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A Method of Determining Characteristic Functions for
Cooperative Differential Games without Side Payment

By
Hisashi Mine* and Harunori SHismipo*

(Received May 17, 1976)

Abstract

Many person games are treated as non-cooperative games or cooperative games.
Cooperative games are divided into games with side payment and without side payment.
1t is known that cooperative games without side payment can be analyzed and solved in
the form of characteristic functions. It is necessary to determine the characteristic func-
tions for differential games which are not described in the form of the characteristic func-
tions.

In this paper, a method of determining the characteristic functions is presented. Two
kinds of characteristic functions are obtained according to the a-effectiveness and g-
effectiveness, respectively. Determining the characteristic functions is reduced to solv-
ing the parametric minimax and maximin problems, two person differential games.
The necessary conditions for the solutions of the problems are obtained.

1. Introduction

Differential games involving many players are studied by two approaches.
One is to study non-cooperative games and the other is to study cooperative games.
In this paper, cooperative differential games are examined. Since a solution
of cooperative games without side payments is given in the form of characteristic

functions, a method of determining the characteristic functions is presented.

2. Notation and definitions

[1] Cooperative game

Let N be the set of players and n be the number of players. A subset of N
is called a coalition. Let Ry be an n-dimensional Euclidean space whose coordinates
are indexed by N. The points in Ry are called payoff vectors. The components
of these vectors will be indexed with subscripts; e.g., Jxn ERy, Jn=1 ***> Ju)-

Let J x> s/ y' denote J,> J/foralli€S. Similarly, [y >s/x"and Jy=sJn'
are defined. When S=N, simply Jy > Jy' or Jy = J§' is used.

* Department of Applied Mathematics and Physics.
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Definition
An n-person characteristic function is a set N with n members, together with
a function » that carries each subset S of N into a subset V(S) of Ry, where
(1) V(S) is closed;
(2) V(S) is comprehensive, i.e., JyE0v(S);
JNERy, and JN'<sJy imply Jy'E0(S);

(3) o(S) is convex;

(4) v is super-additive, i.e., if $ and T are disjoint subsets of N, then o(SU T')
Du(S)No(T);

(5) v(¢)=Rp.

Intuitively, 2 is a function which maps a coalition S onto the set of payoff
vectors for which § is “effective.”” Two notions of effectiveness that determine
such a characteristic function are usually defined as follows:

(1) A coalition § is said to be a-effective for [y ERy, if and only if there

exists a (correlated mixed) strategy for S which assures each member ¢
of § a payoff of at least J; against any strategy of N—J.
(2) A coalition § is g-effective for Jy € Ry, if and only if, for each strategy of
N—S, there is a strategy for § which yields to each member ¢ of § a payoff
of at least J;.
Definition

Suppose Jy'€v(S). If Jy'>gJn, it is said that [’ dominates [y via S,
and write Jy' Domg Jn. Let J)' Dom' Jy denote [’ Domg Ju for some §
such that Jy’€(S), and Dom K denote the set of Ju in Ry such that [’ do-
minates [y, i.e., /5’ Dom [y, for some [y in K.

It is easily shown that there is a number »; (real, oo, or —c0) such that v ({i})
={JnERN|J:<v;}. This leads to the following:

Definition »

A point J is called individually rational if J;>v; for all i€ N. The point
Jn is called group rational if there is no Jy’€&H such that Jy'> [y, where H is
a convex hull of possible outcomes of the game. Let 4 denote the set of points
in H which are individually rational and group rational.

Definition

An n-person game is an n-person characteristic function (N,v) together with
a subset HC#(N) such that a payoff vecter [y is in (N) if and only if there is
a payoff vector Jy’ in H such that Jy'> Jy. A solution to the game is a set
V(c 4) such that

V=A—Dom V.



A Method of Determining Characteristic Functions for Cooperative Differential 171
Games without Side Payment

[2] Equation of a system
The state of the system is described by the differential equation

_;I?x‘ =f (% ty, v, Uy 8), x(0) = x,,

where variable x is a state variable, #;’s are control variables and ¢ is a time variable.
Time interval [0,¢,] of the process is fixed. Player ¢ decides u; whose value lies
in a closed subset of R™:. u; should be included in a class of piece-wise continuous
functions of time f. Let us define u; as pure strategy and U; as a class of pure
strategies.

Function f and partial derivative 8 f/0x are defined and assumed to be
continuous in XX U, x U, X, -+, X U,. In the following, U, is assumed to be R™:
space for simplicity.

[3] Payoff functions and payoff vectors

Player i has a payoff function

J; = K,.(x(tf))+S:’L,.(x, u, 1) dt

where K; and L; satisfy the same conditions as f. J; is also described for a given

pure strategy as

Ji=(Jv Jn) s
In=0J1 ", Jn), and Js=(J;):cs are the payoff vectors and Euclidean spaces which

contain these payoff vectors which are described as R, and Rg, respectively.
If § and T are different coalitions, Rg and R; are considered to be different
spaces,
[4] Mixed strategy

Let us consider a mixed strategy by a pair of finite pure strategies and pro-
bability distributions

(ui1, MY uik 2" 1 >0
ﬁx, ""pk "-lpi - pj— .

When player 7 uses a mixed strategy and the other players use pure strategies,
the payoff vector is defined by the expectation

k
lz_lpj.]N(uv ey Uygy U, Upyyy o0y u,,) .

The payoff vector is analogously defined when more than two players use

mixed strategies.
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.

3. Determination of the sets H and A.

Let G be a set of feasible payoff vectors for pure strategies. G is assumed to
be a compacet set in Ry. By the theory of convex analysis it is easily shown that
the set H of feasible payoff vectors for mixed strategies is a convex hull of G and
also a compact set in Ry. Since H is a closed convex setin Ry, H is an intersection
of all the closed half spaces which include H in Ry.

Theorem 3.1.

The set H of feasible payoff vectors is given as follows:

H = gA {In1 Gy I < max (Ans> Jn)}

where
Ay = w2 =1, 2y = (ks -+, 1)}
and
Ans In) = ?:::; A -
Proof.

Since (1y, Jn) is a continuous function of [y, and G is a compact set in Ry,
it achieves its maximum in G. It also achieves its maximum in H, meaning that

these two maxima are equal to each other, as shown by the following:

max Ay, Jn) = max (Ay, Jn) -
JNEE JNEG

A closed half space in Ry which includes A and has the normal vector 2y is
expressed by an inequality,

Ans JN) < max (An> Jn) = max (Ans In) -

Therefore, H is expressed as the intersection of the closed half spaces. This
completes the proof.
Definition

For any subset § of N,

Rst = {Js| J:=0, ieS},

Rs™ = {Js|J:<0, ieS},

Rs*(Js*) = {Js|Ji—Js* =0, i€S},

Rs™(Js*) = {Js| Ji—Js*<0, iES} .
Theorem 3.2.

4 = eq\ +'[f1v| (An> In) = max An> In)s INEHY N Ry (vy)

In
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where
Ayt = {'leé A=1,24>0ieN}.
=1
Proof.
It is shown that the set 4’'= U {Jn|(y, Jy)=max(dy, jN):JNEH}
Agehy® Egmer

is individually rational, because it is a subset of Ryt (V). It is sufficient to show
that A’ is a set of group rational points in H. Let Jy* be an arbitrary element of
A’. Then there exists 1, in A yTsuch that

(An> IN*) = Qx> TN

for J5'€H which is different from Jy*. Therefore, there exists an index 2 such
that ;>0 and J;*> J/. This means thta Jy* is a group rational point.

Inversely, let J,* be an arbitrary group rational pointin H. Jy™* is a boun-
dary point of H, because no interior point of H can be a group rational point.
Because of the group rationality of Jy* in H, H includes no interior point of
Ry*(Jn*). Therefore, this means that the convex sets H and Ry*(Jy™*) are
separated by the hyper plane which has non-negative coefficients and includes
Jn¥, as shown by the following:

Aws IN)<(An> IN®), AnEANY, InEH.

Because [y* is a point of H,

Aws JN¥) = .xrna:; (An> INn) = ;nae’; (Axs IN)

JNEAU+ {UnlQns Jn) = max (Ans Jw), JnEH} .
5 x

This completes the proof.
By the Theorem 3.2. the problem of determining set 4 is reduced to the optimal

control problem which has modified objective functions with parameter 4,
(An> Jn) = Z:Jl li{Ki(x(tf))'i'S:fLi(x’ Uy, t)dt} .

By the theory of optimal control, an optimal solution ux*(t) satisfies the equation.
max H ((t), x*(t), un () = H(p(2), #*(t), un™(2))

LI (O]

where

H(‘/’, Xy uN) = (¢’f(x’ Upns t))"’g zo'Li("Q Uns t) H

and adjoint variable ¢(¢) satisfies the differential equation,
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d(t) _ —¢ A f(x*, un*, t)
dt Ox

with the terminal condition,

i) =34 L’gix(*t‘(;f)) ,
J

4. Representation of v, (S) and v4(S), I
Let 2,(S) be a characteristic function in the sense of a-effectiveness.

Theorem 4.1.

24(8) = co wy(S) X Rpr-s 5

where
we(S) = U{ N (Rs™(Js(us, un-s)))}
Uw Un_s
and w,(S) is assumed to be closed.
Proof.

Let Jg* be an arbitrary element of co w,(S). Then, by the convexity of
co w,(S),

1]
Js* = ‘Z_.}Pifsi
where
Js€wy(S), Xpi =1, Hi20, i=1, -k,
i=1

and there exists a control ugf & Ug such that

Js' EU N Rs™(Js(us?, un_s)) -
¥-8
Therefore,
J&' < Js(us's un-s) forall upy_sEUy_s -

If a coalition § uses a mixed strategy,

(“sl’ Us®y ++%s uSk)
b bz s Pa
the coalition § assures Jg¢* for any mixed strategy of the coalition N—S

1 2 ... 2
(”N—s sUN-ss *H UN-S )

9 5 Gz 55 4y
where
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]
Eq; = 1, q,-20, 1= 1, 2, "',’l.
i=l

Inversely, let us show that the coalition § cannot assure the payoff Jg’, which
is not contained in co w,(S) when the coalition § decides a strategy first and the
coalition N—S decides a strategy next, knowing the strategy of §. It is impossible
to express [y’ by any finite Jgf€w,(S) as;

X x
Js' = ;P:Js"’ Eﬁi =1, ;>0.

Therefore, for a vertex Jg(us’, uy.s’) of N Rg™(Js(us, un-g)), us€Us, the
Uw-s
inequality

k
Js'< iE_‘P;Js(us‘, uy-s')
cannot be satisfied. That is, there exists a subscript j €S such that
k
Ji'> '_2_1[7»"];'(”3', Uy-s') -
The coalition § cannot assure J,” when the coalition N—S§ uses a mixed strategy

.. k
Us 5,5 Us

Un-s's ***y Un_g®
b oss Pa

in the superior game. Therefore, it is shown that the set considered above is
a-cffective for the coalition § and is the largest.

It is noted that the following three properties hold;

(1) 9,(8) is closed, because w,(S) is assumed to be closed,

(3) v,(S) is convex, because 7,(S) is the product of convex hull of w,(S) and

Ry_s.

(5) v(¢)=Ry, when S=¢ in Ry _s.

In the last case, let us prove the super-additivity of v,(S).
If S and T are subsets of N and SN T=¢, then

U (SUT) =cow,(SUT)XRy_sur s
24(8) N94(T) = {co ,(S) X Ry_s} N {c0 w,(T) X Rur_r}
— [ w,(8) X Rr} N oo w,(T) X Rs} ]
XRy_sur -
For an arbitrary element Jgy7*= J¢* X Jr*in v,(S) Nv,(T), there exist ug* (up_s)
and u;*(uy_4") such that

Js(us*(un—s"), un-s") = Js* ,
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Jr(ur*(uy-1")s un-r )= Jr*

for any uy_¢’ and uy_5’.

Therefore, if ugyr*=ug*(uy_g) X ur*(uy_7), then
Jsvr(usor®*(n-sur); tn-sur) 2 Tsur™ .
This shows the relation
2,(S)Nv (T, (SUT).

This completes the proof of the Theorem 4.1.
Next, let #5(S) be a characteristic function in the sense of g-effectiveness.

Theorem 4.2.
v8(8) = N [co {szJ {Rs™ (Js(us, un-s))} I X Ry _s
N-8 8

where ILTJRS-(Js(us’ #n_g)) is assumed to be closed.
S .

74

Proof.
Let us define
wp(S) = N [co {U {Rs™ (Js(us, un_s))}1-
Uw_s Tg
Let us take J*Ewg(S) arbitrarily. Then the relation

JsEco {y {Rs™(Js ™ (us, un-s))}}
s
is satisfied for any uy_sE Upy_g. By the definition of a convex hull, it holds that
& . . _ .3
Js* = 2110'\]3" Js'E }TJRS (Js(us, un-s))s z;.ﬁi = 1,20
i= s i=
Moreover, there exist ug'/(uy_g) for J¢f and uy_g such that

Js(us'(un-s); un-s) = Js'

by the definition of Rg~. Therefore, the coalition S can assure the payoff Jg*

using a mixed strategy

']
u.‘s(“}v-s): **% u§ (“fv-s)

k
ufv—s » 'y UN-s
pl s % pk

in this superior game, because
k . . L] .
gl’i.]s(”s' (un-5) ”N—%)Zgl’i st =Js*.

Inversely, it should be shown that if Jg’ is any element not contained in wg(S),
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then the coalition N—S has a strategy which does not assure payoff /¢ for the coali-
tion 8. If J'€wg(S), then there exists uy_g’ & Uy._g such that

Js/efa’{yRs—(Js("Sa un’s))}

and it is impossible to satisfy the equation

3 . _ )
Js' = Z;Pifsi; Js'E}JRs (Js(us, un—s)), ZIP.' =1,$20.
i= g =
It is possible to satisfy the inequality,

Js(us'(un_s"), un-s") = Js* »

taking usf & Uy suitably for each J¢f, but it is impossible to satisfy the inequality,

'.E:; piJs(us’ (un_s"), un-s) 2 Js' -

That is, there exists at least one subscript j €S such that
Li o
Ji'> gll’ifj(“s‘(“zv—s')a uy-s’) .

Therefore, coalition § cannot have a strategy which assures the payoff Js’ when
the coalition N—S uses u,,_g" as defined above. Properties (1) and (3) are trivial,
(4) and (5) are shown by the same way as the proof of Theorem 4.1. This com-
pletes the proof.

5. Representation of v(S) and v(S), I
Theorem 5.1,

U4(S) = nA +{JN| (2 Js) <23 max min_ 34 J;(us, un-s°) ,
rgE=Ag s

iy _g') i€
Jn-sERy_s}
Proof.
A supporting hyper plane of v,(S) is given as follows,

(s Js) = max (umini) éli\fi(us» Un-s') »
s Yw_52*
because

. N Rs™(Js(us, un-s)) = Rs™(Js™*(us))

.
where

Ji*(us) = inin Jilus, un_s) = Jilus, u(N-s‘/(“s))
-8

and
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we(S) = URs™(Js*(us)) -
8
Since a supporting hyper plane of Rg™([Js*(ug)) is

(2ss Js) = (s, Js*(us)) -
a supporting hyper plan of co w,(S) is
(2> Js) = H}fax (s, Js™(us))
8
=max min 334 [J;(us, uy-s') .
“s Uy g
This completes the proof.
An analogous Theorem for »5(S) is shown without a proof.

Theorem 5.2.

vp(S) = ﬂ {JN| (s, js)<m1n max (s, Js(ts; un-s))s Jn-sERN_s}

Y-8 "s

6. Optimal solution of two person differential games

In the previous sections, the problems of determining characteristic functions
v,(S) and vg(S) are reduced to maximin and minimax control problems with par-
ameter 2,, respectively. -
In this section, the necessary conditions of opt1ma1 solutions are obtained by
the theory of differential games.
I. Determination of v,(S).
A system is described by the differential equations

‘fl"_t' — [, g,y 1), #(0) = 7y i €S,

An objective function is
le(us, uy-s') = 21 (K (#* (tf))+s L;(#*, ug, uy o', t)dt .

The coalition § wants to maximize and N—.S wants to minimize the objective func-
tion.
I-1. When the objective function J, has a saddle-point, that is, the equality
max min_ J, = min max J,
“s Uy g gy 51 ¥
holds, and the optimal controls ug¥(¢) and uy_gs"*(t) satisfy the following necessary
conditions

max min 33 H (1), x*(1), us(2), uy-s'(t)) = 2L H($H(E), *(1) 5

us ( Sl) i€s
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us* (1), uy_s™*(t))

where
H(¢f, & ug, upy_s*) = (P4, f (%, ug, Un-s')) FALi(x ug, up g, t) .

Adjoint variables ¢¢(t) satisfy the differential equation

a¢f _ ___‘/,iaf(x"*> us*, uy_s'*, t)__z.al‘t'(xi*: us®, un_s'*, t)
dt axt ) oxt

with the terminal conditions

; K (x*(t,))
ity = 5" NS
#r) axi(t,)
I-2. When the objective function J, has no saddle-point, the optimal controls

ug*(x, t) and uy_ (x4, ¢) satisfy the inequalities

2 Hu(‘lbu‘.’ xi*) Ug, uN—Si/(xi’ Us, t)) —<- EHu(‘pui: xi*’ us*(xi’ t): “N—Si,(xi’ ’)) EH

ie8
and

,EZB H, (7, 2™, ug* (&%, t), uy_s") = gHu(sb.,‘, at*, ug* (xf, 1), uy_s*' (2%, 1)) ,
where

Hu(‘/’u;, xi: Us, uN—Si) = (Sbui,f(xi) Uss “N-Si’ t)) +liLi(xi: Ug, uN—S"’ t) H
and

Hv(‘)bui: xi’ Us, uN—Si) = (‘)bvi,f(xi: Us, uN—S" t)) +liLi(xi: Ug, uN—Si’ t) .

Adjoint variables ¢,/ and §,* satisfy the differential equation

a9i(t) _ —g i A f (2™, us™, uy_s", t) _x'aL;(x"*, us*, uy_s", t)
dt oxt ! %
and
———d‘/,”i(t) = —¢ i af(xi*! uS*> uN—S"/s t) __Z.aLi(x‘*: us*, uN_si,, t)
dt v Oxi 1 o

with the terminal conditions
: ; OK;(x™*(ts))
$uilty) = () = 2500 5
II. Determination of »(S).
A system equation is described by the differential equation

d:
B sty 1, (0) = 5.
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An objective function is given as follows:

Je = Eglifi(”s: Un-_s)

II-1. When the objective function Jg has a saddle-point, the optimal controls

ug*(t) and u,_g*(¢) satisfy the following necessary conditions:

min max H(‘lb(t)’ x* (t)’ us(t): uN—S(t)) = H(¢', x*3 us*: uN—S*) H
y_gt “s

where
H(‘)b; X, Ugy uN-S) = (‘r”,f(x: Ug, Un_s; t))"*_i;sxil‘i(x) Ug, UN-83s t) .

Adjoint variables satisfy the differential equation:

d([’(t) — _‘p af(x*s us*, uN—S*; t) _E 2 aLi(x*’ uS*: uN-S*, t)
dt ox e’ ox

with a terminal condition
8K, (s, (1))

I1-2. When the objective function has no saddle-point, optimal controls ug/(x, ¢)

P(ty) = '_A:_-p;li

and uy_g*(x, t) satisfy the following necessary conditions:

Hu(sbm X, Ug, uN—S*(x’ t))SHu(‘pw X, usl(x’ t)’ uN—S*(xs t))

and

H, (s %, us'(x, un_s, ), uy-s) 2 H,($,, %, us'(x, 1), uy_s*(%, 1)) ,
where

H,($y, %, us, y_s) = (P S (%, Us; 4y _s, 1)) +§glilﬁ(% Us, Uy -5, 1)
and

H, (¢, %, us, upr_s) = (P S (%, us, upy_s, t))+§ ALi(x, us, un_s, t) -

Adjoint variables ¢,(¢) and ¢,(¢) satisfy the differential equations:

dsbu(t) — _‘/} af(xi*: usla uN—S*a t) ___Z 2 aLi(x*, uS*’ uN—s*, t)
dt * ox = ox
and
d‘)bu(t) — _¢, 6f(x*s us’s uN—S*’ t) _ 2 A aLi(x*s uSI’ uN—S*a t)
dt Y Ox - Ox

with the terminal conditions

- _ sz aKi(x*(ts)
¢u(tf) _ Sbu(tf) - ;ltw .
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7. Conclusion

In this paper, a method of determining the characteristic functions is discussed
for cooperative differential games. The problem is reduced to the two person
differential games or optimal control problems, with the objective functions of
the maximin type and the minimax type.

It is shown that there are two different types of objective functions with par-

ameter 2, one being
Jo = 2 2 J:(us, un_s)
=
for a-effectiveness, and the other being
Jo = Z‘_g 2;Ji(us, un-s)

for g-effectiveness. The necessary conditions for the optimal controls are obtained

for both cases.
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