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A Time-Decomposition Algorithm for the
Solution of Multiple-Target Problems

By
Yoshikazu NISHIKAWA* and Masashi OKUDAIRA*

(Received December 27, 1977)

Abstract

An algorithm for solving the mnonlinear optimal control problem whose system
equation contains discontinuities is proposed. The boundary conditions are specified
at several corner times as well as at the initial and the final times. Assuming that
the corner times are known, by using the variational principle, the problem is re-
duced to a nonlinear multipoint boundary-value problem (MPBVP), which is further
reduced to a linear one by use of an interaction-coordination algorithm. The linear
MPBVP is solved by a discontinuous version of a time-decomposition algorithm,
which decomposes the problem into a number of subinterval TPBVP’s. The exact
boundary conditions of these TPBVP’s are determined by an algebraic method which
utilizes the solution obtained with arbitrarily chosen boundary conditions. After
solving the nonlinear MPBVP, the assumed corner times are corrected by a gradient
method. Correction is iterated until the optimum is attained. The solution in each
iteration satisfies the boundary conditions exactly.

In order to verify the effectiveness of the present algorithm, a linear and a non-
linear problem are solved numerically and the solution to the linear problem is com-
pared with the analytical one.

1. Introduction

A multiple-target problem, or an optimal control problem with discontinuities,
has been investigated by several authors!™®. The system equation of the problem
has discontinuities at the ‘corner times’ of the control duration. Some of the state
variables, as well as the initial state (and possibly the final state), are specified at
the corner times. Swiger" and Tomizuka & Tsujioka® solved this problem by using
the orthogonal projection theorem. Also, the problem was solved by use of the
gradient methods in Refs. 3-5. However, the former algorithm is restricted to a
problem which does not contain nonlinearities in each subinterval between adjacent

corner times. The latter, though they can deal with nonlinearities, suffers from an

* Department of Electrical Engineering.
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unsatisfactory accuracy in satisfying the boundary conditions, because they employ
a penalty function method.

Recently, the present authors have proposed algorithms for solving nonlinear
optimal control problems®®. The interaction-coordination algorithm (ICA)®%" is one
which decomposes the overall problem into a number of smaller linear subproblems
described by a two-point boundary-value problem (TPBVP), and then coordinates
them. The time-decomposition algorithm (TDA)® decomposes a linear TPBVP into
a number of TPBVP’s defined in the subintervals, and then determines algebraically
the exact boundary conditions for each subinterval problem.

In this paper, the TDA is extended to the solution of the linear MPBVP with
discontinuities. Together with use of the ICA, the nonlinear MPBVP with fixed
corner times is solved, and then the corner times are corrected by a gradient
method until the optimum is attained.

In Section 2, the problem considered in this paper is formulated and the neces-
sary conditions for optimality are derived. Section 3 sketches the ICA briefly, and
Section 4 discusses the details of the discontinuous version of the TDA. The
algorithm including optimal correction of the corner times is summarized in Section

5, and the applications to two physical problems are illustrated in Section 6.

2. Problem Statement

In this paper, we discuss a solution of the following multiple-target problem.
The system equation is described by

i=A;(Ox+B; (D utfi(t, x), <<y, (=1, 2, ..., N) weereeeeens (1)

where x(f) is an n-dimensional state vector, #(f) an m-dimensional control vector.
A; and B; are nXn— and nXm-dimensional matrices, respectively, and f; is an
n-dimensicnal vector function of the class C* with respect to x, and these are

continuous in f[#-,, ¢). The boundary conditions are given by
L"x(t,') =T; (i:(), 1, 2, v ey N) ............ ( 2)

where 7; is an r,-dimensional prescribed vector and L; is an 7;Xn-dimensional
matrix containing only one nonzero element in each row, and it is assumed that
4(i=1, 2, ..., N-1) is not specified.

" The objective is to minimize the following performance index of the quadratic
type:

L
4

]:%Sﬂ(x'Q(t)x—{-u'R(t)u)dt ............ (3)

with respect to # and £ (i=1, 2, ..., N-1), where Q is an nXn-dimensional symmet-
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ric positive semidefinite matrix and R an mXm-dimensional symmetric positive
definite matrix.
Now define the Hamiltonian of (1) and (3) as

H(i):% (' Qx+u Ru) +p (Aix+Bu+f;) s (4)

Then, according to the variational principle, the necessary conditions for optimality

are obtained as follows:®

x:<31;§" >,:A-'(t)x+3:‘(t)u+f}(t, P e (5)
15=—<i§:) >'=—Q(t)x—A$(t)p—<%>lp (i=1, 2, ... N) -eeoe (6)
(HY _r@yusBiop=0 | e -
g, d H® () —HP (th) =0 G=1 2 .0 N-1)  eveerrereens (8)

with the boundary conditions

Lix(t) =m; @=0, 1,...,N)

D) =p; () =v;; G x,(t) is not specified; i=1, 2, ..., N-1)"'(9)

where p;(t;) denotes the j-th element of p(¢) and v;; is a Lagrange multiplier.
Substitution of u=—R™B;p into (5) yields the following multipoint boundary-value
problem (MPBVP) :

j_[x]=[A..<t> ~E ][x]+[hli<t, %) ] G=1,2 ... N)
dilpl L-Qw —4wils] Lt 2 p) B o

constrained by the boundary conditions (9) and the optimality condition for # (8),
where E,=B,R™B;, hy(t, 2) =fi(t, %), and hu(f, 1, p):—(-gxi")}.

Once the #s are assumed, the problem is reduced to solving the MPBVP of (9)
and (10) with discontinuities at the fixed corner times. This problem will be
dealt with in the following sections. The solution, however, does not. satisfy the
optimality condition (8). Then the assumed values of the {5 are to be ccrrected
by an appropriate algorithm. The problem is then solved by a three-level algorithm.
The first and the second levels solve a nonlinear MPBVP. Using the solution thus
obtained, the third level seeks the optimal corner timebs by a gradient method,

that is, the corner times are corrected by

i=1,2 ..., N—l)

Hif = if—pesign (‘gta) (l_o )

until (8) is satisfied, where ! denotes the iteration number and 7 is a positive
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step size which is reduced according to the change of the sign of g,.

3. A Linearization Technique

Once the problem is reduced to a nonlinear MPBVP with fixed corner times,
conventional mathematical or computational means®!? are available for the solution.
Among them, the interaction-coordination algorithm®? has proved to apply success-
fully to a problem whose system equation is a perturbed form as given by (1).
The algorithm, like the quasilinearization method!®, reduces the problem to the linear
MPBVP, and then the time-decomposition algorithm is applicable, as will be seen in
the succeeding section.

In the following, the ICA is briefly skecthed. Consider a nonlinear TPBVP
whose differential equation is given, in the time interval #[%, /], by (10) without

the subscript i. The boundary conditions are given by

x(to) =T x(tf) ={wy e (12)

Introducing the interaction variables y and ¢ corresponding to x and p, respectively,
we replace (10) by:

a= A —pE x 0 B-DETy h(t, 9

d — , + + +++(13)

dt] p —xQ —A'||lp «—-1DQ 0]l ¢ k(3 @)
where B and « are scalar parameters to accelerate the convergence tendency of the
iteration. Once y and ¢ are given, (13) is linear in x and p, so that the linear
TPBVP of (12) and (13) is solved easily by the superposition principle!®”. If the
solutions x and p thus obtained coincide with the assumed y and g, respectively,

they are the solution to the original nonlinear TPBVP%”. However, this is generally

not the case. Therefore, the interaction variables y and g are corrected by

h+ly ky "x—‘y .
[k+1q ]:[1.61 ]+a[ ‘P"""q] ............ (14)

where k denotes the iteration number and « is a constant step size. The correc-

tion is iterated until the coordination error
tr
bGztgm{(tx_ ky)2+ ("p—‘q)’}dt/Zn (t,—to)]+ ............ (15)

is reduced to zero or a sufficiently small enough unit. For details see References 6
and 7.

4. A Time-Decomposition Algorithm for a Linear MPBVP

As shown in the preceding section, the solution to the nonlinear MPBVP is
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obtained by solving a sequence of the linear MPBVP’s. Therefore, in this section
we consider the solution of the linear MPBVP.

Recently the authors have proposed a time-decomposition algorithm for solving
a linear TPBVP®. Here, we extend the algorithm to the solution of a linear MPBVP
with discontinuities.
4.1. A Time-Decomposition Algorithm for Solution of the Linear TPBVP To begin

with, we consider a solution of a linear TPBVP:

d X X
W[‘p :I:D(t)[ﬁ ]+h(t) ............ (16)

with the boundary conditions
x(t) =m xUx) =1y e an

Both x and p are n-dimensional vectors, D(f) is a 2nX2n-dimensional matrix, and
h(?) is a 2n-dimensional vector function. Both 7, and zy are prescribed zn-dimen-
sional vectors. The inital time #, and the final time #y are assumed to be specified.

Let @(t, t,) denote the transition matrix of the homogeneous part of (16) with
D (i, t) =1,,, 2nX2n-dimensional identity matrix. Then the general solution to (16)

is written as

() =0u(t, 9x(s) +P(§, P +tult, 5 e 18
PO =0ut, H2() +Pu(t, () +oult, e aw
where
Dy, (L, 9)Dp(2, 9 o
[@l(t, 9 Oult, 9 ]‘ 9
............ (20)
vl(t! S) . s h d
[vz(t, s) ]—S:@(t,r) (z) de

From (18) and (19), it is seen that the solution to (16) in the subinterval

(4. #41] with the boundary conditions x(#) =x(#) and x(f;4,) =x(f;4,) satisfies
x(ip) =gu(E+1, Dx(E) +Pu(+1, DPUED +or(fiy, B veeveenee 2D

PUE) =gu(E+1, Dx () +6a(i+1, DU T2l 1) reeeeeene (22)
(t=0, 1, ..., N-1)

where ¢;;(2, ) denotes 9,;(¢;, t,). If ¢,(i+1, ©) is nonsingular, we can rewrite
(21) as follows:

PN =¢n G+1, D{xi1) —¢n(i+1, D)x() =0 (band) e 23

Substitution of (23) into (22) yields
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PUA) =da(+1, Dx(d) +d2(E+1, i)¢1_21(i+1, D) {x (tirn)
~¢u(i+1, i)m — v (hen D30l B) e 29

By replacing ¢ in (23) by i¢+1 and subtracting it from (24), we obtain

P —pURD =Six () + Tix (b)) T Ui (b + V5 cveeereennes (25)

where

Si:¢21(i+lv i) _¢zz(i+1, i)¢ﬁl(i+1, 7:)¢u(7:+1r i)
Ti=¢u(i+1, D5 (i+1, ) +67'(E+2, i+ du(i+2, i+1)
Ug—_——¢,_2‘(l'+2, i+1) ceveneennean (26)
Vi=—02(+1, D¢a'(i+1, Dvi(tie, £) T02(figas 1)
TR (C4+2, i+ v (fige tip)
(i=0, 1, ... N-2)

Taking (25) and (26) for all { ({=0, 1, ..., N-2) into account, we can establish
the following theorem.

Theorem 1.

Let p be the solution to (16) in the interval [#, #4,] with the boundary condi-
tions x(t) =x(#) and x(f) =x(f) (=0, 1, ..., N-1; x(t) =m0 x(fy) =ny). Let
p(tH) and p(t;) be the value of p at t=tf and t=f7, respectively. Then the
foillowing relation holds:

P=rX+v. e ©n
where
{ ~
T, U, 0
S T U
r= . . S [ R (28)
Sn-s Tn-s Un=s
0 Syez Tn-2
)_(=[x’(t1) s Xt w2 ()T T ieeeraen, (29)
P=[p) —pUED)Y, ..o GUD —pEH-DT e (30)
V= [(Soﬂ.'o‘*‘ ‘/o) ’, V:. ey V;v_ay (VN—2+ UN-—27TN) ’]‘ ............ (31)

Note that I" and V are independent of the choice of the boundary conditions
x(t) (=1, 2, ..., N-1). Hence we have the following corollary.
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Corollary 1. 1.

Suppose I' of (28) be nonsingular. Let X=[x'(f), x'({), ..., x'({y-» 1, where
x(¢) is the value of the exact solution to (16) at {=# (i=1, 2, ..., N-1). Then
X and X of (29) are related by the following algebraic equation:

X=X-r-P ' et (32)

Proof.

For the exact solution x(f;), obviously p is continuous in ¢ ¢[f, fy]. Hence,
0=IrX+v NG 2)

Subtract (27) from (33). Then the nonsingularity of I proves the validity of (32)
Q. E. D.
Remark 1.

Corollary 1,1 means that the solution to the given TPBVP can be obtained by
solving several numbers of the subinterval TPBVP’s. Hence, it is suggested that
the TDA is also applicable to the problem, having discontinuities in the system
equation.

Now let us consider the nonsingularity of I

Theorem 2.

Suppose that ¢.(4, 0) (A=1, 2, ..., N) and ¢u(i+1, ») (=1, 2, ..., N-1) be
nonsingular. Then, I' is nonsingular.

Before proceeding to the proof of Theorem 2, we prove the following two

lemmas.

Lemma 1.

For arbitrary 4, g, and v, the following relation holds:

Bl W= 0al Whis(n»)  Gi=L2 e (34

Proof.
From the transition property of 9,

Oty 1) =0, t)OULn £) e (35

Hence, expansion of (35) proves (34).

Lemma 2.
Assert the hypothesis of Theorem 2. Then the following sequence of matrices
T, is well-defined :
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Ti==S T U +T, (G=0,1, ... N-2)  ceeeneeen (36)
where S, 40, and T-! and U_, are arbitrary matrices. Furthermore 7T} is given by
Ti=¢a'(i+2, i+Du(i+2, Ogp'(E+1, 00 e 37

Proof.
Clearly, it suffices to prove (37). We prove (37) inductively.
First, by the definition of T; in (26) and Lemma 1, we have
To=T\=¢=(1, 0)¢3'(1, 0) +65(2 Dgu(2 1
=¢' (2, D62, 1 ¢=(1, 0) +9u(2, 1D u(l, 0)I¢z'(1, 0)
=65 (2, D¢r(2, 0)¢5'(1, 0) sesreneeeee(38)
(38) shows that (37) holds for i=0.
Second, we show that the relation (37) holds for i=k+1, if it holds for i=k%.
From (36) and (37),
Tyi—Tin=—SuT7'U,
=[Puk+2, k+1) —guk+2, k+1) ¢ (k+2, k+1) gu(k+2, k+1)]
Sk +1 O FG+2 00 e (39)
Substituting

Pn(B+2, k+1)dy(k+1, 0) =du(k+2, 0) —@u(k+2, k+1) gu(k+1, 0)

into (39), we obtain

Th+1=Tk+1+¢a(k+2, 0)d5' (k-+2, O :
~¢u(k+2, k+1)[ga(k+1, 0) +¢5' (k+2, k+D gu(k+2, k+1)g(k+1, 0)]
o (k+2, 0)
=Tint+oa(k+2, 0)¢5'(k+2, 0) —g=(k+2, k+1) ' (R +2, k+1)
=@z (k+3, k+2) ¢u(k+3, 2+2) +¢u(k+2, 0)g5'(R+2, 0)
=¢u(k+3, k+2)¢ua(k+3, 0)gu'(k+2, 0)  eeeseenenen (41)

(41) implies that (37) holds for i=k+1. Thus, the proof is completed.

Now we can proceed to prove Theorem 2.

Proof of Theorem 2.
Let 4, be the nonsingular matrix defined by
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Multiplying 4; to I' from the right successively (i=1, 2, .... N-2) transforms I’
into
T,
: 0
............ (43)
* .
Tws
Due to Lemma 2 the matrix of (43) is nonsingular. Hence, Theorem 2 is proved.
Q. E. D.

4,2, Extension of the TDA to the Linear MPBVP with Discontinuities

As mentioned in Remark 1, the TDA can be extended to solving the linear
MPBVP with discontinuities in the system equation. Hereafter, for simplicity, the
discontinuity is assumed to occur only once during the overall control duration.
Then, let N=2 and let the corner time {=ft,.

We restrict our discussion to the case where the boundary conditions are given

in the form:

1y (7)) — X1y (B
]:0 ............ (44)

dlx (), x(H ] =l Zan (8) — 7

Zseoy (F7) ~ X3y (8)

where X i)y is an r,-m—dimensional vector with 7’1(;)+73(;)+73(i):n (i=01 1, 2)- (44)
means that some elements of the state variable x are specified at #=¢# and that x
is continuous in f.

In this case, the necessary conditions for optimality (5)~(9) can be written as:®

Subare 1:te[t, 4] Subarc 2: t[t, %]
x=Ax+Bu+£f(t, x) x=Apx +Bau+f: (1, x)
p=—Qe—dip—()s (as1) BT A (32)s e (45-2)

OHD " _ ;. OH® N re
(%) =Ru+Bip=0 (%) =Ru+Bip=0 I

H‘”=%[x'Qx+u’Ru]+p’[A,-x+B.-u+f.-(t. 0] (=12
x(ly) =m, x2(b) =m l
L) =m | . (46-1) xt)=m (46-2)
Pl(t1) Vi P1(t1) =¥Yn
Ds(t) =y Ds(t) =va
g, dH®(t) —H®(W)=0 e 47

Therefore, the problem is reduced to finding the boundary conditions x,(f;) and x;(#)
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which guarantee the continuity of p,(f) and ps(f) at t=#, and also to finding the
optimal corner time #, which satisfies (47).
Once #, is assumed, the MPBVP of (45) and (46) can be solved with use of both
L
the ICA and the TDA. Suppose that (45) is linearized as (10). Let p,(#f) and
N
ps(t®) be the values of the solutions p, and p; at f=1F, respectively, to the TPBVP's
TN —
with the boundary conditions x(&) =m, x,(f) =2:1(t), x:({) =m, x5(f) =x3(f), and
x(t;) =m. Then from Theorem 1,

_— e —

[p«tr) —h ) ]: f[xmt,) J +[ T +{ W,} ............ 48)
S L N
Ds(B) —ps () x25(t) Lgmy Ws

where

Fu Flz Fxs o P,, ['13 [W;, W;» W;]':V
I'y 'y I'y |=T, Pall"s;,], ............ (49)
Iy ', I'ys

Hence, similarly to Corollary 1.1, the exact solution X=[x{(#), x5(f) ]’ is given by
X=X-1p e (50)

. AN S e (R ad N ————
where X=[x{(t), x:(t) ], P=[(0:(47) —p:(11))", (ps(t7) —ps(#))"Y. Then, the linear
TPBVP’s are sclved again with the exact boundary conditions. The ICA is iterated
until the solution reduces (15) to zero or a sufficiently small enough unit.
After the first- and the second-level calculations, the corner time # is corrected
by (11). The third-level calculation is carried out until g, is reduced to zero or

a sufficiently small enough unit.

5. Summary of the Algorithm

In this section, we summarize the results obtained above into the form of an
algorithm.
Step 1: Set I =0, k=0. Assume °%,. Let °m) = ;3(/°t:) =0, p(t) =°q®) =0, te(fy f).
Choose appropriate values of §, ¢, a, and 7.
Step 2: Solve the homogeneous part of (45) with the boundary conditions X=e,,
the v-th unit vector, x(f) =0, x,({,) =0, and x(#)=0. Then the difference P
represents the y-th column of I*. Calculate 'L
Step 3: Solve each linear TPBVP of the subarcs with the boﬁndary conditions

Subarc 1:
— 7y
2 (t) =70 2:(1) = xa(), %a(t) =m xa(B) =*xa(t) 1
............ (5D
Subarc 2:

AN (g
21(8) =*x:(8), x:.(8) =m, x3(H) =*x5(t), 2 (L) =n,
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——— A .

Let us denote the solutions p, and ps at t=¢# as p,({f) and ps(#), respectively.
Step 4: By (50), determine the exact solution x(%). Solve the subarc TPBVP’s
again with use of x(#) and =, and 7,. Let us denote the solution as *x and *p.
Step 5: If *G of (15) is small enough, proceed to Step 6. Otherwise, correct *y

S S .
and *q by (14), replace *x,(#) and *xs(#) by *x,(¢) and *xs(#), respectively, and
replace & by k1. Then return to Step 3.
Step 6: Compute ‘g, by (47). If 'g, is small enough, the optimum is attained and
the calculation is terminated. Otherwise, correct /4y by (11), replace [ by I +1,
and return to Sfep 2.

6. Examples

Two physical problems are examined to illustrate the applications of the present
algorithm. For the numerical integration of the differential equations, the fourth-
order Runge-Kutta-Gill scheme is employed, where use is made of one hundred
grid-points in the overall interval.

Example 1¥

Let us consider the problem of minimizing the functional:
2
J I:u]=S wdt e (52)
0

with respect to the control #(-) and the corner time #. The state equations gov-

erning the system are

X1 =% =X
)_Cl £ ‘ te[0, &) weeee (53-1) “ 2 te[t, 21 - (53-2)
Xo—1U xz-_—_zu
and the boundary conditions are
...... (54-1) veees (54-2)
%2(0) =1 %2(2) =0
x:() =05 e (55)

(53) implies that the mass of the article is reduced by half at the corner time #,.

For this problem, the necessary conditions for optimality are written as follows :

J?I1=x2 1 xlzxz

%2=—0, 5p; Z=—2p, 1

X t y T e — . t t” ...... 56-2
£1=0 J e[0, &) (56~1) =0 J e[ty 2] (56-2)
152= _Px 152-: — P

2(0) =x,(0) =1 e (57-1 x1(2) =x,(2) =0 oo (57-2)

% () =0.5 L i (58)
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D =ptH T s (59)

u=—0,5p; - (60-1) U=—Py e (60-2)

e, = u(B) - pr(80) (1) 5,0 w () —u(tH) *—p (8D 22(4) — 2P (8D u () =0
............ (61)

It is easily shown that the general solutions to (56) are given by

x,(8) =[eit’—Beat®+ 1205 +12¢,1/12
z() =[aaf?—2c,t +4c51/4

b)) =¢

by =—cit+c, /

x,(H) =[d\P—3d,t*+3dst +3d,1/3 )
x,(8) = d\ P —2d,t+ dy

b)) =d,

b(f) =—dit+d, /

where ¢,~c, and d;~d, are constants.

Now let us follow the algorithm of Section 5.
Step 1: Let ", =t,. Since the problem is linear, it is unnecessary to utilize the ICA.
Step 2: I’ is obtained as follows: solve (56) with the boundary conditions x,(0)=
x200) =2x,(t) =x,(2) =x,(2) =0, and x,({;) =1. The coefficients ¢; and d; are obtained
as follows:

a=12/8, ca;=4/h, c=c,=0
di=3/(t—2)% dy=(h+4)/(th—2)% ds=4(h+1)/(L—2)? R (i )]
dy=—4t/(t,—2)?

Hence,
~ S e
I'=p,(8) —pa(t1) = —crty H e+ dify— dy=—2(3,—8) /1, ($;—2) =eeveereeres (64)

Step 3: Let x:(/h;=0. The solutions to (56) with boundary conditions x,(0) =x,(0) =
S
1, 2:(4) =0, 5, x:(¢) =x:(8), and x,(2) =x,(2) =0 yield

a=12(L+1 /8, ;=244 +3) /8, cs=c;=1
d1:—3/(t1"2)3, dz=*3(tl+2)/2(t1_2)3, d3=—6t1/(t1—2)3 seeeseresene(65)
d4= (6t1"‘4)/(t1'—2)3

Hence,

SN [
D7) — P () = —chy+ et dity— d,
=(—8B+178+165,—48) /28 ({H—2)2  eeeeeeeeenn (66)

Step 4: Substitution of (64) and (66) into (50) yields
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— - —
x2(t) =2(8) —I' [ (7)) —p2(tD) ]
=(—88+178+16,—48) /4t (t,—2) (3L —8) eeeeeeeenen (67)

Again solve the TPBVP’s (56) with the boundary conditions thus obtained. Then
the constants are obtained as follows :

o= (126—81#+724,+48) /{(,—2) (34, —8)

;= (161 — 778+ 60t,-+48) /5 (£,—2) (34,—8)

cs=c,=1 e (68)

di=3(—88+562+48t,—48) /4t,(1,—2)*(3t,—8)

d.= (—8t1— 33} +96#;+112¢,—192) /4t,(#,— 2)*(3L,—8)

ds= (—8H— 9t} +811;—32t,—48) /t,(t,—2)*(3t,—8)

d.= (8#+1—76L+8)/(t—2)(3t,—8)
Step 5: This step is skipped since the ICA is not utilized.
Step 6: The gradient g, is given by

&,=H® ) —H®(t) =—;}Epz(to F+IbD) — b () ()
2%(_clt1+cz)2+(01_d1)x3(t1) ............ (69)

with (67) and (68). (69) is a rational function of #,. It is not difficult to solve
£,=0 with the aid of a digital computer. Figure 1 shows the dependence of g,
and J on 4. It can be read off the figure that the optimal ¢, is 1.377....

2 | 7
7
15
1 46 I
~ 10} - J

9

gh —_—

0.8L
10
1.1 1.2 1.3 'IIA 1‘5 1.63 ! '
0 0.2 04 0.6 0.8
g —— T [sec] ———
Fig. 1. Dependence of g,, and J on the Fig. 2. Variations of ¢, g,;, and J with the

corner time ¢;. computing time T.
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1ol e o(1:0:1.0)

3.0

0.5 |

]

t=2.0
0

7/
1.0
2.0+
0 o 1:0 -30f ; .
X —- -
Fig. 3. The optimal trajectory on the Fig. 4. Time history of the optimal control

x,—x, plane. u.

The algorithm is also carried out on a digital computer. The initial estimate of
f is 1. 0 and the step size 5 in (11) is set to 0,1. When the sign of g, is chan-
ged, 7 is reduced by a fifth. Figure 2 shows the variations of ¢, g,, J with the
computing time 7. After 16 iterations they converged. As seen from Fig. 2, a too
severe criterion for the optimality with respect to #, contributes only to the comput-
ing time.

Figures 3 and 4 show the optimal trajectory on the x,—x; plane and the time
history of the optimal control u, respectively.
Example 219

Next, we consider the problem whose system equation contains nonlinearities.
The problem is a discontinuous version of the three-axis attitude-control problem.

The system equations are described by

X1=Xg Xa=e(XyF X XeF Xslls) + U,
X=Xy x‘z—e(xz-*-xzxs-{-xlus) +u, e 70)

Xs=X¢, J’c¢=e(x,x‘+x1uz) +us

Suppose that the parameter ¢ changes discontinuously from 1,0 to 2,0 at t=¢, at
which x,(2) =0. 0, x3(¢) =0. 15, and x5(¢;) =0. 055 are to be satisfied. The objective

is to find the control # and the corner time f, which minimize
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]=%S:(§x3+gu§) dt L e 7D

starting from x(0)=[1, 0, 1, 0, 1, 0] The problem is decomposed into the three
subsystems of [x, %], [xs x,J, and [x5 x¢]. For solving one of the subsystems,
the variables of the other subsystems and those in the nonlinear terms are replaced

by interaction vectors. The necessary condition for Subsystem 1 is described by"

X1=Xg
2= —fb2t (B— 1) gate[y:(1+y9) —¥s(eYsg2—e01qs+q6) ]
h=—rx+ =D+ —yedaqetn(@i+ad] e (72)

Pe=—xx3—p1+ (=D y2+eL (1 +30) — 330 ]
Similar problems obtained for subsystems 2 and 3 are omitted here.

Figure 5 shows the variations of #, g, and J with the iteration number [ for
correcting the corner time #,. It takes 4.8 seconds to attain convergence. The
parameters chosen are f=r=1, a=1.0, »=0.5, °%,=2.5. 7 is reduced by half when
the sign of g, is changed.

ok
T L 9ty
&
o

[ 3.5

Fo-oafe 4
3.0

- L 2.5

2.52%

Fig. 5. Variations of ¢,, g:4 and J with the iteration number I,

7. Conclusion

A multipoint boundary-value problem with discontinuities in system equations is
solved by a combined use of the interaction-coordination algorithm (ICA) and the
time-decomposition algorithm (TDA). The TDA is an extension of the original
one for a linear TPBVP.
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The algorithm can effectively deal with nonlinear problems and the convergence

is quite rapid. The solution satisfies the specified boundary conditions exactly

because the idea of a penalty function is not employed.
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