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Abstract 

The inductances of a synchronous generator at a three-phase balanced synchro
nous operation are discussed experimentally by measuring the air-gap flux-density 
distributions. The results revealed general aspects of inductances, which depend 
on the operating conditions of the generator. In particular, the appearance of a 
unilateral inductance from the armature to the field windings is noteworthy. Special 
attention is also directed towards the relations between the magnetic flux-linkages 
and the currents of the armature and the field windings. As a result of this in
vestigation, an alteration is proposed for a conventianal, field flux-linkage relation. 
The alteration has not been reported hitherto and can not be derived from the 
conventional theory of synchronous machines. 

1. Introduction 

Synchronous generators play the most important role on an electric power system, 

and to grasp their exact characteristics is essential for the proper operation of the 

system. At intervals over a period of about a century numerous papers have reported 

on these subjects, and at present the theory of synchronous machines seems to be 

recognized as if it was completed1l. 

In the theory of synchronous machines, the effects of saturation and hysteresis 

are generally neglected, and linear relations have been used between the magnetic 

fluxes and currents. Because these effects are considered as small in a large number 

of machines, the average value of each of the coefficients is regarded to be a rather 

constant quantity. In those cases when consideration of the effects of saturation 

and hysteresis becomes necessary, correction coefficients are usually introduced in 

order to represent the deviation from the corresponding quantities. At first sight, 

the above point of view seems to be natural. However, we meet with an experi-

mental fact that is inconsistent with the conventional theory. 

* Department of Electrical Engineering II. 
** Emeritus professor of Kyoto University. 



An Experimental Study of Flux-Linkage Relations 
in a Synchronous Generator at Steady States 

179 

In this paper, inductances of a synchronous generator at a three-phase balanced 
synchronous operation are discussed experimentally. At first, by using search coils 

placed at the tooth tips of the armature we measure the air-gap flux-density distri

butions for various loading conditions of the generator. Later, the flux-linkages are 

evaluated by integrating the air-gap flux-density distributions, and the relations 

between the flux-likages and the currents are examined quantitatively. As a result 

of this investigation, we propose an alteration to the conventional relation between 

field flux-linkages and currents of field and armature windings. Admitting that the 

tested generator has somewhat special structures, the alteration is considered to be 

applicable to a large number of machines. It may exhibit a universal property of 

synchronous machines which has not been reported hitherto. 

2. Outline of Experiment 

2. 1. Tested generator 

The tested generator is a four salient-pole generator. The ratings and dimen

sions of the tested generator with nomenclatures are given in Table 1. The locations 

of the search coils at the armature tooth tips and various parts of the rotor are shown 

in Fig. 1. The damper windings of the tested generator can be attached and detached 

freely. In the present experiment, all the damper windings are detached from the 

tested generator. 

Fig. 1. A cross section of the synchronous generator 
and disposition of the search coils. 

This tested generator was designed to simulate a 13 (MV A) generator in a 154 

(kV) system. In order to provide it with the similar no-load saturation character

istics and the same short-circuit ratio as in real machines, isthmus field cores are 

adopted. The nominally induced electromotive force of the tested generator is 220 

(V) at a field current of i1 =3. 2(A). The no-load saturation characteristics will be 

shown in Fig. 7, Sec. 4. 1. 
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Table 1. Ratings and Dimensions of Tested Generator. 

Rating 

Number of phase: 3, Frequency: 60(Hz), Number of poles: 4 

Output power: 6(kVA), coscf,: 0.9(lagging), Rating: Continuous, 

Rated Voltage: 220(V), Rated load current: 15. 7(A), 

Number of revolutions: 1800(rpm), Field current: 4. S(A) 

Stator 

Diameter: Inside diameter 275(mm) (r=137.5(mm)), Outside diameter 410(mm), 

Core length: l=l30(mm), Actual air-gap in pole center: 3.3(mm) 

Number of slot: 36 
Number of slots per pole per phase: 3 

Skew: 24(mm) at 275 cf, 
Number of series conductors: 8 

Stator (machine) slot pitch: am=21r/36(rad) 

Stator (electrical) slot pitch: a=21r/l8(rad) 

Armature windings: lap, double, distributed, short-pitch, integral slot windings and 

star connected 

De resistance of armature winding at 75°C: r.=0.149(.Q) 

Number of turns of search coil: N=3 

Rotor 

Rotor diameter: 268.4(mm) 

Core length: 130(mm) 

Axial length of pole head: 90(mm) 

Angular width of pole arc: 76. 6(deg) 

Laminated poles 

Miled steel 1. 6(mm) 
Number of turns of field winding per pole: N 1 =500 

De resistance of field windings: 14.9(.Q) 

2. 2. Experimental system and setup conditions 

The experimental system is shown in Fig. 2, which is the so-called single gener

ator operating onto an infinite bus system. In Fig. 2, the transformer Tr. 1 has the 

following ratings: 6(kVA), primary/secondary voltages 220/3300(V), and the Tr. 2: 

20 (kV A), 3300/210 (V). We used the transmission line with impedance 40 (%) 
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(based on 220(V) and 15. 7(A)) and the distribution system source 210(V), 60(Hz) 

as an infinite bus. 

The tested generator is driven by a separately excited de-motor with the rating 

15(kW) by the following two ways: 

(1) Keeping the field current constant (i1 =2. 0, 3. 2, 5. O(A)), the output power 

of the generator is increased quasi-statistically in the steady-state stability region. 

(2) Keeping the generator output power constant (P=6. O(kW)), the field cur

rent is decreased in the same way in the same region. 

We will see the steady-state stability region in Fig. 9, Sec. 4. 1, where the 

measured points are shown by small circles. 

3. Flux-Based Calculation of Inductances 

In this section, we give the method of calculation of inductances by using search 

coils at the armature tooth tips. 

3.1. Air-gap flux-density distribution 

This tested generator is represented by a two salient pole generator as shown 

in Fig. 3. The coordinate of the air-gap is denoted by ~ (rad), and the origin of 

C 

a (t=O) 

q 

!"l :Search coil 

o :Phase-a conductor 

□ :Phase-b conductor 

t,. :Phase-c conductor 

b 

Fig. 3. Disposition of conductors of each phase and variable ~ 
expressing the air-gap location and (} the direct axis 
of rotor. 
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the coordinate is set at the axis of the phase-a armature winding. The positive 

direction coincides with that of the rotor rotation. The location of the rotor is 

denoted by {} (rad), which represents the angle of the direct axis of the rotor from 

the axis of the phase-a winding. Denoting the angular frequency of the infinite bus 

by w(=l207t' (rad/sec)), {} is given by 

O=wt+o (1) 

where o (rad) is called a rotor angle. 

By using these coordinates, the air-gap flux-density distribution B(t {}) (Wb/ 

m2) can be expressed by2i : 

B(t 0) = zJ { (Bn + Bna)cos n(s - {}) + Bnqsin n(s -0)} 
r,=J,3,5,, .. 

+ B5cCOS (5s + {}) + B5.sin (5s + {}) 

+B1ccos(7s -0) +B7.sin(n-O) (2) 

where Bn represents the no-load flux-density, Bna and Bnq the direct and quadrature 

components of the armature reaction flux-density, which are stationary with respect 

to the poles. The terms containing B5c and B5• represent the 5 th space harmonic 

component which rotates in the opposite direction of the rotor at the speed of 1/5 

of the rotor speed. The terms, B7c and B7., represent the 7th space harmonic 

component which rotates in the same direction as the rotor at the speed of 1/7 of 

the rotor speed. These components originate in the structure of the armature wind

ings. They are not stationary with respect to the poles, and pulsate over the rotor 

at 6 times the fundamental frequency. However, they are time fundamental com

ponents with respect to the stator. 

It should be remarked that the coefficients B's in Eq. (2) become constants at a 

three-phase balanced synchronous operation. On the other hand, they change with 

time at transient states and/or unbalanced-load operations. 

Each component in Eq. (2) can be obtained by using the induced electromotive 

forces esc(s;, 0) of the neighboring three search coils (i=j, j+l, j+2). That is, 

non-stationary components can be separated from stationary components. There is 

no room to give the detailed procedure here, but the important space and time 

fundamental component is given as follows2l: 

where 

1 J+2 • 
Bi +B1a=3 N zl:J {E1c(s;)sm s;-E1.(s;)cos s;}l 

w ram l=J 

-1 J+2 • 
B1q= 3 N zl:J{E1c(s;)coss;+E1.(s;)sms;} 

w arm l=J 

{})cos{} d{} l 
{})sin{} d{} 

(3) 

(4) 
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In the following expression, we exclude the non-stationary components in Eq. 

(2) because they have no essential effect on the generator characteristics. Instead 

of Eq. (2), we sometimes use the abbreviated expression of the air-gap flux-density 

distribution: 

where r;=~-{} represents the coordinate of the air-gap standing on the rotor. 

3. 2. Flux-based inductances of armature windings 

(5) 

The flux-linkage of the phase-a armature winding ip4 (0) (Wb) can be derived 

by integrating B(~, 0) over the area of the phase-a winding. The result is as 

follows2l: 

where 

K 32rl, ( . nrc ) ( . . 2 ) ,. = ~ sm ~ sm na + sm na 

l6 =t.,l: effective axial length of armature 

( "• : coefficient) 

From the symmetry of the machine structure, we obtain 

'Pb((}) =ip0 (0-2rc/3), 'Pc((}) =ip0 (0-4rc/3) 

(6) 

(7) 

(8) 

In the following treatment we neglect the higher harmonics in Eqs. (6) and (8), 

because they have no essential effect on the steady-state balanced operation of gen

erators. By applying the dq-transformation* to ip0 (0), 'Pb((}) and 1/Jc(O), we have 

'Pd=K1 (B1 +Bid), i/J9 =K1B19 (9) 

In the flux-based discussion, the armature current i0 (0), ib(O) 

preferably be expressed by 

ia(0)=-{2.lsin(O+y) ] 

ib(O) = -{2Isin(O+y-2rc/3) 

ic(O) = -{2[ sin(O+y-4rc/3) 

and ic(O) should 

(10) 

where y represents the phase difference between the no-load phase voltage and the 

armature current, and is called the internal power factor angle. In the same manner 

as in the flux-linkages, we have 

id= -{2[ sin y, i9 ={2l cosy (11) 

We use the following conventional relations between the flux-linkages 'Pd, 'Pe 

and the currents if, i4, i 9 • 

'Pd:K1(B1 +Bid) :Ldti1-Lad'.d ] 

i/J9 -K1B19 - -Laqte 

* 'Pd= ; {¢0cos fJ +t/Jbcos(fJ -2rc/3) +¢,cos(fJ -4rc/3)} 

t/Jq= - ; {¢0 sin fJ +¢bsin(fJ-2rc/3) +¢.sin(fJ-4rc/3)} 

(12) 
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where the L's are inductances to be defined later. The term Ld1i1 in Eq. (12) 

represents the direct component of the armature linkage due to the field mmf. The 

terms Ladid and L 0 qiq are direct and quadrature components of the armature link

ages. The appropriateness of the above relations was also observed in the extent of 

our previous experiment2l. 

In order to determine the inductances we use the no-load value of Bi to separate 

it from Bi +Bid• Then we have the inductances of the armature windings as follows: 

L KiBi L _ KiB1d L _ KiBiq (l3) 
df=--.-, ad- · , aq- · 

tt -td -tq 

It is supposed that the inductances thus obtained do not contain leakage components, 

because owing to the measuring method every flux-line corresponding to the stationary 

components of B(r;) is considered to interlink with the armature windings. 

In the practical calculation of the above inductances, a serious matter arises in 

the evaluation of the effective axial length of the armature windings l, in Eq. (7). 

We will discuss this problem in the following section correlated with the leakage 

impedances of the armature windings. 

3. 3. Effective axial length and leakage impedance of armature windings 
In the previous section we have pointed out the significance of the effective axial 

length of the armature windings. In the strict sense, it may change even at a 

balanced-load operation depending on the operating conditions of the generator. In 

this section, we try to evaluate it by using an air-gap flux-density distribution. 

In order to explain the method of evaluation, it is convenient to use a vector 

diagram as shown in Fig. 4. In the figure, ea represents the internal electromotive 

force, e1 terminal voltage and ia armature current of a phase-a winding. The vector 

quantities e1 and ia can be measured easily, whereas we can get ea directly only for 

a no-load operation. At on-load operation ea cannot be measured but can be derived 

by an air-gap flux-density distribution so far as the effective axial length of armature 

l, is given beforehand. That is, 

where 

dc/Ja(O) 
dt 

I 
I 
I 
I 
I 
I 

- - - -- - -- --- - q-axis 

: jxalia 
I 

d-axis 
Fig. 4. Vector diagram. 

(14) 
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Let us here denote the leakage impedance of armature windings by r.,+ jx.,1, and 

regard the value of r., as a measured one 0. 149(.Q) obtained by the Bridge Method 

(converted value at 75°C). Then the vector quantities e1, i.,, r.,i., are known. As 

for the e., and jx01i0 their directions are known but their magnitudes are unknown. 

Referring again to Fig. 4, one may see that the magnitudes e., and jx.,1i., are easily 

determined by their intersection. Thus regarding l, and x.,1 as unknown quantities, 

we obtain the following simultaneous equation: 

e14+r.,i4-x.,,i9=wKl,B1q ] 

e,9 + r .,i9 + Xa1id = wKl,(B, + B14) 
(15) 

where etd and e19 are the dq-transformed terminal voltages of the armature windings. 

3. 4. Flux-based inductances of field windings 
We have discussed the inductances of armature windings by using an air-gap 

flux-density distribution. As armature windings are situated facing the air-gap, 

their flux-linkages are easily evaluated. In the salient type tested generator, however, 

the evaluation of field flux-linkages is not so easy since field windings are provided 

apart from the air-gap. Therefore, in order to estimate field linkages by using an 

air-gap flux-density distribution, it is required to make the flux path clear in the 

generator. 

We have already reported in Ref. 3 that, when the output power of the generator 

increases, the flux distributions in the generator become complicated, and there 

appear so-called aa-loop flux components, which pass through the pole faces but do 

not interlink with the field windings. Let us here briefly explain these components 

as well as the ordinary, so-called af-loop flux components. 

Figure 5(a) shows an air-gap flux-density distribution for a comparatively small 

armature current(i1 =3.2(A), P=2.0(kW)). Based on this distribution, a schematic 

flux-line behavior inside the generator is constructed in Fig. 5(b). In the figure, 

the direction of the magnetic flux is reversed at zero point 7/o where B(710) =0 and 

the branching point 7/c, determined by 

(16) 

divides the total flux into the right and left portions. In this case, all flux-lines 

passing through the air-gap interlink with the armature and the field winding, and 

we call them af-loop flux components. 

Figures 6(a) and (b) show the case for a relatively large armature current (i1 

=3. 2(A), P=7. 4(kW)). As shown in the figure, the flux-lines passing through 

the air-gap interval between point 711 and 712 do not interlink with the field windings. 

Thus, aa-loop flux components appear. At point 712, the flux flow branches into two 
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B(7J) 
0.4 

(a) 

d(J7=O) 

(b) 

q(]7=1[/2) 

(a) Air-gap flux-density distribution 
(b) Flux-line behavior inside the generator 

Fig. 5. Situations for the case of relatively light load 
operation (i1 =3.2(A), P=2.0(kW)). 

parts, one to pole N and the other to pole S. Point 7]2 is determined presumably 

by either the local maximum value of B(1J) or the edge of the pole (7Jp=76.6°. (See 

Table 1) 2
'). Point 7Ji in Fig. 6 is calculated by the following equation: 

I"· I"' B(1J)d17= - B(11)d17 
1)1 '1Jo 

(17) 

The square on the flux-line in Fig. 6(b) passing through points 7Ji and 7]2 shows a 

singular (saddle) point of the magnetic field. From the feature of the air-gap flux

density distribution in Fig. 6(a), the existence of a saddle point can be deduced 

but the location cannot be settled exactly. 

Based on the above discussion, the flux-linkage of the field windings ip1 (Wb) 

can be derived by integrating B(17) over the af-loop flux range. The result is as 

follows: 



where 
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8(7]) 
0.4 

(a) 

d(7]=0) 

(b) 

q(7]=7r/2) 

(a) Air-gap flux-density distribution 
(b) Flux-line behavior inside the generator 

Fig. 6. Situations for the case of relatively heavy load 
operation (i1 =3.2(A), P=7.4(kW)). 

'Pt =2N1 Z. 1:_,. B(71)rd71 

= ~ Kt" { (B,. + B,.4) (sin n7J1 + sin n71,) 
n=l,3,s, ... 

- B,." ( cos n111 + cos n112)} 

K _2Ntrl. 
t,.---n-
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(18) 

By putting 711 =7J,=1Jo, this relation is also applicable to the case when there is no 

aa-loop component. It is to be noted that the field linkages thus obtained do not 

contain the field-leakage components. 

Contrary to the conventional equation, we suggest the following relation between 

the field flux-linkage 'Pt and the currents it, id, i,r 
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(19) 

where the L's are inductances to be defined later. This proposition is based on the 

fact that the components B,., B,.4, B,,q of air-gap flux-densities are mainly dependent 

only on i1, i4, iq, respectively. The term ~ L1qiq represents the components of the 

field-linkage due to the quadrature mmf of the armature. 

In the same manner as in Sec. 3. 2, we have the inductances of field winding 

as follows: 

Li= { ~ K1,,B,,(sin n111 +sin n112)} /i1 I 
L14= :•I,J;•·· K1,.B,.4(sinn711+sinn112)}/(-

2
3 i4) 

fl=i,3,5,··· 

Liq= {,.=Jt .. K1,,B11q(cos n171 +cos n712)} /( - ~ iq) 

(20) 

It should be noted that L1q implies a unilateral inductance from the armature to the 

field windings, and the field-linkage 'PJ consists of all stationary space harmonic 

components. 

4. Experimental Results 

4. 1. Fundamental characteristics 

...... 
N 

E 

-----.0 

~ 
0.3 

0.2 

0.1 

0 

-0.1 
C-0 
E 

-----.0 

~ 
0.008 

2 

2 

4 

4 
i1(A) 

6 

6 

8 

8 

Fig. 7. No-load air-gap flux-densities. 
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Before giving the detailed experimental results, we show some fundamental 

characteristics of the tested generator and the experimental system. 

Figure 7 shows the no-load air-gap flux-densities. The characteristic curves 

are little affected by the hysteresis of the core. It is needless to say that we only 

get the sum B,.+B,.4 at the on-load test. When the separation of B,. or B,.4 from 

B,.+B,.4 becomes necessary, we use as B,. the lower values of the characteristics. 

The reason is merely to avoid the effect of hysteresis. This separation is due to the 

convenience for the treatment of experimental data. In fact, this separation criterion 

requires further detailed discussion correlated with the effect of saturation. However, 

we will not enter into this problem here. 

Figure 8 shows the permanent three-phase short-circuit characteristics. From 

these results, the short circuit ratio of the tested generator turned out to be 2. 00. 

Figure 9 shows the steady-state stability region measured on the P, i1 plane for 

the system as shown in Fig. 2. As mentioned in Sec. 2. 2, the measured points are 

marked by small circles in the figure. The hatched side in Fig. 9 shows the stable 

30 

~20 

2 3 
i1(A) 

4 

Fig. 8. Permanent three-phase short-circuit 
characteristics. 

12 

4 

0 

0 o.__ _ _..2 __ 4..__ _ _..6 _ ___.s 

it(A) 

Fig. 9. Steady-state stability region. 
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region. When we bring P or i I out of this region, the supplied mechanical input 

power to the generator cannot be converted into electric power, but accelerates the 

rotor velocity. Thus, the onset of asynchronization occurs4J. 

4. 2. Effective axial length and leakage impedance of armature windings 

According to the procedure introduced in Sec. 3. 3, the effective axial length l, 

and leakage reactance x 01 of the armature windings are evaluated. The results 

showed that the value of l, is almost constant l,=0. 147(m)-,c,= 1.13-for all experi

mental conditions. On the other hand, the value of x 01 depends on the operating 

conditions, and the results are shown in Fig. 10. We use the value l,=0. 147(m) in 

the following calculation of the inductances. 

§ 
,-.. 

s 
0.5t-

~ 
0.5 

0.4t- 0.4 

0,3t- 0.3 

0.2t- 0.2 

0.1 t- 0.1 

00 
I I I I 0 I 

2 4 6 8 2 
I I I 

3 4 5 6 
P(kw) it(A) 

(a) (b) 

(a) x,1 versus P with i1 =3. 2(A) 
(b) x,1 versus i1 with P=6. O(kW) 

Fig. 10. Appearances of leakage reactance. 

4. 3 Flux-based inductances 

Let us begin by giving the experimental results concerning the terminal (phase) 

voltages, the armature currents and the air-gap flux-density distributions. Figure 11 

shows these results for the case in which the output power P is increased by keeping 

the field current constant i1 =3. 2(A). Similar tendencies to the results of Fig.11 

are observed for the different values of i 1 . Figure 12 corresponds to the case in 

which i1 is decreased with P=6. 0(kW). 

Figures 13 and 14 give the values of inductances calculated by making use of 

such measured results as shown in Figs. 11 and 12. These results reveal the general 

aspects of inductances, which depend on the operating conditions of the synchronous 

generator. That is, the variations of the inductaces of armature windings are in 

general smaller than those of the field windings. Among the armature inductances, 

Laq is almost constant but Lad, Ldf depend largely on i1 . As for the field induct· 
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Fig. 11. Appearances of phase voltage, current and air-gap flux-density 
distribution for increasing P with i1 =3. 2(A) . 
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distribution for decreasing i I with P=6. O(kW). 
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,...... ,-... 
J: :c 
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Fig. 13. Appearances of various inductances for increasing P with 
i1 =2.0, 3.2, 5.0(A). 
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Fig. 14. Appearances of various inductances for decreasing i1 with P=6. O(kW). 
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ances, they undergo sudden changes at some operating conditions in the neighbor· 

hood of the steady-state stability limit. In particular, the appearance of L1 q is 

noteworthy. 

5. Discussion 

In the preceding section, we showed the flux-based inductances of the tested 

generator based on the actual state of the air-gap flux-density distributions. The 

results point out the new aspects of synchronous generator inductances which are 

inconsistent with conventional descriptions. Let us here discuss some of these 

subjects. 

One of the distinctive features of the results is the appearance of L19. Though 

the tested generator has some special structures, the fact that L19 is liable to appear 

for small i I challenges the validity of the conventional derivation of the field flux

linkage <p 1 . Because the conventional derivations are based on the superposition of 

the flux components due to the field and the d-axis armature mmf. There is no 

room to take the q-axis armature mmf into account. However, as we see in Figs. 13 

and 14, the appearance of L19 for small i1 itself implies the counter evidences for 

the validity of superposition. In fact, magnetic saturation is not supposed to appear 

for a small field current. 

Similarly, though the disagreement between Ldt and L1d is based on their 

definitions, this fact also deserves attention as material for further study. 

The next subject to be discussed is the separation of B,. or B,.d from B,. + Bnd• 

Though the procedure used in the preceding section is due to the convenience of 

the data treatments, it is consistent with the conventional description. Taking into 

account the effect of magnetic saturation, this problem seems to be difficult when 

related with the long-pending problem of the calculation of field currents of synchro· 

nous generators. Even if we use a different criterion for the separation, the values 

of the inductances given in the preceding sections will be modified slightly, but 

their characters will remain unchanged. 

The final subject concerns the relations between the flux-densities B,., B,.d, B,.9 

and the currents i 1, id, i9 • This problem may fall under the category of the above 

subject. In the preceeding discussion, we suppose that B,., B,.d, B,.9 are mainly 

dependent only on i 1 , id, i9, respectively. At first sight this seems appropriate in a 

practical manner, but a detailed discussion will be required concerning the disputed 

points. 

As mentioned above, the difficult problems are derived from the experimental 

facts. They are the roots of electro-magnetic dynamics but their clear explanations 

have not yet been made. 
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6. Conclusion 

An experiment has been performed for the calculation of synchronous generator 

inductances based on air-gap flux-density distributions. As a result of this study, 

the general features of the inductances of the armature and the field windings have 

been made clear. In addition to these results, an alteration, Eq. (19), has been 

proposed for a conventional field flux-linkage relation. That is, the existence has 

been ascertained of unilateral inductance from the armature to the field windings, 

but the inductance cannot be derived from the conventional point of view. The 

physical conception of this inductance is supposed to represent some special features 

of rotating machines. However, the most important part of this subject remains to 

be held. 
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