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An Algorithm for Solving the Weighted Distribution
Linear Programs with Zero-One Variables

By
Hisashi MiINE and Hiroyuki NaRrIHIsa*

(Received September 30, 1969)

Recently, very considerable efforts have been devoted to integer programming.
In practical point of view, zero-one integer programming is important for solving the
actual integer programming problems.

For these problems, various approaches have been proposed by many researchers in
this field. However, the fundamental idea for solving these problems is based on the

additive algorithm for solving linear programs with zero-one variables proposed by Egon
Balas in 1965.

In this paper, we propose an algorithm for solving the weighted distribution linear
programming problem with zero-one variables. This algorithm is also an extension of
the additive algorithm, but is more powerful than that of Egon Balas for the structured

problem as the weighted distribution linear programming problem with zero-one
variables,

1. Introduction

Recently, there are many papers concerning integer programming problems,
especially, zero-one integer programming problems. For these problems, various
approaches have been proposed. The fundamental idea for solving these problems
is based on the additive algorithm for solving linear programs with zero-one variables
proposed by Egon Balas,

In this paper, we propose an algorithm for solving the weighted distribution
linear programming problem with zero-one variables. The algorithm is also an
extension of the additive algorithm, but is more powerful than that of Egon Balas
for the weighted distribution linear programming problem with zero-one variables.

2. Formulation of problem

Without loss of generality, the linear programming problem with zero-one
variables can be expressed as;

* Department of Applied Mathematics and Physics
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Find X such as

Minimize z = CX (=0, (1)
Subject to AX+Y = B, (2)
x; =0 or 1 (jEeN), (3)
Y=0, (4)

where X=(x;) is an n components column vector, C=(c;) is an n components row
vector, A=(a;;) is an m Xn matrix, B=(b;) is an m components column vector,
Y =(y,;) is an m components nonnegative slack column vector, and N={1, 2,..., n}.

Moreover, A is assumed to be expressed as the following structured form.
4. 0
A=|0 "4, (5)
A
where A, (p€ P={l, 2,-+-, r}) is an m,Xn, matrix, A is an mgXn matrix.
In this case, denqting ‘Z‘, m;=m,, we have the following relations.

=1 :

r

m=m,+mg, ) m=n. ‘ (6)

Additionally, defining the following sets,

p-1 -1 »-1
pN={§ﬂ,~+l, ;ni+2)'"a Elni‘}_”p}; (7)
p-1 -1 p-1
Mp: {Elmi—}_l’ ;mi+2""’ .E:_.‘{mi—l'_mp}’ (8)
we have
Y= ¥, 9
M, U M,=M, (10)

where U denotes union of sets, Mg={m,-+1, m,+2,+, m,+m,=m} and M, is
defined as

M“:pLEJpM"' (11)

In the course of search for the optimal solution, we start from the n4m

dimension solution vector U°’=(X", ¥°)=(0, B) and obtain a new solution vector

by assigning each of x; (j& N) zero or one according to some given criterion. After
successive iterations, finally we shall obtain the optimal solution vector.

In this problem, we call the constraints which correspond to the matrix
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A, (pEP) of (5) as constraint p and call the set of these constraints as the
constraints ¢ and finally we call the constraints which correspond to the matrix
A of A as constraints 3,

3. Outline of the additive algorithm

As our algorithm is an modification of Balas’, we shall describe the basic idea of
the additive algorithm in this section.

An (n+-m)-dimensional vector U= (X, Y) is called a solution, if it satisfies
(2) and (3) ; a feasible solution, if it satisfies (2), (3), and (4} ; and an optimal solution,
if it satisfies (1), (2), (3), and (4).

Let P* denote the linear programming problem defined by (1), (2), (4) and the

constraints

x;20, (jEN) (3a)
;=1 (GEJ) (3 b,)

where J, is a subset of N. P° is meant by the ordinary linear programming
problem with J,=4¢.

We start from P° with U°=(X°, Y*)=(0, B), which is obviously a dual feasible
solution to P° (because C =0)

The basis of the solution U° consists of the unit-matrix I,,,=(e;) (€M), e
being the i-th unit vector. For some y,°<0, we choose, a vector @, such that a;;,
<0, to introduce into the basis. But instead of introducing a,, in place of a vector
e; in the basis, as we do in the usual dual simplex method, we add to P° the con-
straint x; =1, which is slightly modified as the form —x; + 9, = —1 with an
artificial variable y,,,, in practice. Thus we obtain the problem P* with J,={j}
defined by (1), (2), (3a), (4) and the additional constraint

X

n=1. (3by)

7

It is easy to see that the set x,=0 (jEN), y;=b;(i€ M), is a dual feasible solution
to P'. In the extended basis I,,,,,=(€;) (i=1, +--, m+-1), the (m--1)st unit vector
€,,4, corresponds to ,,,,. We introduce a;, at the place of this unit vector e,,,, and
thus x;; takes the value 1 in the new solution to P* that obviously remains daul
feasible. As the artificial variable y,,.,, which becomes 0, does not play any role
henceforth, it must be abandoned and the new solution can be written as U"= (X",
Yl) = (x11> ey Xy _ylls % .yml)'

Given the additional constraint, the pivot operation around the element-1
yields the algebraic addition B-a;,. Thus, the new dual feasible solution U'==
(X', Y") to Pis
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gefl o
! 0 (J = N_{]l}) ’
»=b—a (tleM).

j1
As the operations to be carried out at each iteration consist of only additions and
subtractions, this algorithm is called additive one.

If the solution-vector U* still has negative components, then according to the
above mentioned rules we choose another vector @, to introduce into the basis,
and we add to P' the new constraint x;,=1, in the form — %5 Vmiz= 1 Iz
being another artificial variable. This yields the problem P? consisting of (1),
(2), (3a), and (4) and the additional constraint set (3b,), made up of x;,=1, x;,=1.
The set x;, =1, x,=0 [j(N—{j.})], yi=b;—a;;;y (€M), 9p4,=—1, is a dual
feasible solution to P?. The vector @, is now introduced in place of e,,,, and
x;, takes the value 1 in the new solution to P?, which remains dual feasible. As the
artificial variable y,,,, does not play any role henceforth, it must be dropped as in
the case of y,,,,, and the new dual feasible solution to P* is U*=(X? Y?), where

x-={l (J =j1s Jz)
T eW—{,ihls
Y=y —a;;, (ieM).

This procedure is repeated until either a solution U® with all nonnegative
components is obtained, or any solution to P® does not exist. If a nonnegative vector
U*=(X", Y*) is obtained, it is a feasible solution to P*,

The procedure is started again from a solution U ? for some p<s according to
the backtracking idea, introducing a suitable vector into the basis, until either
another feasible solution U* such that z;<z, is obtained (z, being the value of z
for U?) (p=0, 1, -++), or evidence is obtained of the absence of such solutions.

The sequence U?(¢=0, 1, +++) converges towards an optimal solution. This
procedure might be called a pseudo-dual algorithm, because, as in the dual simplex
method, it starts with a dual feasible solution and then successively approaches the
primal feasible solution holding at all times the property of dual feasibility.
However, a real dual simplex method never takes place; the dual simplex criterion
for choosing the vector to enter the basis is not used, nor any of the vectors e,
(i€ M) are ever eliminated from the basis in the sense of being replaced by another
vector.

4. Some definitions and fundamental idea of the algorithm

Assume that we obtain a solution vector U?=(X?, Y?) after p-th iteration,



An Algorithm for Solving the Weighted Distribution Linear Programs with Zero-One Variables 119

As each coastraint of the set (2) contains exactly one component of ¥, a solution
U?=(X?, Y?) is uniquely determined by the set J,={j[j€N, x*,=1}. That
is to say, if

xn={‘ (&) N
Tl jew-J, (12)
then

»w = bi—"g’aij (ieM) (13)

As already shown, the additive algorithm generates a sequence of solutions.
For the s-th term U? of this sequence,

U= U(jy, ) = (X°, Y, (14)
where
{jla "',jl} = {jIJENs xjs = ]} = Js .

Therefore, if we obtain a solution U*= (X", Y°) after s-th iteration, then the values
of X* and Y are given as follows;

LU jed,
=l jew—J) (15)
W=b—Fa, G(eM), (16)

where x,° and »,* are elements of the vector X* and Y respectively.
Let z, denote the value of the objective function at ¢-th iteration for the
feasible solution. Then we define the following Z,.

2, = {zdlgSs, UT20) (17)

The smallest element of this set is called the ceilling for the solution vector U?.
That is, '

LIO) o if z,=¢ ‘
2% — . (18)
ming, 2z, if 2z,%¢

Let N, denote the set of subscripts of the variable x; to be introduced into
the basis at the s-1th iteration. Of course, N, is the subset of the set (N, S N).
Further let j(p) denote the element of the indices set ,N.

Now we shall introduce a certain criterion for the choice of the vector to
introduce into the basis for the vector solution U? and for each jEN,. First, we
define
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,e,-M;' (yis"‘aij) +Eiej Mg~ (_y,-’——a,-,-)

v = for (;M,)”U;Mg")*¢ (19)
0 fOl‘ (jMﬁs_ UjMﬂs—‘) = ¢
where qus— = {i(yis’-aij)<0: iEMq}a gq=p or :3 .

After the s-th iteration, if there exists any negative element y;° having the
index i which belongs to the indices M, we shall define P, as the set of these indices
p. That is,

P, = {p|»°<0  for at least one i€ M,}. (20)
Moreover, we shall define Vs as
No= NN, (21)

Then we know empirically that we can obtain efficiently a feasible solution by
choosing the variable x; to introduce into the basis for the solution vector U*, where
J belongs to the indices set , N, and p belongs to the set P,.

This fact means that we examine the feasibility of the solution vector, first of
all, for the constraints @. In this case, it is expected to introduce at a time as much
variables as possible into the basis. As the criterion of choosing the variables, we
select the variable x; so that j belongs to the indices set ,N, and the value v,’ is
maximum among the set ,N,.

In this case, if we select the all of variables x; of which index j belongs to the
set N for p&P,, then there exists the possibility that the value of the objective
function exceeds the value z*®, Therefore, we select the variables to introduce
into the basis from the ones having the small value of p, in convenience, until the
value of the objective function does not exceed the value z*¥, Of course, if the
set Z; is ¢, then we have to select for all the p=P,.

If P,=¢, that is, ;° nonnegative for all i€ M, and the solution vector U’ is
not a feasible solution, we select the index j which corresponds to the maximum
value of v;* among the indices set N,. And we can define the set I, of these selected
indices as follows:

{Jo(p) v;° = max v’ j=j(p), J(P)EN,, p=py, pEP,
L= for P, (22)
{o(p) |v;0° = max v, j E N} for P,=¢,

where p, is the maximum of p which satisfies the following relation,

D AN G (23)
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Then we have the new indices set J,,,, from the set J, and I,.

Jetm = Js ul,

In this case, the cardinal number of the indices set I, is m and J,,,, yields the
new solution vector U**™. Moreover, the indices set [ ,,(1 <k =<m) is the union
of the set I, of which cardinal number is k¥ and the set J,, where the element of
the set I, is ordered such that j, < j, for j, € (S — Jstk-1)sJ2E (Js41 — Jew1-1) Where
ksl »

From the above mentioned idea, we can obtain a feasible solution at only one
iteration by using the operation of (22). However, we need m iterations to obtain
the same feasible solutions by using the Balas’ procedure. In addition, we shall
denote by Ji the J; in order to show that the value of v;° is computed.

Next, we define the indices set N,° which corresponds to the variable x; to
introduce into the basis for the solution vector U* where two solution vector U* and
U? are given and £<s, J,< J,-

Also, we define by £, the maximum &, such as Jz, C /i, and by N, the joint
of the sets ,N and N,°. That is,

NAEN DA (24)

Here, we select the variables x; to introduce into the basis for the given solution
vector U* so that the value of v;*» can be maximum among the variables having
the indices of the indices set ,, N’ and that the value of the objective function can
be, at any case smaller than z*® where p,EP, , p:=p(j () E Jor1—Js)-

In this case, if z,=¢, we select the variable x; to which the value of v/*= is
maximum among the variables having the indices of the set N,°. Moreover, if
z,=¢ and P,%¢, we select the variable x; so that the value of v;#» can be
maximum for p, P, , P,(=p). We define by I, the set of indices j, selected as
mentioned above, that is,

{i(p)|v;s*» = max v b=, j=j(p), J(B)ENS, pSH=p0, HEPs,}
I, = for P, ¢ (25)
{71(p) |v;,*= = max v *, jE N5} for P, =¢

where p, is the maximum p such as
)
2=z m=Ps €5 <(2¥P—24) . (26)

As we described in the previous section, in order to obtain a feasible solution,
we must take the value of x; as one to which ¢;;(¢€ M) is as small as possible. For

this purpose, we considered the value of v, i.e., ,° is the sum of negative components
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of the solution vector U**™. Therefore, if we can determine the values of #;(j € 1),
we must cancel ,°.  From these facts, the values v ;% assigned to a certain solution
U* are successively cancelled in the subsequent iterations according to certain rules.
In this case, we define C°(k<s) as the indices set of the index j which corresponds
to the cancelled vj""l until the solution vector U® has been obtained. Moreover,
we denote by C° the set of cancelled v;* until the solution vector U® has been
obtained for all £(J3C Ji); that is

C* = Uk, s;e,,C8° - (27)

We shall now define for the solution U* the set of those indices j € N—C* such
that, if the variable x; were introduced into the basis, the value of the objective
function would exceed the value z** as D,;

D,={jljeN-C° ¢;2z*"—2% (28)
Further, we shall define the following sets.

N,=N—(C*UD,), (29)

s

w;* = ;M- (9 —a;;), where j e,N. (30)

Then, if there is some set j,(p) which has only one element, among the set of sets

j(p)eN, and w;° is negative (w;°<0) for some pP, it is not necessary to

introduce the variable x;, into the basis. Since, the new solution U’ & which is

obtained by the iterations for the solution U® does not satisfy the constraint p

from the definition of w;* and moreover ,N 1 Ny=4¢ because of N,C N, and j, & N,.
Let E; denote the above mentioned indices set j(w;*<0), that is,

Es={JIJE(pNnNs)’ Card (9NnNs) = l_>wj’<0}a (31)
and let N, define the following indices set.
N, = N—(C°UD,UE,) = N—E,. (32)

It is noted that N,=¢ for the feasible solution U? from the definition of the Z,
and D,.

Similarly to D,, for the pair of solutions U* and U*(k <), we define D}’ as the
set of indices j € (N, —C,’), such that, if the variable x; were introduced into
the basis, then the value of the objective function would exceed the value z*;

Dy ={jljE(Ng,—Cy,)s ¢;= 2%V —24} (33)
Denoting the indices set N as

Ny = N, — (G UDY) (34)



An Algorithm for Solving the Weighted Distribution Linear Programs with Zero-One Variables 123

if there exists a set j,(p) € N’ which has the only one element and w,° <0 for some
pEP, then it is not necessary to introduce the variable x; into the basis.
Then, we shall define the set of indices j, as Eg*;

ES ={jlj€ NNN}, Card. (, NON}) = l>w; <0} (35)
From the above mentioned fact, we define the following indices set N,°;
N = Nu,,—(CSUDS UEYS) = N —E) (36)

Whenever a solution U* is obtained, only the improving vectors for that
solution are considered for introduction into the basis. Whenever the set of
improving vectors for a solution U is found to be void, this is to be interpreted as a
stop signal, which means that there is no feasible solution U* such that J,C J, and

Zy < Z*(’).

5. Solution Algorithm
We start with the feasible solution I7°, for which
X°=0, Y =B, 2,=0, J,=¢ (37)

Suppose that after s iterations we have obtained the solution U*, for which

L1 el
T {o jeW-J) 3
¥ = b= 61,8 (teM) (39)

2y = Eje_hcj (40)

For the above mentioned situation, the following procedure is then adopted:
Step 1. Checky;’ (iesM).
la. If y*=0(ieM), set z,=z** and go to step 4. However, if
s=0, then U?° is the optimal solution and the algorithm stops.
Ib. If there exists ¢, such that y, <0, then go to step 2.
Step 2. Check the following equation. If N,=¢, then we have the same
procedure of the step 2a.

Dienst3 =i (i »'<0), (41)

where a3 means the negative element of the matrix A.

2a. If there exists ;,EM ,(pP) for which eq. (41) does not hold,
set k (ja=ja(p)) as k, and go to step 3. In this case return the
cancelled v;4, to the original place where j & (J,— /i) and Jz C J,.
However, if k=s and there exists i, for which eq. (41) does not
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2b.

2c.

Step 3.

3a.

3b.

3c.

Step 4.

4a.

Hisashi MiNe and Hiroyuki NARtHISA

hold and which belongs only to Mp, then go to step 4.
If eq. (41) holds for all i(y;°<0) as strict inequalities, compute the
value of I, and obtain the following value.

Js+m = Js-UIs9 m = Card. (Is) (42)
Zyri = zs+l-1+5j,+la (l = 23 3, -, m) (43)
! :.yis+l_l+aij,+, > (44)

where Js+7 means j which belbng to (Jorr—Jsre-1). Then after
the computation of the above described values (42), (43), (44),
set J, as J; and cancel »;° (jE€1,) and go to next iteration (say,
step 1).

If eq. (41) holds for all i (»;°<0), and there exists a set M’ such
that eq. (41) holds as equalities for := M.’ go to step 6.

Check the relation

2ien, a5 <»* (il ».5<0) (45)
from k=k, by the increasing order of £.
(If N,=¢, then we have the same procedure of the step 3 a.)
If there exists i, € M,(pEP) for which eq. (45) does not hold,
then set k=s and go to step 4.
If eq. (45) holds for all i (»;°<0) as strict inequalities, cancel v;,,"n
and repeat step 3 for &, (J,C Ji, where AC B means that that 4
is the maximum set of 4" which is contained in B; 4'cB)
If eq. (45) holds for all ¢ (y;°<0), and there exists a set M}’ such

that eq. (45) hold as equalities for i M,’, go to step 6.
Check the relation

DjeNvan=yt  (il54<0) (46)
from the k such as J,C J, by the decreasing order of & for i( y*<0).

(If N,°=¢, then we have the same procedure of the step 4a.)
If there exists i, &M, (pEP) for which eq. (46) does not hold,
return back vg,®»(J,C Ji,) to the original place and repeat the

step 4 for k, (Js,C Ju). If ther exists ie M, 2<0, ju=ju(8)

put Q,° as the set of i, & M, for which eq. (46) does not hold and
go to step 5. '

If -there does not exist k,, the algorithm stops. Then, if z,=4¢,
there is no feasible solution and if z,4¢, then z,=2z*® becomes
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4b.

4c.

Step 5.

5a.

5b.

Step 6.

the optimal solution U7 in the stage.
If eq. (46) holds for all i< M (y,#<0) as strict inequalities, compute
the value of I, and obtain the following values.

Tsim = Je UL, Card. (In) =m (47)
Bs+1 — zk‘f“'j”l (48)
B4l = Fgr1qtCy,, (1=2,3,,m) (49)
¥ =J’;k—ai,~,+ : (50)
i =)’.‘s+l_l—aij,+, . (31)

Then, after the computation of the above described values, cancel
v;#= for all j € J, and go to the next iteration.

If eq. (46) holds for all i(»,°<0), and there exists a set M’ such
that eq. (46) hold as equalities for i = M,*, go to step 6.

Check the relation (52) for i (y;%1<0) and the relation (53) for :
0.,

If X=¢, then we have the same procedure as that of step 5a.
If Card. (X)=1 and w;*<0 and w;*<0 for j, € X, we have the
same procedure of that of step 5a. If w;*>0 and w;*=0, we
have the procedure of step 5b. Where, X=, NN (N; UD, )—

{Ja}
Djexazsyh (lieM,, y1<0) (52)
2 jexai =y (t=Qs) (53)

If there exist {, €M, and i,Q,’ simultaneously for which eq.
(52) and éq. (53) do not hold respectively, then we repeat step
4 for k,, where ‘]"‘C.,. T C Ju> Jos=Jr,(p)- - If there does not exist
k,, we have the same procedure as that of steps 4b, where there does
not exist k,.

Ifeq. (52) and eq. (53) hold for all i( ;1< 0) and i€ Q ;° respective-
ly, we repeat the procedure of step 4 for &, ( j,,sc'; J&). If there

does not exist k; we have the same procedure as that of step 4b.
Check the relation v

ZjeF,,’ﬂj <z*V—z,, (54)

where F;° means the set of indices j for which g;;<C0 at least one ¢
e M,;*. Note that j& N, if from step 2c or 3c, and jE N,° if from
step 4c.
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6a. If eq. (54) holds, set

Js+1 = Jk UI?I:s
2 =y —jerva;
and cancel v*~ for all j €F,* and go to the next iteration.
6b. If eq. (54) does not hold, return back v;,* (JiC Jy,) to the

original place and repeat the procedure of step 4 for k,(J,C J&)-

If there does not exist k,, we have the same procedure as that of step
4b.
Remark. In the following, we shall describe the procedure of computations of
I and I,
1. Computation of I,
Step 1. Obtain the set P,.
Step 2. If P,=¢, then compute 2,°(jE N,) and obtain the maximum
v;, among v,°(j € N,) and set I,={j,}.
Step 3. If P,==¢, then compute »,° for j=j(p), p€P, and obtain the
maximum v, ° for p& P, among v,*(j=j(p)).
3a. If 2,=4¢, then set [,={j, | pEP}.
3b. If 2,3 ¢, then set I,={j,| p<p,, pEP,} where p, is the maximum
p which satisfies eq. (55).

25 €5, <z*P—z, (55)

EP
2. Computation of I,
Step 1. Obtain the set P .
Step 2. If P, =¢, then obtain the maximum v;*» of v,*»(j € N}’) and set
L={js
Step 3. If P, +¢, then obtain the maximum »;° of v,° (j=j(p)) for all
PEP; b=y, Jk,,.jlq’jkl =Ja(?) -
3a. If z,=¢, thenset I,={j,|p=p,, pEP;}.
3b. If 2,54, then, set L={j, |p<p<p,, pEP,. Where p, is the
maximum p which satisfies eq. (56).

ZmSp,pEchjp<z*(S)_zb (56)

6. Some Remarks on the efficiency of the algorithm

Since the solution algorithm which is described in the previous section is an
extension of Balas’ algorithm, the algorithm is essentially same as the additive

algorithm. However, we can delete many iterations by applying the proposed
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algorithm for the weighted distribution problem comparing with additive algorithm.
The characteristics of our algorithm are the following three points:
(1) Introduction of more than one variables into the basis at a time
(ii) Institution of the step 5
(iii) Institution of the set E, and the set E,°.
The above three points are deviced to check the feasibility for the constraint
a in order to utilize the properties of the given problem as much as possible.
In the case of (i), though there exists the over introduction of the variables
into the basis, we can modify these over introduction by step 3. In the case of
(ii), the merit can be described by the following fact; that is, if we have the process
of step 4 for k, (J, .C J#,C Js) after the decision of step 5a for a solution U*, we

can delete n’(=n—1) s times of iterations for step 4, and by this fact, we can delete
n'! iterations at best. In the case of (iii), this algorithm is efficient for the case,
where we have the decision of step 1b and P,=#0 for a solution U, that is, we can
delete a few interations by considering the elements of the set N, for the step.

7. Illustrative Esamples

(Problem) Find X such as

Minimize
5y - 7, x5, 42,4 8x, 4 3%, -2, 5,
Subject to

—3x,—5x,+2x,—5x, =-7
—2x,+3x,—2x,-+4x, = 3
—3x+5x,—6x,— x,=—5
—4x—2x,— 5%, —2x, < —6
—3x, —2x,—4x,—4x,— Tx;—6x;—3x,—5x, < —8
—3x,+ x,—4x,+ x,— x,—2%,+3%,—3x,=—3

Xyy Xy 0y %320
(Solution) First, we obtain the following fundamental set.

P={1,2}, N={1,2,3,4}, N=1{5,6,7,8,, N=,NU,N
M ={1,2}, M,={3,4}, M, =M UM,, Mg= {5, 6},
M=M,UMgand also J,=¢, 2,=0,
»=b=-79"=b=3, 9 = —5,9)= —6, 30 = —8, y'=—3.
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(iteration 1)
step 1. »°<O0 for i=1, 3, 4, 5, 6, then this is the state of the step 1b.
step 2. C°=Dy=E,=¢, N,=N—(C°UD,UE)={1(1), 2(1), 3(1), 4(1),
5(2), 6(2), 7(2), 8(2)}.
ZjENoaﬁ=—3—5—5=—13<y1°=~7
ZjeNoazg:——S——ﬁ—l=—12<y3°=—5
2ljendu=—13<y'=—6
EjeNoa§=—34<y5°=—8
ZjeN°a6—5=—13<_y6°=—3
then this is the state of step 2b.
P={1,2}
=2l M0—(Ji—a;) +2i€1Mp_ ()’ —ay)=—4—5=—9
v, =2l M0~ (9" —a) ‘|‘Zie,up—(yi0—aiz)=_2_6_4’=—12
vl=—13, v'=—11, 2°=-5, 9p’=—17, v,"=—12, y°=—11
Henceforth, we have max »,°=9,=—9 for j=j(1) (€N,) and max "=y’
=5 for j=j(2) (€N,). Then we have
L={1(1), 5(2)}, J.=Jo UL={1(1), 5(2)}, Card. (L,)=2,
2,=0+4¢=5, 2,=2+¢,=5+4+8=13
=" —ay=—4, 3,'=3—0,=5, y'=-5, y'=—6, y'=—5,
Yo =0, y’=y'=—4, 3,'=y,'=5, »'=0, 22=2, =2, yi=1.
Putting J, as J,- and cancel »,° and ».” and go to iteration 2.

(iteration 2)

step 1. <0 for i=1,4 (1b)

step 2. C*={l, 5}, D,=¢, E,=¢. Then we have
N,={2(1), 3(1), 4(1), 6(2), 7(2), 8(2)}.
EjENzar_;:—10<_yf=——4,
2jengn=—9<y =—2 (2b)
P,={1, 2}
0,7=0, »*=0, v°=—5, vf=—2, »7=0
For j=j(1), max v*=0=0"=0. However, we take »,° for max
v;* because ¢,=2<¢,<4.
For j=j(2), max v;’=7=0.
Therefore, we have
L={4(1), 8@)}, Jeu=Ji={(1), 5(2), 4(1), 82)}.

In this case,

2, =15, 2, =20
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n'=1, 3’=1, 3°=0, y'=—2, 3’=6, 3’=0
n'=1 n'=1 n'=1, 3'=0, y'=11, y5'=3.
Put J,- instead of J, and cancel v and 3%
(iteration 3)

step 1. For all =0 (1a), we put z,=2*“ and go to step 4.

step 4. Since G,'={4, 8}, ¢,=7>2*®—z,=5 for k=3, we have D,'={2}.
N = N—(G'UD,") = {3(1), 6(2), 7(2)}-
Since Card. {j(1)}=1, w,'=—1<0, we have E;*={3}.
Therefore,

Nyt = {6(2), 7(2)}.
Djentan=—2—5=—T7<p}=—2  (4b).

For j=j(2), max o' =v'=—2, ;<s*®—3,
Therefore, L={7(2)}, Jy={1(1), 52), 4(1), 72}
#Js UIs"-

In this case, _
2, =16

)’15=1: )'25=I> )'35=6: .}’45=_3s }’ss:_‘_‘fg’ ‘.y05=T;3,"
and cancel 2%

(iteration 4)
step 1. 3°<0,fori=5". (1b)
step 2. C°={l,4,5,7, 8}, D,={2}
E={3} (wi=—1<0).
Therefore,

N, = N_(CSU-DSUEB)={6(2)} .

EjeNsaﬁ=_2<J’es=_3 (2a).
Since i(=6) Mg, go to step 4.
step 4. Since C'={4, 7, 8}, DS={2}, E,;’={6}
for k=3 (jsg_]s), we have N7={3(1)}.
ZjeNaaﬁ=0>y43=_2 (4a).
Since »°=0 for i M,, return back v to-the_original place and
repeat step 4 for k=2. A o
Then we have o _
Ci={4}, D=2}, Ei=(3} and Ni={6(2), 7(2), 82)}.
2ljeNfap=0>y'=—4 = (4a)
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(iteration 5) ‘
. yS<Ofori=1,3,4  (Ib)
step 2. C°={l, 5, 8}, D°=E,=¢ and

(iteration 6)

. ¥£<0 for i=6 (1b)

step 2. C*={l, 4,5, 7, 8}, D,={2}, E,={3, 6} and N,=¢ (2a)
step 4. C°={4, 7}, D;’=¢, E’={6}, and N,*={2(1), 3(1)} for k=7.

Hisashi MiNE and Hiroyuki Naruisa

Since y,°<0 for i€ M,, return back »? to the original place and

repeat step 4 for k=1.

Then,

CF={l, 5}, D’=E’=¢, and N°={2(1), 3(1), 4(1), 6(2), 7(2),
8(2)}.

Djenag<yifori=l1,3,4,5 (4b)

max vj°#va°=—ll (for j=5(2)), ¢;<2*®—z,.

Therefore, we have

9= —4, 3=5, ypi=—4, y=—4, »°=0, =3 and cancel 1.

N=2(1), 3(1), 4(1), 6(2), 7(2)}
Djenan<)y fori=1, 3, 4.

P,=—{1, 2}, v,*=0, v,,=—6, 1,°=0, s°=—3, »,°=0.
max v,°=v,"=0°=0 (in this case, we take »,’ as max v,°, since
¢,<¢,) for j=j (1)

max v,°=0,"=0 for j=;(2).

Moreover, ¢, 3¢, <z*®—z,. Then we have
L={4(1), 72)}, Jo={1(), 8(2), 4(1), 7(2)}

z,=12, 2,=18

n=l, .721=ls )’31= —4, 3/=—14, 37 =4, Yo =2
»n=1, y'=1, =2, 3'=1, 3’=7, Yo=—1.

Put J, as J,- and cancel »,* and v.°.

M jeNgar;y; for i=3, 4. (4a)
Return back #;° to the original place.
Cl={4}, Di=E,=¢

and then '

Np={2(1), 3(1), 6(2), 7(2)} for k=6.
SieNsag<ylfori=1,3,4  (4b)
max v,°=uy,’ for j=j(1)

max 2,0 =vp,’ for j=j(2).

Then we have IL={2(1), 7(2)}, Ju={1(1), 8(2), 2(1), 7(2)},
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(iteration 7)
step 1.
step 2.

step 4.

(iteration 8)

step 1.
step 2.

step 4.

step 5.

step 6.

2,=17, 2,,=18,
»=l, ¥ =2, _}’39=—4, )’49=_4" y59=2’ .J’09=2
ylm:l’_ y210=2’ y310=2, y‘10=1, yu10=5’ .y810='—1'

»<0fori=6  (lb)
Cm={la 2,4,5,7, 8}: D10={6}: E10={3}

and then :
Nyoy=9 (2a)

Cl={2, 4, T}, D°={6}, E,*=(3}
and then

N°=¢ for k=9 (4a)
C°10={2’ 4}: Dsm=¢’ Esl,o={3} '
and then

N={6(2), 7(2)} for k=6.
2jEN0 a>y, (4a) -
C*={l, 5, 8}, D,°=¢
and then

NP={2(1), 3(1), 4(1), 6(2), 7(2)} for k=1.
SjeNwaz<y fori=1, 3,4,5 (4b)

max v;"=v,’ for j=j(2)

Il={7(2)}’ Ju={1(1), 7(2)}: 2,=6

N=—4,9,"=5 =1, =—1, y' =2, y,' = 3.

J) .

»'<0fori=1,4,5,6 (1b)

Cct={1, 5, 7, 8}, D,—4, E,,={6}

and then

Nu={2(l)’ 3(1), 4(1)}

2jeny, ai7> Y for i=4 (4a)
Taking k=1, N,"={2(1), 3(1), 4(1)} and
2)jeNM az5> y; for 1,=3, 4. (4a)

181

Since ;' <0 for i(=3) €M,, go to step 5 by taking Q,"={3, 4}.

X=,N,U(NND,)—{7}={5, 6, 8},

2jex ag <y for i=4 (5b)

Taking k=0,

No'={2(1), 3(1), 4(1), 5(1), 6(1), 7(1), 8(1)}
DljeNm az <y fori=1,3,4,5,6 (4b)
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(iteration 9)

step

I.
step 2.

(iteration 10)

step
step
step

step

step
step

1.
2.
3.
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max v;"=y," for j=j(1)

max v,;°=y,’ for j=j(2)

IP={4(1), 5(2)}, Jis=1{4(1), 5(2)}, ,=2, 2,,=7.
WE==2, pt=—1, 3" =5, 3= —6, 3 = —4, y'=—4,
2ni==2, 3 =1, 3,°=0, =2, y*=3, y*=—3.

y8<0fori=1,4,6 (1b)

Fy={2(1), 3(1), 6(2), 7(2), 8(2)}

2ljenys ai<y; for i=1, 4, 6.

9, 9=—8, p =4, p=—7, 0,%= —6, 2,°=0
max v,;*=y," for j=j(1)

max v;*=y,;" for j=;j(2)

L,={3(1), 8(2)}, Ju={4(1), 5(), 3(1), 8(2)}
2,=8, 2,,=13,

=4, =1, 9M=0, 3, = =2, y=7, yi=1
N=—4,9"=1"=1,7=0, =12,y =4

Po<0fori=1  (Ib)

N, =(6(2), 72 Dyem, err>r" h=1EM  (2a)
N, ={6(2), 7(2)}

2jeny, eyt for =1 (3a)

N,®=2(1), 6(2), 7(2), 8(2)

DieNs a9 for i, =1, 2 (4a)

Since i, M, and »*<0 for i(=1)eM,,

put Q,,°={1, 2} and go to step 5.

X={2}, w,* <0, w,*<0 (5a)

Taking k=0, N,*={2(1), 3(1), 5(2), 6(2), 7(2), 8(2)}
3 ieNgts ag5=>y,° for i=1 stop.

Comparison of the number of the iteration of
Balas’ algorithm and the proposed one

I. Balas’ algorithm

Num]?er of Solution .Num‘per of Solution
iteration iteration
1 {5} 6 {5, 1,4, 7, 3}
2 {5, 1} 7 {5, 1, 4, 6}
3 {5, 1, 4} 8 {5, 8}
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Num‘per of Solution Numl?er of Solution
iterations iterations
4 {5, 1, 4, 8} 9 {5, 2}
5 {5,1,4, 7} 10 {5, 2, 3}
11 {5,2,3, 7} 22 {7}
12 {5, 2, 3, 6} 23 {7, 1}
13 {8} 24 {7, 1, 4}
14 {8, 7} 25 {7, 1, 4, 3}
15 {8, 7, 1} 26 {7,1,4, 3,2}
16 {8,7,1, 4} 27 {7, 1, 4, 3,2, 6}
17 {8,7,1,2} 28 {7, 1, 2}
18 {8,7,1,2,3} 29 {7, 1, 2, 3}
19 {8, 7, 2} 30 {7, 3}
20 {8, 7,2, 3} 31 {7, 3, 2}
21 {8,7,2, 3,4}

II. Proposed algorithm

Numl?er of Solution Numper of Solution
iterations iterations
1 {1, 5} 6 {1,8,2, 7}
2 {1, 5, 4, 8} 7 {1, 7}
3 {1, 5,4, 7} 8 {4, 5}
4 {1, 8} 9 {4, 5, 3, 8}
5 {1, 8, 4, 7}
References

1) Egon Balas; An additive Algorithm For Solving Linear Programs With Zero One Variables,
JORSA (1955).





