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Abstract 

The in-line hydrodynamic force acting on a circular cylinder in a wave-current 
co-existing field and its generating mechanism are discussed. This study focuses on 
the asymmetries of both the water particle movement and the resultant vortex property 
with respect to the cylinder as being the causes of an inherent generating mechanism 
of the hydrodynamic force in the wave-current co-existing field. 

First of all, the vortex property around a circular cylinder in the wave-adverse 
current co-existing field is examined by flow visualization tests. It is found that the 
vortex property depends on the flow characteristics around the trough phase when the 
wave-current composite velocity becomes maximum and can be represented with a newly 
proposed K.C. number for the co-existing field. 

Next, the characteristics of the in-line force are made clear by evaluating the drag 
coefficient and the mass coefficient in the expanded Morison's equation for the co­
existing field. These coefficients can be well arranged by (K.C.)2*, which is one of the 
newly proposed K.C. numbers, and their characteristics coincide with the existing 
results in the wave-only field. The in-line hydrodynamic force in the co-existing field 
can be explained sufficiently by considering the vortex property in the same manner as 
clarified in the wave-only field. 

1. Introduction 

11 

Evaluation of wave forces acting on a circular cylinder is one of the most im­
portant subjects in coastal and ocean engineering. Recently, Sarpkaya and Isa­
acsonu systematically assembled and organized comprehensive research efforts in 
this field, and they pointed out several problems which remain unsolved. The 
study on hydrodynamic forces in wave-current co-existing fields is one of such 
problems. However, research on this subject is scarce and as yet there is not a 
sufficient understanding. The wave-current co-existing field can be easily obtained 
either by oscillating a cyHnder in the in-line direction in a uniform fl.ow, or by moving 
it at a constant speed in a harmonically oscillating flow. Verley andMoe2> examined 
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the drag and the mass coefficients by using the former field, while Horikawa et al. 3> .,> 
treated them in the latter field. However, the existing studies have not sufficiently 
discussed the hydrodynamic forces based on the vortex properties around a cylinder. 

As an essential difference of the generation mechanism of hydrodynamic forces 
in the wave-current co-existing field from that in the wave-only field, this study 
focuses on the asymmetry of a water particle movement with respect to a cylinder. 

In the wave-only field, the water particle moves almost symmetrically in the phases 
of wave crest and wave trough, whereas in the co-existing field it does asymmetrically 
due to a superimposed current. Consequently, the properties of the vortex formation, 
development and shedding become different in the wave-only field, and they produce 

inherent characteristics in the hydrodynamic forces. From the above mentioned 
viewpoint, in this study first of all, flow visualization tests are performed in wave and 
adverse current co-existing fields to examine the vortex properties. Next, the 
characteristics of the in-line forces are made clear through the experimental data of 
the drag and the mass coefficients in the expanded Morison's equation to the co­
existing field. Finally, the generation mechanism of the hydrodynamic forces 

associated with the vortex properties is discussed in detail. 

2. Vortex properties around a circular cylinder in co-existing fields 

(1) Flow visualization test 

Experiments were carried out in a wave tank, 27 m long, 0.5 m wide and 0.7 m 
high, in which a circulating flow can be generated by a power pump. The water 
depth was kept constant at 30 cm. The vertical circular cylinders used in this test 
were 30 mm and 60 mm in diameter. Test runs were conducted under conditions 
that the wave frequency f was 0.5 Hz, the wave heights H were 1.1 ~3.9 cm, the 
currents were in the opposite direction to the wave propagation and their velocities 
varied 0~ 13.9 cm/sec. The flow visualization around a cylinder was performed 

with aluminum powder, and photographs of fluid motion at the water surface were 
taken with a motor-drive camera at the speed of 3 flame per second. 

(2) Classification of vortex patterns in wave-only field 

Before examining the vortex patterns in the co-existing field, it is worthwhile 
to arrange the existing results in the wave-only field. The results on classifications 
of vortex patterns investigated by Iwagaki-Ishida5>, Sawaragi-Nakamura6> and 
Sawamoto-Kikuchi7> are shown in Table 1. In the former two studies a vertical 
circular cylinder was used in progressive waves. On the other hand, Sawamoto 
et al. examined the vortex patterns with a horizontal circular cylinder placed at the 
node of standing waves. Iwagaki-Ishida classified the vortex patterns not only 
by the Keulegan-Carpenter number (K.C. in abbreviation) but also by Reynolds 
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Table I . Classification of vortex pattern in wave-only field 

Vortex outline Sawaragi-Nakamura6> Iwagaki-Ishida5> Sawamoto-Kikuchi7> pattern 

V-1 No vortex K.C.<3 K.C.<2 K.C.=2.9 
generation No separation and Separation, but 

No vortex no vortex 

2<K.C.<5 
Re>2000 
Separation, but 
no vortex 

V-2 A pair of 3<K.C.<8 2<K.C.<1.5 4<K.C.<5 
symmetric 
vortices 

S<K.C.<8 
V-3 A pair of B<K.C.<13 1.S<K.C.<15 Symmetry is apt 

asymmetric to collapse 
vortices 

15<K.C.<19 B<K.C.<16 
A pair of extremely 
asymmetric 
vortices 

V-4 The third JJ<K.C.<20 19<K.C. 16<K.C.<22 
vortex Weak asymmetry Pseudo Karman 
generation vortex street 

20<K.C.<26 
Intensive asymmetry 

V-5 Pseudo 26<K.C. 22<K.C.<30 
Karman vortex The third 
street vortex 

shedding 

30<K.C. 
Pseudo Karman 
vortex street 

number (Re in abbreviation). Some delicate differences among the three studies 
are observed in Table 1. However, they are acceptable as inessential differences. 
Since it is not the purpose of this study to compare the differences among these three 
results, no more discussion will be mentioned here. 

(3) Experimental results and discus.ions 

To clarify the effect of the current on the vortex properties, the experiments were 
carried out under the condition that the wave height and the wave period be almost 
the same. Only the current velocity is varied. 

Fig. 1 shows the results of experiments when the surface K.C. numbers K.C . ., 

which were calculated from the water particle velocity of only the wave component, 
are approximately equal to 3 and only the current velocity is varied. K.C., is defined 
as follows: 

K.C.,=u.,,.,Tf D ...... ( 1) 
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Fig. 1 Changes of vortex pattern due to currents 

in which, um, is the velocity amplitude of the wave component at the still water level, 

T the wave period and D the diameter of a cylinder. um, was calculated from the 

small amplitude wave theory. The subscript 's' denotes the value at the water 

surface. (K.C.,)*1 and (K.C.,)*2 in Fig. 1 are introduced as new K.C. numbers in the 

co-existing field. Their definition will be described later. In these numbers, the 
water particle velocity is represented by a composite velocity of the wave and current 

component at the trough phase. The direction of the wave propagation in Fig. 1 

is from left to right, and that of current is from right to left. 
Fig. l(a), which is the case of the wave-only field, shows that a pair of sym­

metric vorteces are generated and they are not shed from the cylinder. This vortex 
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pattern corresponds to V-1 in Table 1. Fig. l(b) shows the case when a current 

of 6.3 cm/sec in velocity is superimposed on the waves. In this figure, it is observed 
that a pair of symmetric vorteces are generated at phase III, when the composite 

velocity becomes large, and they develop, decay and vanish as the phase proceeds. 
This vortex pattern at the trough phase corresponds to V-2 in Table 1, and both values 

of (K.C.,)1* and (K.C.,)2* enter into the region of the V-2 pattern. 

Fig. l(c) is the case when a faster current that in the case of (b) is superimposed, 
so that the movement of the water particles is uni-directional throughout the phases. 
It is observed that one vortex is generated in a wave period at one side, and in the 

following wave period one vortex is generated at the other side. It can be considered 
that this vortex pattern is inherent in the co-existing field which does not correspond 

to any pattern in the wave-only field. 

As the current velocity still increases, a pair of symmetric vorteces becomes a 
pair of asymmetric ones as shown in Fig. l(d). It is found that this vortex pattern 
corresponds to V-3 in Table 1, and both values of (K.C. ,)1* and (K.C.,) 2* enter the 
region of the V-3 pattern. From Fig. 1 and other visualization tests, the following 

vortex properties were made clear. 

The vorteces which are generated at the trough phase dominate the vortex pattern 

all over the wave phases when the composite velocity becomes maximum. The 
relation between the vortex patten and (K.C.,)1* or (K.C.,)2* coincides with that of 
existing results in the wave-only field. It can not be decided here which K.C. number 

best represents the vortex properties in the co-existing field, since the experimental 

data are not yet sufficient. However, concerning the coefficients of the hydrodynamic 

force, (K.C.,)2* was found to be the better parameter to describe them than (K.C. ,)1*• 
Meanwhile, the flow properties during the crest phase are so affected by the still 

existing vorteces generated during the trough phase that the vortex properties can 
not be explained by the characteristics of the water particle movement. 

The vortex properties clarified here are considered to control not only the 

Photo. 1. An example of visual observations 
(this photograph corresponds to Fig. l(c), t/T=4/6) 
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characteristics of the in-line force but also those of the lift force. The vortex pattern 

shown in Fig. l(c), for example, is different from any pattern in the wave-only field. 

This phenomenon makes it possible to produce an inherent property in the co-existing 

field, especially in the relation between the frequency of the lift force fluctuation and 

the wave frequency8>. 

3. Characteristics of in-line force acting on a circular cylinder 

(1) Experimental procedure 

The experimental apparatus was almost same as that used in the flow visuali­

zation test. Two vertical circular cylinders having D=30 mm and 60 mm diameters 

are mainly used in this experiment. Test runs using a cylinder of 20 mm in diameter 

were added in order to obtain large K.C. numbers. The experiments were conducted 

under the conditions of the wave frequencies f=0.5~ 1.6 Hz, the wave heights 

H=0~21.0 cm and the velocities of the adverse currents U=0~27.1 cm/sec. The 

total number of the test runs was 80 for the wave only field, and 104 for the co­

existing field. The water depth was kept constant at 40 cm. The test cylinders were 

supported in a cantilever form, and the hydrodynamic forces were detected as 

moments by two strain gauges. 

(2) Procedure of analysis 

The hydrodynamic forces acting on a cylinder are represented by the following 

Morison's equation taking into account the effect of currents: 

...... ( 2) 

in which, dF is the horizontal hydrodynamic force acting on a segment dz, p is the 

density of fluid and CD and CM are the drag and the mass coefficients respectively. 

The wave component in the water particle velocity u(z) was assumed to be expressed 

by the small amplitude wave theory. The current velocity U(z) was assumed to 

be uniform in depth. The hydrodynamic moments were calculated by integration 

from the bottom z= -h to the water surface z=77(t) by considering the arm length 

between the acting point of the force and the location of the strain gauges. 

In this study two estimation methods of CD and CM were used. The first one 

is calculated as either CD or CM at the specific phase when the inertia force or drag 

force becomes zero respectively. Although this method is simple for calculating, 

it has some defects. That is to say, the reliability for the calculated value decreases 

significantly under a certain wave and current composing ratio, because the water 

particle velocity or acceleration becomes nearly zero. Furthermore, for the case 

when the current velocity is larger than the amplitude velocity of the wave compo-
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nent, CM can not be calculated since the composite velocity never becomes zero 
throughout the wave phases. 9> 

Therefore, it is considered that this method is applicable only for estimating CD 

at the trough phase when the composite velocity becomes maximum. The CD 

estimated by the above mentioned method is expressed as ( C D),r, in which the sub­
script 'tr' means the value at the trough phase. 

A second method estimating CD and CM is that proposed by Reid10>. By this 
method, water particle velocity u and acceleration ii. are calculated from the water 
surface deviation 1/ by using a numerical filter, and CD and CM are estimated from 
the measured hydrodynamic force by using the least square method. The frequency 
response function between 1/ and u should be used with consideration of the current. 
The hydrodynamic force coefficients estimated by the above method are denoted as 
(CD)b.f. and (CM)b.t., in which the subscript 'b.f.' means the best fit value. 

(3) Predominant parameters for expressing hydrodynamic force coefficients 
Existing studies have treated the K.C. number and the Reynolds number as the 

predominant parameters expressing the hydrodynamic force coefficients. However, 
in the range of the Reynolds number in this experiment was between 2X l08~2X 10', 
where Sarpkayam reported that the changes of CD and CM with the Reynolds number 
are small. Accordingly, this study focuses on only the K.C. number as the predomi­

nant parameter on the force coefficients. 
In the present study, two definitions are proposed as new K.C. numbers in the 

co-existing field. As shown in chapter 2, the vortex properties around a cylinder 
throughout the phases are dominated by the water particle motion around the 
trough phase when the composite velocity becomes maximum. 

As the first K.C. number, considering the composite velocity at the trough phase, 
the following parameter is introduced: 

······< 3) 

The physical meaning of the K.C. number can be considered as the ratio of the 
moving distance of a water particle in the one side direction of the cylinder s to the 
cylinder diameter D. 

K.C.=1rs/D . ..... ( 4) 

The second K.C. number is defined by the following equation expanding the above 
mensioned idea to the co-existing field. 

For IUl~u ... 

I
T/2 

(K.C.)s*=21r IU+u., cosO'tl dt/D ,. ...... ( 5) 
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in which, t* denotes the time when the composite velocity becomes zero, and 

...... ( 6) 

For IVl>um. 
(K.C.)2*=1rUT/D ...... ( 7) 

As an expression for the component ratio of the wave and the current, the following 
parameter is introduced: 

...... ( 8) 

This ratio becomes I at the limit of wave-only and decreases to O as the current 

component becomes larger than that of the wave one. Since this parameter re­

presents the degree of asymmetry of the flow with respect to the center of a cylinder, 

the subscript of 'asym' denotes the abbreviation of asymmetry. 
In Eqs. (3), (5), (6) and (8), the velocity amplitude of the wave component Um 

is defined as the root mean square value in the range from the water surface to the 
bottom. 

Next, the ratio of the drag force to the inertia force is discussed. The maximum 

values of the drag and inertia forces throughout the wave phases, dFD,maz and 

dF M. m.az are expressed respectively by, 

dFD,m.az=(I/2)pCDD(um.+ IUl)2 dz 

dF M, '"'""=(1/2) p1r2C Jlf D2(um./ T)dz 

Accordingly, the ratio of both forces is calculated as follows: 

dFD,ma:r: 
dFM,ma:r: 

...... ( 9) 

...... (10) 

...... (11) 

The condition that the drag force is just equal to the inertia force is examined 

by using Eq. (11) under the assumption that CD=l and CM=2, independently of 

K.C. and Ca,vm• The result is shown in Fig. 2, in which the predominant region 

of the drag or the inertia force is illustrated. 

Predominantly 
Drag 

Fig. 2 Predominant region of either drag or inertia force 
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( 4) Experimental results and discussions 

At first, experiments in the wave-only field were carried out. Figs. 3 and 4 

show the relations of CD and Cx with the K.C. number respectively, which were 
calculated from the experimental data at the specific wave phases. These results 

coincide well with the existing knowledge irt the wave-only field. 

Next, the results obtained in the co-existing field are discussed. Fig; 5 shows 

the relation between (CD)ir calculated at the wave trough phase and the K.C. number, 

using the wave component only as the water particle velocity. It is observed that 

Co • • • 
20 

1.0 

• • • • !,-.............. • 
.. . -/~ . . . • ''- •• ~ .. ' ')-.. 

- ~~• ... • . .-----..... -
,/ •o o • . ,,, . • ,,/ • 0•30m!l 

·o D•60mff 

5 10 15 K.C. 20 

Fig. 3 Drag coefficient versus K.C. number (wave-only field) 

a-~. • 
Cll.'! .,o • . • ~-"~-... .. .: . . -

• D•30mm • • t --.----- ~--. 
• o 0•60mm + 

1.0 t----~-----+-------

0 5 10 15 K.C. 20 
Fig. 4 Mass coefficient versus K.C. number (wave-only field) 

Fig. 5 Drag coefficient (CD)tr at trough phase versus K.C. number 
· ( co-existing field) 
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the characteristics of (CD)i, are not made clear by the K.C. number only, but they 

become evident after classifying the data into several ranges of Cruvm• Also the 

peaks of the averaged curves shift to the direction of an increase in the K.C. number 

as c,..,m increases. 

The results arranged by (K.C.)1* and (K.C.)2*, proposed as the new parameters 

in the co-existing field, are shown in Figs. 6 and 7, respectively. In comparing both 
plots, the degree of scattering in Fig. 7 using (K.C.)2* is less than that in Fig. 6 using 

(K.C.)1*• In addition to this, from the view point of the physical meaning of the 

K.C. number, it is concluded that (K.C.)2* is a more appropriate parameter than 
(K.C.)1*. 

The results of ( C D)b.1. and ( C • )b./., which are obtained by the least square method 
in order to best fit the calculated values with the measured ones, are discussed. 

Since (K.C.)2* is found to be the most suitable parameter, as mentioned above, the 

data of ( C D)b.,. and ( C • )b.J. are also arranged by it. The results are shown in Figs. 8 
and 9 respectively. Comparing Fig. 7 with Fig. 8, not much difference of the CD 

values by the estimating methods is found. Furthermore, from comparisons of 

(Co)tr 
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0 

-

~ 0 

(, •• •°' t·. 0 • 

,,o 0 -o •• oei~•o .. . . .. 
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Fig. 6 Drag coefficient (CD)tr at trough phase versus (K.C.)1• (co-existing field) 
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•• 

Fig. 8 Drag coefficient (Cn) b.f. fitting best with measured forces 
throughout wave phases versus (K.C.)2• (co-existing field) 
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Fig. 9 Mass coefficient (Cx) b.f. fitting best with measured forces 
throughout wave phases versus (K.C.)2* (co-existing field) 

Figs. 7 ~9 and Figs. 3~4, it is confirmed that the characteristics of the hydrodynamic 
force coefficients in the co-existing field show a good agreement with those in the 
wave-only field. 

The reason why the force coefficients, Cn and Cx, are expressed well by(K.C.),*, 
which represents the flow property around the trough phase, is considered to be 

because this flow property dominates the whole one throughout the wave phases. 
These characteristics of CD and C x can be explained by the established physical 

views obtained in the wave-only field as follows. The reason why CD becomes 
maximum around (K.C.)z*= 12~ 15 is because the generating vorteces in such a 
range of (K.C.)1* are asymmetric and have a strong intensity. The reason why CD 

approaches 1.2 as (K.C.),* becomes very large is because the flow property becomes 
similar to the steady flow. On the other hand, the reason why CJII becomes ap­
proximately 2 in the region of a small value of (K.C.)1* is because the flow condition 
becomes close to that of the potential flow due to the small effect of viscosity. The 
reason why CJII becomes minimum when CD is maximum is because the inertia force 
apparently decreases in the treatment of Morison's equation due to residual vorteces 
around the cylinder. 

In addition, several examinations were carried out as follows. In the above 
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Fig. 11 Masscoefficient(CM)•b.f, 
fitting best during phase 
of positive composite ve­
locity versus (K.C.)2• 
(coexisting field) 

discussion, CD and CM were treated as being constant throughout the wave phase. 

However, they are cbnsidered not to be constant especially in the co-existing field, 

since the movement of water particles becomes asymmetric. As a result, the flow 

property around the trough phase is different from that around the crest phase. As 

the first examination, the hydrodynamic force coefficients, (CD)b.f. and (CM)b.f., were 

calculated separately for both phases of the trough where the moving direction of 

the water particles due t.o waves is the same as that of th~ current and the crest, where 

it is opposite to the current. The results in the trough phase were almost same as 

the results in Figs. 8 and 9; On the other hand; the results in the crest phase are 
plbtted in Figs; 10 and 11, in which, (K.C.)2+ is the K.C. number in the crest phase 
calculated in the same manner as shown by Eqs. (5) and (6). Much scattering is 

seen, especially in the results of CD, which rneans that the hydrodynamic force 

coefficients in the crest phase can not be arranged even by the new K.C. number. 

This reason is because in. the crest phase the effect of the residual vorteces can not 

be generated in the ·manner corresponding to the water particle movement in the 
region.• 

Next, the effect of the convective acceleration on the hydrodynamic coefficients 

was examined by adopting (ou/ot+ Uou/ox) instead of (ou/ot) as the acceleration 
in the co-existing field. Very little variation in the CD value was found, the differ­
ence being 0;005 at maximum. On the other hand, the Cx value using (ou/at+ Uou/ 
ox) becomes large as the current velocity is large, and it reaches l.3 times the value 

using (ou/ot). However, the increase in Cx is not important because in the above 
condition the inertia force is much smaller than the drag force. 

4. Conclusion 

In this paper, the characteristics of the in-line hydrodynamic force in the wave 
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and adverse current co-existing field were discussed by clarifying the vortex pro­
perties around a circular cylinder. The main results are as follows: 
(I) The vortex properties around a· circulat cylinder depend 6n the flow properties 
around the trough phase when the wave-current composite velocity is maximum. 
The vortex patterns can be classified by (K.C.)1* or (K.C.)2* which are introduced 
as new K.C. numbers in the co-existing field. 

(2) The results of the drag coefficient CD· and the mass coefficient CM can be well 
arranged by (K.C.)2*, and their characteristics coincide with the existing results in 
the wave-only field. 
(3) The relation between the vortex properties and the characteristics of the in-line 
hydrodynamic force in the co-existing field can be generally explained by applying 
the established physical view in the wave-only field. 
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