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Theoretical Analysis of Supersonic Gas—Particle
Two-Phase Flow and Its Application
to Relatively Complicated Flow Fields

by

Natsuo Hatta* Hitoshi Funmoro*, Ryuji IsHir**
and Jun-ichi Kokapo***
(Received February 20, 1990)

Abstract

This paper describes supersonic flows of a gas—particle two-phase mixture
in considerably complicated situations. For the flow field of gas—particle mix-
tures such that the gas-phase and the particle-phase interact with each other,
the model is constructed by incorporating the particle-trajectory method into
the system of gas—phase equations in the two-fluid model. First, the one-phase
and two-phase flows of round underexpanded jets exhausted from a sonic
nozzle are investigated in detail. The one-phase results are compared with the
experimental ones in order to confirm whether the present scheme is reliable or
otherwise. For the two-phase results, the particles with the same velocity and
temperature as those of the gas-phase are injected at the nozzle exit plane, and
the effect of the presence of the particles on the flow field is examined by
comparing these two-phase results with the one-phase ones. Second, the results
of the numerical experiments in which underexpanded sonic round jets impinge
on a flat plate normal to the jet axis are presented and analyzed for both the
one-phase and two-phase cases. For the one-phase flow, periodic unstable
oscillations have been found to give fairly good agreement with the experimen-
tal results. Third, supersonic gas-particle two-phase flows around a sphere are
simulated in view of the numerical experiments. The instability in the particle
motion near the stagnation region in the shock layer is discussed in detail. A
few new findings are also described throughout the present paper.

1. Introduction
A number of processes in iron and steelmaking industries positively intro-

duce the utilization of the two—phase or multi-phase flows. Therefore, we have
investigated the numerical analyses of the gas—particle mixture flows in a nozzle
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for a few years, and obtained some new findings. First, a system of equations
governing the steady quasi-one-dimensional nozzle flow of a gas-particle mix-
ture, described by Zucrow and Hoffman”, has been extended to the case where a
continuous distribution of particle size is present. Then, we have solved the
system of modified equations in view of the numerical experiments and dem-
onstrated how the phase non-equilibrium phenomena are observed in the sub-
sonic nozzle flows”. Therein, the case has been treated where a gas containing
a suspended condensed liquid-phase is initially stored in a considerably large
reservoir, and the gas-particle mixture directly flows through a nozzle. At the
reservoir the gas velocity as well as the particle velocity is regarded as zero.
That is to say, this fact corresponds to the condition that the sectional area of
the nozzle is infinite at the nozzle entrance. Hence, a numerical procedure such
that all the particles are in velocity and thermal equilibrium with the gas-phase
only near the reservoir has been introduced to the numerical experiments. In
short, it follows that the non-equilibrium flow is treated as a perturbation from
an equilibrium reference flow. Here, one of the most important problems is that
the pressure at the reservoir is not permitted to be so high that the gas velocity
is beyond the sonic state, because the system of equations described in Ref. (2)
is singular in the transonic region.

Hence, we have rewritten an equation to evaluate the gas velocity into
another type of equation so that it may cover the whole gas velocity from the
subsonic to the supersonic velocities through the throat of a converging-diverg-
ing nozzle®. That is, the equation has been rewritten in the form including the
term of pressure gradient along the whole nozzle axis instead of the term of the
varied nozzle cross-sectional area along the axis. Here, we note that the
governing equations to determine all of the flow properties, except the aforemen-
tioned gas velocity, are the same as the previous case (see Ref. 2). Therefore, it
is necessary to give the pressure gradient along the axis as one known parame-
ter. Thereby, the nozzle configuration can uniquely be determined in consistency
with the given pressure gradient.

Thereafter, for the prescribed nozzle configuration also, the numerical analy-
sis of the supersonic nozzle flows of the two-phase gas—particle mixtures has
been investigated from a practical point of view". In this situation, the specified
area method is employed upstream as well as downstream from the transonic
region, and the specified pressure method is employed in the transonic region.
At a glance, it seems that this is not tedious in the numerical treatment.
However, the case can occur where the pressure gradient to be assumed in the
transonic region is not suitable to the perturbation from the results evaluated by
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the specified pressure method, and an unfortunate gap appears between the
calculated nozzle sectional area and the previously prescribed area. Therefore, a
reasonable numerical model to avoid such a problem has been proposed from an
analytical point of view.

As has been mentioned above, a theoretical or analytical procedure to eval-
uate all of the flow properties of the gas-particle mixtures in a nozzle has been
nearly completed, although the flow is limited to the quasi-one-dimensional
system.

Next, what is considered to be more important is to understand the flow
pattern of the gas-particle two-phase flows exhausted from a nozzle. That is,
the numerical analysis of the gas—particle two-phase flows, not only in a nozzle
but also in a free jet region, is of great technical importance for various
engineering applications. However, the numerical analysis of this problem is
difficult as regards a few aspects. First, a multi-dimensional system such as
two— or three-dimensional, cylindrical coordinate ones must be adopted for the
computational domain. Therefore, a long computational time is required.
Second, the gas-phase and the particle-phase are treated not as the same media,
but as different media. Third, there is an ambiguity in the magnitude of the
computational domain as well as the selection of the boundary conditions.

This paper is concerned with a numerical analysis of gas-particle two-phase
flows in relatively complicated flow fields.

Consider a particle located at an upstream point of the flow field of a gas-
phase, whose initial states are perfectly known. There is a technique to follow
the later motion of the particle, which is commonly called the particle trajectory
method. The numerical model for dilute gas-particle flows is constructed by
incorporating the above trajectory method into the system of gas-phase equa-
tions in the two-fluid model. Here, we consider gas-particle mixtures such that
the gas-phase and particle-phase interact with each other.

In general, even when one can regard the particle cloud in a flowing medium
as very dilute, it is necessary to take the average values over an appropriate
volume in order to define properties such as velocity, temperature and density of
the particle cloud. In this sense, the particle velocity is generally specified by
two quantities, the mean velocity, ¢, and the fluctuating velocity, 4g,. For the
motion of the particle-phase, one of the most important physical values is the
mean square of the measured value of the fluctuation denoted by (4g3. The
product of {4g% and the particle-phase density just corresponds to the pressure
for the gas-phase case from the point of view of the behaviour of the particle-
phase. In order to see a global view of the motion of the particle cloud, we
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define a parameter described by |4, |/{dg:»"%. The particle-trajectory method
may be accepted on the premise that the motion of each particle is perfectly
deterministic. Thus, when the condition that |4, | /{dgl"?*—>o is satisfied, the
particle-trajectory method can be applied in a natural as well as an appropriate
fashion. We now consider a characteristic of the flow field of the particle-phase
on the above condition. The fact that the fluctuation of the particle velocity is
negligibly small leads to the situation that in a dilute particle cloud there is no
analog to pressure, and the particle information is not transmitted by particle-
particle collisions but only along particle trajectories. That is to say, an impor-
tant difference between a continuum and a dilute particle cloud is the mecha-
nism for information transfer. In a continuum, information is transmitted by
pressure waves, namely through molecular (actually particle-particle) interaction.

Next, we will consider the above condition from another angle. It is well-
known in the gasdynamics that the mean square of velocity in a random motion
of gas molecule gives the temperature of the gas phase, and in turn the root of
the temperature is proportional to the speed of sound. Assuming the similarity
of such a fact, the condition that | g, |/{4gs"?*—> suggests that the particle
cloud is highly supersonic in a dilute gas—particle flow, and therefore is highly
compressible. In fact, many dilute gas-particle flows are observed to be very
similar to the supersonic flow of the gas phase. That is, in the flow fields of
mixtures, the region where particles are not present at all, or on the contrary,
the region where they extraordinarily aggregate themselves is formed in a very
easy way. From such a point of view, it is important to point out that the
particle cloud may be regarded as a continuum even in the limit of infinite
dilution®.

In short, we may consider that the flow field of the particle-phase has two
characteristics contradictory to each other. One is a discrete feature due to the
fact that there is no analog to pressure (or pressure waves). The other is a
continuum feature owing to the fact that the particle flow field is highly
compressible.

Again, for the case where velocity fluctuations of the particle cloud are
negligible or not present in the flow fleld at all, the particle-phase properties can
easily be evaluated by following some appropriate and representative particles
along each particle trajectory in a Lagrangian fashion.

Once again, we will consider the diluteness of the particle-phase from a
quantitative point of view. It is commonly accepted that the material density f,,
of an usual solid or liquid particle is larger by a magnitude of order of 10° than
that of a gas p. We define the ratio, v, of the mass of the particle-phase to that
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of the gas—phase per unit volume as v=7it,/ (1 —)f =&my’ (1 —E,)D=EHmy/ D,
where A, 7, and €, denote the number density, the mass of a particle of #, in
radius and the volume fraction occupied by the particle-phase per unit volume,
respectively. Thus, we have &,=v6/6,, When a particle of 7, is injected into a
uniform space involving the particle cloud of the mean particle spacing [, the
particle mean free path 4, travelled between particle-particle collisions is ex-
pressed by the order of [,/e¥® Thus, 2,/L=(/L)/e}? where L indicates a
characteristic length of the flow field. Therefore, if [,/L=0(%®), then 1,/L=
O(1). In this case, the gas-particle mixture may be regarded as dilute, and the
direct collisions between particles can be neglected. For usual dusty gas flows,
the order of v is unity (#=0(1)). Therefore, £,=0(107%), That is to say, if v=
o), L/L=0(07% is a sufficient condition for the particle-phase to be dilute,
and the behaviour of the particle-phase can uniquely be determined.

As mentioned above, it can often be observed that the particle cloud breaks
up into a large number of subclouds and also particlefree regions appear in the
flow field. When a flow is highly unsteady, disintegration of a particle cloud
commonly produces some small subclouds. These subclouds can in turn coalesce
or collide with each other in some different flow regions. Here, we should like to
stress that the collisions between particle subclouds do not always result in the
direct collision between particles in the clouds. According to our above discus-
sion, particle-particle collisions are negligible even when collisions between par-
ticle subclouds occur, if y=0(1) and hence ¢, is negligibly small.

In the present model, the whole particle cloud is divided into a large number
of small subclouds. It is assumed that all the particles belonging to each
subcloud have the same velocity and temperature. The particle flow field is
solved by selecting an appropriate and representative particle in each subcloud
and by following the properties of the particle along the particle trajectory. On
estimating the momentum and energy transfer rates from the particle-phase to
the gas-phase, the contributions from the clouds take average values over a
volume. The cross-sections of the subclouds and the averaging volume are
determined so that the conditions that B<4S,<S,<L* are satisfied, where 4S,
and S-,, are the cross-sectional areas of the clouds and the averaging volume,
respectively.

In the present paper, on the above premises, we wish to treat some sig-
nificant and attractive problems concerning the flow fields of two-phase mix-
tures from an analytical standpoint.

First, the gas—phase jet flows exhausted from a sonic nozzle are investigated
in detail. The results so obtained are compared with the experimental ones in
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order to confirm whether the present scheme is reliable or otherwise.

Successively, the particles with the same velocity as that of the gas—phase
are injected at the nozzle exit, and the effect of the presence of particles on the
flow field of the gas—phase is investigated by comparing these two-phase results
with those of the previous one-phase ones.

Also, an unstable flow field of a gas-only jet impinging on a disk whose
diameter is taken to be equal to that of the nozzle exit is numerically in-
vestigated. Next, in the jet flows the particles are injected into the gas-jet at
fixed points on the nozzle exit plane. The particle cloud is divided into two
groups ; one of which is the particle cloud impinging on the disk and elastically
reflecting from it. The other is the particle cloud passing around the outer side
of disk. The numerical results obtained in such a situation are described,
focusing upon the instability of the flow field of the gas-phase and particle-
phase before and behind the disk.

Furthermore, a situation is treated where a two-phase mixture flowing in an
equilibrium state approaches a semi-spherical body and interacts with it. Simi-
larly to the disk case, the particle cloud is divided into the particle group
impinging on the body surface and elastically reflecting from it, and into the
group passing through without any impingement on the sphere. Such superson-
ic gas—particle two-phase flows around the spherical body are simulated, and the
effects of the presence of particles on the flow fleld in the shock layer are
inspected by comparing the two-phase results with the single-phase ones in
detail.

2. System of governing equations

The theoretical flow model for dilute gas-particle flows is constructed in a
two-dimensional (%, ¥) coordinate system on several usual assumptions, although
a few important assumptions among them introduced into the present analysis
have been mentioned in the previous introduction. Again, we wish to address
them with other important assumptions. First, no phase transformations such as
evaporation, condensation and sublimation take place. Second, the mass flow
rate for both gas- and particle-phases is conserved in a system treated here. But
the particles occupy negligible volume, that is, the ratio of the density of the gas
—phase to that of the particle-phase is negligibly slight. Third, the mean particle
spacing is sufficiently smaller than the smallest scale of the flow field ([,/L=
O0(Z®). Fourth, the motion of a gas carrying suspended particles obeys the two
—dimensional Euler equations. Namely, the gas-phase is regarded as inviscid,
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apart from the drag force exerted by all of the particles on the gas. Fifth, all of
the particles are spherical in shape with a uniform diameter, incompressible and
do not interact with each other. Sixth, the momentum and heat transfers from
the particle-phase to the gas-phase are taken into consideration. Seventh, there
is no internal temperature distribution in the radial direction of particles, and the
particles, as well as the gas, have a constant specific heat.

On the above premises, the system of equations governing two-phase gas—
particle mixture flows will be derived in a separate form for the gas-phase and
the particle-phase. Previously, we wish to state that the dimensional quantities
are denoted by the overbar, and no overbar denotes the dimensionless quantities
throughout the present paper. Again, the subscripts p and r denote particles and
reference conditions, respectively.

2.1 Particle-phase

A particle cloud which is fed at an upstream boundary at a certain time f' is
divided into a large number of subclouds with an appropriate cross-sectional
area. Here, let it be assumed that the initial state of each subcloud is perfectly
known. A particle located at the center of a subcloud will be called the
representative particle, and the particle is numbered by subscripts k(k=1, 2, 3,
....). Denoting the coordinate, velocity and temperature of the k-th represent-
ative particle at a given time (> by &n(®, (@), @, 7,®) and T,
(H), respectively, we have the system of equations of motion obeying the
Newton law in the following form:

4 g, m
B g, @
I 4, G—1,) @
%ﬂf&=ﬁp(0—vp) @)

Again, a particle energy equation can be derived by taking it into account
that the heat transfer between the gas and the particle affects only the particle
enthalpy &, through the surface area of the particle (= 4#z#) in the form of

by _p 1 T) &)
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in which (£, (®, 9.®), @@, 7,()) and T,,(&) are abbreviated simply to (%,
9,), (@, 9,) and T, in Eqs. (1) to (5), respectively. Also, # # and T indicate
the velocity components in the £- and y-directions and the temperature of the
gas-phase at (%, 3,), respectively. A, and B, are given by

i _ 9 uf ~ _318,Cp
=2 oyt N BT, By ©

respectively. Here, Pr is the Prandtl number of the gas-phase. The parameters,
f» and g, are defined by

C Nu
. and g,= Nutsiopes

b

=T som ®
in which Cp and Nu represent the drag coefficient and the Nusselt number (Nu
=a(2#,)/k, @; the heat transfer coefficient, x£; the thermal conductivity of the
gas), respectively. The subscript, Stokes, denotes the Stokes flow regime(i.e., Re
<1, Re; the particle Reynolds number). C‘,,g is the specific heat of the gas—phase
at a constant pressure. Also, the gas viscosity « is given by

=i ®

where the exponent § is a constant.
In general, Egs. (1) to (5) are simply rewritten in the following vector form

of
Lo p,  k=1,2,3-) ®
in which
Xp ty
371) ﬁp
E,=|a,| and L=|A,(a—a,) (10)
7, A, (5—0,)
k, B,(T—-T,)

One should bear in mind that the above equations are applicable to follow-
ing the behaviour of a particle of #, in radius. Therefore, in principle, the
particle flow field should be solved by following all the particles using the above
equations. However, there are too many particles in the flow field to do this.
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Then we consider a large but tractable number of small subclouds. Now, one
remaining task is how to evaluate the numerical treatment of the particle
number NM contained in the k-th subcloud. In practice, when a cloud is injected
into a flow field at a time #' at a point (%,,(&"), 7,,(") k=1, 2,3, =), N,
remains unvariable on a two-dimensional computational plane at a given time [
(>t") at a position (£, (E), 7,(8)) for the case where the flow system is selected
in the form of the Cartesian coordinate. However, the case of the axisymmetric
flow system must be different from the foregoing case. The particle cloud in the
physical space forms a ring cloud when the flow is axisymmetric. So the
number of particles contained in the k-th subcloud is given by 27:5),,,.1\7,,, Thus,
we have

ZkaN F ZW;LMk
or
Npk= @;b/j’pk)N;k an

where the cross denotes the conditions of the particles in the k-th subcloud at
the injecting point.

2.2 Gas-phase

The Euler equations for the two-dimensional (or axisymmetric) inviscid flow
consist of the energy equation, the continuity equation and the momentum
equation. For the sake of simplicity, we first consider the single-phase (gas—
only) flow. The total energy, é per unit volume of the gas can be represented
by the addition of the internal energy, pi (i=C,T, C,; specific heat at constant
volume), to the kinetic energy as

e=pi+ 5@+ =pC, T +E @ +)

[\

D Db
T_1+2(u +7%) (12)
in which p is the pressure of the gas.

So that, the energy equation can be written on the basis of the conservation
law by

0 , 0, D 8 B
Et—-l-a eu)+a—y(ev)+§(pu)+5(pv) +13_, e+p)=0

or
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S ae+P) + 5 0@+ D)) +i5 @ +P) =0 (3)

in which j= 1 if the flow system is axisymmetric. If otherwise, j=0 (for the
two-dimensional Cartesian coordinate system),
Next, the continuity equation can be expressed in the form of

Gt o)+ 260 +15-=0 (14)
Again, the momentum equations are given by

(ﬁ')+ (ﬁ'2>+ %waﬁ)ﬂy{(ﬁaﬂh

and
(0")+ 7 PuD) + = (13172)+ +] @02} 0
Or
200+ (oat+p) +-2 D)+ o) =0 (15)
ot 0y y
and
—Cov>+ (ﬁ")+—(ﬁ +15)+J @) =0 (16)

In the above Eqgs. (14) to (16), j= 1, if the axisymmetric flow system is treated.
If otherwise, 7= 0.

Now, we consider the gas-particle interaction terms in gas-particle two-
phase mixture flows. Here, the following space-averaged quantity,

fﬁs% o an

is defined. The above summation is taken over the cloud whose centers (o Vpe)
belong to the averaging domain S,. Thus, f, gives the number density 7, at the
center of the domain S, The components of force exerted by the gas on all of
the particles per unit volume are given by
pr: S‘ pkApk(u upk)
L (18)
S‘ pkAp/e(v vpk)
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Also, the total rate of heat é,, transferred from the gas to all of the particles per

unit volume yields
e 1 o - -
Qp =mp_s—;ZNDkBpk(T— Tpk) (19)

and the total rate of work v_'V,, done per unit volume of gas on all of the particles

(20)

W,, Foa+F, p—mys A ZN,,,,Apk[(u o) 2+ (B —Bpp)?]

Therefore, in the two-fluid model, the momentum equations for the gas-

phase should be rewritten into

at(ﬁ )+—(.0"2+15)+ 55 P +]—-—(puv) +Fp=0 @D

and
SO0 + 5 080) + -1+ D) +7 - (17) +F,y =0 @2
Furthermore, the energy equation for the gas-phase should also be described
by taking into account the total rate of energy transferred per unit volume of

gas to all of the particles. This becomes

L+ 2 fae+p)+2 {v(e+p>}+] @+5) +Q,+W,=0 (23)

Rewriting the systemm of the above equations for a gas-phase interacting

with a particle-phase in the vector form, it follows that

N oF 06
ot ez T oy +A+H,=0 (24)
in which
0 ou ot
a=|"% |, p=|PTP | g | P
00 ouv oo +p
é a(e+p) v(e+p)
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070 0
_ O _ F,,
H =% lf’f: , B=\"7 (25)
Y| o0 F,,
9(é+p) Q,+W,
In addition, the above system is supplemented by
p=pRT (26)
&=9RT @n

in which ¢ R and 7 denote the speed of sound, gas constant (R=C,,—C,) and
ratio of specific heats (y=C,/C,), respectively.

2.3 Transformation to non-dimensional equations

Up to this point we have completed the system of equations governing the
two-phase mixture flows on the dimensional space. Here, we wish to emphasize
that in our calculation, the dimensionless variables and parameters are intro-
duced, and the governing equations to be solved will be expressed by dimension-
less quantities. It is physically important to rewrite the dimensional equations
into dimensionless ones and to solve them in such a way as to realize the
similarity of the flow pattern as well as the general validity. The main di-
mensionless variables introduced into the system of governing equations are
defined as

z x y o D
t=7 =, X=F, y=F, 0=0, D=1,
/e, L YL P75 2T,
a0 T £
U=, V=g T= T (28)
X oy _a D T
x,,—-—L-l, yp__]f_» up__c—fr Up—}f‘: Tp__j{_

where L is the characteristic length of the flow system. One should keep in
mind that the subscripts p and r, as mentioned already, denote particles and
reference conditions, respectively. For example, ¢, is the speed of sound at a
reference condition. Also, the velocity components of a particle located at (x,
v,) or (%, ¥,) are denoted by u, and v, or @, and 7,, respectively.

In addition to Eq. (28), for later convenience, we wish to define the follow-
ing non-dimensional parameters;
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r=%, p=fm ,_Pr (29)
TF Or 0Oy
0=-%9— (C,y: Specific heat of particle material) &)

24

Here, 7, is called the aerodynamic response time of a particle, assuming the
Stokes drag law, and %y the characteristic time of the flow system. These are
defined by

_ _Pm@r)  _ _L
Ta 1&2 ’ TF ér (31)

in which the gas viscosity 2 is given by
=0T  (see Eq.(8)) 32)

where the exponent & is taken to be 0.6.

We first consider the non-dimensionalization of Egs. (9) and (10). Obvious-
ly, Eq. (9) becomes

dE, .=
=, (33)

Therefore, for Eq. (1) and Eq. (2), the following relations are easily obtained
from Eq. (28)

ﬂ‘g—_-up (34)

PTE : (35)

Next, we make Egs. (3) and (4) non-dimensional by taking Eq. (6) into
consideration.

d N9 8fy L. .
i (cu,) = 2 B P e,(u—u,) i
__fé

Gt (u—u,) (see Eq.(31))

so that

du
—d—f:AP(u —u,) (36)
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dv,

Cr=4,00-v) 37
in which

A, =fy/ T, (38)

Also, taking into consideration the relation that A,=C,7T, and Eq. (6),
rewriting Eq. (5), we have

o 3ig,C
%(CPDT,TP) =z SE& e (7T

Bms T3 PP
so that
dT,
_L . L
() 5% By T
. 2 1
3 (/) Pr9 (T T,) =B,(T—T,) 39
in which
__ 2
B, 3I,Pro (40)

Accordingly, the system of non-dimensional equations for Egs. (9) and (10)
is given by

dE,,

dt “dpp 4D
in which
Xp Up
Vp Yp
E,=|\u,| and I,=|A,(u—u,) (42)
Uy A,(v—v,)
T, B,(T—T,)

Next, we transform the system of equations for the gas-phase given in Egs.
(24) and (25) into the system of non-dimensional equations. First, we wish to
define the following non-dimensional quantities for later convenience,

S N, )
=22p =2 - Tprtp
S, 7 N, AR =" (43)

in which 7, is the number density and 7,= (4/3) 7rr3p,,,1,
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First, the non-dimensionalization for & p and ¢ (see Eqs. (12), (26) and (27))
is given by

__ 0 1 s, n_ €

e To-1 + 2,o(u +vH) = 5 (44
p=poT

c=T"

(45)

(46)

Next, we rewrite ¥,, and F,, shown in Eq. (18), Q_p in Eq. (19 and W, in Eq
(20) using Eqs. (6), (28), (40) and (43)

Fo= S"' Ny

(82ﬂ )2 fpkcr(u upk)

(2P SNy fop ) (7
» A

~ YDy 1

C, S, ZNpk E;fpk(v_—vpk)

FDJ'

I

and

(48)

— Urﬁr 18/Z . 2 . ggkcgg T _
QP Sp ZNPk p-mp(27-’p)2 3 Pr Tr(T TPk)

:Vrﬁr 2gk
s, INok 307 2 Pr cpp - T(T Ty
_Vr:br

B .
g ZN,,kB,,kery_—lT(T—Tpk)—
_Cib, vy

s SNy 7 (T— Ty

49

= Vr r
W,,— 2 Y0 {uZNp —TJA&(u—u,k)%-vZNka!i(v Up)}

—cz“g—ﬁ'zzv 2 {0+ (0= 0,07
?

bk %{u—upk) +U2Npk 'IE“

20 —op)

_ZNpk _f?f{(u“upk>2+ (U-Upk)z}]

(50)

According to Eq. (28), the non-dimensional continuity equation becomes
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A PN U S B ISP B
l: a (prp)+ ax rpc u)+ E 6y (prpcrv) +]L"y (prpcrv) 0
so that
6p
+—(p )+ (pv) +] (5D
Combining Eq. (21) and Eq. (47) and introducing Eqgs. (28) and (38), we have
%ai(pfpc,u) +—-—(prpé? 2+15,p)+——-(p,p 2 uv)
1, ~ Yy 1
i ;(p,p63uv)+cr S, N Efpk(u_upk)___o
or

0
[ (pu) 0,65 (pu +2 5 63)+p,c, % (ouv)
+j.0-réri(puv)+érp-r—u—r"ZNpk f (u upk) =0
-y SP A/

so that
(pu)+ . ov’ +p/r)+ (ouv)
+iy (puv)+ = Nl (U= ) =0 (52)
Similarly, we have
5 00+ Lo ouny+- o/
(563)

ZNpkApk(U—vpk) =0

.1
+ —
7 (ov
Next, combining Eqs. (23), (44), (49) and (50), introducing Egs. (28), (38)
and (40), and noting that ¢%,/%7-=75,6,/L, we have

1 8 1 -
St G Cubet b + 2 Ca Gt e+ D))

,. -f éz r _7 0
HIE OBt b)Y+ g N B 2 (T= T
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+é V'p'[{ ZNM . (u Upe) T VN, —f.L(v — U}
— 3Ny, —f’:{(u—u,k)2+(v—vph)2}]=0

Rearranging the above equation yields
—g%+—{u(e +p/7)} +@{v(e +p/7)} +J—(e +p/7)

pleBpk (T Tpk) + s [ {u2N, pk—A PR (u— upk)

+UZNpIeApk(U‘“vpk)} —ZNpkApk{(u_upk)2+ (U"Upk)z}]

G2))

Therefore, the system of non-dimensional equations for the gas-phase inter-
acting with the particle-phase is given in the vector form by

Q. ﬂ’_ 9G -
5t o oy THHH=0 (85)
in which
0 ou ov
o= F- ou’+p/7 6= pu;}
ov ouv pv+p/Y
e ule+p/7) viet+p/7)
ov 0
.1 | puv Fo
H=5j— , H,= 56
]y pvz D pr ( )
vie+p/7) QtW,

Here, F,, F,, €, and W, are defined by

Yr

S ZNpkAplz (u _upk) 67D
p

F,=
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Yr

pr: S ZNpkAPk(v—Upk) (58)
4
.y, (%
Q=g DN 7 (T Ty0) (59)
W,=Fptt+Fypv —% IN A e { U =)+ (0—1,0) % (60)
]

Also, it should be borne in mind that j= 1, if the flow system is axi-
symmetric, and that j= 0 for the case where a two-dimensional Cartesian coor-
dinate system is treated.

Finally, we note that C, and Nu appearing in Eq. (7) are used on the basis

21

of the Henderson correlating equation®’ and the empirical expression by Carlson

and Hoglund®, respectively.
3. Numerical scheme

3.1 Osher’s scheme

The Euler equations of gas—phase, described in Egs. (55) and (56), are solved
using a second-order accurate TVD (Total Variation Diminishing) scheme de-
veloped by Chakravarthy and Osher®™®. This is commonly called the Osher
scheme. It is empirically well-known that the numerical quantities across a
discontinuity exhibit a remarkable instability due to a false oscillatory property.
A numerical overshooting or/and undershooting is commonly observed before
and after the discontinuity. This scheme protect such numerical phenomena.

This section describes the outline of the Osher scheme according to Chakr-
avarthy and Osher. It is worthwhile to take single phase (gas-only) flows for
examples to aid the reader in understanding the applicability of this scheme,
although the purpose of this paper is to investigate the two—phase flows.

In the scheme, the computational domain is divided into a number of small
cells and the physical variables are defined at the cell center. Figure 1 indicates
the cell arrangement in the x-direction and the flux difference between the cell
interface and the centroidal grid point. One should bear in mind that for a two-
or three-dimensional system, the one-dimensional Riemann problem with its
simple solution is applied separately to each dimension. Thereby, independent
discretizations of the flux derivatives in each spatial dimension are determined.
Then, the terms are added up for the overall discretization. In this sense, we
first consider only the flux in the x—direction. Thus, the first-order accurate flux
at a cell interface j+ 1/2 (see Figure 1) is given by two kinds of forms as
follows,
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Fig.1 Cell arrangement in the x-direction and flux
difference between cell interface and centroidal

grid point.
Frn=F" Q)+ ¥ dFjti,  (n=1~4) 61)
Fj’i 12=F™(Q;+1) _i:zm:l d jiﬂfz (62)
so that
[ n 1 n n in in—
Fj+1/2='2‘(Fj + j+l_i&iFj+T/2+i&iFj+l/2) (63)

in which Q;(or @,.,) denotes the dependent variable which corresponds to the
component of the vector, @, expressed in Eq. (566). Again, F"(Q;) (or F*(Q;.))) is
the flux determined by @;(or @;.\) (F/=F"(@,)) and corresponds to the compo-
nent of the vector, F, in Eq. (56)., m is the number of eigenvalues of the
Jacobian matrix to be mentioned later. Also, the superscript+ (or—) denotes the
positive wave speed (or the negative one),

Next, we consider the spatial accuracy of the flux derivative when a semi-
discrete approximation to 8Q/6t+0F/6x= 0 is given by

99;

1 = _
ot +A—x(Fj+1/2_Fj~1/2):0 (64)

In order to do so, we expand dFj;m(EidF,‘;l/z)and dFj:‘l/z(E}:dijl/g) in
the Taylor series as
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dF;"Il/z=F‘j+1/z-Fj (see EQ-(GI))

L (O LD (TLN 1040 (65)

dFt ,=F,—F,_,, (see Eq. (62))

(2 )( & (T Lo((any) (66)
so that
Bt (22 X ) (Ax)2(6F>+O((A 9
Fion=F=(E)(5E) + AT 4 o) Gl
Thereby
i Crn—Frn=(35) +o(Can?) 8)

It is clear that the above approximation to the flux F}il/z is first—order accurate,
while (8F/9x),is second-order accurate. Again, the flux difference across the i-th
wave, dF,'»fl/z which appears in Eq. (63), can be obtained by solving a local
Riemann problem with the left state s; and the right state s;..

According to the Riemann solver by Roe”, dependent variables S;j+12 at each
cell interface can be obtained using the two neighbouring cell states (s; and s;.,)
as

Sir = Si1V0j+1+Sy/0; (69)
i+1/2 ‘/‘E—F\/‘TJ

Here, s represents p, u, v and h(=h/&=p/((y—Dp) + @t +vH)/2=c%/(r— 1)+ @’ +
v9)/2) (see Egs. (45) and (46)).

The approximate Riemann solver by Roe is based upon the linearized gov-
erning equation 6Q/dt+A;,,,0Q/8x= 0, where A is the Jacobian matrix (4;,,,=
(0F/6Q),.,,). Here, it should be borne in mind that the description of the
scheme is limited to the two-dimensional Cartesian coordinate system, unless

otherwise mentioned. Therefore, x- and y-axes to each cell interface are orthog-
onal with each other. Essentially, we have the two Jacobian matrices A,=3dF/0Q
and A,=0G/6Q. But, using the generalized metrices n, and »n, which define the
x- and y-components normal to the cell interface, the generalized Jacobian
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matrix can be expressed by A=n,A,+n,A, Thus, A=A, (n,=1 and n,=0) in
the x-direction because there is no contribution from the y-direction term. Of

course, the same holds for the y-direction. In fact, the Jacobian matrix in the
present situation can be expressed in the form of

0 n, n, 0
n%—rq,z—uU U+n,(1—-Du —V+n,(1-Dyv n,I"
A=| " ) 70
—5 q—vU V+n,(1—Du U+n,(1—- Dy n,
2_1eU e pr Ml ot oo nI s
I'Uq P n,p uwU 5 d n,p U 2q rU
in which
F=ut+v?
U=nu+np
()
V=nv—nu
I'=r—1

Also, the above matrix takes real eigenvalues in the form of the wave speed
given by

M=U—cyni+nl  (F=p/o)
1=U

(72
A3=U

M=U+cy/ni+nl

For these eigenvalues we have the two matrices L and R of the left and right
eigenvectors as
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I, . T e A I
—qzc +0 Ay -c—u 7y ?1} c
—2£q2—17+c ~ﬁy+Lu a+Lo L
_ ¢ c c c
—%q +V+c ﬁy+?u —ﬂ,+—c-v <
I 5 I _r I
—qzc U Ay ?u fi, 71) c
ryT
P
R=
r'i
r4
1 1 1 1
c c c c
| e L_a, Y1, Lia,
_1| ¢ c c ¢ (74)
L —y Y ia, L s, Y ta,
ZC ¢ 2 g
a_ g a qa _ q £
2 UtT etV eV Uy
in which
n n
A, = e fA,=—pt%
Vritnt' 7 nltn
_ nu+nu (75)
yni+n?
_my—nu

yni+nl

Now, we can easily derive on the basis of the orthogonality between L and
R that

dFjﬂ/z :Aj+ /2 (Qj+1 - Q])
=RAR™);112(Q;4,— Q)
= (RAL)j+1/2(Qj+1"Qj)
A=diag (1Y), i=1~4

(76)

Here, diag (1) denotes a diagonal matrix with diagonal elements A°. Note that A
=RAL. Thus, we have
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1 1 1 1
dFy i L., dQ Ajri2 Qi
2 2 2 2
dFfin RN Lie dQ ~R Ais1n @iar
3 = i+12| .3 =Kjrz| L 3
dFii\p bip dQ Arin Qs
4 4 4 4
dF} p L dQ Az @iipe
in which
Pj+1—0;
Oj+1Uj+1—0U;
dQ=Qj+1_Qj=

Dj+1V+1—05V;

€i+176;

a}+1/z=l;‘+x/z ae

Thus, Eq. (77) can be rewritten in the simple form of

dFl /rllllal+rl2)\2a2+rl3l3a3+rl4l4a4
dF? Palal P P+ P
dF? e+ %2+ P %+ A e
dF'ljne L2 'a' + %%+ 32 %+ " %t e

(dF}Lp+dF2 p+ dFS - dF
AFf ot dFFp+ dFS p+dF R
dF\ p+dFY p+dFR n+dFY s
dF;ﬁ 12t dFj4+2 12t dl?j4+3 et dF;& 172
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an

(78)

19

(80)

in which #({=1~4; n=1~4) corresponds to the element of the matrix
given in Eq. (74) with the subscript j+ 1/2, and dF% ,=@A"a"r") ;... and

1= —V0jPj+1 AUJ‘+1/2+ Abj1/7/Civr1r2
a]2'+1/2:ij Oj+1 4 V;‘+1/2_ Apj+1/2/7’/cj+1/2+ Aﬂj+1/20j+1/2
a?+ 125 T V0 Pj+1 4 Vj+1/2“ APH 1/ Cisrnt Apj+ 1/2Ci+1/2

a}+ 12 =V0iPj+1 AU;’+1/2+ Apir/ T/ Civrre

Here,

AUjﬂ/z: Uj-H _Uj
AVi1p=V5i—V;
Apjv12=Div1—D;
40+ 12=05+1 —0j

8D

(82)
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Now, we wish to note that dF t12G=1~4; n=1~14), which appears in
Eq. (80), corresponds to the state changes across each simple wave. In short, the
states at each cell interface can be calculated by Eq. (80). Furthermore, these
flux differences may be redefined by introducing the concept of upwind differ-
encing as

AFt o= (A a1 p= [;(1'4 |4 Dair] (83)
and
dF = Qe =[5 = 11 Dar] )

with the positive and negative parts of the eigenvalues. From Egs. (83) and (84)
we can determine the numerical flux function expressed in Eq. (63).

Again, the Roe scheme has the possibility to catch an expansion shock as
well as the ordinary shocks, as Roe® and Chakravarthy'® have pointed out. To
avoid such a numerical situation, Matsuda et al.'”® have followed the procedure
developed by Chakravarthy, and proposed the following countermeasure for A**
and A" : If at sonic expansion

Ai<0 and Ai,,>0 (85)

then 24, and 1/, in Egs. (83) and (84) are required to be replaced by
= (1 et A 1)+ (ljﬂ YY) (86)
]+1/2 (l;+1/2 | /'lj‘+1/z | )— O»,+1—)~;:) 87

The second-order Osher scheme treated here has no explicit artificial viscos-
ity to suppress the unlimited flux difference across discontinuous waves such as
shock wave, slip line, and contact surface. Thus, Chakravarthy and Osher have
started with a one-parameter family of semi-discrete schemes with numerical
flux,

5 a

n n m— 1+
Fj+1/2= it 7]) (Z dF, +3/2)“ ( 77)

(S dFftye)

+Q—ffﬂ)-<>,: argin + 452 arpi) *

and to obtain a higher-order TVD scheme, they have modified the last four
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terms on the right hand side by utilizing flux limiters as

E’Ll/zzﬁ‘jil/z___(l ZTI) (; dF ,‘iig/z) _ (4t Zﬂ) (; dTF'Tl_/z)

1+ i - =
+ 1) (51 i+ (8 ) 89)
with
dFiy,=minmod [dF;Ts,, wdFfiy,) (90a)
dF}%,,=minmod [dF}17,, wdF}i3,) (90b)
dFf1i,=minmod [dF},, wdF},] (90¢)
dF}*t,=minmod [dF"},, wdFfiis) (90d)
and
3—7
ISwsi—, NIV

Also, it is noted that minmod[a, b]= 0, if ab< 0 and minmod[a, b]=a, if |a|
< |b|. Otherwise, minmod[a, b]=b. Here, the spatial order of accuracy is
determined by the value of 7:

n=-—1 fully upwind scheme
n=0 Fromm Scheme
n=1/3 third-order upwind-biased scheme

Eq. (89) is the Osher scheme to determine the numerical flux at j+1/2. Using
the numerical solution for the Riemann problem obtained separately in each
dimension, the dependent variables @ ,(¢+ 4t) can be computed by

Q 4+ A0 =Q) s —5E Bl ) =5 Bl P ©92)

Thereby, all of the dependent variables @= [, pu, pv, ¢]¥ can be evaluated at ¢+
At(4t: time step). It the Osher scheme, the above Riemann problems are solved
at every cell involved in a computational domain at every time step.

3.2 Numerical procedure

The numerical procedure of the Osher scheme described in the previous
section is applied to a two-dimensional Cartesian coordinate system (or a one-
dimensional system). We now consider the transformation of arbitrary coordi-
nate systems. For convenience, we begin with
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—+t——+—-—=0 (see Eq.(55))
and consider a transformation of variables of the type

E=E( ¥), n=nlx )

So that
0 _0 0k, 0 on. ,_
o 9F ox Tog ox 0 O f"’f“”a"}
0 _0 0k, 0 6n. ,_
oy GE oy Ton oy HTHATON

Thus, we have

10Q & OF n. oF & 0G 1, 0G _,

Jot J og J om J OE ] on

in which J is a Jacobian of transformation defined as

_eEn _ .
]_ a(x, y) _gxny Eyﬂx

Again, obviously, the following relation holds true;

6,<%>+6;(§]LF+—§LG)+6,](—”]LF+—Z!—G)

eyl &) vnl ) o ) on ()

By definition, it follows that

Jorfs) e
L’n] J 5, (note 8,=8/0x, e. g.)

ACCOI‘dingly,
n xiy yix Ey Ex y

6;—‘-%(71@— 7.0,)
aﬂ=~}~(—sﬁ,+fﬁy)
Self-evidently,

or

Kokabo

(93)

(94)

(95)

(96)

N

(9®)

(99)

(100a)

(100b)
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1 1
=y V= =

J | ]1 (101a)
xr]:_TEy yn=71

or
=D B=/m } (101b)
n=—Jve n,=Jx;
so that
Je—t (102)
XYy —XnVe

Here, combining Egs. (101 b) and (102) with the right hand side of Eq. (98) vields

0 0 5, 0 x_

ot @ gg P60 109
in which

-9

¢ J

F=mF+mG

G=nF+nG (104)

=t m=bs

me=le, n=T

Furthermore, practically, for the cylindrical system of non-dimensional equa-
tions for the gas—phase interacting with the particle phase, which is given by Eq.
(55), H and H, should also be transformed in connection with Eq. (94). In this
case, the system of equations is given, instead of Eq. (103), by

0Q L oF oG -
ot E o +H+H,=0 (105)

and the following transformations,
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ﬁz% ﬁ,,:ijz (106)

are supplemented besides Eq. (104),

Here, we should like to note that the axisymmetric term H and the gas-
particle interaction term I?,, are only additional terms in the equation of the two
—dimensional gas-only flow and bear no direct relation to the TVD scheme.

In the present numerical procedure, the second-order accuracy in time is
realized. We wish to describe briefly the prescription of the time-accuracy.
Now, we introduce the discrete representation x;=x,+idx and ty=t,+Nd4t, and
suppose that @Y is some approximation to Q(x;, ty). Then, we expand Q(x;, ty+
At/ 2) at the half time step into the following two kinds of Taylor series,

4t 8Q | (4)* ¢"Q

A ti+5) =0, 1) +5- S+ S 1 o((apd)

2 2
Q(x tr+2E)=Q0s, ty+an—4L 09 (D 3 (a1

Thereby, the flow quantities @'*"? at the half time step ty.,, can be evaluated
by (@ +QY"")/2. Again, it is clear that the accuracy of Q¥*"? corresponds to
the order of (4£)?. Thus, @'¥? can be easily obtained by using Q¥*'% Finally,
QY*! is obtained in the form of

QI =é_(Q£v+ vey @itz 107

It should be stressed that throughout our numerical calculations to be
mentioned later, the second-order accuracy in time is achieved by using Eq.
aon.

Again, the time interval At is controlled by the Courant-Friedrichs-Lewy
(CFL) condition. We simply consider the condition by the von Neumann
stability analysis. We suppose a linear equation consisting of only the convec-
tion term such as 8Q/0t+U6Q/0x= 0 in which the gas velocity U is a positive
constant. Applying the forward difference to the unsteady term and the back-
ward difference to the convection term

QR =QV-prQi=E-pQY (108)

in which E and 7 are the identity and backward operators, respectively, and (=
U4t/ 4x) is commonly called the Courant number. According to von Neumann,
he has put @'=exp(k,NAt) » explk,j(idx)] (j=v—1) in the form of the Fourier
series. Here, k&, and k, are generally both the complex constants. Thus,
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(E—BV)QY=exp(kiN4t) [1—B{l —exp(—kyax)} Jexpky (i dx)]
=exp(k,A)exp(B NA exp[kyj(idx)]

so that
exp(k ) =1—B{l —exp(—kyjdx)} =2

As a result, the condition for the accumulative error not to increase as N—> is
prescribed by |2 ]| < 1. That is, 0 <8< 1. This means that @ can jump no
more beyond one spatial mesh size (=4x) per time step 4t

Practically, the integration time step 4t obeys

At=B +« Min{(Min(4x, 4y)/(c+yu?+v2)} (109)

for every cell. In the present calculation, = 0.4 is selected.
4. Numerical experiments

4.1 One-phase and two-phase jets exhausted from a sonic nozzle (I)

We begin with the one-phase jet flow problem. The Mach number of the jet
at the nozzle exit is fixed to be M;= 1. The jet begins to blow at t=0 (N=10)
from an axisymmetric nozzle with 0.0l m in diameter at the exit. Again, we
assume that a uniform ambient gas is at rest over the whole computational
domain at t= 0.

In the present work, the characteristic length of the flow field L is repre-
sented by the exit diameter of the nozzle (D= 1 cm), and the reference conditions
correspond to the reservoir conditions. The ratio of py t0 f.(=py/P.) is, in
principle, fixed to be 58(f..= 1.0 X 10° Pa) and the temperature ratio Ty/7T= is
fixed to be unity (7T..= 300K), where the subscripts, 0 and oo, denote the
reservoir and ambient conditions. Again, the gas flow from the reservoir to the
nozzle exit is assumed to be isenfropic. Hence, the gas pressure, p; at the nozzle
exit is obtained through an isentropic relationship from the stagnation condi-
tions ;

ﬁj=ﬁ0[1+%1M?]—T/('_l)

(110)
Also, in the two-phase jet flows to be mentioned later, the so—called mist
composed of air and water—particles will be treated as the representation of gas
-particle two-phase mixtures. The physical constants of the gas and the parti-
cles adopted are listed in Table 1. For the present case of one-phase jet flows,



144 Natsuo Hatta, Hitoshi Fujmimoro, Ryuji Isunt and Jun-ichi Kokapo

Table.1 Physical constants of gas and particles.
Gas (Air) O me =1000 kg/d
r=14 C,, =4187 J/(kg*K)
Cre=1004 J/ (kg k) 7=10 um

T,=300K
Pr=0.7
2 =2.07x107° Pa*s
(at To)
the gas condition is assumed to be the same as shown in Table 1. Therefore, the
condition that M;=1 gives the pressure ratio p;/p,= 0.528. That is, p;/P=
3.062.

The computational domain is divided into 150 X 100 meshes (or cells) in the
x- and y-directions, respectively. The nozzle axis is taken along the x-axis and
the radial direction along the y-axis (see Figure 2). Again, the mesh size, 4dx
(=4y) is selected at 0.05.

Here, we wish briefly to mention the boundary condition of the com-
putational domain in the present calculation. As Matsuda et al.'? have pointed
out, because the Osher scheme has no explicit artificial viscosity to cut down
unphysical disturbances, the numerical results are rather sensitive to the choice
of the boundary condition imposed on the numerical boundaries, which may
produce or reflect unrealistic damage to the main flow. According to their
results obtained by several boundary conditions, it follows that the imposition of
the ambient gas condition to the upstream boundary BC, the downstream one DE
and the side one CD gives a best-fit to the realistic phenomena encountered in
the experimental results (see Figure 2).

As has been mentioned already, the physical variables are defined at the cell
center in the cell method. So that, we must take two additional cells just outside
the interior cells contacting the boundaries so that the fluxes just on the
boundaries may be calculated by solving a Riemann problem between the state
in the additional cell and the state in the cell just inside the boundary. In short,
the Riemann problems must be solved at every cell and at every time step
strictly (see Eq. (89)).

In the above ambient gas condition, the additional cells are filled with an
ambient gas.

The symmetric condition is applicable to the jet axis, AE (see Figure 2),
This is the condition that only the velocity component (v in the present situa-
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Fig.2 Computational domain. Note that it 1s
divided into 150X 100 meshes in the x-
and y-direction, respectively (Ax=Ay=
0.05).

A Symmetric gxis

A= x’

tion) normal to the jet axis is opposite through the boundary AE, and the other
physical quantities such as p, 4, e are taken to be equal between the interior and
exterior cells next to the axis AE. This symmetric condition is applicable to a
solid wall surface, also when the gas flow around an object is treated.

The jet condition is applied to the jet exit plane AB.- This is the condition
that p, v, v and e of the jet at the nozzle exit are input to the exterior cells
contacting with the jet exit boundary.

Now, we wish to present calculated results of the one-phase free jet. Figure
3 indicates the density contours (N= 5000) for underexpanded choked free jets
of the four cases where po= 5.8 X 10° Pa(a), p,=10.0x10° Pa(b), p,=15.0%x10° Pa
(¢) and p,=19.4x10° Pa(d). These calculations were continued till N= 10000 in
order to check whether the global shock cell structures can reach a steady or
converged stage with time (as N—o), We have confirmed that the flow field
upstream from the Mach disk is stable and steady, and the characteristics of the
first shock cell remain unvaried with time. However, the flow field downstream
from the Mach disk is not time-independent but considerably unsteady. This
situation is reproduced by the time history of the density distribution along the
symmetric axis. Figure 4 shows the numerical results obtained for 8020 <N<
10000 under the corresponding conditions mentioned above. Here, the time
history is taken at every 20 time steps. This demonstrates that an almost steady
flow field is constricted only to the region upstream from the Mach disk for the
large N, while in the region downstream from the Mach disk, the density field is
appreciably fluctuating or oscillatory, even for the large N. This situation is not
always unlikely. At a high Reynolds number, the jet boundary is very unstable
and therefore the jet usually experiences a self-sustained oscillation due to a
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feedback mechanism in connection with the radiation of the screech tone'® ¥,
One of the most important factors here is to examine whether or not the
present numerical scheme is applicable to and valid for the calculation of the
flow field of the relatively simple one-phase free jets. If no check is made for
the scheme, the numerical results of the more complicated flow field do not
always enable us to be convinced. Thus, a few points of characteristics of the
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first shock cell structure calculated are compared with the experiments of Love
etal!”. That is, the ratio of the distance L, from the nozzle exit to the Mach
disk to the diameter D of the nozzle exit, the ratio of the diameter of the Mach
disk D,, to D, and the ratio of the wave length L, to D are shown against p;/p..
in Figure 5 (a), and therein compared with the experimental results. The
comparison gives excellent agreement between the calculated and the experimen-
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tal results. Next, the- density distribution along the jet axis, which has heen
computed under the condition that the pressure ratio py/p.= 19.4, is compared
with the experimental results measured under the same condition by Kobayashi
et al.'®, The comparison is shown in Figure 5 (b) and gives fairly good agree-
ment between the two results. These two facts suggest that the present numer-
ical scheme may well simulate various complicated flow fields, at least, the flow
structure of a free jet.

Now, we consider two-phase jet flows exhausted from a sonic jet. It is
assumed here that in a nozzle the particle phase is in velocity and thermal
equilibrium with the gas-phase. So, both the velocity and the temperature of
particles at the nozzle exit are assumed to be equal to those of the gas. On this
premise the particles are injected into the one-phase jet at fixed points on the
nozzle exit plane at each time step after the final time step (N= 10000) in the
one-phase solution. The case is selected where the pressure ratio is taken to be
po/P.=5.8. Therefore, when the particles are initially injected into a gas jet
flow, the state of the density field of the gas is the same as in Figure 3 (a).
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Concerning the positions where the particles are injected, we divide the nozzle
radius equally into K parts and put the particle subclouds at the center of each
part. So, in the present numerical experiment, it follows that K particle sub-
clouds are injected into the flow field at each time step. Here, we consider the
number of particles contained in a subcloud. The time interval 4t determined
by the CFL condition for the gas-phase flow is also applicable to the particle-
phase analysis. Let us denote the axial and radial sizes of the k-th particle
subcloud by 4%} and 49}, respectively. These can be rewritten into

=12, + | ar] =¢u,| '%At: PRP T
' am
29}=3,/K=L(,/L)/K=1y,[

by the definition of Eq. (28). Thus, the number of particles per unit length of a
ring subcloud can be counted by

N =n}d%,49,=7} | u, | Atdy}L* 112)
Thus, as defined in Eq. (43)
Ni=lu, | 4t 4y} (113)

or

N,=0G}/y)N;  (see Eq. (11) (114)

The number of subclouds K injected into a flow field at each time step is
always kept unvariable. In the present case, K= 25 is taken, and therefore 4y,=
4dy/25. Therefore, although the condition that 4y,&<4dy is not necessarily
satisfied, it is automatically satisfied that | u, | 4¢ is much smaller than the mesh
size dx. It may be considered that A4S,=A4x,+ 4y, is sufficiently small in
comparison with the space-averaged area S,=4x « 4y.

Now, we wish to show some characteristics of the jet flow of the gas—particle
mixture for the loading ratio v= 0.3 and the particle radius #,= 10um. Figure 6
shows the comparison of the density contour of the two-phase mixture flows
with the corresponding dust-free ones at several kinds of time steps. At the first
glance, a significant discrepancy can not be observed between the two flows. It
need not take so large a number of time steps to get a roughly time-converged
solution after the injection of the particle subcloud into the flow field. One
should bear in mind that the first step (N=1) actually corresponds to N=
10001, because the dust-free result obtained at N= 10000 is employed as the
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Fig.6 For caption see next page.
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Fig.7 Time history of density distribution of two-phase flow along the jet axis for
2020<N<4000.

initial flow condition. First, the location of the Mach disk of the two-phase
results tends to move more remarkably than that of the one-phase results,
although it is slight. Also, the jet boundary downstream from the Mach disk is
somewhat unstable for both the one-phase and two-phase flows.

Figure 7 shows the time history of the density distribution of two-phase
flow along the symmetric axis for 2020 <N< 4000 at every 20 time steps. Ac-
cording to this figure, the fluctuating motion of density in the jet core down-
stream from the Mach disk seems to be suppressed in comparison with the one
—phase result (see Figure 4 (a)), although it is not so remarkable. Figure 8
demonstrates the variation of the velocity vectors of particles along streaklines
in the two-phase jet flows with time, at the time steps corresponding to the case
of Figure6. Although a partly unstable aspect can be observed, neither coales-
cence nor intersection takes place in the whole flow field. Presumably, this may
be based on the fact that the particle size is taken to be a little too large (7,=
10xm). Again, the flow field of particles is enlarged in the radial direction as the
particles proceed downstream.
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4.2 One-phase and two—phase jets impinging on a disk (1)

This section describes some characteristics in the flow field of the one-phase
and two-phase jets impinging on a disk perpendicular to the jet axis. The
computational conditions are almost the same as those of section 4.1, except that
a disk stands in the flow field. The diameter and thickness of the disk are taken
to be equal to the diameter and thickness of the disk are taken to be equal to



156 Natsuo Hatta, Hitoshi FunimoTo, Ryuji Isunr and Jun-ichi Kokapo

1.0 g

d) N =2000, v = 0.3

<1
~
[ ]

f) N = 4000, v = 0.3

bwdili

TV

0.0 1.0 2.0 3.0 4.0 5.0 6.0
X/D
Fig. 8 Fields of velocity vectors of particles along streaklines at
the time steps corresponding to the case of Fig. 6.

the diameter of the nozzle exit (D= 10cm) and D/ 2, respectively. It is assumed
that the disk stands at the distance of x(=%/D)= 3 from the nozzle exit.

We begin with the comparison of the flow fields between the one-phase and
two-phase cases. Figure 9 shows the comparison of the density contours be-
tween the two cases at a few kinds of time steps. The flow field in the region
upstream from the Mach disk is seen to be relatively stable. However, in the
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region downstream from the Mach disk, in particular behind the disk, many
small and large vortical structures are observed, and the jets interacting with the
disk fluctuate in a very unstable state in comparison with the previous case
where the disk is not present. Again, the jet boundaries, which can not clearly
be discriminated, are enlarged in the radial direction after the impingement of
the jet core on the disk. Such a tendency is understood to be more notable in
the two-phase result than in the one-phase one.

Figure 10 indicates the comparison of the time history of the density dis-
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tribution along the nozzle axis between the one-phase flow (a) and the two-
phase one (b) for 20 <N< 2000. Note that the dust free result obtained at N=
10000 is used as the initial condition. Although there is no significant difference
in the fluctuating motion of the density of the jet core between the two cases
only in the region behind the disk, the fluctuating motion of the density before
the disk is suppressed by the presence of particles. This suggests that the
presence of particles operates in such a way as to stabilize the flow field. This
may be due to the fact that in the dusty jets, interactions between the gas— and
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particle-phases tend to suppress the increase in the gas velocity, and the de-
crease in the gas temperature. In short, a rapid and unstable change in the jet
flow field tends to be relieved by the presence of particles.

Figure 11 shows the velocity vectors of particles along the streaklines at
several kinds of time steps. What is considered to be interesting here is that the
particle cloud is divided into two groups: One group is the particle cloud
impinging on the disk and elastically reflecting from it. The other is the particle
cloud passing through and around the outer side of the disk. We find from
Figure 11 that the particles impinging on the disk near the jet axis experience a
few collisions with the body surface, before they flow out of the jet boundary.
The number of collisions that a particle experiences depends upon the first
impinging location of the particle.

Figure 12 indicates the comparison of the velocity vector field of the two-
phase flow with that of the one-phase flow at N= 2000. First, the effect of the
presence of particles on the flow field is seen to be noticeable at a few points:
First, the particle subclouds, which have impinged on the disk, are spread
conically (see Figure 11(b)), and introduce the gas-phase in the direction of the
particle movements. Second, there is a reverse flow of gas in the region
downstream from the disk and the particle motion obeys the gas flow there.
Third, although some vortical structures are generated by putting the disk in the
flow field, the presence of particles tends to shift the locations of vortical
structures and the number of the particle subcoulds is commonly dilute at/near
the vortices.

4.3 One-phase and two-phase supersonic flows around a spherical body

First, in the present case, it should be noted that the computational domain
of the gas-phase flow is different from that of the particle-phase one. In order
to obtain the numerical solution of the gas-phase flow, the physical space (x, ¥)
is transformed into a computational one (& 7) in the form of

F=(*+y)Y? and 7]=tan”% (115)

In the present calculations, the flow field of the gas-phase is solved in the
computational space (£, ), while the flow field of the particle-phase is treated in
the original physical space (x, ¥). Figure 13 indicates the physical domain used
here (a) and the transformed domain(b), The computational domain for the
gas-phase flow to be solved consists of the symmetric axis AB, the outer
boundary BC, the downstream boundary CD and the inner boundary DA corre-
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sponding to the sphere surface. This computational domain is divided into 100 X

100 fan-shaped meshes which are equally cut in the radial and tangential

directions.

Therefore, the transformation of the (x, y¥) coordinate system to the (€ 7)
system needs to be performed according to the prescription mentioned in section
3.2. Eq. (115) is equivalent to the relation of x=§£cosn and y=Fsin7. Thereby,
the Jacobian J of the transformation is easily obtained by Eq. (102) as 1 /£ So
that, the four parameters appearing in Eq. (104) are given by

m,=Ecosn, m,=Fsin 7]} (116)
n,=—sinn, n,=cosy
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For the one-phase flows, the dependent variable @ and the fluxes F, G are
replaced by @, F, and G (see Eq. (104)). For the axisymmetric two-phase flows,
H and H, must be transformed into H and H,, respectively, according to Eq.
(106). It is self-evident that the supersonic jet flow around a spherical body to

be treated here is axisymmetric. In this sense, the numerical scheme utilized

here is first constructed in the cylindrical coordinate system (x, ¥). Then it is
transformed into the spherical coordinate system (&, 7) according to the above
description.

Particularly for the particle-phase, there is no problem in finding the numer-
ical solutions to the system of equations described in Egs. (41) and (42) in the
cylindrical coordinate system (x, y).

The boundary conditions of the whole computational domain are constituted
by the following. The symmetric condition is applied to the boundaries AB and
AD (see Figure 13(a)), and the uniform flow condition on the outer boundary
BC. This corresponds to the condition that the additional cells outside of the
boundary BC are filled with the gas of the interior cells next to the boundary in
a uniform flow state. Also, the outflow condition is applied to the boundary CD.
This is the condition that only an outflow from the computational domain to the
exterior of the boundary CD is permitted and the opposite flow is not permissi-
ble.

Next, we wish to mention the initialization of the flow field in the com-
putational domain. At t=0 (N=10), the particle subclouds located in front of
the sphere are injected into the flow field of a uniform supersonic gas flow over
the whole computational domain. The particle subclouds are located uniformly
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on a circular plane of r, in radius, perpendicular to the symmetric axis at x=x,
(x¢>Rmin» Rmin; the radius of the sphere). We divide 7, of the circular plane
equally into K parts and so put the subclouds at the center of each part. In the
present situation, we put r,= 1.25, %= 1.3, Rnn= 1.0 and R,,,= 2.0 where R.,
denotes the distance from the center of the sphere to the outer boundary BC
(say, the outer radius of the computational domain). Note that R, > &3+7r5)"2
Again, K= 100 is used in this calculation. The particles are injected into the flow
field at the 100 fixed points on the circular plane at each time step. The state of
the uniform gas of p=1 and p=1 flowing towards the sphere at the Mach
number M=3 (as v=10) is input at all of the centroidal grid points at ¢= 0.
Also the particles at the injection points are assumed to be in velocity and
thermal equilibrium with the gas.

In the present case, the characteristic length of the flow field L is represented
by the radius of the sphere (R.,= 3cm). The physical constants of the gas and
particles adopted are the same as in Table 1. The particle radius is assumed to
be #,= 10 um uniformly and the loading ratio is taken to be v= 0.3.

Here, one should keep in mind that the time-converged one-phase solution is
not used for the calculation of two-phase flows as an initial flow condition. The
variation of the flow field from the above mentioned initial state to the steady
state with time will be investigated for the two-phase flow.

Although the purpose of this section is to investigate the two-phase flows, it
is worthwhile to give a simple description of dust-free (gas-only) flows around
a sphere. This is also necessary to check the validity and reliability of the
present numerical scheme.

The solutions for various Mach number M have demonstrated a satisfactory
time-convergence of the flow field. The profiles of the pressure distribution
along the sphere surface have been compared with the theoretical results by

Belotserkovskii'”

. It has been proved that this agrees well with the experiments.
Figure 14 indicates the comparison of our numerical results with the theoretical
ones. It follows from this figure that there is an excellent agreement between
the two.

Figure 15 shows the density contours of the one-phase flow around the
sphere in the shock layer for 2000 <N< 10000 at every 2000 time steps. First, we
can remark that the one-phase flows around the sphere are fairly stable and the
bow shock tends to shift towards the sphere only in the early stage. Next, the
flow field in the shock layer behind the bow shock can be said to become steady
and stable in a relatively early period.

Figure 16 shows the distribution of the velocity vectors of the gas flow over
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the whole computational domain at N= 10000. Outside of the bow shock, the
velocity vector has no tangential component. Also, the velocity is accelerated
along the sphere surface from the stagnation point to the top of the spherical
body and is increased in magnitude at a larger radial distance from the sphere
surface in the shock layer.

Next, for the one-phase flow we wish to demonstrate the variation of the gas
density along the body axis as well as on the sphere surface from the stagnation
point to the top of the sphere with time. Figure 17 shows the time history of the
density for 40 <N < 4000 at every 40 time steps. The bow shock existing almost
in contact with the sphere surface in the initial flow field tends to shift the
location towards the upstream side with time, and then the location of the bow
shock is fixed at N= 2000 or so. In addition, weakly fluctuating waves, which
are observed just behind the bow shock still beyond N= 2000, are annihilated
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perfectly at N= 4000. This suggests that for one-phase flows around a sphere a
time-converged solution may be obtained beyond N= 4000.

Here, we show the numerical results of the two-phase flow around a sphere.
Figure 18 indicates the contour of the constant gas density (a), the field of the
velocity vectors of gas (b) and that of particles along the streaklines (c) at N=
3000, 4000, 5000, 6000, 7000 and 12000. Here, one should bear in mind that the
field of velocity vectors shown in Figure 18(c) is not along the trajectories of
particular particles, but along the streaklines consisting of all of the injected
particles according to the time series. The most important problem is to
investigate whether or not the steady and stable flow field can be reached as N
is infinitely increased. Comparing the density contour of this case with that of
the single-phase result (see Figure 15), the former seems to be very unsteady,
especially, in the stagnating region in the neighbourhood of the body axis in the
shock layer even for the large time step N. The unsteady numerical result can
also be accepted obviously from the field of the velocity vectors along the
streaklines of particles. If the condition that the particles stick or are absorbed
perfectly inelastically to the body surface is imposed on the numerical simula-
tions, as soon as particles impinge on the body surface, the time-converged
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solutions must presumably be obtained'®. The present situation is different
entirely from the foregoing case. On the assumption that the particles that
impinge on the body surface are reflected perfectly elastically, the present nu-
merical simulations have been performed, as has been mentioned already. Also,
it is assumed that only the velocity component normal to the body surface is
reversed and the tangential component remains unvaried on the reflection condi-
tion: The so-—called specular reflection is conditioned.

Practically, the particles that must impinge on the body surface are decel-
erated by the gas in the shock layer and then reflected from the surface with a
finite velocity. The particles impinging on the surface near the body axis
experience a few elastic collisions with the sphere. The streaklines of particles,
shown in Figure 18(c), are taken at 8 intervals of injection points including the
first streakline of particles injected from the point next to the body axis. For a
closer investigation, we consider the behavior of particles along the first streak-
line for example. The particles impinging almost normally to the sphere surface
are reflected also normally to it. The normal component of the velocity of the
reflected particles decreases owing to the reverse flow of the gas and is missing
somewhere. The particles are again moved downstream by the gas flow and the
second impingement of the particles on the surface occurs. However, the veloc-
ity of the particles reflected from the sphere can be considered to be small in
magnitude. At the same time, these particles move only in an almost stagnant
state near the sphere surface where the gas velocity also is small in magnitude,
until the particles flow out of the stagnant region. As a result, it can be
expected that the number density of the particles is increased near the body
axis, and that the number density is distributed densely upstream and dilutely
downstream along the sphere surface, as will be discussed later. Furthermore,
the distribution of the number density does not remain unchanged even for the
large time step N.

The above mentioned tendency becomes weaker for the particles along the
streaklines injected at positions farther from the body axis (see Figure 18(c)).
Again, what is noticeable as another problem is that the particles rebounded
from the sphere surface do not break the bow shock at all, at least, in the
present situation.

We wish to demonstrate the instability of the flow field near the body axis
in the shock layer from a different point of view. Figure 19 indicates the time
history of the density for the two-phase flow, corresponding to Figure 17, for
5040 <N< 12000 at very 40 time steps. Obviously, the density field in the shock
layer is unstable and unsteady. There also seems to be no periodicity in the
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Fig.19 Time history of density for two-phase flow corresponding to one-phase flow
shown in Fig. 17 for 5040SN<12000 at every 40 time steps.

unsteady behavior. The so-called stagnation point does not always take the
maximum gas density, as encountered in the one-phase flow. Rather, the
maximum density is seen to be in the middle part of the shock layer near the
body axis, although it is unsteady and unstable. Furthermore, instability is also
observed in a relatively small region upstream along the sphere surface near the
stagnation point.

5. Discussion and conclusion

Up to this point, we have demonstrated very interesting numerical results
for the various flow fields of the one-phase and two-phase cases, which have
been obtained by the Osher scheme.

First, we discuss the truncation error of the scheme in the form obtained by
replacing the dF and d?‘ terms that occur in Eq. (89) with their corresponding
unlimited dF values (see Eq. (88)).

Combining Eqgs. (61) and (62) to Eq. (88), we have
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Substituting Egs. (118) to (123) into Eq. (117) and arranging the result, we
have

Fp—Frp= A( )+ ("")3( —%)(%)jw(uxy) (124)
or
fm&%}_l& ( ) (n—1/3) 1/3) =13 (4 )(63F)+O((Ax)3) 125

Therefore, the truncation error of the unlimited forms is given by the second
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term in the right hand side of the above equation. It is interesting to note that
the truncation error is independent of the particular upwind-scheme used, that
is, independent of F. Furthermore, it should be added that 7= 1/3 has been
selected throughout this paper, and therefore all of the present calculations have
been performed by the third—order accurate scheme.

We discuss the numerical results of the free jets for the one-phase and two
~phase cases as a very simple flow field. Although we have found that the
single-phase results agree well with the experimental ones, in particular, for the
characteristics of the first shock—cell structure, the flow field downstream from
the Mach disk is observed to be fluctuating and oscillatory even for the large N,
as shown in Figure4. When the pressure ratio, py/., is taken to be small, the
variation of the propagating process of discontinuous and continuous waves with
time can not clearly be emphasized, as observed in Figures4(a) and 7. Hence,
the time histories of the density distribution along the jet axis calculated under
the condition that py/p..= 5.8 are shown for 2001 <N< 2100 at every time step in
Figure 20. For both the one-phase flow (a) and the two-phase one (b), the gas
density distribution in the region downstream from the Mach disk is observed to
change in such a manner as to propagate the nearly periodically appearing
waves towards the downstream boundary.

Figure 21 gives the comparison of the time history of the density distribution
along the nozzle axis between the one-phase flow (a) and the two-phase one (b)
for 2001 <N< 2100 at every time step, when the disk normal to the jet axis
stands in the flow field. For the one-phase flow, there is observed a dome-
shaped shock in front of the disk (see Figure 9) besides the normal shock at the
Mach disk. At least, the pressure jump occurs there and the shock wave can be
confirmed also from Figure9. The most prominent feature is the strong oscillat-
ing shock wave between the Mach disk and the circular plate (disk). The shock
wave oscillates through a large amplitude, on the axis equal to about 0.25 D,
about a mean standoff distance s= 0.5 D from the disk. Thus, such an unstable
flow field agrees fairly well with the experimental results by Powell'®, In the
region downstream from the disk, there are density waves propagating down-
stream and upstream, and the variation of the density distribution with time is
somewhat periodic.

Next, for the two-phase flow, the flow field in the region upstream from the
disk normal to the jet axis is apparently more stable in comparison with the one
—phase result. The most prominent feature is that there is no shock wave in
front of the disk which can be evidently present in the one-phase flow field.
Therefore, the density field is very stable between the Mach disk and the plate



a) one-phase flow

Natsuo Hatra, Hitoshi Fujimoro, Ryuji Isun and Jun-ichi Kokapo
N=2100 + (10000)

176

Dl =

N\ is\N\\\\\,&«\x
\\\\\\\vvvv ) . e
xk
.

7.0

W
K%
=N

- \\\\\é\ S
- \\% e

i .
5 < A\ ~N--~

Wx\xx\\%

2//%\\,\\ ~\\\ -~\

6.0

e

5.0

\x««x\ I ,
%\A/Wff%vw 0
\\\\\xﬂx

A

s )

4.0

X/D

\

o
o
o
o
—
+
o
o
—
o~
"
=

3.0

Ui

_

N=2001 + (10000)
P 1 |

2.0

v

" g
.
ML

. v ‘ ‘v%?/
.

\

____________________A =

o
o

<) o o o
A31suag A11suaq

5.8 for 2001<N<2100 at every time step : One-phase flow (a) and

two-phase flow (b).

Fig.20 Time history of density distribution along jet axis calculated under condition
that po/pe



177

Theoretical Analysis of Supersonic Gas—Particle Two-Phase Flow
and Its Application to Relatively Complicated Flow Fields

= 2100 + (10000)

a) one-phase flow

Disk tail

JJWW\J\&ﬁg.
=
\\ﬂ\\w

k&k&

-

N=2001 + (10000)

A31suaq

1.0 2,0 3.0 4.0 5.0 6.0 7.0

0.0

X /D

b) two-phase flow

Disk tail

[=]

=2100 + (10000)

=— |\

R

w
o

v %@%ﬂ

¥

%

X

N

w0

4
2

o o
A11suaq

N =2001 + (10000)

0.0

7.0

6.0

5.0

4.0

3.0

2,0

1.0

0.0

X/D

Fig. 21 Time history of density distribution along jet axis for one-phase flow (a)

and two-phase flow (b) interacting with a disk normal to jet axis.



178 Natsuo Hatrta, Hitoshi Funmoro, Ryuji Isunr and Jun-ichi Kokapo

owing to the presence of particles leading to the annihilation of the above
mentioned dome-shaped shock wave. In the region downstream from the disk
tail, a nearly periodically occuring wave is observed to propagate towards the
disk tail. Again a local disturbance of the density observed at x(=#%/D)=5.6 in
Figure 21(b) seems to be due to the access of the particle subcloud to the nozzle
axis.

Next, we discuss the effect of the loading ratio v on the flow field. We
consider the case where the particle subclouds are injected into the one-phase
flow field obtained at N= 10000. The computational conditions are the same as
in section 4.2, except that v= 1.0. Figure 22 indicates the density contour of the
gas—phase (a) and the velocity vectors of the particles along the streaklines (b)
at N= 1500. Comparing the case of v=1 with that of v= 0.3 (see Figure 9 (¢)),
the predominant feature is that the jet boundary of the flow field is very unclear
in the region downstream from the Mach disk for y=1. On the contrary, the
increase in v tends to make the flight record of the subcloud injected at each
position distinct, although there is a slightly unstable oscillatory motion of
particles impinging on the disk surface. Presumably the basis that the particle-
motion is more stable for v= 1.0 than for v= 0.3 may be due to the inertia effect
(or mass effect). Further details concerning the effect of v on the flow field will
be reported elsewhere.

Now, we wish to give a closer consideration to the problem of the two-phase
flow around a sphere. As has been pointed out already, the instability in the
particle motion is observed to be present in a region near the body axis in the
shock layer. Figure 23 indicates the distribution of particle subclouds injected at
each time step in such a region at N= 5000, 7000 and 12000. It should be
remarked in this figure that one particle cloud is represented by one point, and
that therefore the points marked by a dot overlap and seem like a darker line in
the region where the particle velocity beocmes smaller. Although all of the
particles contained in the figure region impinge on the sphere surface, the
distribution of particles injected near the body axis becomes complicated after
the impingement. Also, the region concerned seems to stagnate by the aggrega- -
tion of the injected and rebounded particles. Figure 24 exhibits the distribution
of the number of particle subclouds around the sphere surface in the shock layer
at N= 5000, 7000 and 12000. We note that the value proportional to the number
of particle clouds contained in each fan-shaped mesh which are divided by its
area is here taken instead of the number density. As can be expected, the
number density is distributed densely in the upstream region and dilutely in the
downstream along the sphere in the shock layer. Again, the distribution does
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not always remain unchanged and steady, in particular, in the upstream region.
In short, the flow field of particles is unsteady as well as unstable.

Figure 25 indicates the velocity vectors of particles along the streakline
injected at the position next to the body axis at N=12000. The particles are
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selected at ten times the interval of time step 4t. The velocity of particles
reflected from the sphere is considerably small in magnitude in comparison with
the case of the first impingement. Again, the first streakline does not exhibit the
expected pattern, especially after the second impingement of the particles on the
sphere. In addition, the impinging points are understood to be varied with time
by comparing each velocity vector direction with the streakline combining
particle positions according to the time series (see Figure in Figure 25). The one
remaining problem is whether or not the time-converged solution can be reached
as N—»oo,

In fact, the numerical simulation of the supersonic two-phase mixture flow
takes a prohibitively long computing time. The reason is because a very large
number of particle subclouds injected at the interval of At must be followed
separately. As a resuit, the amount of computation increases to an extraordinary
degree. We wish to add that the VP rate in our computer program is approxi-
mately 0.999, and that the computing time per 5000 time steps takes nearly 10000
sec. At least, at the present stage, it has to be stressed that the two-phase
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results are not always sufficiently time—converged even for a large number of
time steps N due to the discrete treatment of the particle-phase, if we assume N
= 12000 to be a very large time step. At any rate, we think that it is necessary
to solve the problem whether or not the time-converged solutions exist near the
stagnation region.

In closing, we reflect that a few important problems to be clarified in the
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near future remain left for the supersonic gas-particle two-phase flows.

First, for the flow fields of one-phase jets impinging on a disk perpendicular
to the jet axis, the instability should be pursued focusing upon the pressure
ratio, the disk size and the disk position. We intend to investigate in detail the
change in the position of the Mach disk as well as the behavior of another
strong oscillating shock wave existing between the Mach disk and the circular
plate (disk) by comparing the numerical results obtained with the experimental
ones. For the two-phase flows, we wish to clarify the effect of the presence of
particles on the flow field for the two cases where the circular plate is present
and absent. These numerical simulations will be performed by varying the mass
loading ratio, the Mach number at the nozzle exit, the pressure ratio, the particle
size, the size of the circular plate etc. as parameters. Also, we will simulate, from
a more realistic point of view, the flow fields of two-phase flows in a free jet
region as a perturbation from a non-equilibrium gas-liquid particle mixture flow
at the nozzle exit. In this case, a system of equations governing the steady quasi
-one-dimensional nozzle flow of a gas—particle mixture is treated on the basis of
our previous investigations? =%,

Second, for the two-phase flow around a sphere we intend to pursue the
process of the instability in the particle motion near the stagnation region for N
as large as possible. We consider that there are many factors leading to the
instability in the particle motion. For example, when the particle size is very
small, the rebounding distance after the impingement of particles on the body
surface may presumedly be very slight owing to decreasing the inertia effect. In
an extreme case the particles may be imagined to move closely along the sphere
surface. At any rate, we wish to clarify the basis of the instability in the motion
of particles injected at points nearer the body axis in the near future.
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