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In this report, the responses of an elastic wing to two-dimensional gusts were 
investigated. 

The deformations of a two-dimensional elastic wing caused by gust were separated 
into two types, i.e., the bending mode and the torsional mode. 

The gusts treated here were the sinusoidal gust and the random gust. In the case 
of sinusoidal gust, the modes of deformation were obtained both theoretically and ex
perimentally. In the case of random gust, the power spectral functions and the fre
quency transfer functions were obtained experimentally. The frequency transfer func
tions obtained by theoretical calculations were also compared with the experimental 
values. 

1. Introduction 

In a previous report!), we investigated the gust response of a two-dimen

sional rigid wing, both theoretically and experimentally. The term "gust" 

denotes the atmospheric velocity fluctuation normal to the forward velocity of 
the wing (or the direction of the uniform flow); two kinds of gust, that which 
fluctuates sinusoidally (sinusoidal gust) and that which fluctuates randomly 
(random gust), were treated. 

In the present report, the responses of a two-dimensional elastic wing to 

sinusoidal and random gusts are discussed. Many reports have been published 

on the nonsteady aerodynamic problems of the elastic wing, for example, the 

flutter phenomena, but only a few reports have been published on the gust 
response of an elastic wing2>. 

In this report, the forced oscillations of a wing induced by gusts were 
investigated. Generally, these oscillations are weak and the influences on the 
dynamic stability of an airplane are small, but sometimes resonance phe-
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nomena are induced, and therefore, the research on forced oscillation is very 
important. 

As the responses of an elastic wing to gust,: bending and torsional oscil
lations were investigated both theoretically and experimentally when the wing 

encountered sinusoidal gust or random gust. 

2. Response to Sinusoidal Gust 

2. 1. Theoretical Calculations 

When an elastic. wing encounters a gust wa whose direction is normal to 

the chord, the wing is forced to deform. In this section the relations between 

sinusoidal fluctuations of gust and wing deformations are investigated.31 

The deformations depend not only on the time, but also. -on the position 
of the wing surface, and, accordingly, they have to be treated in the three

dimensional sense. However, since the modes of deformation can be classified 
into two types, i.e., the bending mode and the torsional mode, the following 

assumptions are made about the wing treated here : 

1) Aerodynamic forces act on the wing two-dimensionally, . or, in other 

words, the wing has a large aspect ratio, and the effects of the wing 

tip may be neglected. 

2) The wing is restrained as a cantilever beam. 

Furthermore, it is assumed that the flow is incompressible and inviscid. 
If these assumptions are allowed, the equations of motion for the elastic 

wing may be given as follows : 

. ..··( t) S o··c t) + (El) &4w(y, t) mw y, - 11 y, ay1 

ly/}(y, t)-S11w(y, t)- (GJ) 
828~J; t) 

L(y, t) 
(1) 

where the system of co-ordinate axes is illustrated by Fig. 1, and m is the 

wing mass per unit span, / 11 the moment of inertia (about they axis), and 

S11 the static moment (about they axis). These quantites are given as fol
lows: 

(2) 

In the above equations p1 (~. y) is the wing mass .per unit volume. L(y, _t) and 

M 11 (y, t), which are the terms of the right hand side of Eq. (1), are the lift 
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z 

y Fig. 1. Co-ordinate axes of elastic wing. 

r i .. 

l l,,,,~o, J-1 
force and the pitching moment which act on the wing and are given by the 

following equations: 

L(y, t) =Lu(t) +L.(;i, t) 

= (21t:pbU) { S(k)wu(t) +C(k)[ w(y, t) -t-U{}(y, t) 

+b( ~ -a )&Cy, t) ]} (3) 

M,(y, t) =Mn(t) +M,.(y, t) 

. =b( ~ +a)[ L 0(t) +L.(y, t)] 
In order to obtain the response of a two-dimensional elastic wing to sinu

soidal gust, it"is necessary to solve Eq. (1), with the lift force and the pitching 

moment given by Eq. (3). 

2. 1. 1. Derivation of the Solutions 

Since the equations of motion· (1) are expressed by fourth order simul

taneous p1:1-rtial differential equations, it is difficult to solve them analytically. 

Therefore, the modes of oscillation were obtained by applying the solutions 

of the natural oscillation of a cantilever beam. 
a) Bending Mode 

In order to simplify the discussion, we have assumed that the bending 

mo.de and the torsional mode can be treated separately. 

In the case of the bending deformation, the equation of motion is given as 

follows: 



346 Hiroshi MAEDA and Makoto KOBA y AKA w A 

mw(y, t)+(El) ;rwa~• t) =(211:pbU)(S(k)wa(t)+C(k)w(y, t)J (4) 

The boundary conditions are given by, 

w(O, t) = 8w(y, t) I =0 l 
8y ,v-o 

a2wcy. t) I = aawcy. t) I =0 f 
8y2 11-1 8y8 11-£ 

(5) 

If both the gust wa(t) and the deformation w(y, t) fluctuate sinusoidally, 
these quantities can be expressed as follows : 

Wa(t) =wr;etwt, w(y, t) =iIJ(y)eiwt (6) 

Substituting Eq. (6) into Eq. (4), the following ordinary differential equation 

is obtained, 

Aw1111 (y)-[(: )2+i ~kC(k)]w(y)=: ~ S(k) (7) 

and the boundary conditions become 

w(0)=w'(0)=0 
w" ([) =w"' ([) =0 } 

(8) 

where 

(9) 

and A is the parameter of rigidity of the wing and B is the parameter of 

apparent mass.•> 

If the solution of Eq. (7) is expressed by the following series form, 
n 

w(y) = ~ q,r,Cy) (10) 
J•I 

where r,(y) is the mode of natural oscillation of a cantilever beam and is 

given by 

r,(y) =ro{(cosh(k;y) ..:..cos(k1Y) J 

+C(sinh(k,y)-sin(k1Y)J} (11) 

and where To, C are constants and k/s are the roots of the following equation, 

(12) 

then, substituting Eq. (10) into Eq. (7), the following simultaneous equation 

is obtained. 

(13) 

where 
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y,= ~ (i=l, 2,-·····, n) 

b) Torsional Mode 

347 

In the case of the torsional mode, the method used in the case of the 
bending mode can also be applied. In this case the equation of motion is 
given by 

Iv/}(y, t)-(GJ) 
820

~;; t). b( ~ +a )C2n:pbU) 

x {S(k)WG(t) +b( ~ +a )C(k)[ U()(y, t) +b( ~ -:-a )O(y, t) ]} (14) 

and the boundary conditions are 

0(0, t) =0, 

Putting {J(y, t) =i(y)ei"'', and 

aocy. t) I =0 
8y 11-i 

(i5) 

(16) 

then, the equation of motion can be rewritten by the following simultaneous 
equation: 

where 

1
~

1 
{A'ii/'(vt)+i(: )2+B'( ~ +a)C(k)[l+ik( ~ -a)]} 

xii1(Y;)P1=-B1
(~ +a)S(k) ~ 

(i=l, 2,·····, n) 

ii1(Y) =sin[ (2j2})n: y] 
A'- GJ B,_41r:pb2 

-7;/F· - 2111 

(17) 

(18) 

(19) 

and A' and B' are the parameters of torsional rigidity and apparent mass, 
respectively. 

2. 1. 2. Some Examples of Calculations 
Some examples of calculations of the bending mode and the torsional mode 

which were obtained by solving the simultaneous equations (13) or (17), are 
indicated in this section. 

The calculations were, for the most part, carried out for the model wing 
which was used for the experiments. The physical properties and dimensions 
of the model wing are as follows : 

half chord length: b=60 (min) 
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span width : / = 500 (mm) 

elastic parameters: EI =0.07 (kg•m2), GJ ,,;,,0.054 (kg•m2) 

moments: lv=-0.0083 (kg•s2
), Sv=-0.0034 (kg•s2/m) 

position of elastic axis: a= -1/6 

uniform flow velocity : U = 10.0 (m/s) 

amp~itude of gust velocity : wG/U =0.05 

a) Bending Mode 

If j's are taken as 1, 2,-·····, 10, the roots of Eq. (12) are obtained as 

follows: 

1 

1. 875 

6 

2 

4.694 

7 

3 4 5 

7.855 10.996 14.137 

8 9 10 

k1l 17. 279 20. 420 23. 562 26. 704 29. 845 

Using these values, the bending mode can be obtained by solving Eq._ (13). 

~ A=(El)/(mU 2 ) 

;::: B = 47rfb2/2m 
~ 0.8 ~-~---,--~-l~-:.c__~_.::i.:__-+-,,,j¥~--1 
3 
l! 
: 0.6 ,-.....-----,f--------j 

0 L.--= ........ '======----,J'------:'------:"::----' 
O 0.2 0.4 0.6 0.8 I. 

Y/l 

Fig. 2 (a). Bending mode. 
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y/l=0.5 
A=EltmU2 

0.00_1 B=411'Pb2!2m 0,02 

0.0005 

0.01 0.00!5 0 . 
Re 

Fig. 2. (b) Phase characteristics of bending mode. 
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The real part of w(y) is illustrated in Fig. 2 (a), which is non-dimension

alized by the value at the wing tip (y=l). When the reduced frequency k is 

small, the fundamental mode is principal, but when k becomes large, the 

higher modes (until third mode) are contained. Fig. 2 (b) shows w(y), taking 

its real part as the horizontal axis and its imaginary part as the vertical 

axis. This figure shows that the phase difference between the deformation 

and the gust becomes large, when k becomes large, and that the imaginary 
part becomes positive at k~0.004. · In this figure, the dotted line shows the 

limit at k-+oo. 

Next, the other examples of the results are illustrated by Fig. 3 (a) and 
Fig. 3 (b), when A is 0.01 and 0.1, and B is 0.Ql. This shows that the de

formation w(y) becomes small when· the rigidity of the wing increases. How

ever, when k is small, the mode of deformation is not affected by the parame-

"' 2 
X 

-;; 

!! . 
0:: 

0.8 

0.6 

0.4 

0.2 

0 
0 ---~ 0.2 0.4 

~ 
A=0.01 ./ 
B=0./ 

/ 

~ 
A=0.I 
B=0.01 

0.6 0.8 Y/L .I 

Fig. 3. (a) Bending mode (variation of parameters). 
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0.004 
0.006 

0.008 
0.01 

0.02 

0.04 

Fig. 3. (b) Phase characteristics of bending mode 
(variation of parameters). 
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ters A and B. 

b) Torsional Mode 

The torsional mode can be obtained by solving Eq. (17). The parameters 

A' and B' are -629.4 and -3.295, respectively, for the model wing. The real 

part is illustrated in Fig. 4 (a), which shows that the torsional mode contains 
only a few higher modes when k is small. 

The phase difference, which is shown in Fig. 4 (b), has a tendency which 

is the same as in Sears' gust function. This indicates that the phase difference 

of the twisted angle follows the phase difference of the pitching moment which 
acts on the wing. 

In this torsional case the modes of deformation do not change, if A' and 
B' change at a small value of k. 

...... 

~ 0.8 

~ 
"" ~ 0.6 
a: 

0.4 

0.2 

A=-629.4 [__.---~ 
lt•-3.295 ---/ 

[..,.--"' 

V 
/ 

/ 
V 0 
0 0.2 0.4 0.6 0.8 

"O 

~ 

'f'-0.15 
Q 
X 

~ 0.1 

E 
- 0.5 

Fig. 4. (a) Torsional mode. 

0.6 

0.4 

0.2 

o '-o~----::-------:-'-::-----,~"0"1--'---......l...---'-----.-
0.1 0.2 0.3 · 0.4 0.5 O.t k 0.002 

0.5 
0.08 

0.1 

Re[B(y)] ·
004 

x10-11cradJ 
0.006 

0.01 

0.0--6---0.-04 °·02 

0.008 

Fig. 4. (b) Phase characteristics of torsional mode 
(A'= -629.4, B' = -3.295). 

2. 2. Experiments 

2. 2. 1. Experimental Apparatus 
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The experiments for obtaining the responses of a two-dimensional elastic 

wing were performed using the same apparatus which was used in the case 

of the rigid wing1>. The side view of the apparatus is shown in Fig. 5. 

OSCILLATING WING L J -----
HOTWIRE AMPLIFIER I CASCADE NACA-0010 , 100,I [- - - - - --- - -

MANOMETER---, ~ o 
IIL WING MODEL Q I!=: NACA 0012 

/ WG o 

DYNAMIC STRAIN T ,6Ilb O <'.'. av 

AMPLIFIER ~--~ ' ~ ~~- - -'-'f---'j L _ 

Fig. 5. Side view of apparatus. 

In this case, however, the model wing was elastic, and had an NACA-0012 

airfoil section; the chord length and the span width of this model wing were 

120 mm and 500 mm, respectively. A duralmine plate (width 60 mm, thick

ness 1 mm) was used for the wing beam. A photograph is shown in Fig. 6. 

Fig. 6. Model wing. 

This elastic wing was quite soft and was supported as a cantilever in the 

wind tul}nel. 

The responses of the wing (or the defor.m;i.tions of the wing) were me-
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asured by strain gauges which were pasted on the wing beam at 4 points. 

These points are shown in Fig. 7. The mode of oscillation of the wing was 

also observed by the same strain gauges. 

POS POS POS POS 

4 3 2 I LE 

r - - f- - - - - - - - - - - - - - - - :__--=-=::_:::-=-:__---=-....:_ _:_:-:__----== -=--
I 0 

~ _ _f + -- _j _ ------ _J 
1-L-46---T·----116 --i- -149 -149---i- -92 
I I I 
•-------------------------------~ 
~L---------------------~TE 

Fig. 7. Position of strain gauge. 

The gust velocity was measured by a hot-wire anemometer with an x

type element. The outputs of these sensors were amplified and recorded by 

a photo-electric oscilloscope. 

2. 2. 2. Experimental Results 

a) Parameters 

The parameters of the experiments are as follows: 

angle of attack: a=0, 3, 6, 9° 

frequency of gust: k=0.03, 0.04, 0.05, 0.06 

The velocity of the uniform flow, U, and the amplitude of the gust, wa, are 

constant, and are given by 

U = 10.0 (m/s) 

Wa/U=0.015 

b) Gust 

Examples of the gust variations are shown in Fig. 8. This diagram shows 

that the gusts fluctuate sinusoidally. 

0.06 ~----~-----,------,-----------, 
:::, --... 

"' 30 0.04 e-------+----------..< 

-0.04 r------;-----

k= 0.03 

0.04 
0.05 
0.06 

1.5 2.0 
t (sec) 

-0.06 ~---------~-----~----~ 

Fig. 8. Sinusoidal gust. 
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b) Bending Mode 

The bending deformations of the model wing are shown in Fig. 9 (a) and 
Fig. 9 (b). The former shows the case in which the frequency of the gust is 

constant, and the latter the case in which the angle of attack is constant. 

These deformations are non-diensionalized by the value at the wing tip . 

0 

... 
• 0 

0 3 

d 6 

a. 9 

0.2 

k=0.05 

0.4 0.6 

Fig. 9. (a) Bending mode (1). 

k 

• 0.03 
0 0.04 

Cl= 6° 
d 0.05 

a. 0.06 

0.2 0.4 0.6 

0.8 
Y/l 

0.8 

Y/L 

Fig. 9. (b) Bending mode (2). 

These diagrams show that all values are not affected by the parameters 
A and B. In the same figure, the theoretical value which was obtained in 

2. 1. 1. is illustrated with a solid line. The theoretical value agrees well with 

the experimental results. 

c) Torsional Mode 

In Fig. 10 (a) and Fig. 10 (b), the experimental results of the torsional 

modes are shown. The former shows the non-dimensionalized twisted angles 

in which the frequency of the gust is constant, and the latter the angles in 

which the angle of attack is constant. 
Almost the same discussions can be presented for the torsional mode. In 
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Cf 6 

Q 9 

0.2 0.4 0.6 

Fig. 10. (a) Torsional mode (1). 

--------------/r ~ 

1/ i 
/ 

k 

e 0.03'' 

0 0.04 

(f 0.015 

0.2 0.4 0.6 

Fig. 10. (b) Torsional mode (2). 

k=0.05 

Y/L 

c< = o• 

Y/l 

the same figure, the results of the theoretical calculations are illustrated with 
a solid line. Comparing this value with the experimental results, a small 

difference can be distinguished in this torsional case, especially in the neigh

borhood of the wing tip. 

The principal reason for this difference may be that the experimental 

values do not contain a higher mode, but the theoretical values contain some 

higher modes of deformation. Also, it may be considered that an error caused 

by the position of the elastic axis occurs. 

3. Response to Random Gust 

3. 1. Theoretical Calculations 

In the preceding chapter, the responses of a two-dimensional elastic wing 
to a sinusoidal gust were investigated. In this chapter, the responses to a 

random gust are discussed. 

Since the real gust which an airplane encounters in the atmosphere 
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generally varies randomly, this problem is considered to be very important. 

In the case of sinusoidal gust, the modes of deformation of a wing can be 

obtained directly from the equations of motion, but the same method can not 

be used in the case of random gust, because the wing itself oscillates randomly. 

Accordingly, in the case of random gust, the deformation of the wing should 

be investigated by applying the method of a generalized harmonic analysis, 

i. e., the correlation function, power spectral density function, and frequency 
transfer function. 

In addition to the assumptions given in the case of sinusoidal gust, it was 

assumed that random gust has no phase difference along the wing span, i. e., 

that the gust is an isotropic turbulence in a two-dimensional sense. 

3. 1. 1. Case of Bending 

Let us consider the frequency transfer function of the bending moment 

M which acts on the wing at y (Fig. 11). The bending moment Mis given 
by the following equation, 

L ( y ,t) 

Fig. 11. Cantilever beam. 

(20) 

Taking the ensemble average with t, the auto-correlation function of M(y, t) 

can be obtained as follows : 

ci-uci-u' 
RM(J, 'Z') = Jo Jo (y+J1)(y' +J1')RL(J+J1, y' +yi', 'Z')dy1dJi' (21) 

(y'-+y) 

It was assumed that the lift force L(y, t) could be expressed by superim
posing two kinds of lift forces, i. e., one by the gust and the other by the 
oscillation of the wing. 

L(y, t) =Lg(t) +L.(y, t) (22) 

where Lg(t) and L.(y, t) can be obtained, if the influence functions g and v 
are known. 

Lg(t) = [_g(t')wa(t-t')dt' ) 

L.(y, t)=):dy')[~v(t, !>1-y'l)w(t-t', >7)dt'd>7 
(23) 

Therefore, the auto-correlation function of the lift force can be reduced in 
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the same manner as in the case of a bending moment. 

RL(J, y', !") =RLg(!") +RLv(Y, y', !") (24) 

Substituting Eq. (24) into Eq. (21), and performing a Fourier transforma

tion on both sides, the power spectral density function of the bending moment 

is expressed by the following equation. 

<PM(y. k) = ry}:-y•dy1dyi'. (y+y1)(y' +y1') 

X (<PLu(k) +<PLv(y+yi, y' +yi', k)J (25) 

In this equation the unknown functions, <PLv and </JLg, can be obtained from 

the equation of motion of the wing and Eq. (23) in the following manner. 

If the wing shows bending deformation only, the equation of motion is 

rewritten as follows: 

mw(y, t) + (El) a4
wJ~• t) =} = g(t')wa(t- t')dt' 

y -= 

+):dy'}[=v(t', !1l-y'i)w(t-t', 7l)dt'd7l (26) 

Furthermore, it was assumed that w(y, t) could be expressed by the products 

of the time-depending term and the position-depending term, i. e., 

w(y ,t) =r(y)q(t) (27) 

Multiplying both sides of Eq. (26) by q(t+?"), and taking the ensemble 

average, the differential equation of the auto-correlation function of q(t) can 

be obtained as follows : 

mr(y) :;2 Rq(!") + (El)r"" (y)Rq(!") 

= [=g(t')RqWa(?"-t')dt 

+ ):dy'}[=v(t', 17l-y'l)r(7l) ;!" Rq(?"-t')dt'd7l (28) 

where the relations between the derivatives of the auto-correlation function, 

such as 

(29) 

are used. 

Through Fourier transformation on both sides of Eq. (28), the relation 

between the power spectral density functions can be reduced as follows : 

-mr(y)k2</Jq(k) + (El)r"" (y)</Jq(k) 

=) _:g(t')e-ikt' dt' •<l>qwo(k) 
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(30) 

To obtain the power spectral density function of the deformation <bq(k), it 

is necessary that <bqw0 (k) be known. In order to obtain <bqw0 (k), the relation 

between <bqw0 (k) and <bw0 (k) can be reduced by the same process as in Eq. 

(30). 

-mr(y)k2<bqw0 (k) + (El)r"" (y)<bqwo(k) 

= [_g(t')eikt'dt' •</Jwo(k) 

+ ): dy') [_ v(t', 171-y' l)r(7J)etkt'( -ik</Jqw0 (k) Jdt' d7J (31) 

From Eq. (30) and Eq. (31), <bq(k) can be expressed by the power spectral 

density function of the gust <bw0 (k) as follows: 

I 
S,(k) 12 

<bq(k) = mr(y)k2- (El)r"" (y) +ikCo(Y, k) <bwa(k) (32) 

where 

S, (k) = [
00

g(t')e-ttt' dt' 

Co(Y, t) = ): dy')): .. v(t', 171-y' l)e-tkt'dt'd7J l (33) 

Accordingly, <bLg(k) and <bL,(Y, y' ; k) can be obtained from Eq. (23) as 

follows: 

<bL0 (k) = )):_g(t1)g(t2)eik(ti -t2)dt1dt2•<bw0 (k) 

<bL,(Yi, Y2, k) = - ):
1
dyi'rdy2'. HH: .. v(ti', 1711-Yi' I) v(t2', l7J2-Y2' I) 

X r(7l1)r(7l2)eik(t1'-'2')dti' dt2' 0 d7J,d7J2• k2 •</Jq(k) 

(34) 

(35) 

With the above relations, the power spectral density function of the bend

ing moment at an arbitrary point y can be obtained. Furthermore, the fre

quency transfer function T M(k), which is defined as 

T M(k) =</JM(k)/<bw0 (k) 

can also be obtained readily with Eq. (25). 

3.1. 2. Case of Torsion 

(36) 

Next, the power spectral function and the frequency transfer function of 

the torsional moment T, which act on the wing at an arbitrary pointy, can 

still be obtained in the same manner as in the case of the bending moment. 

In this case, the equation of motion is given by 

(37) 
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and the pitching moment is assumed to be expressed as follows: 

Mu(Y, t)=My.(t)+My.(y, t) 

=b(a+ ~ )Lu(t)+ ):dy'))_)u1(t', l7J-y'l)O(t-t', 7J) 

+u2(t', l7J-y'l)O(t-t', 7J)Jdt'd7J 

where U1 and U2 are the influence functions. 

(38) 

Since the processes for reducing the power spectral function and the fre

quency transfer function were the same as in the case of bending, only the 

results of calculation were expressed without reduction. 
First, the power spectral density function of the twisted angle was ob

tained as follows : 

where 

C1 (y, k) = ): dy' H:~ u1 (t', l7J-y' l)J.1('1J)e-ttt' dt' d7J 

C2(Y, k)=):dy'H: .. u2(t', l7J-yl)J.1(7J)e-tkt'dt'd7J l (40) 

Next, the power spectral density function of the torsional moment <bT(Y, k) 

was obtained as follows : 

<b"'(k) = ): (dydy' • (<bMyg(k) +<bMy.(y, y', t)J 

Therefore, the frequency transfer function can be obtained by 

T T(k) =(/)'l'(k)/(f)w0 (k) 

3.1. 3. Some Examples of Calculations 

(41) 

(42) 

Using the relations obtained in the previous sections, the responses to 

random gust can be calculated. In this section, some results of calculations 
for the model wing will be indicated. Furthermore, the results of calculations 

for wings of different rigidity will also be given. 
However, the modes of deformation, r(7J) and J.1(7J), and the influence func

tions, g, v, U1 and u2, are all unknown quantities. Therefore, S1(k), Co(Y, k), 

C1(Y, k), and C2(Y, k) are also unknowns. Accordingly, these quantities were 
assumed to be as follows : 

First, the fundamental mode of natural oscillation of a cantilever beam 

was used for r(7J) and J.1(7J), i.e., 71 (7J) of Eq. (11) in 2. 1.1. was substituted 
for r(7J) and J.1 1(7J) of Eq. (18) for J.1(7J). Next, Sears' gust function and Theo

dorsen's function were used for S1 (k) etc. 5>, i. e., 
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S 1(k) = (21epbU)S(k) 

Co(Y, k) = (21epbU)r(y)C(k) 

C1(Y, k)=(21epbU2)11(y)C(k)[b(a+ ~ )] . 

C2(Y, k) = (21epbU)11(y)C(k)[b2( ! -a2)] 

1 
j 

359 

(43) 

Substituting these quantities into the equations in 3. 1. 1. and 3. 1. 2., the 

frequency transfer function of the bending deformation, Tq(y, k), and that of 

the twisted angle by torsion, Tp(y, k), can be obtained. The frequency trans

fer functions of the bending moment and the torsional moment can also be 

obtained. 

0. I t----+---+ 

0.05 >----+---+---- -----

V>/ I ---- ... /f --·'------l~"'"tt'--

A =0.002 / / :/ 
B=0.008 / /i 
A•0.01 / / 
e=o.01// 
A=O.I 
e=o.01 

o.o i 1---o-.005t---~o.~01 ____ 0~.o-5-o~.1 ·----o~.5-~---,--~5-..----10· 

k 

Fig. 12. Frequency transfer functions of deformation by bending. 

O.OI 0.005 0.01 0.05 0.1 

A= 0.002/ 
B= 0.008 
A= 0.01 
B= 0.01 . 
A• 0.1 / 
B ~ 0.01 

5 10 

Fig. 13. Frequency transfer functions of bending moment. 
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In the case of bending the results of calculations are shown in Fig. 12, 

(Tq(k)), and Fig. 13, (TM(k)). In these figures, A is taken as the parameter, 

while B is constant. The curve of A=0.002 and B=0.008 shows the case of 
the model wing. 

From these figures, the frequency transfer functions are seen to be affected 

by the parameters A and B. Specifically, B affects the inclination of decline 

of the frequency transfer function when k is large, and A affects the degree 

of decline. Furthermore, it is shown that the frequency transfer function of 
the bending moment decreases earlier than that of the deformation. 

Next, in the case of torsion, the results are shown in Fig. 14, (Tr,(k)), and 

Fig. 15, (TT(k)). In this case, it is also shown that almost the same discus-

~0.5 e----1---1-----+--+--"'-sc---f----f-------+---i 
I-' 

A'=·I.0 
e·=-1.0 

0.01 1--~-~---
0.05 0.1 0.005 0.01 5 lO 

I I k 

Fig. 14. Frequency transfer functions of twisted angle . 

... 
~O.ll ... : 

0.005 0.01 0.05 0.1 

I 
0.5 k 5 10 

Fig. 15. Frequency transfer functions of torsional moment. 
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sions as in the case of bending can be given. but the inclination of decline 

is milder than in the case of bending. 

3. 2. Experiments 

3. 2. 1. Experimental Apparatus 
The responses of an elastic wing to random gust were measured with the 

same apparatus used in the experiments with the rigid wing1>. 

The random gust was induced by a coarse grid, which was placed in the 

uniform flow of a wind tunnel. The grid members were made of bars with 
a circular section of 20 mm diameter ; the gauge of the mesh of the grid was 

4.5. This gusty wind may be regarded as an isotrOpic turbulence, and the 
power spectra will be shown later. 

In this case, the experimental data were recorded on magnetic tape with 

a tape recorder, and the analogue quantities were converted to digital ones 

by a high speed sampling A-D converter, and the resulting calculations were 
executed by a digital computer. The block diagram of the measurements is 
shown in Fig. 16. 

LIFT 

" 

HOTWIRE 
AMPLIFIER 

K D C-1 K D c-II 

tllGITAL DIGITAL 
COMPUTER COMPUTER 

(DATA TREATMENT) 

~ ( CALCURATION) 

PAPER TAP.E 

HIDAS 5200 
A-D CONVERTER 

Fig. 16. Block diagram. 

3. 2. 2. Experimental Results 

The parameter of this case is the variation of the initial angle of attack 

of the model wing. In our experiment, it 'was varied from 0, 3, 6, to 9°. The 
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uniform flow velocity was approximately constant, about 10 m/s. 

The equations for calculating the correlation functions, the power spectral 

density functions, and the frequency transfer functions are given as follows : 

a) Auto-correlation function: 

b) Power spectral density function: 

tb11 (k) = )~ R,h')cos(k,)dr: 

c) Frequency transfer function: 

0 
~ 
E 
a: 

0.5 

T 11 (k) =tb11 (k)/tbwa(k) 

• 
• • • • 
• 
• 
• • • •• • • ••••••• 

0 ••••• ••• • • 
" ... ·--
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Fig. 17. (a) Correlation of gust. 
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k 

Fig. 17. (b) Power spectrum of gust. 

(44) 

(45) 

(46) 
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In the following discussi~, the auto-co:l,"relation functions RC,,) were 
normalized by jdividing- by, R(O), which is equal to the mean square value. 

a) Gust ' 

The auto-correlalion function and power spectral density function of the 

present random gust are shown in Fig. 17 (a) and Fig. 17 (b), respectively. 

These functions were almost the same as the case of the rigid wing1 >, but 

the power sp~ctral' density function did not agree well with the theoretical 
value of the i~otropic turbulence at a higher frequency. ' 

b) Bending 

The auto-corre~ation functions and the power spectral density functions 
of deformation- by the bending moment are shown in Fig. 18 (a) and Fig. 18 (b), 

respectively. The point meashred' on the wing was POS 1, and the angle of 
attack was taken as the parameter,, 

These figures show ~hat b,oth the aµto-correlation f~ctions andJhe power 
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Fig. 18. (a) Co;telations of bending moment. 
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Fig. 18. (b) Power spectra of bending moment. 
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Fig. 18. (c) Frequency transfer functions of bending moment. 

spectral density functions decrease rapidly in the neighborhood of k=5. 

Next, the frequency transfer functions TM(k) are shown in Fig. 18 (c). In 

this figure, the curve shows the theoretical value which was calculated in 
3. 1. 3. Comparing this curve with the experimental values, it was found that 

the former begins to decrease when k is about 1, while the latter is flat until 
k is nearly 4. 

The principal reason for this difference is due to the fact that Theodorsen's 

function was used as the influence function of Lv, and also that the distribu

tion of the wave number of the random gust along the span was not con
sidered in the theory. 

c) Torsion 

The auto-correlation functions and the power spectral density functions 
of the deformation by t0rsion are shown in Fig. 19 (a) and Fig. 19 (b), respec

tively. The same discussions as in the bending moment are still valid in this 

•• • • ~ i e e e ~ I 
0 1-------t'-----~~-~-•----+-------t 
~ 0.8 CfcJ '1 I O O ~ , • 
.t Cf Cf O e e 
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• 01= 0° 
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Fig. 19. (a) Correlations of torsional moment. 
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Fig. 19. (b) Power spectra of torsional moment . 
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The frequency transfer functions are shown in Fig. 19 (c). The difference 

between the theoretical result and the experimental result in this case appears 

to be due to the fact that the inclination of decline with k differs between the 

experimental and theoretical cases. 

One of the reasons for this difference is due to the fact that the frequency 

transfer function is affected by the position of the elastic axis. 

4. Conclusion 

The responses of the two-dimensional elastic wing to sinusoidal · gust and 

random gust were investigated, and the results of the theoretical calculations 
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were compared with the experimental values. The gusts treated in this report 

are only tho~e components normal to the uniform flow. 
I 

The deformations of the elastic wing are divided into two types, i. e., 

deformation by bending, and deformation by torsion, the non-steady effects 

were taken into consideration for each deformation. 

For the case of sinusoidal gust, the equations of motion were solved 
directly by applying the solutions for the harmonic oscillation of a cantilever 

beam. The theoretical values agreed well with the experimental values in 
this case. 

For the case of random gust, the method of generalized harmonic analysis 

was applied. The frequency transfer functions from the theoretical calcula

tions were compared with those from the experimental values. In the case 

of bending, the experimental and theoretical values of the reduced frequency, 

k, at which the transfer functions begin to decrease, did not agree. In the 
case of torsion, the inclination of decline of the theoretical results differ from 

that of the e~perimental values. However, the reasons for these differences 

are due to th~ following facts : 
1) The Pflrameters, A, B or A', B', in the theory differed from the values 

in the experiments. 

2) The phase difference of the gust along the wing span was not con
sidered iin this report. 
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6. Notations 

a: position of elastic axis 
A, A' : parameters of wing rigidity 

B, B' : parameters of apparent mass 
b : half chord length 
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C(k), S(k): Theodorsen's function and Sears' function 
EI: rigidity of bending 

GJ: rigidity of torsion 

k, k; : reduced frequency and roots of Eq. (12) 

L, M 11 : lift and pitching moment 

l: span width of wing 

m: wing mass 

111 , S11 : moment of inertia and static moment 
w: deformation by bending 
(}: deformation by torsion 

U, wa: uniform flow velocity and gust velocity 
R(r): correlation function 

([)(k): power spectral density function 

T(k): frequency transfer function 

g(t') : influence function of gust 

v, Vi, V2 : influence functions of deformation 
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