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Calculating Method of Dynamic Stability in a Multi-machine
System allowing for Margin

By
Muneaki Havasui* and Satoru ITHArRA*

(Received March 18, 1968)

First, the equivalent circuit of a power system transformed into the form of La-
grangian tree is applied to obtain the basic equations required for criterion of system
stability. On the next step, the characteristic equation can be obtained by transformation
of the matrices which consist of the coefficients of basic equations. Furthermore, a new
concept about the margin of system stability is proposed, and the assessment of system
stability is carried out by obtainning the root-loci of a characteristic equation.

1. Introduction

On calculating dynamic stability in a power system, many excellent results(®
have been obtained about multi-machine problem dealt with by means of Hurwitz’s
criterion etc. owing to the progress of a digital computer with a large capacity of
memory and quick processing ability. The computing method described in the
present paper is also in accord with the recent tendencies as described above, and
furthermore, it has the following features:

(1) An equivalent circuit® transformed into the form of Lagrangian tree from
a system network using linear graph theory is applied to formulate the relation
between voltages and currents of each synchronous machine connected to the system,
and then the basic equation required for the criterion of multi-machine system
stability can be introduced by simple routine work. By means of this method, the
basic equations about the stability in a multi-machine system can be deduced easily
as well as the two machine problem even if the system network is complicated.

(2) On the next step, after coefficients of basic equations are obtained, the matri-
ces of which they consist are transformed by the same method as the one used in
the one machine problem which is described in this paper. Since matrix-
transformations are easily applicable for digital computer programming, and the
troublesome part of analytical processing in the calculation decreases by the trans-

formations, the characteristic equation can be easily obtained.

* Institute of Electrical Engineering
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(3) Considering the criterion of the stability of the power system, when all roots
of characteristic equation lie on the left side of imaginary axis on the Gauss-plane,
the system has been regarded stable. In this paper, however, a certain critical line
is specified by two parameters @ and # on the left side of the imaginary axis on the
Gauss-plane, where a and £ are related with attenuation and frequency of hunting
in the system. a and ¢ are used and difined as the margin of the system stability,
then it is investigated whether all characteristic roots are on the left side of this
critical line or not, and the system is regarded stable if all roots are on the left side.
As the examples of computation by this method, one-machine and three-machine

problems are illustrated and the results are studied.

2. Deduction of Basic Equations and a Characteristic
Equation in a One-machine System

In this section, we formulate the basic equations where one synchronous
machine is connected to an infinite bus through a transmission line as shown in
Fig. 1 and the authers apply matrix transformations to these basic equations.

These steps will be applied to multi-machine system in the next section.

GM

Synchronous machine
infinite bus

Fig. 1. Theoritical system of one machine problem.

2.1 Basic Equations®

For the synchronous machine in the system shown in Fig. 1, the vector diagram
of the voltages and the currents is obtained as shown in Fig. 2, and furthermore
the relations between these vectors are formulated as the following equations, where
voltages, currents, fluxes etc. are represented with p.u. quantities, and resistances
of armature windings and of transmission line are ignored.
(The notations of symbols are shown at the end of this paper).

by = plra—Vq pO=—vr, (1)
g = pYrgt+Va- PO =y (2)

From the view point of the infinite bus,
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Fig. 2. Vector diagram of a synchronous machine with leading current.
eg = érsin 6 —x 1, (3)
eg =¢€rcos 0+x,°1y (4)

In steady-state

Va = Eg—x41y (5)

Yo = —ig%lqg (6)
The voltages of a synchronous machine in a transient state are defined as follows:

Vra = Eq—(x4—x5) 14 (7)
Or

Ve = €gtageiy 7’

Vg = €g—xq°iq (8)
And

Ta’!o'[’%”fd - Efd_Eq (9)

T:Jo'P‘z”fq = (xq_xé)’iq“wfq (10)

On the terminal voltage
o = ef tef (11)
The equation of the rotor motion in a synchronous machine is

MpO=T,— Vv igtrg-ig+Pye p0 (12)
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Since the voltage of the infinite bus is assumed constant, then
er = ¢, (13)

When an infinitesimal disturbance occures in the system, a small change of some

variable quantity is represented as follows:

Va = Vat+4¥, (14)

where suffix 0 means the value in a steady state.

And the unit time in this paper is 2z f,.
The equations for small changes in variables of Eq. (3), (4) and (7)’ are arranged

as follows:

[4,)(4e;) = [A,]( 46

j:: Iy (15)
di, 4y e
where
[A]— 1 et
1 —%,
1 xd
1 %o

where a blank means a zero-element.

[Az] = 1

—egzosin O,

ero+cos d;

and [A4;], [A,] matrices are given as follows
[41=[4.]17, [A]=[4;][4.]

and the column matrices which appear in both side of Eq. (15) are shown by the
sign [], because the authors intend to save space, then Eq. (15) is rewritten as

follows:

[Ae(b Aem Aid) Aiq]t = [A4] [45, Awfd: Awfq]t (15)’
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From Eqs. (9)~(12), the four equations for variances of currents, voltages and

fluxes of a machine can be obtained, and furthermore the following three equations

which are concerned with angular velocity, effects of governor and A.V.R. are
obtained,

$40 = do (16)
w4 (17
(I+70p)
—K
4dF., = o4 18
fd l-}—pr 73 (18)

These equations are combined and arranged in the form of a matrix equation as
follows:

[pd6’ p‘h@fda pA"/’fq: pAEfd: [’Aw, /)d Tm]t
= [As][dey, deg, diy, dig, 49, AWfd, Y ras AEfda dw, 4T}, (19)

where [A4,] is as follows:

[4:]= 1
— (x,, - xd/) -1 1
Ty Ta' T
Xe—xq 1
Tof Ty

_K-eqy | _K-eqq _ 1

Tf'eio Tyeey T,
_dag | _ia _ed | _ta P | L
M M M M M M
P B §
T T

In [A,] matrix, the column corresponding to [40] is introduced to compose the
following matrix [A4,].

In the next step, in order to substitute Eq. (15) into Eq. (19) in the form of
matrix multiplication, a compound matrix is formed as follows:

(4] = [[A.] [0]}
]

[ (20)

where, [0] is zero-matrix of (4X3) order, [U] is unit matrix of (6x6) order.
Then, [4,] has order of (10 X 6) and the following equation is obtained,
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[dey, deg, diy, 4ig, 43, 430'_{4: AE”'fq, AEfd: 4w, 4T,,];
= [As][da’ A%fd: Awfq, AEfd: Am’ ATm t (21)

From Egs. (19) and (21)

(040, pdvr s, pAY sq, pAEy, pdw, pdT,,],
= [As] [As] [46, Ai#fd’ Awfqa AEfd: Aw: ATm]t (22)

The definition of matrix [BH] is as follows:
[BH]=[4,][4.]

Then, [BH] has order of (6 x6), and Eq. (22) is rewritten as follows:
(pLU]—[BH]1[40, 4¥ 14, A4 sq, 4By, 4w, AT, ], = [0] (23)

Thus, when the system under consideration is affected by the small disturbance,
the system stability is investigated as follows: At first a secular equation is formed
as follows.

det.| p[U]—[BH]| = 0 ' (24)
and from the above equation the polynomial of p is formed
Cop®+ =+ Coff +Cop+Co = 0 (25)

Hurwitz’s criterion is applied to the coefficients of Eq. (25), and the stability of the
system is investigated. In this manner of the computation, matrices [4,], [4,] and
[4,] are first obtained, and inversion, multiplication and combination of these three
matrices are carried out, then the required coeflicients of the cahracteristic equation
can be obtained, where very little analytical operation is needed, and the coding and
programming of computations from Eq. (24) to Eq. (25) and for Hurwitz’s criterion
are prepared as subroutines in the calculation about automatic controll engineering,

and these computations are executed with simple programs.

2.3 Margin of the Stability

By Hurwitz’s criterion which is used for the assesment of dynamic stability of a
power system, the systern has been regarded stable, when all roots of charac-
teristic equation lie on the left side of the imaginary axis of the Gauss-plane as
shown in Fig. 3(a). But the state of system. operation, in which a characteristic
root is on the imaginary axis, or in the neighbourhood of it, is easy to become

unstable, then in the practical operation it is desirable that the roots lie on the left
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Fig. 3. Domains of stable operation defined by various criterions.

plane apart from the imaginary axis.

When the domain of the characteristic roots is restricted on the left side from
the lines specified by a@ on the Gauss-plane (c.f. Fig. 3(c)) for the purpose of the
stable operation of a system, in the critical state of stable operation, the root, cor-
responding to the oscillation with time constant 1/e, is located on this line. Then
the other oscillations have a smaller time constant than l/a, and the system has
some margin for stable operation.

To obtain the critical operating condition under this restriction, (p+a) is sub-
stituted in stead of p into Eq. (25), and a new characteristic equation can be

formed. Or a new secular determinant is formed from Eq. (24) as follows:

det.| p[U]+[e]—[BH]|=0 (26)

where [a]=:diagonal matrix having « as elements

Then Hurwitz’s criterion is applied to the characteristic equation of the above.

Alternatively to restrict root positions, two lines are specified with angle x
against the imaginary axis as shown in Fig. 3(b), where both the frequency and
the attenuation time of the hunting of the system is restricted.

For this purpose,
p = wexp (—ju) (27)

is substituted into Eq. (25), and Bilharz-Frank’s criterion can be applied.
Furthermore both a and # can be used together as shown in Fig. 3(c). In this

paper by means of numerical method, the authors get the root loci with parameters
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P and Q etc. to obtain the critical condition for various @ and # (c.f. example of
calculation). The margin of the system stability can be defined by many different
ways, but in this paper @ and 2 are used.

3. Multi-machine System

3.1 Formation of the Vector Diagram of Synchronous Machines Using
a Tree-formed Equivalent Circuit.

The analysis of each machine connected to a multi-machine system is same as
the one-machiné problem fundamentally, but it is different from the one-machine
problem in that the phase relations
between voltages and currents of the
machines and the power flow among
then have to be studied. When the
network of the system is complicated,
the investigation of the relation be-
tween quantities of the machines
becomes very troublesome. In this
paper, in order to avoid such diffi-
culties, the authors use a tree-formed
equivalent circuit of a power system by
means of linear graph theory.® In

this equivalent circuit as shown in Fig.

4, a bus of the system is adopted as the :
Fig. 4. Equivalent circuit having the form of

reference point and for simplicity the Lagrangian tree in n-machines system.

earth capacitances of lines are included
equivalently in the impedance loads at the line terminals, or otherwise are ignored.
In this paper, the latter is adopted.

Under the assumption described above, the realtion between voltages and cur-

rents in the system are given as follows:

[ve] = [Zg][ie] (28)
where [vg]: Column matrix which consists of the bus voltage measured from
the reference point . .
[iz]: Column matrix of the line currents corresponding to [vz]

[Zg]: Impedance matrix of (n— 1), (n— 1) order for an n-terminal system

From the equivalent circuit described above, the relations between the reference

bus voltage and D-, Q- axis of each synchronous machine are shown in Fig. 5, and
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the current vectors are shown in Fig. 6. To obtain these relations, the bus voltages

and currents have to be computed by power flow calculation in the power system

beforehand.

3.2 Establishment of Fundamental Equations and the Deduction of a

Characteristic Equation

According to the vector diagrams shown in Fig. 5, 6, the authors formulate the

relation between the bus voltage and the current of i-th synchronous machine and

ones of the reference in the case of n=2 as follows (c.f. Fig. 5, 6)

ero*sind; | = cos 0;, sindy, |[ eg,sind, :|
€Ry* COS 0 —sin 6;, cosd;, || ep,cosd,

where eg,=voltage of the reference bus in a steady state

d;=angle between ep, and Q ;-axis
6:’ n 6!' . 8:’

n=number of reference bus

and the voltage relation is as follows®.
. n-l .
€ro SIN 0; = €4;+3 ] Xy ipcOS Ay }
=1

5=l
eRo COS 8; = eg;— 3 Xy pesin @y
k=1

where x,;, x;,=0 (i=1~n) holds according to the definition of Zg.

Then,
epy°Sind, = ¢4, , €p,~COSD, = ¢,
Eq. (29) is rewritten as follows:
eporsind; | = cosd;, sind;, |l ¢4,
l:eRo-cos 0; :| I:—sin d;, cos 6,-,,:“: Can ]
Since a;, means the angle between 7, and Q ;-axis,

@i = Opttan™ (i u/ig)
where i, k=1~(n—1)

According to Eq. (29)’, (30)
edi‘i’ﬁ Xin*iy* COS @y = €4,°C0S 8, +€q,+sin 8;,
k=1

.
e,,,-—kz_i, Xiptigesin ay, = —e4,v5in 8;, 64,0 cO8 0,

And the sum of all current flowing into the network is zero, then,

(29)

(30)

(29)

(31)

(32)

(33)



274 - Muneaki Havasar and Satoru Inara

kz;i,;cos U;p = 0
. (34)
qui,,-Sin Aip =0 )

where the saffix ‘¢’ is selected arbitrarily within n. (c.f. Appendix)
The transient voltages of synchronous machines are formulated similarly to
the one-machine problem as follows:

Eq. (7) becomes
Vrai = Eqi—(xgi—%33)iai = eqi+%4i*ia:
(8) Yyu= Cqi—%Xgilqi
(9) Thuit¥rai = Epgi—Vpai— (Rai—%4:) iqi = Epgi—Ey;
(10)  Tooi pV¥rai = (Xqi—%4i)iqi—V ra;
where i=1~n

(35)

If T3,;=0 t.e. x;=x; is assumed for simplicity, the equation corresponding to Eq.
(10) is not needed. The above assumption (7T'7,;=0) is adpoted here for simplicity

and for reduction of the storages for the computor programming.
(11) &, = é&;+€; ’ (37)
(19) 4Epy; = —K;ode/(1+pT) (38)
Relative angular acceleration is,

p4é;; = dw;; (39)
The equation for the relative motion between i-th machine and n-th one is
(12) p0:p = —(Pgs/ M)p0s,, :

+{M,,(Pprs;—Pgi) — M;(Pyg, — Pg,)} [ M- M, (40)

where, it is assumed for simplicity that
(P4;/ M;)="constant for all ¢.

In the above equation, the governer action is ignored, that is,
Prri="Pusei (#1)

Thus, the mechnical input is constant even if pw; varies slightly.
For the electrical output of the i-th machine,

Pp = eg;vi4itegi1qi (42)
For the small distubance in the system, Egs. (20) ~(40) are linearized similarly to
the one-machine problem, and the work for linearization becomes complicated

when the number of machines connected to the system increases. (c.f. three-

system machine in Appendix)
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(15)  [A,"[deqs, deq;, diy;, dig;),

= [Az”] [Aal'n, Al”fdi: A‘#‘fqi]t (43)
where i=1~n

[4],7, [4,"] have respectively order of (4n, 4n) and {4n, (3n— 1)} but if T,;=0 is
assumed, [4,"] has order of {4n, (2n—1)}
Eq. (15%) is rewritten as follows:

(151) [Aedi, Aeqia Aid:” Aiqi]t R
= [A")[48:4, AV rais A s0i: . (44)

where [4,"] has order of {4n, (3n— 1)} but if T,;=0 is assumed, {4n, (2n—1)}

Similarly to the one machine problem

(21)  [pdé;,, AV rais PAY rgis pAEsq;, pAw,,];
= [AS"] [Aedc') Aeqi; Aidl’; Aiqi’ 46,-”, 41/’/4;', Awfqia AEfdi: Amin]t (45)

where, [4;"] has order of {(5n—2), (9n—2)}, but if T},;=0 is assumed, {(4n—2),
(8n—2)}.

Because Eq. (45) does not have the column corresponding to 49;, in Eq. (19),
the constitution of [4."] is different from one-machine problem and has the form

as follows:

(4] = [[Af] [Oa”]}
[0, [U”]

where [0,"] and [0,”] are zero-matrices and have order of {(4n), (2n—1)},
{(4n—1), (n— 1)} reaspectively and [U"] is a unit matrix and has order of {(4n— 1),
(4n—1)}. When T};=0 (i=1~n) is assumed, [0,"] and [0,"] have order of
{(4n), (2n—1)} and {(3n—1), (n—1)} respectively.

And then similarly to the one machine problem, [BH"™]=[4,"][4,"] where
[BH"]is a square matrix of order of {(5n—2), (5n—2)}, if T5,;=0 (i=1~n) is
assumed, the order is {(4n—2), (4n—2)}. Secular determinant for [BH"], the
characteristic equation and criterion for system stability can be obtained similarly

to the one machine problem.

4. Examples and Study of the Results
4.1 One Machine Problem

The system parameters in the theoretical system as shown in Fig. 1 are assumed

as follows:
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%3 = x4 =16 (p.u)
x, =024 x,=09 x,=04 ¢ =10
d0o =173 (sec) Tl = 1.6 (sec) M = 7.6 (sec) 4, = 20
7 = 1.0 (sec)
where time is multiplied by 2z f,=377 as described above, then
T’ (radian) =2r f, (radian/sec) x T (sec)
is used.

Furthermore in this unit system, P;=60 (dimensionless) is assumed and K and
T, are shown in the figures as parameters.

For the initial value of the system, ¢;, is set under the condition that
¢,=1.0 (constant) is held for various P, Q.

The root loci of Eq. (25) under the condition described above are shown on
the Gauss-plane in Fig. 7 where K=15.0, T,=25 sec and P, Q are parameters.
Numerical analysis by Hitchcock-Baistow method, Newton Method e.t.c. are used
here. In the figure, T}, T, and T, mean inverses of 2z fe,, 2z fy, and 2z fex,.
Since Eq. (25) is the 6th degree polynomial in p with real coefficients, it has 6 roots.
But the authors pay attention to only one of the 6 roots that is the nearest to the

X072
L]
(=] T¢=25 sec
\
) K=15

B Vtad.)

(4]
[
L.
L4

" 1 = :

T (Praxtig)

L 1 1 1 L 1 1 1 —l
-04 -03 -0.2 -0O.1 0.0 0.1 0.2 0.3 0.4 0.5 X10°3
o ( Vradi)

Fig. 7. Loci of complex roots of characteristic equation in one-machine system
(parameter P, Q) (Ist).
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imaginary axis of the Gauss-plane. Only the group of characteristic roots con-
sidered is selected and shown in Fig. 7.

From the root loci, it becomes clear that the root (e.g. point 4) traverses the
critical line from the stable domain to the unstable domain in Fig. 7 as Q increases
(i. e. consumption of leading reactive power increases) along the straight line AB
in Fig. 8. If the point (P, Q ) which corresponds to the root on the specified critical
line in Fig. 7 is obtained, it is the point on the critical operating line in Fig. 8.

Active ' power (P)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
-00 T T - T =T T ~
o002
g
3—0.4 r
2
§
E—O.G B
T¢ = 25sec
K=15
-0.8 | B

Fig. 8. Domain of stable operation in one-machine system allowing for
margin (parameter «, # on P-Q plane).

Thus under the conditions of (#=0, T, =10, 15, 25 sec.) and (T, = oo,
#=0° 10°, 20°, 25°, 30°), the critical operating states represented by P and Q are
shown in Fig. 8. Furthermore, the roots shown in Fig. 9 as well as in Fig. 7 are com-
plex ones, but they are far from the imaginary axis and out of the question. Each
of the two groups of roots shown in Fig. 7 and 9 has its conjugate root group which
lies symmertrically to the real axis. Since the critical lines for criterion are also
symmertric to the real axis, only either one of the conjugate roots is disccused here.

The critical operating line on the P-Q plane obtained by the method described
above coincides with one obtained by the method of Hurwitz or Bilharz-Frank
criterion. The root-loci shown in Fig. 10, 11 are groups of real roots taking Q as a
parameter, and all lie on the left side far from the ones shown in Fig. 7, then, they
are out of the stability criterion.

Fig. 12 shows the root-loci with parameters Q and K under constant P. Using
this figure, the critical operating line is obtained as shown in Fig. 13.
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X10°3
q22
Tf=25 sec
K=15
120
P=0.80
118
P=0.55
Q -
o P=030716 §
N N
/4 —_
Q o Q
o -14
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i
[¢)
o
~ 1412
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o/
/
1 I 1 N - 'O
-120 -11.5 1.0 xi6d

o (VVrad.)

Fig. 9. Loci of complex roots of characteristic
equation in one-machine system
(prarameter P, Q) (2nd).

(P)

Active

. . . | 0.0
~-264 -263 -26 -2.61 -2.60
! X193
o (Vrad)

Fig. 10. "Loci of real roots of characteristic

equation in one-machine system
(parameter Q on a— P plane) (1st).

Active power (P)

-2.0
od{ Yiad. )

-1.5
X103

Fig. 11. Loci of real roots of characteristic equation in
one-machine system (parameter Q on a—P

plane) (2nd).

power
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' P.0.55
\' T~ x163 T 10.0sec

\ : g
. ol . \»
'Y -

N —

Q

(P=a+jg)

L I 1

~0.30 -0.20 -0.10 0.0 0.1 0.2 0.3
a( Yrad.)

-040 X103

Fig. 12. Loci of complex roots of characteristic equation in one-
machine system (parameter Q, K)

Gain of AVR (K)

0 5 10 15 20
0.00 T T '

— Tp (V&) 25 sec. M :20°

T

no margine

-0.25

-0.50

-0.75

Lecding reactive power (Q)

. =1.00

Fig. 13. - Domain- of stable operation in one-machine

system allowing for margin (parameter T,
on K-Q) plane).
4.2 Three Marchine System
For the theoretical three machine system shown in Fig. 14, the tree-formed

equivalent circuit is formed, where #3-bus is regarded as the reference bus. When
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Zs

©- @

Zs

Z,
Zz | @

Fig. 14. Model system of 3-machine problem.

resistances and earth capacitances of lines are ignored, the impedance matrix for
the equivalent circuit is obtained as follows:

#1 #2
#1 J0.251 J0.126
ZE =
#2 J0.126 J0.439

where Z,=Z,=70.250, Z,=;70.252 and Z,=;0.592 are assumed in Fig. 14.
The constants of the synchronous machines are assumed as the following table.

The constants of synchronous machines

#1-, #2-Machine #3-Machine
Xq 1.6 0.8
Xq 1.6 0.8
x4 0.24 0.12
xy’ 1.6 0.8
T4 7.3 sec 7.3 sec
M 7.6 sec 15.2 sec

Active power of #1-machine (P,)

é . 0.2 0.4 0.6 08 1.0 1.2
T T T T T T

g Tf = 5sec(for 3 machines)€ta=1.1

£ -

é -02F K=20 ( g )

= ===~ no mdrgine ,/

* — H=7° ol=30sec s

b 7/

o =04 0

[ 06/ Q'b,

o il

g AY e

& -06F} //0;/’/

[ v~

= -

g N S

v -08| R e

Fig. 15. Domain of stable operation in 3-machine system
allowing for margin (parameter P, on P,—Q, plane).



Calculating Method of Dynamic Stability in a Multi-machine System allowing for Margin 281

And P;=60 (dimensionless, c.f. preceding section) is assumed and the constants of

AVR is shown in Fig. 15. '
To determine the initial condition for the computation of dynamic stability,

the calculation of the power flow of the system is necessary. In the computation,

¥1-busis P—Q node (i.e. P, Q, are specified and e,, is calculated) and $2-bus is

P—V node (i.e. P, ¢, are specified and Q, is calculated).

In this paper, P, is taken as a parameter and shown in Fig. 15, and for #3-synchro-

N\ To=25sec

AN

1

0.8

10.16

0.14

Tf = Bsec
K=20

B (Vrad)

Imaginary axis
)

10.08

-1 0.06

10.04

1 1

- 1 1
-0.10 -0.08 -006 -004 -002 0 0.02 -X10°3
Real axis a( Vfad.)

Fig. 16. Loci of complex roots of characteristic equation in 3-machine system
(parameter P, Q).
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nous machine (motor), ¢,=1.1 and P,, Q, are obtained from the power demand in
the system.

For the criterion of dynamic stability, attention is paid only to the group of
the nearest root to the imaginary axis. The root-loci of the characteristic equation
of the three-machine system are shown in Fig. 16 and 17. From the root distribu-
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\\\Q 1
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T\\\\/\’Q
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(2]
i
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= ~ o
!z s
¢ z
R=06 Q=-075 1%\ 0.2
P2:0_6 E2= 1.1
Es= 1.1
X \ | | L 1 =
Real axis ~05 04 -0.3 -0.2 -0.1 0.05

%1073
o ( Vrad. )

Fig. 17. Loci of complex roots of caaracteristic equation in 3-machine system
(parameter K, T).

tion shown in Fig. 17, it is clear that the frequency of the oscillation in the system
increases as K (the gain of AVR) increases and the root comes nearer the imaginary
axis as T/ (the time constant of AVR) increases, where the time constants and gains
of three machines are assumed to be the same in all.
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4.3 Further Consideration on the Calculating Method for Stability

Criterion

When Bilharz-Frank criterion is applied to dynamic stability in a power system
specifying @ and ¢ arbitrarily, the P, Q point of stable operation sometimes can not
be found anywhere. It often occurs especially when the margin is large. And
the following results are obtained from the numerical computation:

The n-th degree characteristic equation has n roots, which are classified as follows:
(1) Groups of high frequency and short attenuation time. In one-machine
system positions of them do not change so much against changing P, Q. The
movement of these roots scarcely affect the system stability.

(2) The group of real roots which are stable and do no affect the system stability
as group (1).

(3) The groups which have the minimum absolute value and the behavior of
which decide the system stability.

In this paper, attention is paid only to group (3) for system stability criterion
as described above. When the values of @ and # are too large; group (3) does not
move to the left side of the critical line, even if the P, Q point largely changes and
stable operation of the system is impossible with the specified margin in such a case.

When Bilharz-Frank’s criterion is used to get the critical curves of stable opera-
tion in the P—Q plane against various values of @ and gz, the criterion must be
carried out at every point in the neighborbood of the cruves in order to search
them. Because the procedure of this criterion is very troublesome and it must be
repeated so often, the work increases exceedingly.

Once, however, the root-loci are drawn varying the values of P and Q as par-
ameters, the critical curves of stable operation can be obtained easily against any
values of @ and x as described here. They can be obtained only by making the criti-
cal line specified by @ and z across the root-loci to find the values of P and Q at the
cross points. This procedure is not so troublesome.

The methods of Hurwitz and Bilharz-Frank seem to be sometimes used to avoid
the impossibility or the difficulty of solving high order characteristic equations.
But, recently, digital computers have come to possess high abilities and have made
it easy to calculate roots of high order equations.

Therefore, there are some advantages now in calculating the roots of them
directly.

5. Conclusion

The deduction of the characteristic equation of the dynamic stability in multi-



284 Muneaki Havasui and Satoru Inara

machine system becomes easier as follows. (1) By the application of an equivalent
circuit, the establishment of basic equations can be carried out as easily as in a
two-machine system. (2) On the next step, the matrices which consist of the
coeflicients of the basic equations, are transformed by the same method as discribed
for the one-machine system in this paper, and the necessary characteristic equation
can be obtained. (3) This method is advantageous for a digital computer, and the
part of analytical processing in the calculation decreases by means of these matrix-
transformations, and therefore the programming for the computer becomes simpler.

Furthermore, it has been proposed that the parameters to restrict the at-
tenuation and the frequency of the oscillation in the system should be introduced
as the margin of stability. Along with this opinion, the method to get the critical
condition for stable operation and the examples of the computation for one- and
three-machine systems have been shown. The results of the examples have also
been considered in this paper.

This method shows great advantages in studying the stability criterion allowing
for the margin.
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Nomenclature

Nomenclatures are defined mainly according to reference 5

¢, = terminal voltage of synchronous machine

¢ = direct axis voltage

¢; = quadrature axis voltage

e; = voltage of infinite bus

E, = induced voltage at no load

Yy = direct axis flux linkage in armature winding

¥, = quadrature axis flux linkage in armature winding
Vs = direct asis field flux linkage '

Y se = quadrature axis field flux linkage

x4 = direct axis synchronous reactance

%4 = quadrature axis synchronous reactance



HRN TR vNE

R
§

N

P,

Calculating Method of Dyanmic Stability in a Multi-machine Sysiem allowing for Margin 285

direct axis transient reactance

quadrature axis transient reactance
direct axis current

quadrature axis current

I

open-circuit generator field time constant in direct axis

open-circuit generator field time constant in quadrature axis

Iw? where I is per-unit inertia constant

prime mover torque

I

active power

I

reactive power

I

angle between quadrature axis of machines

I

angular position of direct axis with respect to stator
gain of AVR
time constant of AVR

gain of governor

I

= time constant of governer

I

damping coefficient of generator

The subscript zero denotes initial operating condition

Appendix

When 7T5;=0 (i=1~3) is assumed in three-machine problem, the elements

of matrices [4,’], [4,°] and [4;*] are obtained as follows:

From eq. (35)

AW/di = deg;+xy;- diy; (i=1~23) (App- 1)
degi—xpiodig; =0 (t=1~3) (App. 2)

i=1, n=3 are substituted in eq. (32), (33),

degy,—(cos 0,5) * degy— (sin 8,4) + degy 2y, digy

— (%1z°5in 81p5) » i gy + (%5 COS 8,9) L,

= {(€qs0°COS 8150 — €430 5iN 0130) + (4120 * COS 010G ggo* $iN 80 * ;5340

— (420 €OS 015 +1gp * SIN 055) = Xy 40, (App. 3)
A?ql +(sin 8,4,) » degy— (08 0y59) + degy—xyy+ 41y,

— (%152 COS B3) » i gy — (%152 5IN 8,50) « Ly

= {—(€gs0"5In 015y +€439° COS 8140) Xy (lgag * COS 0190 — L gzg * 50 8,50) } 40,

A (— o €080 150t gpy e 8IN 8 15) # %50 405 (App. 4)

Similarly, i=2, i=3 are substituted in eq. (32), (33),

deg,—(COS Og40) » e gy — (sin 8,5) « degy— (%, o510 ) » A1y
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(%4, COS 8yp)  digy+2550 Aigy = — (1410 COS 030+ gq0*SID By ) X5 ¢ 40,
F{(€g30* COS 8 430 — 30 SIN Byg0) + (£410° COS 8pg g0 8iD 8,0} + 45,148, (App. 5)
where, 40, is eliminated in the above equation by the realtion of §,,=0,,—0,;
(similarly in the following)

degy - (sin 0,y)) « degy— (COs 0,y55) + degy— (X0 cOS 05) « diy,

— (Kpy o8I0 Oyp) ¢« i gy — oo digy = (—1g10° COS Oppgtig1008IN Oyyp) * %y * 405

F{— (€a30° COS 850 t€g50° 51N 350) +(2g19° COS By +1gy0°8in Fzy) * xy,}48,, (App. 6)

When =3 in eq. (34),

(sin 0 yy) « dig, + (COS 8,59) « digy+ (sIn 8,50) » 4iy,

4 (08 B,y5) e Bigy+digy = (—1 419 CO8 850+ dg1e5in 8,55) + 40,

- (— 220 COS D pgytTgpg*SiN 0 ,50) + 48, (App. 7)
(€OS 04) « di g, — (sin 8 59) » i gy + (COS By « A1 gy — (SIN Opy) o Ai gy A7 gy

= (g10°CO8 Oyg0 L1080 850 » A0+ ( g » COS 8 pgp 1 yz00 5In y50) + 40,3 (ApP. 8)

Eqs. (App. 1)~(App. 8) are arranged and rewritten similar to eq. (43), then

matrices [4,], [4,°] can be obtained. Furthermore,

048, = dwy, p48,, = day, (App- 9)

i==1~3 is substituted in eq. (36)

DAY ai = {(%hi—%5) | Tdoi} * digi
— (VT g0i) s 8 pgi+ (1] T3oi) « AE 14 (App. 10)

i=1~-3 is substituted in eq. (38)

PAE,y; = (—Kiveqio) Tyiv 1)+ deqi— (1| Ty« AE cy;
_(Ki'eqi/Tfi'etio)°Aeqi (App. 11)

n=3, i=1~2 are substituted in eq. (40),

plwyy = —(igo/ M)+ deg, — (11| M) « degy + (i gao| M) = deys

+ (tgs0/ M) « degs— (e, M) « A2y — (e.alo/Mi) dig

+ (6qao/ M)+ digst(450/ M) digy— (P [ M,) - Aoy, (App. 12)
DA@yy = —(igay| M)+ de gy — (igre| My) » degy + (1430 M) « degy

+ (igs0/ My) = degy— (e 20| My) + diyy— (0400] M) » dig

+ (Caso/ My) * gyt (€gs0/ Ms) + digy— (Pga| M) » dwy (App. 13)
where, (P4, |M,)=(Pz|M,)

Eqgs. (App. 9) ~(App. 13) are arranged and rewritten as eq. (45), then matrix

[4:*] can be obtained.

Matrices [4,°], [4,%], [4.’] and [4;7] are shown as follows:



[47] Matrix

deay ‘ deg, ‘ deqy degy ‘ deg; degs dig diq digy digy digg digy
1.0 —Xq
1.0 xay
1.0 —Xg2
.
1.0 Xy
1.0 —Xg3
1.0 xa3'
1.0 sin 03, —c0s 0339 —Xyy ~X15 €OS 029 | —Xy5 Sin Oy
1.0 —cos 0439 —sin 0y %11 —xy28in 8yp9 |  Xy5 COS Oy
1.0 sin 0559 —COS 839 | —Xgq COS Dgyq | —Xgy SIN Oz —Xgp
; i <
i i 1.0 —c0s 039 —sindpy | — % 8iN 010 | Xz €OS Oy Xgp
i
|
cos 0,39 —sin &3 cos Og9 —sin 053 1.0
|
1 .
i sin 0434 cos 034 sin 839 €08 0339 1.0

12qu18 Srwud(q fo poyjapy Fuyomyavy

i

w-ynpy o up @

s

0 WasEy

W 40f Fuy

S,

182
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o,y | 203 | 89 0| 4 sue] 49 100
1.0
1.0

1.0
a, ay
a a,
as ag
az ag
ay a9
ay 42

@)= €430 5 8,30 —a30 €OS 8130+ (£920 COS 0120 —1Taz0 5N O120) %12
= (1igg9 COS 8129~ iaz0 Sin Oy12)%y2

@3 ="2q30 COS 130430 SIN J130+ (1420C08 F120+ Vazo Sin O 120) %12
ay=(—1439 €OS O13—1igz Sin &30) %12

as=(—1g10 COS O30+ a10 5iD 010)%2

5= — 430 COS 230 —8g30 Sit O30+ (430 €OS 0210+ Ea1o SiN 021052
a7=(—1419 €OS 0319~ Lg10 SIN 03103

ag=eq30 €08 O30 —Easq SN 230+ (110 €05 010 +2g10 SIN O210) %21
@y =1igy9 COS O130+% 410 5iN G130

a19=1g29 €OS O30+ Lazp SIN G50

a3 = —1410 €08 0130 1q10 5int 10

@y3=—1l20 COS O30+ Lgz0 5in O30

4,1 Matrix

[45%] [0]
(12 5) (12 5)
[0] U}l
(10%x2) (10x 10)
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[4,7] Matrix

| ton | don | desy | dew | e | dew | i | G| din | die
45,5
$485
pa4Y say Ml
T
14V 542 xd;i—l_do’:ﬂ
24 sa3
#4870 R T
p4E ;44 —!7%:1 _—%ﬁi
pdwy; _5:‘14_1;) _377“1) i:—’;g ij’[—sz —%%: —ea_“:
pdony ‘i—@; —iﬂg ;(73: "’ﬁ; _Q&Z ~j‘%
dizy | diey | A¥sar | Mrpar | A¥pas | dEgay | dEgpyy |4Epys| dwyy | dwy
" 1.0
o 1.0
P&V 4 - 71";(:1’ 71‘;(:1,
4 4z B 71":122' 71{32’
paY a5 ’%’ B };23 711;(33
PAE;4; - ;2
$4E 14z _ ~ IT.fz
it “Th
pdw; %‘f%: %; _ﬁ—;i
plwg ﬂ@; eq_g: _%
where, Py _Par





