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Some Remarks on Optimality Conditions for Markovian
Decision Process

By
Hisashi Mine* and Yoshio TasaTa*

(Received March 31, 1969)

This paper is concerned with a discrete time parameter Markovian decision problem.
The expected total returns for infinite horizon are considered as the power series of
discount factor. Some optimality criterions, for example, f-optimal, l-optimal and so
on, are discussed from the view point of the theory of infinite series. And a new
optimality criterion is introduced. This criterion is valuable to construct an intuitive
optimal policy theoretically.

1. Introduction

In recent years much effort has been devoted to the infinite horizon problem
of discrete time parameter Markovian sequential decision process with finitely many
states and actions. Blackwell [1] discusses the case with a discount factor £, 0=
B <1, and defines an optimal policy, termed F-optimal, that maximizes the total
expected discounted return over an infinite horizon. He shows the existence of a
stationary f-optimal policy. Moreover for the case of #=1, he defines a [-optimal
policy as the limiting one of #-optimal policy in some sense and shows the existence
of a stationary l-optimal policy.

Veinott [2] establishes the algorithm to find a 1-optimal policy and proposes
another optimality criterion, called Veinott’s optimal, maximizing the Cesaro sum
of the vectors of expected returns received in a finite horizon tending the horizon
to infinity. Denardo and Miller [3] verify Veinott’s conjecture that there exist
optimal stationary policies.

In this paper, some optimality criterions such as g-optimal, 1-optimal, mean-
optimal and Veinott’s optimal are discussed by applying the theory of infinite
series and integral, and the significance of each of the criterions is shown. More-
over, some relations and a new optimality criterion are introduced.

The following mathematical model is considered in this paper. Consider
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a system that is observed in sequence at the discrete time points labeled 1, 2, -+,
N, +--. At each point, the system is observed to be in one of § states labeled 1, 2,
<o+, 8. If the system is in state ¢, a decision k is selected from a finite set F; of
possible decisions and an immediate expected return r(z, k) is received. ¢(j|7, &) is
the conditional pfobability that the system is in state j at time n+41 (n=1, 2, --+),
given that the system was in state ¢ and that the decision & was selected at time 7.
And the data r(7, k) and ¢(j|i, k) are known to the decision-maker and assumed to
depend only on ¢, j and &.

Let F=X3$..F;. A policy « is a sequence (fi, f;, +++) of the element of F
and using a policy = means that the selected decision is f,(i) given that the system
was in state ¢ at time n.  Let f"=(f, f, ). f~ is called a stationary policy. For
any f&F, the §x 1 column vector r( f) whose ith element is r(z, f(z)) and the SX.§
Markov matrix Q(f) whose (i, j) element is ¢(j|7, f(¢)) are introduced. Thus, for

the policy z=(f,, f3, ***),
Qu(m) = Q(f) Qf) - Qfw) -

For any two column vectors u,0, they are denoted as uzv, if every element of u is
at least as large as the corresponding element ». The convergence of the infinite
series whose each single term is vector is defined as the convergence of all of its

elements.

2. pB-optimal policy

Using the policy z, the vector of total expected discounted returns starting
from each state is represented by

Va(m) = 23 B Qal) 1 furs) = 2 Anlm)6”, (1)

where 0< £<1 is a discount factor and Q(#) is the $Xx§ identity matrix I, and
the finite vector 4,(x) being independent of # is described by

Ay(m) = Qu(m)r(fard) = Q) QUS) =+ Q) 1) - (2)

The equation (1) is considered as a power series of . The following Lemma 1 holds

for the convergence of this power series.

Lemma 1. The total expected discounted return with infinite horizon converges
uniformly to Vg(z) in-the interval 0= g<C1, when the immediate expected returns
r(f,) are finite for all .

Proof. As the matrices Q ,(z) (n=0, 1,2, --+) are Markov matrices and r(f,) are

finite for all n, there exists a finite number M such as
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() = Qa(@) 1(far1) SM(<00) .
Then for any g (0= 4<1),
S A, ST Mpr = <o
Therefore the power series g 4,(z) " converges uniformly to Vg(x).
Now consider the radi:ls of convergence R of the power series (1). From
CGauchy-Hadamard’s Theorem, if

lirnriiupgt/lA”(nH:l, (3)
then the radius of convergence R is given by
(i) R=+oo if I=0
(ii) R=0 if =00
(i) R:}_ if [40 and co.
Since the power series f}A”(z)ﬁ” converges in the interval 0=<pg<1 by
=0

Lemma 1, R=0 follows from the definition of the radius of convergence, that is,

the case /=00 of (ii) never appears. On the other hand, discount factor £ is not
necessarily introduced if the series ZA"(E) converges to a finite value, that is
the power series ,.20 4,(z)B" converges for #=1. In this case the optimal policy
is defined from the total expected return with no discounting. Therefore this case

is not considered in this paper. Therefore, it is assumed that the series 'i] A, (7)
diverges. ’
Moreover, this paper is not concerned with the cases where the immediate
expected returns r(f,) are identically zero or all the immediate expected returns
after N decision point are zero, for example, a Markov chain has an absorbing
state and the immediate return is zero in this state. Under the conditions mentioned

above, from 0< |4, (7)| <o for all n, the following equation holds
lirzliupk/m(n)[ =1=1.

Therefore the radius of convergence R of power series (1) is equal to one under the
above assumptions.

Consider two stationary policies z==f" and z#'=g”. Assume that two total
expected discounted returns corresponding to these policies are equal to each other.
Then by equality Vg(m)=Vg(x'), the following equation is satisfied;

204, (=) " =23 A,(n") " (4)
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For n=0,1,2, .+, 4,(x)=A4,(="), that is to say,
Qf)r(f) = L(e)r(g) -

Letting =0 and 1, the equations

r(f) =r(g) and Q(f) = Q(g)

hold. Therefore, the two stationary policies which give the same total expected
discounted returns are regarded as identical policies.

Now let introduce an optimal policy for the total expected discounted returns.
The following definition of B-optimal policy by Blackwell [1] is useful for the
definition of the optimal policy with a discount factor.

Definition 1.---Blackwell. If the equation > (4,(z*)—A4,(z))F"=0 is satisfied
for any policy =, then the policy #* is called g-optimal policy.
It is well-known that the following important Theorem 1 holds for #-optimal

policy.

Theorem 1...-Blackwell. There exists a stationary F-optimal policy.
The A-optimal policy is found by Howard’s Policy Iteration Method. It is
noted that the g-optimal policy is the one which maximizes the sum of the power

series (1) for some fixed .

3. l-optimal policy
In the case of #=1, the total expected return diverges in general. That is to
say, the power series (1) does not always converge for #=1. Then it is impossible
to find an optimal policy by means of comparison of any two total expected returns
with no discoudting from the definition 1. It is possible, however, to find it by
considering the limiting case of £-optimal policy as £ tends to 1. Then Blackwell
[1] has proceeded with his conception in accordance with the following definition

of l-optimal policy.
Definition 2. Let z* be a f-optimal policy. If the equation

lim [Vp(x)—Va(z*)] = 0 (5)

B>1-0
is satisfied for some policy =, that is,
lim 33 [4,(x)—4,(x*)] 6" = 0, (6)
B>1-0 #=0

then the policy 7 is defined to be a 1-optimal policy.

In this paper, let consider the meaning of Definition 2 from the view point
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of the power series (1). Introduce the vector B,(z, #*) such as
Ay(7) —Ay(z*) = B,(x, =*) (7)

for two policies # and z*. Since the radii of convergence for power series
SVA(x)p* and D A4,(x*)" are 1, the power series >\ B,(x, #*)8" converges
uniformly in the interval 0=<A<1. And if there exists the finite limit of series
M B, (z, n*)* as f—1—0, that is

lim 31 B,(r, n*)* = C(x, 7%) . (8)

8>1-0 =0
then C(x, #*) is called the Abelian Sum. In particular, if z* is g-optimal policy
and the limit C(x, z*) is equal to zero, then the left-hand side of the equation

(8) is reduced to the l-optimal policy of Definition 2. Consequently Definition 2
is turned out as follows;

Definition 2’. Let z* be a #-optimal policy, and for some policy = express B,(«,
7*) as follows;

B,(m, z%) = A,(z) —A4u(z¥) .

If the Abelian Sum of series > B,(z, z*) is equal to zero, then the policy = is
called a l-optimal policy. .

In the meantime, let consider the condition under which there exists the
Abelian Sum C(z, #*) of 1B, (=, #*) in Definition 2’. For the necessary condi-
tion the following Theorem holds.

Theorem 2, Let # and z* be two policies, and B,,(z, z*) denote
B,(m, 7*) = A4,(z) —4,(=*) .
If the series > B, (7, #*) converges to C(x, z*), then

lim 3% B, (=, z*)* = C(=, n*) . (9)

Bg>1-0

First of all, consider the following Lemma 1 in order to prove Theorem 2. This
Lemma 2 is concerned with the concept of a-optimal [1].

Lemma 2. If the series >} B,(x, #*) converges, then the power series >\ B,(x,
z*) 8" is uniformly convergent in an interval, 0= #<a (for some a < 1).

Proof. Let

Sm,k = Bm+1+Bm+2+ o +Bk
and

3 By(m, a) k= 3V Sy s — ) 8,7

k=m41
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Since the series >\ B, (x, n*) converges in the given interval 0=/ =<a, there exists
some N which satisfies the inequality
| Sm,kl < ¢

for any ¢>0 and every £>m>N. Thus for every m, n such n>m>N, the

following inequality is satisfied.

Then the power series > B, (7, z*) 8" uniformly converges in the interval 0= g <a.

In the second case let us prove Theorem 2.

Proof of Theorem 2. Let g,(8)=pF"". By the assumption, the series > B,(x,

z*) converges. Since the sequence of function {g,(4)} is monotone and decreasing

in 0SA=1, 1g,(8)1= 18" S1, 3B, (m, 7%)g,(8) =3 B,(x, *)§" converges
n=Q n=0
untformly in 0 A=<1 by Lemma 2. And the equation

lim B, (=, *)3" = B, (=, =*)

g>1-0

gives the following;

lim >} B, (z, z%) " = 21 B, (=, z*) = C(x, =¥

B->1-0

The proof is complete.
In the following, consider the conditions that the series > B*(x, z*) converges.

One of the necessary conditions is that the following equation holds.

lim B,(z, z*) = 0.

%00

Especially, for two stationary policies 7= f= and z*=g>, the equation described

above is reduced to the following.
lim (Q"(f)r(f) — Q"(g)r(g) = 0.

And if the Markov chains Q(f) and Q(g) are completely ergodic, then the

necessary condition is represented as
QH(f)r(f) = Q*(g)r(a) -
where matrices Q*(f) and Q*(g) are given by
lim O°(f) = Q*(/)
lim Q"(g) = Q*(e) -
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In practical situations, this necessary condition is very useful because of the sim-
plicity when the consideration of the relations between Ag-optimal and 1-optimal
policies is restricted in a class of stationary policies.

On the other hand, the following Lemma 3 is well known as the necessary and

sufficient condition for the convergence of the series B, (x, *).

Lemma 3. The necessary and sufficient condition for the convergence of the series

2B, (7, n*) is that there exists a positive number N which satisfies the inequality

’Bm+1+Bm+2+ e ~JI_BnI < €

for any positive number ¢ and all n, m such as n>m>N.

Many authors established the relations between F-optimal and l-optimal
policies in a class of the stationary plicies. But in this paper, Theorem 2 and Lemma
3 represented above shows the relations between #-optimal and 1-optimal policies
in a class of all policies.

Now let consider the contrary case.

Assume that there exists a limit

llmZB(n ¥ p" = C (=, ©*) .

gr1-0 #=]

Even if a limit (7, z*) exists, the series > B,(z, #*) does not always converge to
a finite value. The following Theorem 3 which modifies slightly Tauber’s Theorem

is useful to the conditions of the convergence for the series > B, (=, n*).
Theorem 3. Let z* be a f-optimal policy and # be a 1-optimal policy. If
B, (7, z*) = 0(1/n) , (10)
then the series > B,(x, #*) converges to zero.
Proof. Define S,(x, n*) and f(B) by the following equation.
S.(m, n*) — BoA-BA Bt - +B,,
S8 2 Bz, z*) g%
Then S, =) —f(8)] <133 Ba(l—6% |+ 3 Bub?].
Note that, for 08 <1,
I=pf = (1=p) I+ A+ + ) S (1=p)*

Then, it follows that

[Sa(m, =*)—f(A)] = ( 1—-ﬂ\2k|BkH— pIRPAVLS

k=#11
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From the assumption, n|B,|—0. Then there exists m>0 such that for any ¢>0
and all n>m, '

n|B,| <e¢, and (1/n)k§:]le,,|< c.

Thus, it holds that, for n>m,

B.| g% — B 1 < SV & gk el
‘;l v ;ﬂ“ klkﬂksznﬂ<n(l—ﬂ)

Therefore, the following inequality is implied for

Sa(m, ”*)—f<1 —L)* <LE:. k|Bgl +e<ete = 2e,
n n =1

where §=1—1/n.
Then f(1—1/r)—0 implies $,—0. Note that, from the definition 2 of 1-optimal,
Sf(1—1/n)—0 as n—>o0, Then the proof is complete.

4. Mean-optimal policy

Let V,(z) be the vector of total expected returns with no discounting (that
is B=1) for epochs 1 through r using policy z. Then

Valm) = 33 Qul®) 1(far) = 33 dalm) (12)
where Q,(7)=L
In general, the equation (12) does not always converge as n—oco. Consequently
it is difficult to compare the two policies from the viewpoint of the total expected
return. In this case, the most standard optimal criterion is the average rate of
gain u,,=n"'-V,(x) for the first epochs using policy =.
Now let

B,(n) = A,(x)—A,_(7) .
Then

Au(7) = Bo(m)+By(m)+ ==+ +By(m)
where A (z)=DB,(x).

Thus, the average rate of gain u, is given by
_ 1 8—1
un(n) =n" n(n) = _—‘Z Ak(”) .
n k=o
In case of infinite horizon, the limiting value of the average rate of ggin

lim () = lim - §7 4,(x) = u(n)

#yo0 nyoo p k=0
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expresses a Cesaro sum of the Ist degree, if u. exists. And the existence of the
average rate of gain . shows that the series > B, (x) is Cesaro summable. When
4,(z) Z0, the following Abelian and Tauberian Theorem is useful to the summable
condition.

Theorem 4. The average rate of gain u,(r) exists if and only if

lim (1~ ) V() = (), (13)

where A4,(z)=0.
It is noted that, for a stationary policy z=f,

welf) = lim— S 4,(1) = lim - 31 QX() (1)

= Q*(NHr(f),

using Au(m) = Q(f)r(f),

and lim IR+ o + Q) _ 0*(f) . (14)
nron n

Then the above condition (13) is reduced to
Tim (1=A)V3(f) = Q(N)r(f) (15)

This fact exactly shows the existence of an average rate of gain. ‘

Theorem 4 supposes 4,(x) =0, but generally it is not true. In general, the
necessary and sufficient condition that the series DB, (7) is Cesaro summable is
obtained by applying the following modified Hardy’s Theorem.

Theorem 5. The average rate of gain with no discounting exists if and only if the
series > ¢,(r) is Ceasro summable of Oth degree, where the sequence {¢, ()} satisfies

the following recursive relations.

B,(m) = (n+1)(Ch(7) —Cpin(r))  (n=0,1,-) (16)
In other words, the condition is that the limit

lim D,,(x) (17)

exists, where D, (n) = kz:_(,)(,‘k(n).

If the consideration is restricted in a class of stationary policies, there exists
an Abelian Sum of 3} B,(f) because the series >)B,(f) is Cesaro summable.
Then

lim 3% B,(f)A" = u,(f)

g>1-0



434 Hisashi MiINE and Yoshio TaBATA

that is to say, the average rate of gain is given by
() = lim 3 (dy(f) = dps ()"
= lim Y Q" (N)QU) =D (18)

Conversely, if the series > B, (=) has an Abelian Sum, the series > B, () is Gesaro

summable of the st degree when
Au() = Bo() +By(m) 4+ +Bu(w) = Qu(m)r(fp) > M (n=0,1,2, ),
where M is an arbitrary positive constant.
That is, the average rate of gain u,(z)=1lim n“”Z_l A,(w) esists. Futhermore,
k=0

npoo

by Chapman’s Theorem [6], if the average rate of gain exists, then B, (f)=0(n) or

lim QNS =D r(f) =0, (19)

n-y00 n

5. Veinott’s criterion

One of the standard optimal criterions for the problem with no discounting
is the one which selects the policy = maximizing n™*V,(x) as n—>c0. As Denardo
and Miller [3] pointed out, this criterion is useful to the stationary policy. It is
noted, however, that the criterion is rather unselective when the average depends
only on the tail of the return stream and not on the return in the first millennium.
In this case, it is recomended to use a policy z’ such that lim inf [V, (z") —V ,(7)]
=0 for any policy = instead of maximizing n™'V,(=), and =’ is called an optimal
policy. Unfortunately, it is known that there are some examples where two policies
7 and =’ may have V,(z')— V(=) oscillating around zero as n—oo. Veinott [2]
gives the criterion using Cesaro summation to damp down such oscillations. That

is, #* is called Veinott’s optimal policy if

ligl_ionf—]lvé{Vk(n*)—Vk(n)} >0, (20)
for any policy =, where
Valm) = 33 Auz) = 33 Qulm) r{fums) (21)

In this paper, let discuss the meaning of Veinott’s criterion, using not the
concept of Cesaro sum in the divergent series, but the integral theory. It is noted
that the expected return V,(n)="V,(x), for epochs 1 through n using policy =, is

a step function of n as shown in Figure 1.
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Ve(N)
T
&
N
/// ///// /
s /
0 1 2 3 N N

Fig. 1.

Let 1, 1, I,, -+ be the time intervals between the two successive decision points
respectively. Then {I;} is the disjoint measurable set and Lebesgue measure of each
interval is one.

Let E=>1,, then, from o-additiveity,

UE = ply+pdy A-pl+ oo

where u denotes Lebesgue measure.

A step function V.(r) is measurable on the set E and V,(n) is decomposed as

Va(N) = Ve(m)—Vz(n),
where Vi(n) = max [Ve(n), 0] 20,
and VZ(n) = max [—V,(n), 0]=0.

The integral of V,(n) on the set E is described as follows;
| eman = S vimumy = | vied—{ vema
E 1,8 E E
=2 [Vi(=)—Vi(z)] = S(x) .
fEn

In this case, S(z) expresses the area of the shaded portion in Figure 1.

Consider the above integral for two policies = and z* as follows;
S@E*)—=S(x) = 33 [V (%)~ Vi (@¥) —(Vi ()~ V(=)
= RNVl = | (Verlo) = V) e

Then Veinott’s criterion is given by
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P |
2 (1) — >
IIIEIII_,I‘Bf I SE (Ver(n) —Ve(n))du=0.
That is to say, the Veinott’s criterion is considered as the average of the difference
of the area S(z) —S(z*) intuitively.

6. New criterion

In this section, a new optimality criterion applying the concept of a con-
vergence-speed appeared in the theory of infinite series is introduced. For two
divergent series, for example 372"' and 311, let

Sp= 1424 o 2% = 21,
S,=1+414+ +1=n.
Since
’
i‘ — o0  or iS'_” —0,
Sy S,
S, is far larger than §;. Thus it is said that the series > 2"~" diverges faster than
the series 1.
Apply the fact described above to a Markovian decision process with no

discounting and introduce the new optimality criterion as follows;
Definition 3. Let ﬁA”(n) and ﬁAn(n*) be the total expected returns with
n=Q =0 :

no discounting corresponding to policy # and policy z* respectively.

V() = 5 ()

N—
and VN (%) =SV 4, (z*) .
n=0
V() . . . S
If — oo, then the policy = is called a better policy than policy z*.

VN (%)

VN (z*¥)

Definition 4. If 7R ()

optimal.

—co for any policy =z, then the policy =* is called

v (%)
VA (z)
policies are defined to be of the same degree.

Definition 5. If —>[+0 for two policies # and z*, then these two

The optimal policy is able to be found by the above definitions, but it is com-
plicated to compute V¥ (z) the vector of expected total returns for epochs 1 through
N using z. Therefore, the following Theorem 6 is useful as the easy method of

computation.
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4,(m)
A,(z*)
better than policy z*.
Ay(7)
e

Theorem 6. If

—+co for DVA4,(x) and 3)4,(z*), then the policy = is

— 410, then the policy = and the policy #* are of same degree.

Proof. Assume that

An(”) — ]’ n>m
A

then for all # corresponding to an any positive vector ¢ there exists a positive integer
m such as

(U'—€); [4a(x%)]; < [4a(m))s < (' +€); [4y(=9)]; -

Therefore, since the series >34, (z*) diverges to+ oo,

Vi(z) _ V(@) +Apn(m)+-+4,(n)
VAr*)  V™(%) + Ay (T%) F -+ A, (7F)
< V(@) + (U +6) (A (7%) + -+ 44 (7))
V™ (a*) 4 Ay () 4+ o0 A (%)
< U'+2¢ n>m' (>m)

Similarly,
V(=) > '—2¢ n<<m' (<<m) .
V*(z*)
Then
V*(x) ,
i
e

Accordingly, if 4,(x)[A4,(z*)— 0, that is to say, I'=0, then V"(z)/V"(z*)—0.
On the other hand, when [30, let I’=1/l, then

Vi(a*) [ V(=) —> L,
that is to say, if

A,(x)
A (m*) 7
then
V" (z)
V" (z*)

— [’

le.
V" (x*)
V*(m)

—- 1.

The proof is complete.
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Generally speaking, the total expected return with no discounting becomes
larger with epochs n. When the total expected return > 4,(x) corresponding
to the policy = diverges to oo, the relation between the case where a discounting

factor £ is introduced and the case where §— 1, is given by the following Theorem 7.

Theorem 7. Consider two policies z, and =,, and assume that A,(z,)>0,

>4, (r,)=o00 for z;. If the two policies =, and =, are of same degree, that is

lim A, (x,)

= A < oo s
e A, (my)

then
lim J8\%2) Ve(m,) _ — lim 248\ P Z An(”z)lg
p1 Vs(ﬂl) 1 21 A, (7,) 5"

Proof. Without loss of generality, suppose that 4=1. From the assumption that
the policy z, and the policy z, are of same degree,
l—e c22i2 4,(7,) <l+e
A,(my)
for n< N=N(e).
On the other hand,

N 0
Vﬂ(nz) = 'g An(” ﬂ” nzzﬂ n(”z)ﬂn
N
(1+6 VB(”I nZ_OIAn(n'ZHﬂ 5
and
N N .
Va(r,) = (1 —¢) Va(m,) — ZJ "‘g | Ay(z,) | B
Since
lim Vy(r,) = lim 32 4,(x))8" (= finite) ,
B>1 B>1 #=0
and Vg(m,) — oo -1,
lim sup -5=22 Ve(ms) =< l+4e,
A1 8(7"'1)
lim inf V8(T) > |
g1 8(m1)
Therefore
lim Ve(m) _ 1
Va(r,)

is introduced and the proof is complete.
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In the field of Markavian decision problem, nothing is more important than
to consider the existence of a stationary optimal policy. Assume that 4,(z)>0.
Let F~ be a class of the stationary policies. The set F~ is a finite set including
the F F,---F; elements, and F*CF. Then the following Theorem 8 is introduced.

Theorem 8. There exists at least an optimal stationary policy.

Proof. As the number of stationary policies are finite, two policies f= and g are
of the same degree or policy f~ is better policy than g* (or g™ is better than f~)
by Definition 3 for some stationary policy f* and any stationary plicy g”&€F™.

If f= is better than g, then policy £~ is the unique optimal stationary policy
since policy g is selected arbitrarily from the set F=. If f= and g~ are of same
degree, then £~ and g* are optimal stationary policies. If one of the stationary
policies g* is better than f*, consideration of the different policy g’ from g”
such as

glm = Foo_fm

and the same discussion assures the existence of the optimal stationary policies since
the set F'™ is finite.

7. Concluding remarks

In the problem of a Markovian decision process, the vector of expected total
returhs for infinite horizon has been considered as the series of the decision point
n and the optimal criterions to decide an optimal policy have been discussed by
means of the thoery on the infinite series.

When a discount factor # is considered, the total expected return is regarded
as the power series of 4. And it has been shown that the criterion of /-optimal
policy is introduced by considering the Abelian Sum as #—1. Moreover, the
necessary and sufficient condition that the Abelian Sum might exist has been in-
troduced. For the mean-optimal policy, Cesaro sum corresponds to it and the
necessary and sufficient condition for the average rate of gain to exist has been
given. Commonly, Veinott’s criterion is considered as the application of Cesaro
summation, but in this paper, it has been discussed in the point of the theory on
integral.

At last, in addition to the optimal criterions described above, a new criterion
to apply the divergence-speed of the infinite series has been introduced. For a
problem in which the total expected returns become infinity with n, this new

criterion is valuable to construct an intuitive optimal policy theoretically. And
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an algorithm to find the optimal policy is not exactly given, but Theorem 6 and

Theorem 7 may give an easy procedure to find the optimal policy.
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