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A Note on an Existence of Conditionally Periodic
Oscillation in a one-dimensional Anharmonic Lattice

By
Takaaki NisHIDA¥

(Received September 10, 1970)

The oscillations of a one-dimensional anharmonic lattice is investigated sufficiently
near the equilibrium state, which is described by the equation
d29ildt? = yi o1 —2yi4yi-1H@{(Di+ 1= — Di—i-1)%, —oo <<+ oo,
where i=1,2,:-+ n, @ =constant, boundary conditions are y,=y,+, =0 and initial conditions
2i(0), dy;(0)/dt are given. A large part of the oscillations starting from initial data
sufficiently near the urigin of the phase space of the system is proved to bea conditionally

periodic motion under the incommensurable condition on linear frequencies mentioned
later.

1. Introduction

In 1955 Fermi, Pasta and Ulam 1) experimented numerically as an example

of one-dimensional anharmonic lattices the system of ordinary differential equations:

(1) ¥ =2er1—2p+piaHa{(Din—20)? — (0 —2i-0)%,
for —oo <t<+°o: l::l) 2,“') N— 1,}’o=)’N=0:)’.(0),)’;(O) : giVCl’l,
where p=2 or 3, N=16, 32 or 64, a=1/4 or 1.

First they expected that the anharmonicity of the system would cause the equi-
partition of energy among all the /-1 modes of the system, but they obtained
“recurrences” to the initial data. On the other hand in 1954 Kolomgorov 2) proved
that the large part of conditionally periodic motions of the dynamical system is
conserved by the small perturbation of the Hamiltonian under some assumptions
on the Hamiltonian. Then Arnol’d 3) and Moser 4) improved the result so that
in the case of oscillations (a limiting degenerate case) analogous results near the
equilibrium point hold under some improved assumptions. Here we consider the
system (1) with p=3 and arbitrary . We show that if n-frequencies of the linear
system (1) with @=0 are incommensurable in the later-mentioned sense, then the

large part of the oscillations starting from initial data sufficiently near the origin of

* Department of Applied Mathematics and Physics



28 Takaaki NisHipA

the phase space (the equilibrium state) of the system is conditionally periodic.
The proof is composed of the reduction of the system into the normal form by
Birkhoff’s transofrmation 5) and the check of the condition assumed in Kolmogorov-
Arnol’d-Moser’s theorem. About the large nonlinearity of analogous anharmonic
lattices and the equipartition of energy there is the paper 6), numerical approaches
7), 8), 9) and papers refered to in them.

2. A reduction of the system by normal modes to a canonical form

We consider the system (1) with p=3.
(2) 3 =324 1 H20{(Di01—0:)° — (i —2:21)° 5 20,
i = 1: 2""3 N—lEn, _yo:,yN:(): _y,-(O),j),-(O);given.

The system (2) has the solution {y;(t)}; .. ., in >0 for all initial data. The
total energy has the form:

1 =
( 3 ) E= >72W ,.Z_,;, {J’e2+()’;+1—J?.-)2+“()’:+1—)’;)4}-

In order to obtain the Hamiltonian of (2) with respect to normal modes we sub-
stitute the expression _y,-zx/l 2 a,(t) sin kih, h=—into (3).
N = N

We arrive at the following:

1 . 1 2n+1 1 n
g 2 =g R =g 2
1 ” 28+ 1 n
2 B i) = 3 Ous" = g 3 2(1—cos ke,
a ”
2 '20 (.yH—l yu) - 4N k+l+m+12=2("+1 akalamaj'
(4) “(BrBiBmB j—60a; B ;+araia,a ;)4
+4 D a0;0,,0; (BiBiBmB;+3PuP 1% ;—30401 8,8 ; — e ) +

k+ri+m=j

+4 >3 akala a; (BeBiBmbB;+3BeBi0me;—3aa;:8,,0,; —ara,a,a ;) +

ktl+m=j+2(n+

+3 > g0y a (ﬂklglﬂmﬂj_Qﬂkﬂlamaj+4ﬂkalﬂmaj+akalamaj)}’

p+i=mi

where 1<kilm,j<n, a,=coskh—1, B, = sinkh
Then H(a,a) =E(y,y)| . .=

v, ¥>a,é

1 o a
zf{l;ak2+(—2ak)akz+'27vu;‘ (sreeee )akalamaj s

s Lo M, 5)
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where in the last term the summations and coefficients are the same as those in (4).
Putting p, = ax/\/2,, @ = V2% A = \/ —2a, gives the Hamiltonian with

respect to variables p, ¢:

1 »
(5) H(p,q) = 9 {Z.; Ae(ts’+44°) +
+o 20 L) U919mi1V 2 2iAmd } >
where also the abbreviation of summations and coefficients is used.

3. Birkhoff’s transformation

First by introduction of conjugate variables & = (§,,+-+,&,), 7 = (7,,**,7,)
1—: . 1—i . . S
such that Ek'—‘Tl (bu—1q8) 1% = —21(%‘*‘19/:), (k=1,"++, n; i=y/—1)

we get the following:

H(E’”) = H(ps 9) ,.q_l’sm = 2+H4:

where H,(£,7) = ,,2=:1 (126)E k7145

(6) H(Em) = =13 E—m) =) En—rm) (E;—2,).
.( ...... )/\/inlzlml,-’

and the abbreviation of summations and coefficients is the same as above.
Now we remember Birkhoff’s transofrmation that normalizes the fourth degree
term H,; we apply to H a transformation

£; = Pp;+0K[on;, q; =n;+0K[0p;, (j=1,+,m),
where K = M IR SR L R M
LI R oy A
kjl; =0, 1,-+4, a4 . 4,,.1, = constant.
If we solve explicitly for £, 7 in terms of §, ¢, we obtain

61‘ = pj'i_aK*/aaj—}_"': 77j = gj—aK*/aﬁj-l""(j:l)"':”))

where K* denotes the function obtained by replacing 7 by g in K and the power
series converge in a neighbourhood of the origin. The modified value of H,
obtained by substitution is

H(psg) = Hz([-’l+aK*/a§1+"""'sqn_aK*/apn+"') +H,,
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where the arguments of H, are the same as those of H,. To terms of the fourth

degree inclusive we find

o n &, (= OK* _8K* _ _
H(p, q) = 2 Z'szjqj_i-z MJ'(QI'ET _Pj*'-‘")‘i'HAPn'”, gs)+
= T
+higher degree terms = H,(§, 7)+H,(5, ) +H (5, 7).
Thus the forms of H, is unmodified while A, takes the form

”

25 i4;(q;+ 0K*[0q;— ;- OK*[0p ;) +-H (Pr> -+ qu)

=

n
— ; z B ko =1
= 2 [akl"'ln{.z ’lf (l]- _kj)}+’lk1-~~k,.11--~1,,]171"""Pn"”%’l“'qf- )
Byt ig=4 j=1
where Ay .. 4,1,...1, 1s the coeflicient analogous to a,..4,,..4, in the original H,. Here
we assume* an incommensurable condition of 2; (n frequencies of linear system
(2) with a=0), that is,

n

Z”] A;(L;—k;)) =0 forl;, k; =0, 1., 4, 2(k;+1;) =4 and?‘_,;|lj——kj| +0.

ji=1 j=1

Therefore if we take the coefficients ag,...z,,..;, appropriately, we can eliminate

the terms of H, except those of the forms

(7) 'lkk(pkak)a xklﬁkakﬁlal (k, I=1,---, 'l)

Then it is sufficient for the explicit expression of A,(f, q) to calculate in (6) the
coefficients of £,7,£,7, that are the same as those of the terms (7) in H,. Thus we
consider the four terms in (6) separately, each of which contains the summation
with respect to indexes £, [, m, j in (4). Since out of the product (£,—7,) (6;—7,)
(6m—7m) (€;—7;), at most, the following terms are possible not to vanish in H,:
5k5177m77j+5k7715m71,-+5k77:77m5,-+77k515m77,- -+ 77k51’7m5j + 77/;’715",5_; =]J(&, n), itis

the following term that is possible not to vanish in A, out of the first term in (6):

—a /9 /9 ﬂmﬂ‘_ﬁa 141 ﬂmﬂ‘+a &, Q ;
I M (R
L6V b erem et V 22122 ;
_ —a ﬂkﬂlﬂ»’.ﬂj—Gakalﬂmﬂj+akazamaj .
16,V V 22

. (Ek‘fzﬂmﬂj‘f—‘lfk??lfm??j'f'ﬂkﬂzfmfj)'

If we choose the terms of the forms C&,7,¢,7, from this, we arrive at the following:

* it is mentioned in the last part of the paper
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(8) IGN{l%EMfﬂkfﬂ?l (BB —4ara, BB —a)’ B2 —a) By +

+a’a,?) [Ad; —6 216.’:“-* (Eana)’(Ba' —6a’ B2 +a4') [247,

where 9% is Kronecker’s delta. Since in the second and third terms in (6) the
summation is such that k+I+m=j, k+I+m=j+2(n+1) and &, §, m, j=1,2,.--, n,
they do not contain the terms of the forms C&,%,£,7;. From the fourth term
we may choose the following:

(9) Tov @43 Eambin (BB7+Biar +aibi+aie) it —
—6 33 (Eune) (Bu' +2B4°a +0,)34).
Then by (8) and (9) we obtain the explicit expression of A,.
H, = ;}?)va {2 H?A_:_.‘.”Hﬁ@kﬁﬂ?z (BiB 4y, By — a2y —
— B aar) (M +4 3] BBids (BB + e+

+a,’ B e ) A2, — 2 (Brgn)*(Bx' 284"y’ +a' +
+0nr1-s(Bs' —60’ 87 +a)) 27 =

3a o L]

7\/{_2 2 Adibaqebigi+4 20 AAse
k+I=n+1 Bi=1

° ﬁk&kﬁlgl —.E:l (1 _6:+1-k)lk2' (I_’@/c)z}

3a » -
=—"gN hZMaulklzpqupz 4

where we use  f, = sinkh, a, =coskh—1, 2, =+\/_2aq,.

By the transformation [1,,:% (;*—i?k), §k=% (;k—|-i?k) we get

H,7) =H(p 7 | _=-;_ S 4G +

$.93,9
3a » o = ~
+32N2 axih el (D807 (65430 +H (b, T)-
hi=1

Furthermore by the transormation using action-angle variables

bx =2ty 08 Qu, i = /214 sin Q, we get the following:
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» L -
(10) H(rQ) = 3 dmntoy 3] awdsimari+H (5, Q)

= Hy(7)+H(, Q),

where by virture of the reduction by Birkhoff’s transformation to this normal form
there exists ¢,>0 such that

{11) fl(r, Q) is analytic in the region G = {|r;—&| <e,,|1,0 | <1} and
H begins with at least the sixth degree term in p, 3, that is,
(12) |H(s, Q)| < Clz|* in G.
We note that the motion by the canonical equation with the Hamiltonian H, (z)

is the following:

. o 3a =
T = —aHo/an == O, Q_k = aHo/aTk = j’k+ 4.7,; ak,l,,/b‘r, = @Dy,

that is, z=(7,(¢),*+, 74(t))=(7,(0),-++, 7,{0)) is an invariant torus. When o=
(@,,*++, ®,) is rationally independent, the motion is conditionally periodic and = (),
Q (¢) fills the torus r=1(0) everywhere densely.

4. Results by virtue of Kolomgorov-Arnol'd-Moser’s theorem
We remember a theorem of Kolmogorov-Arnol’d-Moser in dynamical systems,
which concerns the motion near the equilibrium state in the theory of oscillations.
It may be described as follows;
The motion is described by the canonical equation

(13) p; = —8H|dq;, §;=0H|8p;, j=1,2,-,n,
where the Hamiltonian is assumed to be

H= Ho(ﬁa q) +Hl(p, q)’
where
(14) H, = ,‘i‘j’ /Ijrj—i-jz::llj,‘rjrk, 2t =p’+q/

2, 24;=2,, are constants, f,(p, ¢) is analytic with respect to p, ¢ in
the domain G = {|v;—¢,| <&, j =1, 2,-+-, n}, and it satisfies
(15) |H,|<C|z|** in G.

If the condition

(16) det (22,4) = det (8°H,[dz Bz4) == O in G
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is valid, then for any x>0 it is possible to find ¢>0 (g,>¢) such that: I. The
domain G,={|r;—e| <e} consists of two sets F, and f;, one of which F,is invariant
with respect to the motions of (13) and the other f, is small: mes f,<x mes F,,
where mes denotes the ordinary Lebesgue measure. II. F, consists of invariant

n-dimensional analytic tori T, given by the parametrically represented equations

b; = N2 f0)) cos (Q,+8,°(Q)
0, = VI A@)) sin (Q;+2,°(Q)),
wherefj‘"(Q,,—f-Qn) =fjm(Q.k)s gj"(Q,k‘}‘Q”) :gjw(Q.k): Q= (Q Qu)
is angular parameter and r¥=/(t,":-- .- , T4Y) is constant depending on the

number of the torus w. III. The invariant tori T, differ little from the tori
r=r®=constant, ie., |f;*(Q)[, |g;°(Q)|<re. IV. The motion determined
by (13) on the torus T, is conditionally periodic with n-frequencies ; Q:w:
8H, /87, r=0.

In order to apply the above theorem to our case it remains only to verify that
the condition (16) holds. From (10) and (14) we get the following:

3a .
A = ﬁajkljlk, Sk = 1,00, m,
where a;, = 4—20]., ,—07+3,70%, s,
2; =/ 2(1—cos jh), k= =N

30 \" 2
Thus det(22,,) = det (%v 3,250 ,.,,) - <ﬁv ) 1 277 det (az0).

After calculation we obtain the value f(n) of the determinant of (a;):

¥ n=2m(m=1,2,--),then f(n) = (—3)"(8m—3).

IF n=2m—1 (m=2, %), then f(n) = (f(m)—f(m—1)) =
=—2(—3)""*(8m—>5).

It follows from this that the condition (16) is satisfied and that the conclusion of the
theorem is valid, that is,
If n-frequencies of the linear system 2; are incommensurable in the above-mentioned
sense, then we may conclude that the large part of the oscillations starting from initial data
sufficiently near the origin of the phase space of the system (2) is a conditionally periodic
motion, or it is a “‘recurrence” phenomenon.
At last we note a result on the incommensurability of 2;=2sin (jz[2NV)
(=1, 2,---, n=N—1), which was announced by Izumi (10). If ¥=2" (m=1, 2,
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++»-++) or N is a prime number, then 2; (j=1,..+, n) is rationally independent, i.e.,

Zn} k;2;%0 for integers k; and 5”3 |k;140. This contains the case of Fermi,
j=1

=1

Pasta and Ulam’s experiments. If Nis the other natural number, then 2,(j=1,--
,n) is rationally dependent. Therefore in the latter case a further consideration is
needed for the justification of the incommensurability of 2; assumed in the above

proposition.
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