Y(4,, —P,CTC+ Ry 'CTO)T
+ (P, —R{HYCTC(P,—R;{ Y+ B,BT=0 (B.10)

Since 4,,—P,C"C+R;'C"C is antistable and (4,,~P,CTC+R{'C"C, [(P,
—RHCT B,)) is controllable, P, —R;'<0. This implies I-P,R;>0. O

Appendix C: Proof of Lemma 6

From Lemma 5, there exists a matrix V=P,(I—RP,)"!. It follows from

(4.4) and (4.11) that I is a non-negative definite solution to the Lyapunov equation.

A,V+VAT+{—-P,R)"'B,BTU—RP,)"'=0 (C.1)

We see from (4.12) that

YY~=[ 4, !PZCI]J{ 4, |chy’]~

C,I-P,R)| 0 | [CU-P,R)| 0
4, 0 P,CT
= 0 — A} | —(I-RP,)CT (C.2)
C,I—-P,R) C,P, | 0

IV
Applying the basis change |:0 I:l to (C.2) yields

4, —(I-P,R)"'B,BTU~RP,)™* 0
YY" = 0 47 (I-RP,)CT
C,(I~P,R) 0 I 0
_[ A, |(I—P2R)'1B1] [ A, |(I—P2R)“Bl]~
“Lc,u-P,R)| 0 C(I—P;R)| 0

This completes a proof.[]





