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Minimal Dimension Realization for Stochastic
Discrete Time Systems

by
Hajime AxasHI* and Teruo HAMATSUKA**

(Received June 14, 1978)

Abstract

This paper is concerned with the problem of minimal dimension realization for stoch-
astic systems. The innovation representation is adopted as the model of the system. Two
algorithms are presented which yield the minimal dimension realization from the given
finite length of output covariance data. One is for the scalar output system, the other is
for the vector output system. v

1. Introduction

Recently the study of the realization problem, or the problem of obtaining the
system representation in a state equadon form from the input-output relation, is in-
vestigated widely. Input-output relation is usually given in the form of a transfer
function matrix or an impulse response matrix. In this case, several alogrithms are
already given by using the Hankel matrix.»=® It is known that the minimal dimension
realizations are observable and controllable, and algebraically equivalent to each other.
A slightly different problem is the realization from an input-output sequence. This
problem is also investigated in several papers. Among these, Gopinath,% Budin® and
Lieu and Suen,® have investigated the multi-input multi-output case. The key to their
success is the introduction and the application of selector matrices.

In stochastic systems, Akaike”~® pointed out that the Auto-regressive Moving-
average model and the Markovian representation (state equation form with a white
noise input) are equivalent, and the state is the basis of the predictor space (the space

spanned by the components of the prediction of the stationary time series). In his
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model, the input to the system is the innovation of the time series. He also suggested
a maximum liklihood ratio method to determine the coefficient matrices by using the
information criterion. Kailath and -Geversi® investigated the problem in which the
covariances of the output time series at time s and # are given in the form of the product
of the matrices which are dependent only on » or . They considered the innovation
representation of the system, applying it to the filtering problem. However, the problem
is not solved yet for the case where only the output covariance data are given. Therefore
in this paper this problem is considered. The innovation representation is adopted as
the model of the system, and selector matrices are introduced in the realization algorithm.
It is also assumed that the system is observable, since the unobservable part of the state
in no way influences the output. In section 2, the problem of the scalar output system
is considered and in section 3, the problem of the vector output system is investigated.

2. Scalar Observation

2-1. Derivation of Innovation Represéntation

In this section the system with a scalar valued observation is considered for simpl-
icity. Let ya, =0, 1, ---, V be the observation data from the system

Xnt1==Axn+Begs1, xo=E. @2-1)

Yn=C"%a,

where 4, B and ¢’ are d X d, dXr and 1 X 4 matrices respectively, xs is the d-dimensional
state vector, ys is the scalar valued observation, and {£, #a} are the Gaussian stochastic

processes with zero mean with the properties*
Eltmus’)=Dnn,  Elfus]=0, E[¢¢']=E.
Let 1T, be the variance of the state xs, then
Du=E[xsxs'], 2n=0,1,:-\ N
satisfy the relations
Hyp1=AIlLA'+BB, Ho=E. (2-2)
Let the covariance of the output y» be ry(m, #)=E[ynys), then

AP T e for m>n
ro(m, n)=4 ' ImA" "™  for m<n (2-3)
0 for m=mn.

The Kalman-Bucy filter1d of system (2-1) is

* Here, £[.] means the expectation, ’ the transpose, 7 the identity matrix, 0 the zero matrix, and §
Kronecker’s delta.
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Rn==&n"+Rnva, &0~ =0,
Bapr—=ALn,
kn=LPyc(c' Py~c)™1,
Po=Py—lre’ Po™,
Pup1==APA'+ BB,
where*
En=E[x,]Y,), &w~=ZE[x4]¥s_1),
Lo=El(ws—2n)(xs—&n)],  Pr=E[(@s—&u)xn—247)']
and ‘
va=va—LE[ya|Yui]l=yn—c'8s", vo=po
is the innovation process of the observation which has the properties
Efvs}=0, Elvmyal=c' P cOmn.
Now let

H,(X): the Gaussian Space spanned by xi, 7=0,1, -+, 2
H.(Y): the Gaussian Space spanned by yi, =<0, 1, <=, 2

then

H.(YV)CHy(X).

(2-4a)
(2-4b)
(2-40)
(2-4d)
(2-4e)

(2-5)

However, if we observe the output for some more time, we may estimate the state x;,

7=0, 1, -+, », that is, there may exist a certain natural number ¢ such that Hu+,(¥Y)D
H.(X). This is the definition of the observability in stochastic systems. The neces-

sary and sufficient condition that system (2-1) is observable is

rank (¢, 4'¢, -, A'4"1)=d.

Since the purpose of this paper is to represent the system in a state space form from the

output data, we may consider the system observable, and hence it is so assumed.

Let Z,~ and X, be the variance of £+~ and %4 respectively, ie.,
2»—=E[£5_£n-,], and 2;=E[xn£n’],

then
Pn_=IIn_2n_, Pn=IIn—En.
From equation (2-3),

Hue=Nyg124(n, n),

* E[*| Yu-1] means the conditional expectation with respect to the observation yo, y1,

(2-6)

2-7)

cony Ya-1.
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where
rl(”’ ) ¢
Z‘(n, ”)= r’(.n+11 ”) ’ Ne= ‘J_‘4
r,(n+d——1, ”n) £ A1

Using the above results, two theorems with respect to the innovation representa-
tion are given as follows.

[Theorem 2-1] (Innovation representation 1)

If (4, ¢') is an observable pair, then the system has the innovation representation 1 as

a1~ =AZ - Abavs,  £—=0, (2-82)
Yu=c"Ba"Fvs, (2-8b)
ba=(Na"2Z4(n, n) —Zsc)(ry(n, n)—c'Ta~c) L, (2-8c)
St~ =AZ5 A"+ AN Za(n, n) —Zw=c)(ry(n, n)

—'Zym) "W Na™ 1 Z4(n, n) —Zn~c)' A, T =0, (2-8d)
Elvs]=0, Elymva]=(ry(nt, ) —¢' Zn=)3ma. (2-8e)

(proof)
Equations (2-8a) and (2-8b) are obtained from (2-1), (2-4a), (2-4b) and the de-
finition of vs. From equations (2-3), (2-5) and (2-6),
E[Uml/n] =£'.P.—£=(fIHn(_f,Xl_t)Spn. =(r'(n, n) —c'Z‘,_t)S,".
Using equations (2-4c), (2-6), (2-7) and (2-3), we obtain (2-8c). Eliminating P~ from
eqns. (2-4d) and (2—4e), we have '
Po1~=APy A —Akue' P A"+ BB'. (2-8f)
Rearranging (2-8f) by (2-2) and (2-6),
2n+1_=Azu_A,+Akn£,Pn_A’.
Noting (2-3) and (2-8c), we have (2-8d).
[Theorem 2-2] (Innovation representation 2)
If (4, ¢') is an observable pair, then the system has the innovation representation 2 as
Rar1=ALn+Arr1vn11, £_1=0,
Va=('&n,
ba=(NVa1Zy(n,n)—AZ s 1A'c)ry(n, 1) —c' AL n-14'c)1, (2-9)
Swr=AZyA'+(Ni 1 Zs(n4-1, n+1)
—AZs A ry(n+1, n+1)—' ASs A’ )1
*(Ni1Zi(n+1, n4-1)—AZ,A'c)
Z1=0,
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Elva}=0, Elymva]|=(#y(n, n) —c' AZs—1.4"¢)0ms.
(proof)

The proof of Theorem 2-2 can be made in a way similar to Theorem 2-1.

Thus two different types of innovation representations are obtained from the same
system (2-1). However, both types of innovation representations give the same impulse
response:

Y= ﬁ &A1 ki
=1

It can be shown by simple calculation that both give the same covariances with respect
to the output y, as that of (2-1).

2-2. Transformation to Canonical Form

Let &, be a new state which is transformed from x4 by multiplying the observation

matrix Vg, that is,
£0=Ndxn-

Then, noting that /s has an inverse since system (2-1) is observable, we have the follow-

ing equations with respect to Za.

£u+1=A~£,.+Bun+1, (2-10a)
Ya=C'%a, (2-10b)
where
01 0-0
A=NgANgs1=|0 0 1 --0 |, (2-10c)
0 00O 1
a1 az as- ad
¥=c'Ng1=[10---0], (2-104d)
B=N,B, (2-10¢)

and a1, az, *++, 24 are the coefficients of the characteristic equation of 4, i.e.,
det [A/—A]=M—(a1-}aA+ - +aré1).

We call system (2-10) the canonical form. The innovation representation of this system
1s as follows.
Innovation representation 1

Fopri=AFm+ A Fwwn,  Fo=0, (2-11a)

VYn=C'Fn" s, (2-11b)
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Zn=(Zs(n, n) —Eu&)(ry(n, n) —2' 521, (2-11¢)
Snpim=A Z A"+ A(Zs(n, ) —34~2)(ry(n, n)

— 3O Za(n, m)— 38 A, (2-11d)
Fo—=0,
Eva]=0, Elymvs]=(ry(n, ) —2'2s2)8 mn- (2-11e)

Innovation representation 2

§n+l=A~§n+Zn+1Un+1, §_1=0,
yﬂ:z"%",

Fn=(Za(nt, n)—A Zu s A'?)(ry(r1, 1) —' A 301 A'2)1

Sw1=d4 3. A"+ (Zs(n+1, n+1)— A4 5. A'2) 17 y(n+1, n+1)
— VA 3, AN Zan+1, n+1)—A4 3,472

3_1=0,

(2-12)

Eva]=0,  Elvmvs)=(rs(n, n)—7'A Z0-1A"2)8ms.

We adopt this type of representation of the system, since the systems which are
algebraically equivalent* have the same covariance with respect to output ys.

2-3. Derivation of the Algorithm of Minimal Dimension Realization

The covariance of the output of systems will be the same as long as BB’ is the same,
even if #4 or B is different by the systems. It is usual in the real complicated systems
that all the variables influence each other, i.e., every variable has a feedback loop and we
cannot distinguish the input from the output. Under these circumstances, it is natural
to take the innovation process ¥»—Z[y»|¥a-1] as the input. For these reasons and
the usefulness of the innovation representation in application, it is better to represent the
systems in innovation forms rather than in the form of (2-1). Thus, if we adopt the

canonical form to represent a system, it is enough to identify the coefficient matiix 4.
Let

ry(nt-i, n)
Za(n+i, n)=| ry(nt+i+1, n), ,
r,(n:—l—z'—{—a’—l, 7)
then, from (2-3),
Zi(n+1, n) =NisAI Il qc.
Therefore
Zy(n+i+1, ny=AZs(n+1, n),

* Two systems (41, 51, C1) and (42, Bs, Cs) are algebraically equivalent if and only if there exists a nor-
mal matrix 7" such that 4o=7"417-1, Be=T51, C3=CT-1.
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where

A=NsAN;1=|0 0 1--0 |. (canonical form)

...............

Hence the algorithm of minimal dimension realization is stated as follwos.
(Step 1) (Determine the dimension of the state &)
Suppose that the covariances of the output »4(7, /), £, /=0, 1, ---, V are given. Let

#(0, ) =[r4(0, 0) 74(1, 0) - ro(V—4, 0 7y(1, 1) 75(2, 1) -
(N =4, 1) | e g —i, N—5)],

Z’(j) 1')=["v(f, 0) rll(j+1) 0) rll(N—i‘*_j: 0) rll(j+1) 1) b
fy(N——l‘%—]', 1) feee rV(N'_i"*_j) N_z.)], J=1,2, -, i—1,

8'(4, ))=[ry(7, 0) 74(74-1, 0) =+ 7(V, 0) i 7y(G 41, 1) - 74(, 1)
e ir(V, N—i)],

#'(0, ) #'(0, 7)
Q*(i.)= Z"(l, z) ’ Q*(i)= Z’(.]., Z.)
z’.(z', z) z'(;'— 1,7)

Calculate
ai=rank Q*(¥)—rank Q«(?)
for /=0, 1, .-, V. Let & be the first natural number such that a;=0, then this is the
dimension of the state.
(Step 2) (Determine the coefficient matrix A)
as=0 implies that z'(d, 4) can be expressed as a linear combination of (0, @), -+,
3'(d—1, d), that is,
2'(d, d)=a17'(0, d)+a22'(, d)+ -+ +aiz'(d—1, d).

Then
0100
A=|0 0 1.0
0 0 01

a1 @2 a3 ad

By using this matrix 4, the innovation representation of the system is given as (2-11)
and (2-12).
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Remark 1: It is obvious that, if as=0 for a certain number &, then a;=0 for all 7, 7=4d.
Remark 2: 4N since an=0.

[Theorem 2-3]

The realization which is obtained by the above algorithm is good in the sense that
the covariance of the output is equal to the given covariance data.

(proof)

‘We will prove only innovation representation 1 in canonical form, since for innova-
tion representation 2, the proof can be given in a similar way. If m>#, then, from
equations (2-11a) and (2-11b),

}’m=2"%m_+vm
=Z"(z1§m_1 +4 Fm1vm1)+vm

....................................

=4 ”'""%.‘-*—En?’d L) S
i=o

Let 7y*(m, ) be the covariance of the output of the innovation representation 1. It

is assumed m =~ without loss of generality since 7y*(m, #)=7,*(%, m). Then,
r4(mm, n)=E[ynyn]=8 A" 3 s+ A" EnE[vava).
By using equations (2-11e) and (2-11c),
rs*(m, n) =2 A" Za(n, n). (2-13)

If m—n<d—1, then
m—n

FA"*=[0 - 010 0]

since Z=[10 +-- 0] and 4 is the companion form as in (2-10c).
Thus

7‘y(ﬂ, n)
re*(om, n)=2 A"~ ry(n+1, 7) =ry(m, n), for m—n<d—1,

rin+d—1, n)

that is, the output covariance of the innovation representation 1 is equal to the given out-
put covariance data for m—n=<d—1. If m—n=d, from Step 2 of the algorithm,

ri(n-t+d, )y =arry(n, m)~+arry(n+1, B) 4 +aery(n-td—1, )

=[a1 az ++* adlZi(n, n).
Therefore
Zi(n+1, n) =A~Zd(n, n).

Similarly,
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Za(m, n)=A"™"Za(n, n). (2-14)
Substituting (2-14) into (2-13),

re*(m, n)y=2 A" Za(n, n) =% Zs(m, n)=r,(m, n), for m—nzd.
Thus the output covariance of the innovation representation 1 is equal to the given output
covariance data for all values of 7 and #.

Remark 3: From Step 1, it is obvious that this is the minimal dimension realization.

A necessary and sufficient condition in order that 4 can be determined uniquely is
(0, d)
rank z'(}, d) =d.
#'(d—1, d)

3. Vector Observation

Let y» be the vector valued output from the system

Xn+1 =Axy +Bu’l+17 X0==¢, (3_1)
ynzcxn

where v, and C are p-dimensional vectors and p X & matrix, respectively, and the other
parameters are the same as in the case of scalar observation. Let R,(, ) be the output

covariance matrix, or
Rv(m: ”) =E[}’m}‘u'],
then

CA™"11,C’ for m>n
Rym, ny={ CIonA*"C’ for m<n (3-2)
ch.c’ for m=n.

The variance matrix of state x, satisfies equation (2-2). It is assumed that system (3-1)

is observable as in the case of scalar output, that is,
rank [C' 4'C' 4'2C" -+ 4'"4-1C"]=d.

Now, let ¢ be the fitst natural number such that
rank NV;=rank Ns;=d,

where

C
Ni=| CA4

CAi—1
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Let
R v(”: ”)
Zﬂ(”) ”)= Rﬂ(”"l_l, ”) l}
Ry(n+g—1,7)
then,

Zo(n, i)y=NII,C". (3-3)
There exists a 4 Xpg matrix NV,~ such that V,~N,=17, since rank N,=d. (For example,
Ne=(NSN)—tN,). Then,

H.C=NgZ(n,n).
Using the Kalman filter of system (3-1):

£n=&u_+KnVn, 5%0:0‘

£n+l—=‘4.‘f:u o

.K" =.P5_C’(CPQ—C')_1

.Pu=.P,|_—.K,|C.Pn_

Puy1—=AP,A'+BB’

va=ys—C%,~  (Innovation process),
From (2-2) and (3-3), we obtain the following theorem with respect to the innovation
representation in a similar manner as in the previous section.
{Theorem 3-1] (Innovation representations)

If (4, C) is an observable pair, then system (3-1) has the innovation representations
1 and 2 as follows.

Innovation representation 1

&n+1-:A(£'n—+AKnUn, £0—=0. . (3—43.)
In =C§7n—+Vn (3’“4b)
Kn=(NeZo(n, n)—ZC)Ry(n, n)—CE5=C")~ (3-4¢)

Zupim=AZ A"+ AWV Zo(n, m)— 2= C)Ry(n, ) —CZ,~C)  (3-4d)
NV Zy(n, ))—2s=C)' 4',

E[Vn] :-0, E[umy,.] =(Ry(ﬂ, n)—CZ‘u—C')Sm. (3'—46)
Innovation representation 2

£n+1=A£n+Kn+1Uﬁ+l, Q—I:O,
}’n=C.’£'n
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Kn=(NyZy(rt, 1) —AZn_1—A'CYRy(n, 7) —CAZn_14'C’)1

3-5
2,;+1=AZ‘,.A'—|-—(]V,,"Z,,(n+1, ﬂ+1)'—A2nAIC’)(R'(”+1, ﬂ+1) ( )
—CEA'C) MW Zo(n+1, n41)— A5, A'CYY,
X_1=0,
E[v,.]=0, E[Umvu']=(Ry(7l, ﬂ)—CAzn—lA,C')Snm-
From (3-3),
Zon-+i, ny=N, A 11.C (3-6)
where

RV(”"*“Z., ”)
Zﬂ(”—l_i) ”)= Ry(ﬂ‘—l-l.—f—l, ”)

Ry(n'—l-z‘—l—q—l, 7)

Let S, be a dXpg selector matrix which selects & independent row vectors from the pg
rows of &V, then .S, /V, has an inverse matrix. Multiplying (3-6) by .S; from the left,

SeZ -+, n) =S Ng A T nC=(Se V) A(SN )1 (SeV ) A =1I4C.
Therefore,
SeZn+i+1, n) =A~S¢Z,(n -+, n),
where
A=(S;N)A(S V). (3-7)

We may choose .S, arbitrarily. In this paper we choose Sy, as follows, according to R.
Liu and L. C. Suen®. Let

mi=rank /N;—rank V;_i, =23, -, ¢,

where

C
Ni= C.A

Cai-a
Let us choose the 72; X mi_1 selector matrices .S(¢7) such that
rank S(1)C=rank C,
rank [S(l) ¢ :‘zrank I:S(l)c :'zrank [C ]

S@).S1)CA4 SQ)c4 c4
SHC c
rank S (_Z)S(l)CA =rank c4

S@)S(g—1) - SL)CA-1 Cao
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where

mo=p, mi=rank C.
Then we define the selector matrix .S, as

S
Se= S@2)SQ) 0 . (3-8)
0
S(g)S(g—1)--S(1)

It is obvious that

mit+met- +mg=d.

To multiply &, by S, from the left means that first, 7, independent rows are selected
from the rows of C, second, »2s independent rows are selected from »: rows of C4 which
correspond to 1 rows of C, and so forth until C4¢2, Then A in (3-7) will have the
form of

A Ais 0 creenncrrorenioncanasons 0

A=\ A2 Asa Ass 0 ceescncnnnen 0 s (3—93.)
Aq-—l,l ) PR YT RITIITTITPIIPIIPIIeS: Aea,q
Ag Agz oo, Agq

where

Aij: miXmj block matrices, 7, =1, 2, -+, ¢,

Ai;=0 for j>741, (3-9b)
SE+DAiira=Imisy, (3-9¢)
S(E+4-1)A4:5=0 for j#i+1. (3-9d)

After transforming system (3-1) by the normal matrix .S¢V,, 4 becomes 4in (3-9) and
C becomes
C=C(SN)1=[C10+:0], Ci: pXm; matrix, (3-10)
Ci=S81)'+5°Q)' M, (3-11)
where S¢(1) is a (p—m1) Xp selector matrix which selects the rows of C such that S(1)

does not select, and M is a (p—m1) X m1 matrix and is a coefficient matrix when S¢(1)C
is expressed as a linear combination of the rows of S(1)C, or S¢(1)C=MS(1)C. Further-

more, 4, C, and S, have the relations

SQ)C=[Lm, 0+ 0]; m1xd matrix
S(2)SQ)CA=[0mgum, | Zms | 0 -+ 0]; m2X d matrix (3-12)

.............................................

S(g)S(g—1)-+-SQ)CA1=[0 -+ 0} Im,]; (X d matrix.
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Note that the above relation is independent of 47.

After normally transforming system (3-1) by S,&V,, the new coefficient matrices
of the system are A, (.S,V,)B, and C. We call this a canonical form. As mentioned
in the scalar output case, we represent the system in the form of an innovation representa-
tion for this canonical form, since every algebraically equivalent system gives the same
output covariance matrix, To represent the system in this form, it is enough to identify
only A4, € and S,. Thus, the algorithm of Minimal Dimension Realization is given
as follows.

The algorithm of Minimal Dimension Realization

(Step 1) (Determine ¢, 71, ma, -+, #24)

Suppose that the output covariance matrices Ry(Z, 7), 7,7=0, 1, ---, V are given.
Let

Z(0, /)=[R4(0, 0) Ry(1, 0) -+ Ry(N—1, 0) | By(1, 1) Ry(2, 1) -
Ry(N—3, 1) i - | Ry(N—i, N—1)]

Z(j, ) =[Ry(j, 0) Ry(j+1, 0) -+ Ry(N—i+t7, 0) i Ry(j+1, 1) -
RV(N_Z‘"*_].; 1) oo RV(N_Z+]) N""i)) ./= 1) 2, "ty Z.—-].,

Z(5, )=[Ry(5, 0) -+ Ry(&V, 0) | Ry(¢+1, 1) -+ Ry(NV, 1) -+ | Ry(V, N—2)]

Z(0, 7) Z(0, 7)
Q*D)=| Z(L,7) |, Ox()=| Z(1,7)
Z(, 7) Z(GE—1,7)

Evaluate
ai=rank Q*(7)—rank Qx(?)
for /=0, 1, -, V. Let ¢ be the first natural number such that a;=0, then mi=ai_1,
=1, 2, -, 9).
(Step 2) (Determine S(1), .5(2), --+, S(g), So)
First choose an ;3 X p selector matrix .S(1) for which
rank .5(1)Z(0, 0)=rank Z(0, 0). (3-13)
Next choose m; X mi_1 selector matrices S(7), £=2, 3, -+, ¢ for which
rank S(7)Q«(7)=rank Qx(?)
where

S)
Se)= S(2)S(12 0 (m1t+mot-—mi) X pi

0 " S()SE—-1) -+ S)
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(Step 3) (Construct 4, C)

Equation (3-13) implies that .5¢(1)Z(0, 0) can be represented as a linear com-
bination of the rows of .5(1)Z(0, 0), that is, there exists a (p—21) X 73 matrix M such
that '

S«(1)Z(0, 0)=MSQ)Z(0, 0). (3-14)

There exists a p X4 matrix 4 such that

) ZQ0,9)
Z(f» g)=AS, Z(17 g) ’
Z(g—1,9)

since ag=0. From Step 2, S(z).S(F—1)---S(1)Z(z—1, ¢) can be represented as a linear
combination of S(1)Z(0,¢), SSQ)ZQ, g), -+, SE+1)SE)---SQ)Z(Z, ¢), i=1,2, -,
¢—1. Therefore, there exists a 4 X d matrix 4 such that

21,971 _ [20,9)
So| 2@, q) |=4S. | 20,90 |. (3-15)
Z(g,9) ZG—1,9) ).
Thus
d=4,
and
C—[S(1Y +S<(1) A1 0 - 0], (3-16)

Substituting the above 4 and C in (3-4) and (3-5) for 4 and C, we can express the
system in the form of an innovation representation.
Remark 4: Itis obvious that the above A4, C, S, have the properties (3-9a), (3-9b) and
(3-12). ' o
Remark 5: It is also obvious that, if a,=0 for a. certain number ¢, then a;=0 for all
7, i2¢ as in the case of scalar output.
Remark 6: ¢=.XV since an=0.
[Theorem 3-2}

The realization which is obtained by the above algorithm is good in the sense that
the covariance of the output is equal to the given covariance data.
(proof)

We prove only the innovation representation 1 in a canonical form, since the proof
can be made similarly for the other representation. Let Zy*(#2, ) be the output covar-

iance matrix of the innovation representation 1. It is assumed that »=» without loss
of generality. Then
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Ry*(m, n)=E[ymys’| =CA"*5,~C'+C A * Ky Elvavs’).
By using (3-4c) and (3-4e¢),
R*om, n)=C A8, Zo(n, 7). (3-17)

Equation (3-14) implies that the relation

SV Ry(m, ny=MSA)Ry(m,n), 0Sn<m=<N (3-18)
holds. Equation (3-15) also implies the relation
Ry(m+1, n) ) Ry(m, n)
Se Ry(_m+2, n) |=AS, | Ry(m+1, n) , 0Snsm=<N-—¢ (3-19)
Rm-+g,7) Ryfm+g—1,7)

holds. Itis obvious that there is an extension of Ry(m, #) for m=N-+1, N+2, .-, N+¢
such that Ry(m, ), m=N-1, .., N4¢ satisfy (3-19).
Using such an extension and noting (3-19), we have

. . Rv(”; ”) Rl(m: ”)
Am S Zy(n, )=A""S | Ry(n+1, 7) =S| Ry(m+1, n)
Ry(n+g—1, 7) Ry(m+g—1, 7)
0=n=m=N.
Therefore, (3-17) becomes
Ry(m, n)
Ry*(m, ))=CSe| Rm~+1,7) |, for 0Snsm=N. (3-20)

Ry(m—+q—1, %)
By multiplying (3—-20) by .S(1) from the left and using (3-12),
Rﬂ(m) ”)
SWRMom, )y=SWCSe| Relm+1,7m)  |=SW)Rsm, ),
Ry(m-+g—1,7)
0sSnsm=sMN.
This implies that £y*(», 7) is equal to R*(s, #) with respect to the rows selected by S(1).
By multiplying (3-20) by .5¢(1) from the left and noting (3-16),
SV)Ry(m, n)=MSQ)Ry(m, n) (3-21)
since .5¢(1).5(1)'=0. From (3-20) and (3-21),
S Ry*(m, n)=S(V)Ry(m, n).
This implies that R,*(m, 7) is also equal to Ry(m, z) with respect to the rows which are

not selected by .S(1). Therefore, £By*(m, 7n)=2~Ry(m, n) for all rows.
Remark 6: A necessary and sufficient condition for A to be determined uniquely is



Mintmal Dimension Realization for Stockastic Distcrete Time Systems 273

Z(0, ¢)
rank .S, Z(.l, ) =d.

Z(g—1,9)

It is obvious that 47 is found uniquely.

4. Conclusion

Algorithms are obtained which yield minimal dimension realizations for stochastic
systems from a given finite length of output covariance data. The innovation represent-
ation, or the state equation model with the input of the innovation process, is adopted as
the model of the system. In real, complex systems, every variable has a feedback and
the variables can not be divided into the two groups of input and output. Therefore,
it is natural to take the innovation process as the input. This algorithm can be applied
to any finite length of output covariance data. Necessary and sufficient conditions for
the coefficient matrices to be identified uniquely are given for both scalar output and
vector output cases.
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