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Bang-Bang Control of Electro-hydraulic Servomechanisms

By
Hideo Hanarusa* and Keiichiro MivaTa*®

(Received April 17, 1969)

The optimum control is given for an electro-hydraulic servomechanism. It is
approximated by two quasi-optimum controls which are reasonable in point of the control
sensitivity and the practical construction of control system.

The optimum control is obtained by the bang-bang control except in a very special
case, The optimum switching points are determined as intersections of the phase
trajectories and the switching surface in the phase space. We determine the switching
points by the projections on the phase plane.

The switching based on the fixed mathematical modelis not favorable for considering
the sensitivities to parameter variations.

Two quasi-optimum controls are considered. One is obtained by approximating the
optimum switching curve by two lines on the phase plane, the other by approximating the
switching surface by a switching plane in the phase space. The errors due to the ap-
proximations are investigated.

The satisfactory results are obtained in experiments and the advantages of this method
are verified.

1. Introduction

Electro-hydraulic servomechanisms have high performance in point of the
response speed and the control accuracy, but the compressibility of oil and the
friction of the actuator sometimes prevent obtaining the required accuracy when
the conventional feedback control systems are used.

Now, we provide a practical method to realize the simple and accurate control.
System equations contain the effect of the friction of the actuator.® The time
optimum control is obtained from Pontryagin’s maximum principle.? The sensi-
tivities¥ to the system parameters are discussed.

Two kinds of quasi-optimum controls® are presented. Oneis a conventional
position-plus-velocity feedback control. The other is a quasi optimization method
with an acceleration feedback in addition to the above two feedbacks. The ex-
periments of the actual equipments verified the validity and advantages of this
method.

*  Automation Research Laboratory
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2. State Equations of the Hydraulic Driving System

The block diagram of the servo system is shown in Fig. 1. Considering the
compressibility of hydraulic oil and the frictions of the actuator, the equation of
motion of the valve-cylinder system enclosed by brocken lines is written with a non-

dimensional expression, Eq. (1).

valve-cylinder system

e

= [1+Tfs

Fig. 1. Block diagram of a valve-controlled electro-
hydraulic servomechanism

d®z &’z | dz
-+ — = —(u—gq), <1, 1
R e T (1)

where
z = x|(Ilw,) , o= (45+kD,)|CM,,
w=1II,, I=kAil(42+kD,), q—=FkF/kAz,,
c=wut, € = (CD,+M)2ACM(L24ED )} .

Eq. (1) is written with state variables as follows;
Z = MZ+N, (2)

where - means the differentiation by 7, and

z 0o 1 0O 0
z=2z2,, Z=\|z|, M={0 0 1|, N= 0
\z, 0 —1 —2 —u-+q

The problem is that the load should be tpansported from x=x, to x=0. Initial

and terminal conditions are
ol (L @) 4
Z,=10
—(FS—FH)/MpwnIm --B

il
o
—~
o
N
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0
Z; =0 (4)
j2

\

=0 and =7 indicate the time of the'beginning and the end of the motion,
respectively. If the inertia force is less than the static friction force, the system

stops at the terminal. This condition is
0<P<(F+F,) C"IM*(A3+k,D,) "1, , (5)

where P represents the acceleration at the terminal.

3. Optimal Control

3.1 Time Optimum Control of the System with {>1

When {>1, the characteristic equation of Eq. (1) has real roots and the
response of the system is non-oscillatory. The optimum control for {>1 is
obtained by Pontryagin’s maximum principle. The roots of the characteristic

equation of Eq. (1), 4;, 4, and 4, are
A= — (-4, 2= —(—((*~1)”and 2, =0. (6)
Then, Eq. (2) is transformed to a canonical form® as

dYy

= KY+Lu—g) (7)
where
N A,2,— 2, 2,0 0 /1
Y=\|y|=|hz—z , K={0 2,0/, L:(l (8)
000 1

Js —z,+ (L +2,)z,— 2,
The initial and terminal conditions in canonical form become

J=2=5, =B and 3, =B—-4, when 7 =0, (9)
nhr=—P, y0r=—P and y,; = —P, when t=T.

Introducing adjoint variables, ¢,, ¢, and ¢,, Hamiltonian # is constructed

from Eq. (7) as follows,

H= =142, +d40,+u—q)($ +¢,1+¢5) (10)

where
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d, oH

—_— — == —'l

2 5 =

d, 0H

2y . T 2 11
dr dy, /2 (11)
44 _0H _

dr oy, ’

Assuming ¢, ¢,, and ¢, as the initial value of ¢,, ¢, and ¢,, respectively, the
solutions of Eq. (11) are obtained as follows;

D= Py e M7 s Y=y e and Py = ¢y .

Hamiltonian H should be maximum at any ¢ according to the maximum

principle. This means

uU = s3gn (¢1+¢'2+¢3) = 5gn {g(‘t‘)} 5 (12)

where
g(r) = ¢y, e—)\l'r'{"‘pzo e—}\zT’*“l’eo s lul <1.

From the transversality condition at the terminal,

dirt+drt+dr =0. (13)
Obviously, u=1 should be used at the beginning and it means
Pt Putd> 0. (14)

The sign of g(r) changes two times at most, because ¢, and ¢, change
exponentially and ¢, is constant.  As the value of g(v) at z="T is zero by Eq. (13),

g(7) becomes zero only once during the control process. This means
P10, ¢>0 and ¢,,>0.

g(r) changes as Fig. 2 and the optimum control can be accomplished by one

switching of u.

s

+

Fig. 2. Chang of g(z) vs. ¢
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3.2 Optimum Switching
The optimum switching points are determined by the intersections of the

forward trajectories which start from Z=2Z, with u=1 and the reverse trajectories
which terminate at the terminal point with = —1.

From Eq. (2), the forward trajectories become

() = $() 2+ | pe—9)Nds, (15)

where @(z) is the transition matrix of Eq. (2) and

26) = $(—)Zr+| ge—21Ns, (16)
where @{~— ) 1s the transition matrix in the reverse time, 7= T—r, and

0

N, = 0
The locus of the optimum switching points for various values of 4 is called the
optimum switching curve. Furthermore varying B, the corresponding optimum

switching curves make the surface in the z,z,z; space, which is called the optimum
switching surface. The equation of the surface is

h(zy, z,, 2) = 0. (17)

T T z[
4
B i 2A; 3 4 5 6 7
2, op—— e S B Z
4 \\ ‘\.—-npfimum switching curve
A
trajectory i f f

4
8

N
Aitiul point 3

s/ XS
_p |- switching Sgr S
point

(%]
o

N h
[

/

trojectcry

Fig. 3. The optimum switching surface and the Fig. 4. Projection of the optimum switching

phase trajectory in the z,z,z, space for a
system with {=1.2 and ¢=0.2

curve and the phase trajectories on the

z,z, and 2,2, planes for a system with
{=1.2 and ¢=0.2
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Fig. 3 shows the optimum switching surface for {=1.2 and ¢=0.2. Fig. 4 shows
the projections of the optimum switching curve and the optimum phase trajectories
for {=1.2, g=0.2 and B==5 on the z,z, and z z, planes.

The optimum switching curve is S..SrpAds shown by the broken line which is
for the case of B> (¢—1)/, and S_ is the switching point for A=co. The switching
points move from §., to Sg according as the initial points approach the terminal
position. At the switching on the curve S8, z,'s are positive. When A=A, the
switching is performed at Sg on the switching curve where z,=0. The switching
points move from Sp to 4. according as the initial points approach the terminal
pq_siigion over Ap. z,’s become negative at the switching points in this case.

“Therefore, when the phase trajectroies intersect the optimum switching curve
in the z,z, plane, the controls should be switched from u=1 to u=—1 on the curve
S..Sp and Spd; according to z,>>0 and z,<<0 at the switching point, respectively.
When A=A, the controller must be switched simultaneously with the start of
the motion. When 04 <04, in spite of simultaneous switching, the load cannot
be transported to z,=0, z,=0 and it overshoots the terminal position. The region
OA( is called the uncontrollable region.

" In the case of B<(¢—1)/2,, the optimum switching curves on the 2,2, plane
hé.‘v_é no:bottoms and the forward trajectory intersects the specific switching curve
only once. The switching points move from S, to A;’ as the initial points approach
the terminal position. Therefore, when B<(g¢—1)/4,, the optimum switching
pdéiffts can be determined uniquely on the z,z, plane.

Fig. 5. Relation between optimum switching curves and B
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The optimum switching curves for the various initial acceleration B are shown
in Fig. 5. The uncantrollable region decreases-as B_does. “This means that the
difference between the static and dynamic friction forces musf_be decreased and
the rigidity of the system must be increased to obtain the high:accuracy control.

In the above discussions, we assume |[#| <1 which means that the forward and

the reverse controls have the ,,samQ magnitudes and the oprsi_;é. signs. Next, we

discuss the case where both controls have different magnitudes.

In Fig. 6, the optimum trajectories ahd the optimum §Wif(:—}iing curve with |a| =
5.8 u are shown where other parameters are the same as in Fig‘ 4. The optimum
switching curve approaches the z axis and the sw1tch1ng takes place at a nearer
point than the case of |z|=u. The uncontrollable ‘region OAC is remarkably

Z3

QO — N o

Fig. 6. Projection of the optimum switching curve
and the phase trajectories on the z,z, and
z,z, planes for a system with {=1.2,
¢=0.2 and B=>5, when ¥=1 and #=5.8

reduced and high accuracy can be obtained. However, extremely strong reverse
control stops the load so rapidly that the terminal acceleration exceeds the limit of
Eq. (5) and the load turns back after the stop. .

Inversely, the small reverse control increases the uncontrollable region. Fig. 7

shows the optimum trajectories and the optimum switching curve for #=0. This
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T T - Z (

T T Z 1

2t Sk

Fig. 7. Projection of the optimum switching curve and the phase
trajectories on the z,z, and z,2z, planes for a system with
{=1.2, ¢=0.2 and B=5, when u=1 and z=0

control can be achieved only by switching off the controller prior to the terminal
position and is often used because of the simplicity of the device. But it cannot
avoid the wide uncontrollable region and so the less control accuracy.

The limit point A of the controllable region can be determined by the tra-
jectories which are obtained by substituting u=—u,, into Eq. (1) at 7=0, where
s is the maximum absolute value of the reverse control.

When { =1, the trajectories are similar to the case of {>>1 and the controls
are determined by similar ways as before.

4. Time Optimum Control of the System with (<1

4.1 Occurrence of Stick-slip

When { <1, the characteristic equation of Eq. (1) has complex roots and
the motion of load is oscillatory. This means the possibility of stick-slip.” Eq. (2)
is transformed as follows,

D oy —ant (u—g)

dr

L - (18)
dr

j’& =S u—-—q .

dr
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where
I = —Cz,—z,
Jo= —@2, (19)
Vo= —5—22,—2z,, @= (1=
From Egs. (3) and (19), the initial conditions of Eq. (18) become as
Jw=B, yp=0 and y,=B—4. (20)

The forward trajectories on the 3, y, plane are obtained as follows, substituting
u=1 in Eq. (18).

Dy _ _(J’l_“”’z‘l‘Q’ 1)
d)’z Q’_yx—CJ’z
where
Q=1—gq.
Using y,—{Q=rcos 8, y,—wQ=rsin § and the initial conditions of Eq. (20), we
obtain
r = (B*—2B{Q+ Q) exp {—-(—(0 —00)} R
@
where (22)
6, = tan"1< @Q ) s —7<8,<<0
{Q—B

From Eq. (22), the forward trajectories are the logarithmic spirals which have the
center at 0,((Q, wQ), start from the point on the y axis and rotate counter-
clockwise with z. Fig. 8 shows the case of {=0.2, 4=0.2, B=2 and B=35.

The condition of the occurrence of stick-slip is discussed now. y, is proportional
to the velocity because y,=—wz,. The load stops when the trajectory intersects
the y, axis. As soon as the motion stops, the static friction acts on the load. The
load stops until the driving force overcomes the static friction. The load repeats
the stick and the slip. The existence of stick-slip depends on whether the trajectory
intersects the p, axis or not.

In Fig. 8, the forward trajectory for B=2 starts from y,=2, and goes toward
O,. 1In this case, no stick-slip occurs and the velocity approaches the constant
value after the damped oscillation. The trajectory for B=5 starts from =5 and
goesas M S, S, 5, S,. »,becomes zero at §;, and the motion stops. The condition
of the occurrence of stick-slip is given by y, ... <0. Substituting Eq. (22) in y,=
®Q-+rsin 8, the minimum value of y, is obtained. The condition for y,,;, <0

becomes
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Y2

reverse trajectory Si

L switching, point

forword
‘trajectory
(B=5)

. M Y

-an , o 2 3 4 5N
terminal point 2.8 . initil point

(-P,0) ) o forword trajectory (B,0)

(B=2)

Fig. 8. Projection of the forward and the reverse trajectories on the y,y, plane for
a system with {=0.2 and ¢=0.2

. Bow

. ] :
B—2B “/2{ (——t —}> , 23
B —25cQ:+ @ {exp (£ e 22 ) =0 (23)
where
7r<tan'lB—w<2n: .
: B{—Q

4.2 Control by One Time Switching
When { <1, multiple switchings of the controller are necessary to realize the
optimum control in general.®® ' However, we consider one time switching of the
controller for the simple construction of the control system. ’
The switching is carried out at the intersection of the forward and the reverse
‘trajectory. The forward trajectories are given by Eq. (22). The reverse tra-
jectories in the y, y, plane are obtained in the same way as the forward trajectories

under the terminal condition,
hr=—P, y7r=0 and pg=-—P.

They are the logarithmic spirals which have the center at O,(—{Q, —»Q),
start from the point on the j, axis and rotate clockwise according to the increase
of the reverse time 7 as shown in Fig. 8. The switching points are the intersections
‘of the forward and reverse trajectories in the y, 3,7, space. For example, the point
S, is the switching point for A=8 and B=5, and §, for A=10 and B=5. If the
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controller is switched at this point, the load can be transported to z,=0, z,=0 and
the terminal acceleration P=4.

(1) The case when stick-slip occurs

When stick-slip occurs, the load repeats the same motion intermitt}@ﬁfdy. The
problem exists in the final ‘st,cp'\?v'hichh‘involves the terminal poéftlon F1g9 is
the projection of the phaseﬁtrajectories and the optimum‘vsv;'i-tchiﬁg curve "p‘n' the

z,z, and zz, planes for {=0.2, ¢=0.2 and B=5. In this case, the control is

o ==
switching
- point switching curve

-5

Fig. 9. Projection of the optimum switching curve
and the phase trajectories on the z,z, and
z,z, planes for a system with a stick-slip
motion ({=0.2, ¢=0.2 and B=35)

determined in a way similar to the case of {>1. When 4=4;, the trajectories
enter z,=0 and z,=0 with u=1. This means that QA is the displécement of the
one step of stick-slip. A is the limit of controllable region which exists intermit-
tently as

m+OAc<A<m-04, (m=1, 2,-++) .

(2) The case when no stick-slip occurs

Fig. 10 is the projection of the trajectories and the optimum switching curve
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Z

phase trajectory

switching | switching curve
point

Fig. 10. Projection of the optimum switching curve and the phase trajectories on the z,z, and
2,2, planes for a system with no stick-slip motion ({=0.2, §=0.2 and B=2)

on the z,z, and z z, planes for {=0.2, ¢=0.2 and B=2. On the z,z, plane, the
switching curve is the spiral which starts from A on the z, axis and approaches the
center S... The forward trajectories start from the points on the z, axis and approach
the terminal position with damped oscillations and intersect the switching curve.
The forward trajectories intersect with the switching curve at many points apparent
in the z,z, plane, but the real intersection is only one in the z,z,z, space. The
switching point goes to the center of the spiral as 4, S, S,, -+ according as the
initial point goes away from 4, as 4;, 4,, ---. S.. is the switching point for the

trajectory which starts from the infinite distance.

4.3 Discussion about Optimality

The maximum principle gives the necessary and sufficient condition for the
time optimum control of the system which is linear and has the additive control
function.® Consequently, if the control of the above one time switching maximizes
Hamiltonian H, optimality is guaranteed.

We use Hamiltonian H with the reverse time 7 instead of H in this case. H is

H = —1 +{CJ71+0’J72—(“—4)}571—1—(—@.714-5}72)@“(u—Q)Js > (24')

where
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B
I

PyldT = _aﬁ/a.yl = —{J+wd,,
d9,/dt = —0H[8y, = —wd,+{P,, (25)
dg,jdt = —8H|[8y, = 0.
Solving Eq. (25),
$,(7)- = (P, cos @T-+ Py, sin ©7) exp (—(7) ,
P§,(F) = (—@y 8in @F 4, cos wT) exp (—(7), (26)
‘2;3(?) = Jao .
From the condition of maximizing Eq. (24), the optimum control z is obtained

as follows.
B = —sgn (‘Zl"“);a) = —Ssgn {(JIO cos aﬁ‘{‘-‘ﬁzo sin @7) exp (_C?)+‘/730} . (27)

It is obvious that u=1 at the initial point (i.e. the terminal point in the reverse time)

and it means

—1 +BC$1T_Bw$2T_Q(¢71T+$3T) =0. (28)

From the transversality condition at the terminal point,

‘/—’10+$30 =0. (29>
The maximum value of A should be zero because 7 is not determined. This means
—1—PlJ,+Pad,, =0 (30)

at the terminal point. :
Obtaining ¢,,, &, and @, from Eqgs. (28), (29) and (30) and substituting them
into Eq. (27),

u— —sgn {g(?)} , (31)
where
g(%) = ¢ %7 cos (wT—a)—cos a, (32)

1¢P+e tT{Bwsin oT+(B{—Q) cos o T}+Q
wP+e¢T{Bw cos oT—(BC—Q)sinwT}

a = tan

(33)
The switching times are represented by z, and 7, in the forward and the

reverse time, respectively. Then
T =7,4%,. (34)

Substituting Eqs. (33) and (34) into Eq. (32) and eliminating z, by using
the relation between 7, and 7, obtained from Eq. (2),
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2(e™47 sin T —e ™ ¢7s sin wF,) —~2¢" 477 sin @ (7 —7,)

S . 35
@P+-¢¢$T{Bw coswT—(B{—Q) sin o T} cos e (35)

g(@) =

Now the sign of g(7) is examined. The denominator of Eq. (35) can be
rewritten as w{P—z,(T)}, where z,(T) is obtained from Eq. (2) and

z(T) = {(BS—Q)sinwT—Bw coswT}exp (—({T)|w.

From numerical calculation, P—z,(T)>0 and the denominator of g() is positive.
Next, the sign of cose in Eq. (35) is examined.. The denominator of Eq. (33)

is the same as Eq. (35) and is positive. The numerator of Eq. (33) is rewritten as

C{P—2z,(T)}—2z,(T), where z,(T) is obtained from Eq. (2). Since P—z,(T)>0

and —z,(7)>0, tan @>0 and 0<a<<x/2 from Eq. (33). This means cos ¢>0.
Consequently, Eq. (31) is reduced to the following:

z= —sgn{f(7)}, (36)

where
f(&) = e ¢7sin wT—e s sin wT,—e 57 sin 0 (T—7) . (37)
Fig. 11 shows f(7) in the reverse time. f(¥)=0 at =7, because the switching

occurs at this moment. Therefore, if the change of the sign of f(¥) does not occur

during 7,<<7<CT, the one time switching control is time optimal.

(D
+
_ 2MrwT,
o wi o 2T wIp / 3?[ wT

f 7(/ w) \/

Fig. 11. Sketch of the behavior of f(¥) vs. T

First, when stick-slip occurs, the relation between the angle 8 of the forward

trajectory in the »,y, plane of Fig. 8 and 7 is
= (0—0,)]w. (38)

For example, the time 7, at N on the trajectory starting from » =3 is given by

/NOM|w. Also on the reverse trajectory,
T=(0,—0)]w. (39)

From this, the total control period T'is given by T=(/S,0,M+ /S,0,G)|w where
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S, is the switching point. In this case, T<<2z/w obviously from the figure. At
=270, f(27|w) = ¢7s sin wF, (¢ *"¢/*—1). Therefore, f(27/w) <0 for 0 < wF,<x.
7, which represents the time at the second peak of f(f) is larger than 2z/w.
f(#)=0 occurs only at 7=%, during 0<#<T. Optimality of the one time
switching control is ensured in this case.

Next, when no stick-slip occurs, the forward trajectory comes near 0, in Fig. 8
asymptotically and T takes all values according to the initial conditions.

When 0<<T< 27w, optimality is ensured as well as in the case with the
stick-slip. When 7>2z/w, optimality is guaranteed for all initial conditions
only if f(7) <0 at 7<<%,. This condition is given by f(7,) <0 and it becomes from
Eq. (37) as follows:

f(z,) = @(1—2¢7% cos wT,+e *7s)"? 6771 —ef7s sin 07, <0, (40)
where

;0 —e ¢7s({ sin wF, o cos wTy)

0T, = tan —= - s
{—¢"%75({ cos @T— @ sin T

4

27r<wfp<3n: .

f(7,) is the function of ¢ and 7,. 7, depends on 4 and B, so f(7,) is the function
of Aand B. Fig. 12 shows the critical condition between B and ¢ of f(z,) <0 and
the occurrence of stick-slip given by Eq. (23). Optimality is not always guaranteed
in the shaded region which exists for {<0.05. However, this condition scarcely

occurs in practice.

4
£ (7p)£0
3Tmso f(1)<0
p
2 "y "
. “—|Critical condition
of stick-s|lip
1
o 7
(o] 0.1 0.2 0.3
3

Fig. 12. Region where the optimality is guaranteed
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5. Sensitivity Analysis

The optimum switching curves are obtained for an ideal mathematical model.
But in practical use, the sensitivity which means the effect of the changes of
parameters to the control accuracy should be considered.

The terminal error which occurs when the controller is switched at the different
point from the optimum switching point is investigated. The terminal error means
the position deviation of the load position from the terminal position where the
velocity equals to zero,

The forward and the reverse trajectories shown by Egs. (15) and (16) re-
presented as follows:

A

Z(z) = F(c)+G,(x)B+| 0 (41)
0

Z(z) = F(r)+G,(¥)P (42)

If the terminal positions are given by z,7=a, z,7=0 and z,,=P instead

of z,7=0, z,7=0 and z,,=P, the reverse trajectory becomes

Z(z) = F(1)+G,(7)P+| 0 |. (43)
0

Substituting z,—a=z,’, Eq. (43) reduces to Eq. (42). Therefore, the optimum
switching surface is the same form given by Eq. (17), that is,

hiz,—a, z,, 2,) = 0. (44)

That is obtained by moving the switching surface of #4(z,, z,, z,) =0 by @ along the
z, axis. In other words, the terminal error a is equal to the distance along the z,
axis from the actual switching point to the optimum switching point.

The deviation of the optimum switching point caused by the change of initial
condition is obtained as follows. The suffix op indicates the values at the normal
optimum switching point. The optimum switching point is expressed as Z,, when
the initial condition is expressed as Z,. _

When the initial conditions .change slightly from Z, to Z,44Z,, each state
variables slightly changes from the normal values. The following equation is
obtained from Eq. (15).

TaptdTy
Z,,+4Z,, = $(z,,+4r,,) (z(,+41z(,)+§0 P (ypt A7y, —5) Ny ds
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Therefore the equation about small variables is obtained as follows:
Zap = {M¢(Tap)Z0+¢(Top)N1}ATop+¢(Tap>Z0 . (45)
Because, neglecting the second order small variables and using Taylor expansion,
oyt d70y)(Zo+42Zy) = P(7,,) Zy+ MP(7,,) Zo47,,+P(7,,)4Z,
Toptdrg To 4
7 gttty Nt = (e —oN 2 [ gu—o)N 25,
0 0 0 =Top

_ So”’,ﬁ(ro =), ds+So"”M¢(rop—s)Nl ds 4,
+N,dz,,
— " B0y N, &5+ B, N,
and

Z

op

— 9o 2ot | " Blroys) Nids.
The similar equation in the reverse time is obtained in the same way.
AZap = {_M¢(—?ap)ZT+¢(_?op)Nz}Afop+¢(_fop)AZT . (46)

4z,,is obtained by 4Z,, :AZ Substituting 47, , in Eq. (43), the variation of the
optimum switching point AZoﬁ is obtained.

Now, we consider the variation of B due to the change of friction force.
shows the relation between the terminal error and the optimum switching curve
for the change of B from B, to B,+4B. The solid lines show the optimum

Fig. 13

Z;

[P, QY AO Zl

[ —

Fig. 13. Terminal error due to a change of B
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switching curve and the trajectory in the case of B=B,. The optimum switching
point is S, for B=B;+ 4B, but the controller is actually switched at the point S,
because B is estimated as B,. The terminal error caused by this switching delay is

given as the horizontal distance @ from the point S, to the optimum switching

curve.

Fig. 14 shows the relation between (8a/0B)z, which represents the sensitivity
of the terminal error to B. It depends on 4. The normal optimum switching
curves and the optimum trajectories are also shown. B,=5 and B,=1 are con-
sidered as the normal value and other paraméters are same as Fig. 4. When
By=1, (0a/0B)p, is small for all initial points. The control accuracy is not much

affected by the variation of B and the high accuracy control is possible.

3._.
o
Am
o 2
S‘\ Bo=5
AN 1F
- \ A
o t 2 3 R‘4 5 6 7 A
Bo=1
1k Bo=5
2k
Z
O ! 2Ac 3 A4 5 6 7 3
W T T3 T T T T 7 i
\ i
\ 1
3 1
Y H 1
\Sw H l
o + r
AN i |
" 4
N ! /
N\
Ay
NGy 4
S -
iy RS

Fig. 14. Sensitivities to initial points for {=1.2,
¢=0.2 and B=1,5

Conversely, (0a/0B) g is relatively large for B,=5 and it becomes infinite at
A=Agp. This means that the trajectory from Ay cannot intersect the optimum
switching curve when B changes slightly. This is evident from the figure. The
region near A=Ay is a kind of uncontrollable region. The uncontrollable region
should be avoided in practical control systems. Therefore, the switching curve
on the z,z, plane is not favorable in the meaning of the sensitivity as well as the
difficulty of its realization. The following two quasi-optimization methods are pre-

sented to avoid the contradiction of the optimum control.
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6. Q_uasi-opti:hum Controls

6.1 Quasi-optimum switching line

This method intends to obtain the quasi-optimum control by approximating
the optimum switching curve projected on the z,z, plane by a straight line. This
means the control by a conventional position-plus-velocity feedback.

The optimum switching curve for {>1 and B>(¢—1)/2, is approximated
by two lines. Fig. 15 shows the trajectories in the case of { =1.2, 4=0.2 and B=5).
The controller should be switched by the line @ which passes through 0 and S.,, if
z,1s positive at the intersection of the forward trajectory and the optimum switching
line. The other switching line @ which is perpendicular to the z, axis and passes
through A is used if z, is negative at the intersection. The control should be zero
when the velocity becomes zero. When the line @ is used, the terminal error is

maximum for 4=Ap. When the line @ is used, the switching point becomes

et

o5 \

Z

Fig. 15. Trajectories of quasi-optimum controls
by using quasi-optimum switching
lines for {=1.2, ¢=0.2 and B=5

Fig. 16. Trajectories of quasi-optimum controls
by using quasi-optimum switching
line for {=1.2, ¢=0.2 and B=1
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optimum for A=4; and A=Ag. The terminal error is very small for Od <4<
0A4p and the control is almost optimum.

The optimum switching curve has not the peak when B<((¢—1)/4, and it
is approximated by a single switching line. Fig. 16 shows the case of {=1.2, g=

Z,
0 1 2 3 4
) T ] T — &
optimum switching line for B=4
optimum switching line for B=5
optimum switching line for B=6
Sw .
terminal error
- - J
L
-2

quasi~optimum switching line

Fig. 17. Sensitivities bf quasi-optimum switching for {==1.2, §=0.2 and

B=5+1
Z;,
(o} 0.5 1.0
o} T 2
quasi—optimum switching line
terminal error
optimum switching line for B=1.2
optimum switching line for B=1. 0
optimum switching line for B8=0.8
__O. 5 [
S
~-1.0 r

Fig. 18. Sensitivities of quasi-optimum switching
for {=1.2, ¢=0.2 and B=14-0.2
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0.2 and B=1. In this case, the switching points are determined uniquely by the
intersections of the forward trajectories and the switching line. The terminal
error is very small for all initial points.

Next, we study the sensitivity to the parameters variation in the system. As
an example, we consider the case when the initial acceleration B changes by 4209,
from the normal value. Fig. 17 and Fig. 18 shows the terminal error for B=5--1
and B=1+0.2, respectively (both for {=1.2 and ¢=0.2). The relatively large
error occurs for some initial points in the case of B> (¢—1)/2,, while the terminal
error is small for all initial points in the case of B<(¢—1)/4,. The approximation

by the switching line is very effective especially in B<(¢—1)/A,.

6.2 Quasi-optimum switchin plane

As previously described, the optimum switching curves construct the optimum
switching surface. Now, the surface is approximated by a simple plane. This
means the quasi-optimum control by the acceleration feedback in addition to the
conventional position-plus-velocity feedback.

The surface in Fig. 3 is approximated by the plane which is determined by
S., Sgpand 4; in Fig. 19. The co-ordinates of S.., S and A, are obtained by
Fig. 3 and they are given by (s, 5,, 0}, (r,,7,,0) and (a,, 0, a;), respectively. The
equation of the plane is as follows: ‘

Fig. 19. The quasi-optimum switching plane
for {=1.2 and ¢=0.2

zl) zZ’ Z37 1
S5 8 0, 1]=0. (47)
1

al, 0) a3’

This plane approximates the surface well in the case of B> (¢—1)/2, .
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optimum switching curve for B=3

2 optimum switching curve for B=5
2
‘o 2 /

3 4 5 5]

o
~Z
<1

Z

~— [phase trajectory for
B=3

actual switching point phase trajectory for
2t B=5
Fig. 20. Switching points and the phase trajectories of quasi-optimum controls
by using the quasi-optimum switching plane for {=1.2, ¢=0.2 and
B=3,5

Fig. 20 shows the phase trajectories and the switching points by such quasi-
optimum control.

Bis chosen as 5 and 3, and the other paraters are same as Fig. 4.
They correspond to the case of B> (¢—1)/4,.

curves are shown for B=5 and B=3.

In the figure, the optimum switching
and optimum switching points.

Little differences exist between the actual
The terminal error due to the variation of the
parameters is so small that this method is very effective.

In the case of B<(g—1)/4,, the quasi-optimum control by the switching plane
is performed more easily than the previous case.

Although the acceleration
feedback is somewhat difficult, we can obtain the same effect by the pressure

feedback instead of the acceleration feedback in a hydraulic control system.,
The above description concerns the case of {>1. For { <1, the optimum
control is performed by the very complicated switching surface.

But we might
obtain the quasi-optimum control by the proper choice of the switching plane.

7. Experiment
7.1 Experimental equipment

The structure of the experimental equipment is shown in Fig. 21.

The
position of load is detected by the differential transformer.

The analog computer
is used for the controller and drives the servo valve by the output directly. The

cylinder bore is of 35.6 mm and the piston has double rods. The high pressure
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Differential
actuator transfarmer

load ‘E

Analog
comp.

Servo valve

Fig. 21. Valve-controlled electro-hydraulic servomechanism

rubber hoses are used for the connection of the servo valve and the actuator. This
increases the compliance of the system and makes the control difficult.

The dimensions of the control system are following.

4, =10 cm’ B = 099

M, = 0.143 kg sec’/cm F, = 120 kg

k, = 231 cm®/mA sec F, =90 kg

k, = 0.465 cm’/kg sec i, = 10 mA

C = 0.078 cm’/kg w, = 95 rad/sec
D, =19 kg sec/cm { =07

P, =18  kg/cm® g = 0.18

7.2 Experimental results

Though the spiral optimum switching curves are necessary for {=0.7 in the
actual system, the switching line through the origin is used for simplicity. The
position-plus-velocity signal is produced in the analog computer by differen-
tiating the output displacement signal. To avoid the effect of the noise, the
dead band was inserted near the zero velocity. When the velocity enters this
region, the controller is switched off and the load stops.

Fig. 22 and Fig. 23 show the output displacements and the input voltage to the
servo valve for the initial point x,=3.95 mm and x,=2.44 mm, respectively. The
controller is switched at point S. The actuating signal is switched off at point L
where the load velocity enters the dead band.

Fig. 24 shows the maximum errors for the various initial conditions. They
were obtained by twenty experiments under the same condition. The terminal

errors were measured by a dial gauge. The maximum errors are less than 0.02 mm.
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Fig. 22, Output displacement of Fig. 23. Output displacement of
an actuator and an input an actuator and an input
voltage to a torquemotor for voltage to a torquemoter for
%,=2.44 mm and supply pre- %,=3.95 mm and supply pre-
ssure=18 kg/cm? ssure=18 kg/cm?
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Fig. 24. Relation between maximum errors and Fig. 25. Output displacement of an actu-
initial points ator and an inut voltage to a torque-

motor for x,=3.88 mm and supply
pressure =30 kg/cm?
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Fig. 25 shows the response with the supply pressure 30 kg/cm?. The table
is pulled back after the stop. This is due to the final acceleration over the limit of

Eq. (5).
8. Conclusion

For the position control by the valve-controlled electro-hydraulic ser-
mechanisms the optimum control was obtained by the one time switching of the
controller and the optimum switching surface was determined. The effect of the
magnitude of the control and the friction force to the control accuracy was discussed.

The quasi-optimum controls which are the approximation of the switching
curve in the phase plane by the switching lines and of the switching surface in the
phase space by the switching plane were presented. The control accuracies were
examined for these approximations.

By the experiment, the high control accuracy was obtained and the possibility

of the practical use is verified.

Nomenclature
A4, : effective area of a piston [cm?]
D, : viscous damping coefficient [kg sec/cm]
F, : static friction force kgl
F, : kinetic friction force kel
i : input different current [mA]
Ls : rated different current [mA]
k, : flow gain of servo valve [em®/sec mA]
k, : flow sensitivity to output pressure [cm®/kg sec]
M, : mass of the moving parts [kg sec’/cm)
T, : velocity feedback coefficient [—]
x : output displacement [cm]
4 : initial position [—]
B : initial acceleration [—]
P : terminal acceleration [—1
q : kinetic friction [—]
T  : control period —1]
z : output displacement [—1]
u : control [—]
T : time [—1
¢ : damping coeflicient [—]
®, : natural frequency [—]
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