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Abstract 

A numerical analysis was made for the ionized reacting, thermal non-equili
brium boundary layer which develops along a shock-tube side-wall, behind an ionizing 
incident shock wave. The boundary layer was found to change according to the ioniza
tion relaxation of the inviscid flow behind the shock wave. It was shown that the 
temperature in the boundary layer becomes higher than the temperature outside of 
the boundary layer in the rapidly ionizing region behind the shock wave. 

The numerical solutions were obtained for the case of the incident shock Mach 
number Ms=l3, initial pressure Pi=IO torr and initial temperature T 1 =300°K. 

Nomenclature 

C degree of ionization 

Gp specific heat 

Da ambipolar diffusion coefficient 

f non-dimensional stream function 

h enthalpy 

k Boltzmann constant 

kfa ionization reaction rate coefficient by atom-atom inelastic collisions 

k fe ionization reaction rate coefficient by atom-electron inelastic collisions 

k,.6 three body recombination rate coefficient 

m dimensionless degree of ionization C/C8 

ma mass of a heavy particle 

me mass of an electron 

M
8 

incident shock Mach number 

na number density of atoms 
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n6 number density of electrons 

p pressure 

P,. Prandtl number 

R energy transfered from heavy particles to electrons due to elastic collisions 

RA gas constant 

Sc Schmidt number 

T temperature of heavy particle gas 

T. temperature of electron gas 

TA,: characteristic temperature for excitation 

Tio,.: characteristic temperature for ionization 

u velocity, dimensionless velocity u/ua 

Us incident shock speed 

x coordinate 

y coordinate 

7/ non-dimensional coordinate 

(} dimensionless temperature of heavy particle gas T/ Ta 

8 dimensionless temperature of electron gas T 6 / T.a 

A thermal conductivity of heavy particle gas 

A6 thermal conductivity of electron gas 

µ viscosity 

11. collision frequency for electrons and heavy particles 

~ non-dimensional coordinate 

p density 

Introduction 

Flush-mounted electrodes on a shock-tube side-wall are widely used to measure 

an ionized gas behind an incident shock wave. The success of these measurements 

depends on the understanding of an ionization relaxation behind a shock wave and 

a boundary layer along a shock-tube side-wall. The free-stream behind a shock 

wave is ionized reacting. In a state of thermal non-equilibrium, it changes in 

velocity, temperature and degree of ionization. Therefore, the solutions of the 

boundary layer equations are not similar. 

The present work concerns a numerical analysis about an ionized reacting and 

thermally non-equilibrium boundary layer which develops along a shock-tube 

side-wall, behind an incident ionzing shock wave. It can bring light on such 

problems that boundary layers vary according to sudden changes of the free-~tream 

on the 04ter edge of bo4ndary layers, 
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Knoos'l and Honma & Aoki2
J studied the problems of shock-tube side-wall 

boundary layers. Their analyses are based on the assumptions that the free

stream is equilibrium, and the boundary layer is equilibrium or quasi-equilibrium. 

Analyses of flat plate boundary layers in partially ionized gases, which are obtained 

in a low density plasma wind tunnel, were carried out by Tseng & Talbot3J con

sidering thermal non-equilibrium and recombination, and also by Matsuoka & 

Nishida'J considering thermal non-equilibrium. A detailed review of numerical 

analyses for boundary layer equations was made by Blottner5
J. Recently, Chung, 

Talbot & Touryan6
J summarized and discussed the theoretical results on electric 

probes. 

We will obtain numerical solutions of the boundary layer over a shock-tube 

side-wall for the case where an incident shock wave, whose shock Mach number is 

Ms= 13, propagates into a stationary argon gas of initial pressure p1 = 10 torr and 

initial temperature T, = 300° K. This condition can be produced by the free-piston 

shock tube in our laboratory. 

2. Ionization Relaxation behind an Incident Shock Wave 

Several authors7
J,BJ analyzed problems of a relaxation zone behind an ionizing 

shock wave which propagates into a stationary argon gas. In this study, we will 

carry out calculations by using the method of Hoffert & Lien7J. In a coordinate 

travelling at the velocity Us of the shock front, equations of continuity, momentum, 

energy, electron number density and electron temperature are 

pu = p,Us 

P+Pu2 = P,+P,U~ 

h+u2/2 = h,+u:;2 
d(neu)/dx = ne 

]__kneudTe = R-(ne).kT;o,. 
2 dx 

where p = pRA(T+CTe) 

h = Cp(T+CTe)+CRAT;o,. 

n. = pC/m0 

( 1 ) 

( 2) 

( 3) 

( 4) 

( 5) 

The subscript 1 refers to upstream conditions. The energy transfer rate due to 

elastic collisions can be written as follows: 

The net rate of electron production 1'6 consists of two processes. One is tht; 
reaction rate by atom-atom inelas\ic coUisions; 
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( 7 ) 

The other is the reaction by atom-electron inelastic collisions and three body 

recombination rate: 

( 8) 

Therefore, the net rate of electron production n
8 

is written as follows: 

( 9) 

In the present work, we assume that the electron temperature is in a local steady 

state: the left hand side term of eq. (5) is everywhere much smaller than either 

of the terms on the right hand side. Thus, the following equation is used instead 

of eq. (5). 

We carry out numerical calculations at a shock Mach number Ms= 13, upsteam 

pressure p1 = l 0 torr and upstream temperature T1 = 300°K. Fig. l shows variables 

of flow properties in a relaxation region, normalyzed by the equilibrium zone. 

The flow properties at the equilibrium zone are 

U0 = 748 m/s, T0 = 11762°K, C0 = 0.058 

Po = 1.20 X 104 g/cm3
, ll80 = 1.04 X 1017 cm- 3 

A characteristic length l of the ionization reaction in the equilibrium zone is 

taken as a unit length of the coordinate. At present, l=0.68 cm. 

Fig. 1. Variation of flow properties in the ionization 
relaxation region behind an incident shock 
wave, 
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y 

Fig. 2. Boundary layer along a shock-tube side-wall. 

3. Boundary Layer over a Shock-Tube Side-Wall 

The numerical analysis for an ionized boundary layer along a shock-tube 

side-wall is made with the following assumptions: (i) the ionization relaxation to 

equilibrium occurs in the freestream behind a shock wave; (ii) ions and electrons 

are ambipolar; (iii) the electron gas is in a state of thermal non-equilibrium with 

the heavy particle gas; (iv) the electron production rate consists of atom-atom 

ionization rate, atom-electron ionization rate and three body recombination rate; 

(v) the velocity on the wall is Us and the temperature of heavy particles on the 

wall is equal to the wall temperature Tw; (vi) the wall potential is floating; (vii) 

the wall surface is a catalytic metal; (viii) the boundary conditions of the ionization 

degree and the electron temperature on the wall are derived from the assumption 

of a free fall sheath. 

Basic equations are steady two-dimensional boundary layer equations. Let 

x and y be coordinates along the wall measured from the wave front and one 

perpendicular to the wall, respectively. The equations of continuity, momentum, 

energy, ionization degree and electron temperature are 

a(pu) + a (pv) = O 
ax ay ( 11) 

p (u au+ V au) = - dp + !_ (µ au) 
ax ay dx ay ay (12) 

p(uaH+vaH) = _aq+!_(uµau) 
ax 8y 8y 8y 8y 

(13) 

P (u8C +vac) = !_ {PDa!_(c I+ Te/T)} +mane ax ay ay ay 2 
(14) 
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C { 
a(CT,)+ a(CT,)} pp U--~ v~-~ 

ax 8y 

= ~-{A ar•+c T D !_(c I+ T./T)} +R-kT- (ii) (15) ay • ay P ,P a ay 2 wn • e 

where H = Cp(T+CT0 )+CRAT,0 n+u2/2 

= -AaT -A ar._(R T- +c T). D !_(cI+T./T) 
q ay e By A ,on P e P a ay 2 

In the electron temperature equation (15), the term v"vp. is dismissed. This term 

is very small compared with others on the right hand side of eq. (15). Chung & 

Mullen9
) also disimissed this term in their study on non-equilibrium electron 

temperature. This dismissal makes the analyses somewhat easier. Temperature 

equation of heavy particles can be obtained from eqs. (12), (13) and (14). 

pCp(uaT +v 8T)- udp = !_(A aT)+µ(au)2 -R-kTion(n.)a 
ax ay dx ay ay ay 

( 16) 

Eqs. (14) and (15) reduce to 

pCpC(uaT•+vf!_I__.) = !____(J. ar•)+ pD
0
!._(c I+ T./T)!_ (CpT.) 

ax ay ay ay ay 2 ay 

+ R- {(kT,0 n+m0 Cp T.) (n0 ).+m0 Cp T 0 (n.) 0 } (17) 

The electron production due to atom-atom inelastic collisions is not so important 

as that due to atom-electron collisions except in the initial stage of ionization. Mo

reover, the kinetic energy of electrons produced by atom-atom inelastic collisions is 

still not clear. Hence, the terms containing (ii0 ) 0 in eqs. (16) and (17) are omitted. 

It is worth noting that the term of (n.) 0 in eq. (14) can not be omitted because of 

compatibility with the conditions at the boundary layer edge. 

Boundary conditi'ons for eqs. ( 11 )-( 17) are 

y = O; U = U8 , V = 0, T = Tw (18) 

y - oo; u - u8(x) , C - C8(x) , T- T8(x) , T. - T.8(x) (19) 

where subscript o refers to the boundary layer edge. 

4. Boundary Layer Equations 

Chung10
i reviewed the boundary layer theory of chemical reacting dissociative 

gas, which is available in analyzing the present problem of an ionizing boundary 

layer. 
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4.1 Transformations 

The following similar transformations are introduced: 

New variables are defined as follows: 

With the assumptions that pµ, P, and Sc are constants, eqs. (12), (14), (16) and 

(l 7) are reduced to 

where 

2, (f,,A.,, -Af.,,.,,) = fm +ff,,.,,+ (2, /ua) ( dua/df) ( 0-J!) 

2f(J,,mi-fim.,,) = M.,,.,,/Sc+fm.,,-(2f/Ca)(dCa/df)r,if.,, 

+( a'Pa+( j'P f-( r'Pr 

2f(f,,0~-A0.,,) = 0.,,,,,/Pr+fO.,,+(u;;cpTa)J!.,,-oCarR 

-(U/Cp T 8)d(CpT8+u;/2)/df • Of,, 

2f( +8 _r.e) = _l_ J_(tCfJ) +J_ M.,,8.,,+Je _Ji_ dTea €J, 
J-., ~ :1 ~ "' P "' "' S "' T dt: J'r/ re m C m e8 \, 

(20) 

(2 l) 

(22) 

(23) 

In these reductions of equations, such relations are used that p/p8 = l/0 and 

J. 6 /J. 68=8512
• The collision frequency for electrons and heavy particles, which 

appears in the term of energy transfer due to elastic collisions, is assumed to be the 

electron-ion collision frequency. Several parameters in the transformed boundary 

layer equations are written as follows: 
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Tu= 2.:/{(pµ)aun, Ta= nea/{kfa(Ta)n!a} 

'f = l/{kfe(T8a)naa}, Tr= l/{kre(Tea)n!a} 

TT = (6/5)(m8 /m0 )ll8 a 

Tu is a characteristic time of the flow. r a, r: f and r,. are characteristic times of the 

atom-atom ionization, the atom-electron ionization and three body recombina

tion, respectively. r T is a characteristic time of the energy transfer. Fig. 3 shows 

parameters obtained from the calculations of ionization relaxation (Fig. 1). 

104 ~------------~ 

103 

102 

10 

I 0-1 

102
~~-~ 
0 

Fig. 3. Variation of parameters of the boundary layer. 

4.2 Boundary Conditions and Initial Data 

The boundary conditions for transformed boundary layer equations are 

7) = 0: f = 0, f,, = Us/ua, (} = Tw/Ta 

m = 0, 8 71 = 0 

(24) 

(25) 

7J--HX): f,,, m, 0, 8 .- l (26) 

Eqs. (24) and (26) correspond to eqs. (18) and (19). Eq. (25) will be discussed 

in the Appendix. 

At e =0, the functions of j, m, (} and 8 must satisfy the equations (20)--(23) 

whose parameters are 

(f=(r=a=0 

t: 0 = (2.:/Ca)(dCa/d,:) = 2 

(2.:/u8)(du8/dt) = (2.:/CpT8)d(CpT8+uV2)/dt 

= (2,:/Tea)(dTea/d,:) = 0 

The equations (20)--(23) reduce to ordinary differential equations at e =0. The 

solutions of these differential equations, which satisfy the boundary conditions 

(24)--(26), are taken as initial data. Specially, 8=.1 at t:"=0. 



A Numerical Ana{ysis on the Ionized Boundary Layer along a Shock Tube Side Wall 341 

Parameters which appear in eqs. (20)-(23) must satisfy the following relations 

because of the compatibility at 7J -HX>. 

(2eJC8)(dC8Jde) = C0 +Cf-Cr (27) 

(2e/CpT8)d(CpTa+u:J2)Jde = -aCa-rRa-C0 Ca-rRAT;0 n/(CpTa) (28) 

(2r:/Tea)(dTea/de) = aRa-(RATion/CpTa+I)(( f-(r) (29) 

where R8 = 1/-r-l 

These equations must satisfy the boundary layer equations at the boundary 

layer edge. In the present work, the right hand side term of the eqs. (27)-(29) 

is determined by the values obtained in the analysis of the relaxation region 

(Fig. 3). 

5. Finite Difference Equations 

For convenience of a numerical computation, we put u=f~, then 

(30) 

The equation (20) can be written as follows: 

(31) 

When we replace the equations (30), (31), (21), (22) and (23) with finite difference 

equations according to the Crank-Nicolson's method, the resulting difference 

equations are 

L" = _!_ Mj+1-2Mj+Mj_1+fnmj+1-mj_1 
mJ S h2 J 2h 

C 

(32) 

(33) 

(34) 

(35) 

(36) 
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L;,
1 

= _1_ ,1:j Bj+1 -2ej+ ej_1 +-1- _!__ Kj+1-Kj_1 Bj+1- e:;_1 
P,., mj h2 P,.6 mj 2h 2h 

+ L J__ M'.i+1- M'.i-1 B'.i+1-Bj_1+f" e:;+1- e:;_1 
Sc mj 2h 2h J 2h 

-Xr.Bjuj+a"~-(E~+Bj) (i<f>iJ-n(,.</>~J 
mJ mJ 

(37) 

where subscriptsj and n refer to grid points of e-direction and 7]-direction as shown 

in Fig. 4. 

1~,a~ 
j-1 

n n+1 

Fig. 4. Grid points of difference schemes. 

The boundary conditions for finite difference equations are 

j = l (71=0): f, = 0' U1 = Uw(e") ' ml = 0' 

(Jl = 0wW') ' e2 = el (38) 

j = N (7J=(N-l)h): u,. = m,. = 0,. = e,. = l (39) 

As this system of equations is non-linear, it cannot be solved directly. In order 

to linearize it, we put Jfi=Jj+ 1 -Jj, Jwi=wj+ 1 -wj and drop the quadratic terms. 

The resulting linear system of equations can be written as follows 

(40) 

2(e"+e"+l) (W'.i+1-w'.i-1 Jfj -undWj)+JL . = -2L"wj 
2h k 1 k WJ 

(41) 

JLw· = ~ ~(aL':,,1),1v+~(aL':,,1),1x 
' , v av x ax 

where l = j- l, j, j + l. A function V stands for f, u, m, () and e. A variable X 

stands for Xu1, ···,Xr., ( 0 , ···, a, r, Ca,··, T.a, ... , Ee, etc. The truncation error of 

this system is not under the influence of linearization. When fj, uj, mj, and Bj 

(j= I, ... , N) are known, the unknown variables Jfi, Jui' Jmj, J() i and JB i can be 

obtained by solving the system of 5 ( N- l) simultaneous linear algebraic equations. 
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6. Result and Discussion 

The numerical analysis was made for the case of shock Mach number Ms= 13 

(U8 =4.2 Km/s), initial pressurep1 =l0 torr and initial temperature T1 =300°K. 

In this calculation, similar parameters of Pr=0. 7, Sc=2.3 and Pre=0.0179 are used. 

Parameters in the non-dimensional boundary layer.equations are obtained from the 

numerical results in the relaxation region of the free-stream. In the numerical 

program, 61 points are employed from 7)=0 to 6 across the boundary layer with 

the mesh size h=0.l. With the step size along the shock-tube side-wall being 

dx=0.0I, the numerical calculation was carried out from x=0 to 7.6 for 760 steps. 

We made this numerical analysis with the SUBROUTINE GAUELS of the 

Gauss elimination method, using Kyoto University's Computer FACOM-230-75. 

The ionization relaxation region of the free-stream shown in Fig. 1 can be 

divided into three parts. One is the frozen region from x=0 to 4. Another is 

the region between x=4 and 6 where rapid ionization occurs. The other is the 

equilibrium region of x:2::6. The boundary layer flow was found to vary accord

ing to the change of the free-stream. 

Fig. 5 shows temperature profiles of heavy particles in the boundary layer. 

(D 

Fig. 5. Temperature profiles of heavy particles 
in the boundary layer. 

The temperature distribution does not vary in the region from x=0 to 4. In the 

region where the rapid ionization occurs and the temperature decreases in the 

free-stream, it was found that the temperature in the boundary layer becomes higher 

than that of the free-stream. The reason for this phenomenon will be explained 

below. The flow patterns of the free-stream and the boundary layer are shown in 

Fig. 6. Let us imagine that two gas particles go through the position x1 at the same 
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II 
Shock Wove 

) ~ • ! > 

8 ! j -------

~ 
~ndory Layer 2 l 

Fig. 6. Flow configuration of a boundary layer. 

time. One flows in the free-stream and the other goes into the boundary layer. 

When the gas passing through the point B1 reaches the position x2, the other arrives 

at the point A2 because the velocity in the boundary layer is larger than that in the 

free-stream. The temperature at A3 is lower than that at A2 • Therefore, the 

temperature of the gas at B2 is higher than that at A3, if all the effects of the 

boundary layer can be dismissed except the effect of the velocity. The discussion 

above may be the main reason for the temperature overshoot, in spite of the fact 

that in the boundary layer, thermal conduction occurs, and that the ionization 

and the energy transfer are different from that of free-stream. 

Fig. 7 shows the temperature profiles of the electron gas in the boundary 

layer. The electron temperature profile does not vary until the free-stream becomes 

equilibrium. The electron temperature near the wall, in the equilibrium region of 

the free-stream, decreases towards downstream. This results from the energy 

transfer due to elastic collisions and ionization reacting near the wall. 

Fig. 8 shows the profiles of degree of ionization in the boundary layer. The 

I 

CD X 
5.6 

0.9 6.0 
6.4 

0.8 '-----6.8 
"'7.6 

f\ 4 5 

Fig. 7. Electron temperature profiles in the 
boundary layer. 

E 

0.5 

2 3 4 5 

Fig. 8. Profiles of degree of ionization in 
the boundary layer. 
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distribution of the ionization degree does not change essentially until the free-stream 

becomes equilibrium. After the equilibration of the free-stream, the degree of 

ionization begins to increase as the ionization proceeds in the boundary layer. 

This is because the degree of ionization is small near the wall and the electron 

temperature is still high enough to ionize. 

The gradients of the heavy particle temperature ()>Jw and non-dimensional 

ion current MYJw have been obtained with the accuracy of O(h2
) by using an extra

polation formula. 

Fig. 9 shows N,,Jy' R,.. Nusselt number N,, and Reynolds number R,. are 

defined as follows 

N = lx 8TI 
" Ta-Tw By .w 

Rx= (PoUalx)/µo 

(42) 

(43) 

where x is in a non-dimensional scale and l is the unit length. 

Fig. 10 shows the ion current defined as follows: 

(44) 

where e is the electron charge. The coordinate oft in Fig. 10 is the time elapsed 

after the shock arriving at the observing point. In the present analysis, the side 

N ..... 

50 

- >< 
0:: ...... 
::, 
z 

0 ' 
0 234567 

X 

0 104 2xl04 

Rx 

3 

Fig. 9. Variation of Nusselt number in the 
region behind a shock wave. 

X 

0 5 IO µsec 

Fig. JO. Variation of the ion current 
after a shock arrival. 
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wall is assumed to be at a floating potential. Therefore, the net current flowing to 

the wall is zero. However, the ion saturation current of an electrostatic probe 

seems to be this ion current itself, because the ion currents are not so much 

influenced by a wall potential as are the electron currents. 

7. Conclution 

The numerical analysis was made for an ionizing and thermally non-equilibrium 

boundary layer over a shock-tube side-wall. It was found that the temperature in 

the boundary layer is higher than that outside of the boundary layer in the rapidly 

ionizing region of the free-stream. The profiles of electron temperature and degree 

of ionization were found to vary according to the change of the free-stream. In 

the present analysis, several assumptions were made and the analysis of rigorous 

equations must be made hereafter. 

Appendix 

Boundary Conditions with a Free Fall Sheath 

When the wall is at floating potential, the boundary conditions2
l•

4
l at the wall 

for number density and temperature of the electron gas are 

(A-1) 

(A-2) 

where s refers to the sheath edge and J</J means the potential difference between 

a wall and a sheath edge. The conditions for nondimensional equations are 

[e] _ 2 P,.e ( 1 e + eJ<p ) Ow [M] 
,, w - 5 S -2 w kT . es12 ,, w 

C U W 

where 

In the present calculation, we use the values as follows 

P,.6 = 0.0179, Sc= 2.3, Bw<0.02 

M,,w = 0.5~0.7, 8w = 0.8~1, eJ</JjkTes = 0(1) 

With the relation ofv2t/µ 8 =v2R", equations (A-3) and (A-4) yield 

e,,w = 0(10-') 

mw = 0(10- 2)/v R~ 

(A-3) 

(A-4) 
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When x:2'.1, mw=O can be used because R.x=0.265 X 104 at x=l of the non-dimen

sional axis. 0~w=O can be used unless 0w decreases considerably. 
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