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large, complex systems not only of an industrial but also of a social or an ecological
nature,
problem into a number of smaller and simpler subproblems which can be dealt with
by some conventional mathematical or computational tools. The subsystems have

to be later coordinated to reconstruct the original system, then the decomposition-
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Abstract

This paper proposes a coordination algorithm for a multilevel control of a large-scale
dynamical system. The system considered consists of weakly interconnected nonlinear
subsystems and the performance index is quadratic in states and controls.

According to the variational principle, the optimal control is given by solving a non-
linear two-point boundary-value problem, of which analytical solution is generally im-
possible. The present technique is to solve the overall problem, first by solving decomposed
problems of the subsystems, and secondly by coordinating interactions among the sub-
systems. Since each subsystem problem is a linear two-point boundary-value problem,
it is relatively easy to solve. The present idea of coordination is to adjust directly the inter-
action variables by an iteration without using the conventional Lagrange multiplier.
A sufficient condition for convergence of the iteration algorithm is presented in the paper.

The algorithm is computationally simple and the convergence is quite rapid for the
problem of weakly coupled systems with small nonlinearities. The effectiveness of the

method is illustrated in two examples.

1. Introduction

Recently, several attempts have appeared in the optimal design and control of

coordination algorithm inevitably involves a multilevel structure.

Usually a difficulty arises in deciding interconnection variables and a coordination
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policy. A common technique is to introduce the Lagrange multipliers corresponding
to interconnection constraintsl-4. However, the Lagrange multiplier method does
not offer an efficient means for nonlinear dynamical systems. The so-called feasible
method¥ always guarantees satisfaction of the interconnection constraint even when
the iterative procedure does not converge. But, unfortunately, the method is applicable
only to output-controllable systems.

The purpose of this paper is to present another coordination algorithm for the
multilevel control of a large-scale dynamical system. The system considered here
consists of weakly interconnected nonlinear subsystems. The algorithm is an extension
of the one previously proposed for a linear dynamical system®. The performance
index is taken to be quadratic in states and controls.

According to the variational principle, a nonlinear two-point boundary-value
problem is derived, the solution of which gives the optimal control. Since the overall
problem can not be solved analytically, it is decomposed into subsystem problems.
Each subsystem problem is a linear two-point boundary-value problem of relatively
low dimension. The present idea of the coordination is to adjust directly the inter-
connection variables by iterations without using the Lagrange multiplier. A sufficient
condition for convergence of the iteration procedure is presented in the paper.

The algorithm is computationally simple and the convergence is quite rapid for
the problem of weakly coupled systems with small nonlinearities. The effectiveness
of the method is illustrated in two examples.

2. Notation

£y : the identity matrix of dimension #
x'(¢): vector transpose

x| = max (x'x)1/2
tElto, t7]

A'(¢, 7): matrix transpose
| 4@, 1|2 max (trace 4412

t, r€lt0, 5]

diag(d4, B) & (;4 12)

kz . the value of z at the 4-th iteration step

3. Problem Statement

Consider dynamical systems governed by the differential equation
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=A@ )x+BOut+Af(2, x;¢), x(to) = xg ®

with the associated performance index
¢
7= % [ Q; ox+u Rty at @

where x is the z-dimensional state vector, # the m-dimensional control vector; 4 and
B are nXn- and n X m-matrices, respectively, continuous in time 2. f is a nonlinear
vector function of the class 2. The matrices Q and &, both continuous in #, are
positive semidefinite and positive definite, respectively. The initial time 7p and the
final time #r are assumed to be fixed.

The scalar parameter A is associated with the system nonlinearities. The parameter
e in f, 4, and Q represents interconnection among the subsystems; that is, when e=0
the problem of (1) and (2) is decomposed into several independent subproblems. The

partitioned form of a system consisting of two subsystems is

Ay €A12) W
edsy Aas

Flt x5 ) = (A, o, w05 ), o6, an, an; €)' ' 3)

Bl6) = ding(Bn, B, R() = ding(Ris, R, Q5 = (g, o)

where x; and xg are 7;-and ng-dimensional substates, #1-+#e=», and #; and wg are

x= (G a), w=Ga,w),  AGeo=(

my- and ma-dimensional subcontrols, m1-+mg—=m. In the following, two subsystems
are considered for simplicity. Generalization to an arbitrary number of subsystems
is straightforward.

4. Necessary Condition for the Optimality

A necessary condition for optimality of the problem is derived by using the var-
iational principle. Define the Hamiltonian:

H = L Q-4 R4/ (A ButA ) @

where p is the »-dimensional costate vector satisfying the differential equation

p=—oe—{ (L) p  sen=o0 ©

The optimal control which minimizes the Hamiltonian of (4) is given by
u= —R1Bp (6)

Substituting (6) into (1) and thereupon combining (1) and (5) yields the following
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nonlinear two-point boundary-value problem:

zi = Du(Dzi+eDyy(H)z+Mule, 21, 395 €) )
Lozt +Lipzitny=24  (4,7=1,2;i %)) ®

where
PaN ’ "ne PaN ’ ’ ’ \Y pAN aﬁ
72 @ Y, (S, —pbu—pi ), s/m—-axfi

}
Ay —FEyj . b (9)
, E 2 BR1B' = diag(£11, Eo2
0ii Ajil) g(£11, Eoz) [

Liy & diag(ny, 0), Ziz < diag(0, 7)), 4 2 (o, 0Y (5 =1,2) )

Dij.é(

By putting A==0 in (7), the problem is reduced to the linear two-point boundary-value
problem. Further, when ¢=0 the problem is decomposed into two individual sub-

problems. The system of (7) with e==A=0 is called the unperturbed system.

5. Multilevel Solution Procedure

A multilevel technique is used to solve the problem of (7) and (8). Our procedure
is essentially to solve linear two-point boundary-value problems of lower dimensions
iteratively until the coordination of interconnections among the subsystems is achieved.

An iteration algorithm for the coordination is proposed.

5.1 The First-Level Calculation

Rewriting z; and 2 in the terms containing ¢ and X in (7) into w; and wy, respectively,
leads to

2 = Dy(t)zi+eDy(t)wi+-A (¢, w1, wo) ' 10)

Henceforth ¢ in 4 and f will be omitted. The vector w; = (yi', ¢4')’ (=1, 2), called the
interaction vector, is to be given from the second level. At the first level, equation (10)
is solved regarding w; as pseudoinputs, under the boundary condition (8). Since the
problem is linear and of lower dimension, it is relatively easy to solve. We have the

following lemma.
Lemma 1

Let @4(#) be the fundamental matrix of the unperturbed system
2(7) = Du(t) z4(2) (1)
satisfying the initial condition @4(¢p) = /Za4;. If the matrix
Ly = L+ LiaDs(2y) (12)

is nonsingular, then equation (10) has the unique solution satisfying the boundary
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condition (8) for arbitrary vectors w;(/) and w;(¢). The solution can be written in terms
of the fundamental matrix as

¢
(1) = DO L bt [, Tt ) e Dyoyonn)+ M, w1(r), wa)]) dr (13)
(Z.;j =1,2;7 ¢/)
where I'j(z, 7) is the Green function given by

Dy(t)[Loni— L1 Lo Di(29)] Dy Ur), to<7<t

Tz, 1) =
W {—@(i)Li‘lltz‘Di(ff)451'1(7'), 1<e<y

(14
As to the proof of Lemma 1, refer to 6).

5.2 The Second-Level Calculation

After the first-level calculation, the subproblem solutions do not necessarily satisfy

the interconnection constraints:
r(f) S al)—wi) =0 (F=1,2) (15)
The task of the second level is to correct the interaction vector w;(?) so as to satisfy the
constraint (15). The coordination method which uses the Lagrange multiplier as an
adjustable variable is well known!~4. However, the Lagrange multiplier method
does not offer an efficient means for coordinating interconnected nonlinear subsystems.
The present idea is to correct directly the interaction vector by an iteration. To

this end, corresponding to (15), the cost function at the second level is introduced:

2

G [Z / :f n’(z‘)ri(t)dz]llz (16)

i=1

The goal is to adjust the interaction vector w;(#) to reduce (16) to zero. A nearly
steepest-descent algorithm is adopted to obtain #+1z0;(#), the (24 1)-th iterate, as follows:

Erlawi(t) = Favy(t) +¥+1ari(2) } an
[frlg| < & ¢=12;2=0,1,2,)

where ¥+1q is the step size along the search direction ¥7;. ¥+l is determined by a one-

dimensional search so as to minimize the coordination error (16). g is a constant such

thata>1. Theinitial guess %y(¢) of w;(¢) is chosen to be the solution of the unperturbed

system, i.e.,

2i(2) & Oy(8) LY (18)

5.3 Convergence Proof of the Iteration Algorithm

In this section the convergency of the proposed iteration is examined. Define the
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closed region of z1(#) and w3(f) as follows:
2
22 (@, w0) ) lw)—2@) | < %},  8>0 (19)
i=1

Under the assumption on the matrices 4, B, Q, R and the function f in (1) and (2),
the following quantities are introduced:

a2 max | Dy@)l,  ag = (—to) max | Tyt 7l -
L7 F)
a3énzax Hzd)1l, b1 9Hilax [l fi[2, 210, 22(D]I]
b2 Hilajtx (| 4ag2, 21(2), wa(@)] 1] for(wy, ws) € £
[|fi2, w1, wal)—fi(t, w12, wod)|| < by1 |l ewrt—w1 2|4 biol| wol —aw2?]]
for(zo!, weo?) € 2 (20)
1his(2, wil, wal) —iss(t, wn?, we?)|| < bipll w1l —w12|]
bz || wal —awe?| for(zen!, we¥) € Q

b3 2 max [B10-+b2i+2(a3+8) (Br1:-+b120-+b21i -+ b221)]

p £ azflela1-|A| (262 43)]
v £ agf|elar1agt|A | (2ag ba-+41)) ¢,7,1=1,2)

Owing to (13), the difference between ¥z and #+lz; is given by
k+1 k tr k+1 k
s@) =) = [Tt 1) { D)k 1a0y(r)—kaos(m)]
+ ALAy(r, ¥H1a01, B+lowg) — Ay(r, Faon, "wz)]} ar
(6,7=1,2;7+)) (21)
On taking (9) into account, we have
| a2, B+ ooy, B+lawe) — (2, Fawn, Fao)ll < || fi(2, B+, F+lag)
—fit, w1, Fws)|| + ||diag[0, —ii’(4, B+l F+laws)]k+lay;

—diag[0, —ifys' (¢, 21, ¥we) ¥, || - |diag[0, —ibsi' (7, ¥+1zes,
E+12) ¥+ awy—diag[0, —iyi' (¢, Faw1, Fawa))Fae; || (22)
For (Fan, ¥ws) € 2 and (FHlwq, Ftlws) € 2, the second term in the right side of
(22) is bounded by
|| diag[0, —ths' (2, ¥+lawy, ¥+ lawg) ¥+ 20y —diag[0, —ibs;' (7, Fav1, ¥we)]*ae, |
= ||diag[0, i’ (4, ¥ew1, ¥awa) —ipes’ (2, ¥+ 1awy, B+lawe)]*a,
+¥+1q diag[0, —hsi' (7, ¥Hlawy, FHlawg)[ory ||
< [Btla|[bail®r; ] + 2(ag+8)(buir || ¥r1 || + busz || %72 11)] (23)
Substituting (17), (22) and (23) into (21) yields
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1Eris—Fali < [T {111 Dyl | E+ie0y—aey |
F1AL | Ay (r, B+1aeq, B+lapa) — Ay(r, Kooy, Kavg) H} dr
< [¥+ialaz {|A| Gl ¥l + (e lar + [2122) [ #7y
+I A1 (b1 +2(bes1+bm1) (a3+3)] 11 Fry |
+1A [Bia+ 20+ b2) (as+8)] 1 #ra | (24)

Hence we obtain

2 2
Y it a) ksl < ¥l w ) )| e
i=1 =1

On the other hand, the difference between *z; and *u; is
Er(f) = *z(8) —*wi(2)
¢
=20+ [Tt D{eDuyrtaos(r)+ AT, Faon(r), bava(m) Jar— e

= (k04 [Tt ) { e Du)Pransr)—*- 1)

+M Il Baos(a), Faoae)]— T, K 1aen(r), E-g(r)]} ) (26)
Therefore
2 2
D@l < o(Fa) ) 1E2n@) | (@7)
i=1 =1
where
o(ka) £ |1—*a| + p|¥al (28)

Now the following lemma is established:

Lemma 2
Assume that p<1 and v <8(1—pu)/a. Further choose the step size %a of each

iteration so as to minimize the norm

2

ikl

1=1

or equivalently ¥G. Then the following relations are obtained:

2
D Er@)l < 2upk (29)
$=1
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2

DV ilF e —Fai(2) | < 25 vubtd (30)
=1

2

Z [ B+le() —24(2) || < 28 (£=0,1,2,:+) (31)
i=1

Proof
The lemma is proved inductively. First, since () = 24(¢), evidently (Oze1, Oz0)
€ Q2. Since (13) with 2=0 reads

Vsi(t) = 20)+ [} Tult, e Dis(eoees(e) +-Malr, wn(), Ywne)]} dr (32)
we have

194D ] = 11%2:(2) —Z2:(2) || < az[le|@1a3+1A| (2agba+61)] = v (33)
which, upon substitution into (17) with £=0, gives

Nawi—2i]] = |1a] [|%%4(2) ]| < av <8 (39

Thereupon using (25) with 2=0 gives

2 2
M e 02y | < Valw ) 107 || < 2w 35)
i=1 i=1

Thus the relations (29)~(31) are proved for 4=0.
Secondly, we show that the relations (29)~(31) hold for £ if they hold up to 2—1.

Since rr}in (@) =¢(1)=p, *a can be chosen to derive
lal<z

2 2
VU@l < p ) 1) (36)
i=1 i=1

from (27). In fact, ¥a minimizing *G suffices to give (36). This implies that (29)
holds for 2. We also obtain, from (17) and (29), the relation

2 2 2 k
DIF @) =zl = ) [1F1a@) s | <)) ) [|#+h0n(t) —Taou() |
1=1 i=1

i=1j=0

2 k k _

= Y Vel @) < 25 ) < 22 < 25 37)
j=0

=170 e

Inequality (37) implies that (¥+lwq, ¥+lwe) & 2. Then substituting (29) into (25)

gives
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2

V() —Ez() || < 2avpksd (38)
=1

Q.E.D.
Lemma 2 is sufficient to establish the following theorem.

Theorem

If all the conditions of Lemmas 1 and 2 are satisfied, the sequences {¥z;(¢)} and
{k2,(2)} (=1, 2) converge uniformly to a same limit function #;*(¢) as 4—>co0. The
limit function z;*(¢) is the unique solution to the problem of (7) and (8).
Proof

Since 0<<pu<1 in Lemma 2, it follows that

lim || i) | = lim [|+4() —*ai) | =0 (¢=1,2) (39)

This implies that, as 2—o0, %z;(¢) coincides with ¥z (#) for all # & [4, #r]. Moreover,
the solution z;(2) to the problem {7) and (8) is continuous in £ € [#, #f]. Then the space
of the functions z;(/) with the definition of the norm | z]| is complete. Therefore
the sequences {¥z;(#)} and {¥zy(#)} have z*(¢) as a limit. From (31) evidently (z1%,
29*) € £2. By substituting the limit 2z;*(?) into (13), it is readily observed that z;*(¢) is
a solution to the problem of (7) and (8). The uniqueness of the solution is obvious
due 1o the principle of contraction mapping. This completes the convergence proof.
Q.E.D.
Remark 1
The theorem guarantees the convergence of the iteration algorithm for the problem
of weakly interconnected systems with small nonlinearities.
Remark 2
In this paper our consideration is confined to the problem of large systems composed
of nonlinear subsystems interconnected through state vectors. By adding appropriate
conditions, the algorithm applies also to systems with linear and nonlinear intercon-

nections through state and control vectors, i.e.,

B =8¢, R=LR(;e)
f: (fll(t; X1, X2, %1, #2; E); le(ta X1, X2, %1, U2; 5)), (40)

In Section 7 an example of such a system will be examined.

6. Computational Algorithm

The computational procedure of the proposed algorithm is summarized as follows:

Step 0 (Initial guess of wy(2))
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Set £2=0. Find the solution 2;(#) to the problem (7) and (8) with e=A=0. Then
choose Z;(¢) as an initial estimate 92¢4(¢) of the interaction vector.
Step 1 (Level 1)

Given the interaction vector ¥z;(#), find the solution ¥z;(#) to the problem (8) and
(10).

Step 2 (Level 2)

Given ¥z(#) from Level 1, calculate the coordination error ¥G' defined by (16).
If ¥G <o (o: small positive number prescribed), compute the optimal control # and
the associated performance index / from (6) and (2), respectively. Then the calculation
is terminated. If #G'> ¢, proceed to Step 3.

Step 3 (Level 2)

Correct the interaction vector ¥z;(#) to ¥+lw;(¢) by (17). The step size ¥+1lq is
determined by a one-dimensional search to minimize the coordination error ¥+1G.
Replace £ by 42-1 and return to Step 1.

Remark 3

If the step size ¥a is always chosen as unity without the one-dimensional search,

the present algorithm coincides with that proposed by Mesarovic et al.}). However,

the one-dimensional search is often efficient for accelerating the convergence rate.

7. Illustrative Examples

Example 1 (Three-axis attitude control)
The following equations approximately describe a three-axis attitude control system
of an orbiting space vehicle?:

J'Cl = X3

. ) Subsystem 1 ‘

X9 = ex4-t+exgxgtexgus+u1 i

95‘3 = X4 !

. ) Subsystem 2 ; (41)
Xg = —EX9—EXQXG—EX] U312 ‘

.7;.‘5 = Xg

) ) Subsystem 3

Xg == exgxg4-texyug+us

The quantities x1, x3 and x5 represent the roll, yaw and pitch motion, respectively, of
the body about its principal axes. For convenience, the parameter A is set equal to

¢ in (41). The index of performance is
e 6 3
N 2 2)
=5/ (izlxi +i_21ui a1 (42)

Corresponding to (8) and (10), the following two-point boundary-value problem
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is obtained for Subsystem 1:

.5:’1 = X9 \
F2 = —pate[ya(l+ye)—y3(cy3ga—e y1y1+g6)) \
1= —x1+e2—y39291+31(ga%+ 6] \( (43)

P2 = —xs—p1+e[ga(l+v6) —yage]
x1(0) = x19, x2(0) = x20, P1(¢f) = pa(f) = 0

y1(#=1, 3,4, 6) and ¢; (=2, 4, 6) are interaction variables corresponding to x; and p;,
respectively. Similar problem obtained for Subsystem 2 and 3 are omitted here.

As an example, let /=10 and the initial state x1(0) = x3(0) =x5(0) =1, x2(0)
= x4(0) = x6(0) = 0. Figure 1 shows the convergence rates of the performance index
/ and the coordination error & for various values of e. A rapid convergence is observed
for small . Figure 2 shows the step size obtained by the one-dimensional search at
each iteration. Figure 3 illustrates the optimal trajectories of Subsystem 1 for various

e
Example 2 (Minimum-fuel orbit transfer)

The second example deals with the minimum-fuel transfer of a low-thrust pro-

pulsion system between circular orbits®. The system dynamics is described by

265
1o

260

- 255 2o

2.50

1073
1 1 1 L 1 1 1 1 1
o} 2 4 6 8 10

iteration number ——

Fig. 1. Convergence rates of / and G.
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1.0

o8t

06+

04 L L 1 L 1 ! 1 1
I 3 5 7 9

iteration number

Fig. 2. Variations of the step size a.

Fig. 3. Trajectories on the x1x2 plane.

X1= %2 N
. x1 ) Subsystem 1

Xz = x1 5{2x4+ o "7 }+”1

X3 == X4

. x3 ) Subsystem 2 (44)
= x3+6{2x2_ (o124 wg?-F 5?3/ 2 }+u2

.2'75 = X¢

. { x5 } ) Subsystem 3

6= T U T gt aste e T8

The quantities xy, x3 and xs represent three components of the vehicle displacement
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in a reference frame. The parameter ¢ introduced for convenience is equal to unity.

The performance index is
¢
J= % [t usttust) dr (45)

By way of example, let /=7 and x1(0) == x2(0) = x4(0) = x5(0) = x¢(0) =0, x3(0)
=1, xo(m) = —0.75, xa(m) = 1.5, x4(m) =a5(m) =0, xg(w) = —=/90, and x1(7) be free.
Figure 4 shows the variations of /, G and « with computing time.

l -
G
I+ 107
|l
107 10% J 41.0
HJos '
B
0% 107 106
{04
Ton \ ] 1 i 1 |
0 10 20 30

Computing time [sec] ——

Fig. 4. Variations of /, G, and a with computing time.

8. Conclusion

A coordination algorithm is proposed for a multilevel control of nonlinear dynamical
systems. The system considered consists of weakly interconnected nonlinear subsystems
and the performance index is quadratic in states and controls.

Due to the variational principle, the optimal control is given by solving a nonlinear
two-point boundary-value problem. The present technique is to solve the overall
problem, first by solving linear problems of the subsystems, and secondly by coordinating
interactions among the subsystems. The idea of coordination is to adjust directly the
interaction vectors by an iteration without using the conventional Lagrange multiplier.

The one-dimensional search to determine the step size a is often effective for accelerating
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the convergence rate.

The effectiveness of the method is illustrated in two examples. All the numerical

computations were made by FACOM 230-75 at the Data Processing Center of Kyoto

University.
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