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Sub-harmonic Oscillations in Three-phase Circuit

By
Akira KisuiMa

(Received September 5, 1967)

Sub-harmonic resonance in a three-phase circuit related with a power circuit with
series capacitors is studied.

The paper describes that the equations which govern the oscillations in the system
are under some restrictions transformed to the form:

dx 4
o =Dowretefiln,m)  (h=1,2,8,4)

g=1

and the internal resonance of this system is correlated with the sub-harmonic resonance
which occurs in the original three-phase system. An analog computer study on this
problem is included.

1. Introduction

When an unloaded or lightly loaded transformer is energized through series
capacitors in a power circuit, sub-harmonic resonance may occur. This peculiar
circuit behavior depends essentially on the nonlinear characteristic of the trans-
former. The conditions on the circuit parameters to ensure the absence of 1/3-
harmonic resonance have already been presented in the previous publication®,
where the circuit under consideration is a single-phase equivalent circuit.

Analysis of nonlinear oscillations in three-phase circuits is rather laborious

and has been presented by several authors®~®.

But, so far as the author knows,
papers which deal analytically with the problem of sub-harmonic resonance in a
three-phase circuit with series capacitors are few.

The circuit under consideration in this paper is a simplified three-phase
circuit, but by this simplification little generality is lost. This paper deals only
with the sub-harmonic oscillation of the order 1/3 which may commonly be en-
countered in the application of series capacitors to a power circuit. But the
analytical procedure presented here can also be applied to other types of the non-

linear oscillation in a three-phase circuit.

Department of Electrical Engineering I
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2. Fundamental Equations and their Transformation

To simplify matters it is assumed that the system of a transmission line with
series capacitors is symmetrical and the impressed voltages are balanced. The
system is roughly equivalent to the simplified network as shown in Fig. 1, where
the iron-core inductors are connected in delta to render a star-delta connected
transformer. We approximate the characteristic of the iron-core inductors by a
cubic polynomial in terms of the numbers of flux interlinkage.

Fig. 1. Three-phase circuit with series capacitors.

The fundamental equations for the circuit shown in Fig. 1 are as follows:
Ri,4v,4v, = ¢, = \/2 E cos (wt-+¢)
Ri,4v,+v, = e, = /2 E cos (wt+¢——2§r—)

(1)
. , — 4r
Ri4+v,~4v,’ = e, = /2 E cos (wt+¢———3—)
dy . dv, . dv
a = —2, 3, =0—-2, c = c—= 2
! a’ T at (2)
’ ' e d‘/’
—v,) = R'i,'+—+¢
Up c + dt
oo de
I_ ! — R 1 1 ____2
vc Vg b + dt ( 3 )
’ 2 d¢"'
1 =R Gye
Vg Up lc + dt
T R A S R (4)
ia’ = cl¢¢+cs¢as
i = cx‘/’b"'cs‘pbs ( 5 )

it' = cl‘pc +c3¢03
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where
R =equivalent line resistance per phase
C =capacity of the series capacitor
R’ =resistance of the iron-core inductor
€15 € =characteristic constants of the iron-core inductor
gy Lpy Ug =currents through the capacitors
i,', i3’y i,/ =currents through the iron-core inductors
Ugs Ups Ve =terminal voltages across the capacitors
v,y v’y v, =voltages at the inductor terminals with respect to ground
das Py, ¢, =numbers of flux interlinkage of the inductors
E w9 =effective value, angular frequency and phase angle of the im-

pressed voltages

In general the equations in terms of the phase (a, b, ¢) variables are not the
most convenient form to solve the problems. The preceding equations are rewritten
in terms of zero-phase-sequence-, forward-, and backward-variables as follows:

(See Appendix 1)

Ri,+v,+u,’ =0
Ri,+v,+v’  =2E (6)
Ri,+v,+v, =2 E

1, = Cﬂ’—
dt

. dv, | . ‘

,=C— C

= 0o joc, o
di .

i, =0C ¢th —jwCo,

dt
.=y, e, d .
—iv3y’ =R, +%+]w‘/’1 (8)
e o, d .
J\/3 Uy = R 1y —{—795—2—_10)1/)2
iozo’ il :j\/é—il” Z'2: _]\/3_12, <9)

and



Sub-harmonic Oscillations in Three-phase Circuit 29
- 1 . 1 .
i = oo =9 exp (3(01+ DY+ 45 exp (—s3(01-+)}

+%¢0¢1¢2+¢:]

10
L' = 61¢1+03[%¢f¢2 +% $oo” exp {—j3(wt+¢)}+3¢'02¢1] Y
i = edure] S0igi S0 exp (3t} +3000
The forward- and backward- variables are alw;ys complex conjugates:
,=1%, i, =%, ¢, = ¢*, } a1
Lh=0*, 0 =u'*

and, as usual, the asterisk indicates complex conjugate. This complex conjugate
relationship leads to the fact that the third equation in each of Egs. (6) through

(10) is superfluous since it is the conjugate of the second one. From the first in
Egs. (6) (7) and (9), we have

ip=0 , . (12)

v, = —u,’ = const. (13)

Now, in order to simplify, let us introduce new variables x, », z and ¢ with the
following relations:

xzjﬁau/) = a,p z= a"wgb
- \/3— 1 ) vU1 s i \/g— 05
] (14)
T = wl +—
+¢ 6
and denote:
— R’ R’ 1
¢ = a, E: r= R e == k= »
V2 +3 3 °C
3 27 (13)
by =-—0C, 3= C3
® 4o’a,’

where @, is an arbitrary real constant. Eliminating ¢,’, ¢,’, »," and ¢ in Eqs. (6)
through (10) and -substituting Egs. (11) through *(15) into the result obtained,
we have

dz

71_— = —Tﬁ(x, Z, T) ’ (16)
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L — it 2, 7)
T
J (17)
L = —jptkix, 2, 7)
dr
where
filx, 2, 7) = r1z+63[~é— # exp (j37) +%x*3 exp (—j37)
+2xx*z+-§—z3] (18)
Silxy z, 1) = x40 [Px* +2x%z exp (—j3r) +4x27] (19)

Neglecting the resistance of the iron-core inductors, we have from Eq. (16)

dz
Lz 0 20
7 (20)

This leads to z=const. which means permanent magnetization, and we assum
Substituting z=0 into Eq. (19), we have from Eq. (17)

dr

dx _ e—jx—y—r{ x40 %%}
] (22)

Z—y = —Jy+k{f xExx*}
T

Note that time r does not appear explicitly in the right-hand sides of Eq. (22).
For the state of equilibrium (x,, ), we have

JXeF D1 T XX * ) % = € } 23)
k(@ +-Caxy%0*) %o = 9%

Setting
X, = Py exp (j6,) } (24)
Yo = —Jk(t14-C,0,7) o, exp (jb,)

we have

T (r*+K2) o — 20, {k—2C (P K0} o +{1 — 20 k2 2 (rP+K)} 0, = € (25)
1 1

9, — L k__} 26

e r{ £y 440, 29

Eq. (25) is of the third degree in p;". If#,>0 and z,>0, all the roots, p,”’s are
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positive only when,

a>c,>0, (a—r,)>>345°
where
Kk T
*= r2—|-kz’ p= r’ k2 2%
312} — (a_al){(a_yl)2+9/§2}}:I:\/{(a_p‘l)z-_3/92}2 (29)
N

2?753(0‘”4-/9”)

If the condition (27) is not satisfied, one root is positive and the others are complex
conjugate. Then, corresponding to the positive root, a state of equilibrium may
exist. The stability of the equilibrium will be investigated in Appendix II. Now,
let us introduce new variables « and v by the following equations:

x = x,t-uexp (j6,) }

s (30)
Y =Jo+v exp (jb,)

where x,, 3, and 0, are given by Eqgs. (24) (25) and (26). Then, Eq. (22) becomes

% - _ju_y——;—(m3+ml)u——;— (my—m,) u*
. —r'rs(po;:+2pou*+uu*) Z (31)
% = ity (my+m,) “+‘2“(ma_m1) u*
+kes(ogu+20.u* +uu*) u
where
my = 04307, my = T,47,00 (32)

3. Solution of Transformed Equations

In this section, we look for a periodic solution of Eq. (31) when r and 7, are
sufficiently small quantities. If we set

u = x,+jx, } (33)

v = %,Hjx,

where x,, x,, x, and x, are real variables, we have from Eq. (31)
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% = —1myx, 2, — 5, — 1T, {00 (3%, 7+ 2,7) + (x> -+ %,7) 4y}
%xl = — & —TmyXy— 5, —1T4{200%,50,+ (2,2 - 2,7) %,}
T
J (34)
—;;—3 = kmyx,+x, 4kt {0, (35" +x.7) + (2,7 +x.7) %}
d. 2
d? = kmyx,—x3+HkE {2000+ (2,7 x,7) 2.} )

We turn, for a time, to a discussion of the character of the generating system of
Eq. (34). Ifr=0 andr,=0, Eq. (34) becomes

dx, dx,

T T KX, s

dr dr (35)
dx, dx,

— = kmyx,+x, , = kmx,—x,

dr dr

where m, and m, remain unchanged. The solution of Eq. (35) is related to the

nature of the roots of its characteristic equation:
A {24k (my+mg)} 2+ (1—kmy) (1 —kmy) = O (36)

If' km, <1 <km, holds, Eq. (36) has a pair of imaginary roots and two real roots,
whereas if either km,>1 or km <1 holds, Eq. (36) has imaginary roots only, that
is, the system of Eq. (35) has two periodic solutions. -

We consider the later case where the roots of Eq. (36) are 4+ jw, and 4+ jo,.
Three cases are possible: (1) when @,=vw, where v is an integer, that is, the
exact internal resonance; (2) when w,=~vw,, that is, the neighborhood of the
internal resonance; and (3) when w,=vw,, the non-internal-resonance. We will
consider the cases (1) and (2). We introduce /, and #, and rewrite Eq. (34) as

d 4
ﬁ - q;lckqxq“}‘é'fk(xn %) (k=1,2,34) 47
or
d
L X, — X6 fi(%, %)
dr ’
% = —x,—x,+ef, (%, %)
(38)
ey _ hyx, +x, e fo (%, %)
dr
d;
x‘ = hlxz——x3+5_f4(x1; xz)

dt
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where
efilxy, %) = —rmyx, +r€3{po(3x12+x22) + (x12+x222) Zl}
efy(xy ;) = —rmp,—12 {2052, (%7 +x,7) x,}

efolx1, %) = (kmy—ky) 2,4k {00 (3x,°+,7) + (%" +4,%) %,}
e fil%e, %) = (kmy—hy) 2, k0 {200%,%, 4 (2,24 ;%) xz}

(39)

The reason why k, and A, are introduced is the following: If ¢=0, Eq. (38)
becomes

ixl:x—x dx"’:—x—x

d‘[ 2 3> d‘[ 1 49 (40)
d d

dJ‘C: = hyx,+-x, , _d)‘:j_ = hyx,—x,

Then, we denote the roots of the characteristic equation of Eq. (40) as 4 jw,

and -+ jw, where w,>®,, and we determine the values of %, and £, to satisfy the
relation w,=vow,.

In case (1), (kmy,—h,) and (km,—h,) are equal to zero, whereas in case (2)
they are not equal to zero but sufficiently small. We consider Eq. (38) as a nearly

linear system. If é=0 in Eq. (38), we have the generating system (40) whose
solution is

%P = apy ¢Y+app* e (b+-jo) xp e7 -+ (b—jc) xp* eI (41)
where

=w1, v = w,r (42)
and g, b and ¢ are constants. Furthermore

P=9, P=jmp, @ =ju—0)p, ¢ = (ouy—1)p,

: : (43)
=X, X =M, X=j—0)x, X, = (0u,—1)x.
¢ and x being constants, and
# 20, fy = — 2 (44)

T oir(I—hy’ 0i+ (1 —hy)

Now, we will follow the Bogoliubov-Mitropolsky mthod®. Note that in the
non-internal-resonance case, there is no relation between the phases of two oscil-
lations; here, on the contrary, this relation plays an important role.

We have the first approximation of the solution of Eq. (38):
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xp = apg e/ +apy* eI+ (b—jc) xp e

+(b—jo)ag* e (k=1,2,3,4) (45)
where
_di = EAl(ay b, C) P —“i—b“ = eBl(a: b, 6)
dr dr
(46)
i = eCl(a, b: 6‘) ) 'd_()b = w1+eD1(a, b’ (})
dr dr

4,, B,, C, and D, can be determined by the similar method to that in Bogoliubov-
Mitropolsky’s text. (See Appendix III) Eq. (46) cannot be integrated in a
closed form. However, some qualitative aspects of the solution can be establised.
There are two principal forms of stationary oscillations: (a) those which correspond
to the singular point of Eq. (46) and (b) oscillations corresponding to the periodic

solution. The singular points are given by the solution of the set of equations:

€ed, =0, eB, =0, ¢C,=0 (47)
The stability of these singular points can be investigated by the variational equations:
df, | <
-+ 2 apelq =0 (k=123 (48)
dr =
where
) {7 4}
= {9 (e4 , = 19 (¢4 ,
u {6a (e4,) agbyreg) e ob (e4y) Cagr byscp)
7}
.................. o= {2 0))
¢ Cagrbgreg)

(a,, b,, ¢,) being singular point. If every root of the characteristic equation of
Eq. (48) has a negative real part the singular point (a,, b,, c,) is stable and the

system operates in a internal resonance condition. There exists an oscillation:
Xp = @,y e7V+-apy* e IV (by o) xp e 7Y
+ (by—je) xi* €7 (k=1,2,34) (50)
where
¢ = (0, +d)r, 4=¢eD(a, by, c,) (51

The periodic solution of Eq. (46) will be correlated with a quasi-periodic solu-
tion of Eq. (38).
In the case where the resistance of the inductors, R’ is not equal to zero but

sufficiently small, we may have a nonautonomous nearly linear system:
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dx

5
dr =q§1 ckqxq—i_efk(r’ X1s Xgs x) ) (k = 1’ 2,3, 4, 5) (62)

corresponding to Eq. (37). We may then proceed in a similar procedure to the
above. A detailed study will be given in a later paper.

4. 1/3-harmonic Oscillation

We shall consider the case where the 1/3-harmonics may occur in the original
system.
Setting

by = by = % (53)

in Eq. (40), we obtain
2 4
W, — — N - - ; Yy = 2 54
1 3 @, 3 (54)

Denoting the stable singular point of Eq. (46) by (a,, b,, ¢,) we have the first
approximate solution in the form:

x, = 2a, cos ¢-}-2b, cos 2 —2¢, sin 2¢
%, = —2a, sin ¢ —2b, sin 2¢ —2¢, cos 2¢

z; = —%ao sin ¢+_§_ b, sin 2¢ —i—%co cos 2¢ (55)
x, = ——;— a, cos </J+% b, cos 2¢ ———g—co sin 2¢
where
2
4= (2+a)c+0, (56)
¢, being a constant. From Eqgs. (14), (24), (30) and (33), we have

V3 : : : :
$, = —J%; [0o+2a, exp (—j¢) +2(b,—jc,) exp (—j2¢)] exp (j6,)
1

v

oy = —J [k(?,'1—|—6'3p02) po+% a, exp (—j¢) (57
— 2 (b exp (—j26) | exp (00

Then, we have the a- and f-components:
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$o = ¢, sin (wt+71)+‘/—’2 sin (—;wt‘*‘rz))' W

—¢@,sin (-:l,’—-}-dwt—k r3>

(58)
- - 1
¢ = ¢, cos (wt+7r,)—¢, cos (—?’——Amt—{—rz)
- 1
— ¢, cos (—?’—-l-dwt—}-ra) ;
where

- V3 o 2VE I NV
¢, = ZZ,,_w'oO’ J* = @ a, , s = a0 \/b02+co (59)
T, = ¢+00 3 7, = ¢+0+¢0

c (60)
s = 2¢0_¢_00_tan_1(—0)

b,

From Eq. (21), ¢,=0. Therefore, we have the phase components of the flux
interlinkage:

$a = Jysin (0t47,)+ @, sin (%mt—i- rz)—Ja sin (%wz-yrs)
3 3 3

¢, = ¢, sin (mt+71+13”‘)+¢72 s'n (_:15—@’—}"72'*'%:“‘)

—¢,sin (%wt—i— 7‘3~—QT”)

setting the sufficiently small value 4 equal to zero.
If the initial values of the terminal voltages across the capacitors are equal
to zero, y,=0 from Eq. (13).

Therefore, we have the phase components:
v, = V,sin (wi+7,)+V,sin (%mt—i- rz)—l— V,sin (% a)t—l—ra)

v, = V,sin (coH— rl——%z—)—i— V, sin (% ot+ r2—2—3”—>

4V, sin (% wi-+ Ts+%ﬂ‘) (62)
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. (1 2
+V,sin (-3— wt-l—ra-—-%)
where
V,= 1k(l’-i-é'»oz)/o v,— 2, v— 2 e (63)
1'—av 177030 ) Po » 2"“3a”o: 3_3av\/bo+€0

7., 7, and 7, being given by Eq. (60).

In Egs. (61) and (62) we see that the first and the second term of the right-hand
sides forms a positive-phase sequence respectively whereas the third term forms a
negative-phase sequence.

That is, the 1/3-harmonic oscillation consists of two components: one a positive-
phase sequence, and the other a negative-phase sequence.

If 4 is not exactly equal to zero, we also see that the 1/3-harmonic oscillation
with a time-varying amplitude may occur.

Such unsymmetrical 1/3-harmonic oscillations were observed on the Suriko-
Shingu transmission line (See Appendix V).

5. Numerical Example and Analog Computer Study

We consider an example, where ¢e=0.4, 7,=0, 7,4=0.3 and ¢;r=0.1.

The solution of Eqs. (25) and (26) corresponding to the state of equilibrium
is 0,=0.423 and 6,=—89° respectively. Hence, the roots of the characteristic
equation (36) become

+jw, = +50.672 and Ljo,= 4j1.327.
Then, in this case w,==2w, and mlg—g-

By Eq. (47), the singular points (a,, b,, ¢,) are determined. They are

g, = 0.144 a, = —0.144
(1) { b, = —0.0945 @) {bo = —0.0945

¢, = 0.0234 ¢, = 0.0234

a, = 0.0343 2, = —0.0343
(3) { b, = —0.000844  (4) { b, = —0.000844

¢, = 0.0240 ¢, = 0.0240

5) a=b=¢=0
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From the variational equation (48), we see that the singular points (3) and (4)
are unstable and the others are stable. The singular points (1) and (2) are cor-
related with the 1/3-harmonic oscillations in the original system. An analog
computer is used to obtain the solution of the circuit analysed in the preceding. In
this study we compute with the a- and g-variables assuming that r;=0, R'=0 and
¢=0. (See Appendix IV). The results are given in Fig. 2 where 1/3-harmonic

0.3

(A) (B)
T T T T :
e i M M e U VA A VT
AT VR VARYEAT RIS S AR RAT AT T
[ Vi [ \ M | Lo
4!/[![£[ N TP T T T T T T LT T
OO RN WML L O AN Y WV I T W TP
ANl T A A vv \
LA v o |
ENEEEEEEEENFRRNAAAN ,
S I pEny
B L \/'étll\ \ LU
] i

o
-

!
|
l[ [l LT

| L
] I
| L U T U AR DA A

Fig. 3. Wave forms of 1/3-harmonic oscillation.
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resonance may occur in the shaded region and smaller resistance results in an
almost periodic or a non-periodic oscillation.
Typical wave forms when 1/3-harmonic occurs are shown in Fig. 3 (A), (B)

and (C). The parameters corresponding to these are indicated by the points A,
B and C in Fig. 2.

6. Conclusion

An analysis of generation of sub-harmonic resonance in a three-phase circuit
has been presented. The original differential equations of the circuit are trans-

formed under certain restrictions to the following differential equations:

A

4
dr = ;ckqxq‘l'e.fk(xn xz) ) (k = la 2, 3: 4')

By the Bogoliubov-Mitropolsky’s method we can analize the internal resonance
which is correlated with 1/3-harmonic resonance in the original system. We show
that the 1/3-harmonic components consist of a positive- and a negative-phase-
sequence components with time-varying amplitudes in general. The analytical
results are compared with the results obtained by analog computer.

Further work on the analysis of the three-phase circuit where the other non-
linear oscillations may occur is proceeding.
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Appendix I
The transformation from three-phase variables to 0-, @- and g-variables is

defined as follows:

W, = % (wa+wb+wc)

Wy = %(2wa—wb—w0) (1.1)
I (w,—w,)
wg = ﬁ b c

or inversely

W, = Wy+We

1 V3
Wy = Wy—— Wg+———w,
T 9 ° (1.2)
) _
w, = wo——2—w,,——i23—w

Using this transformation and the equations given by Egs. (1) through (5) we
have the following set of equatiots:

Riy4-0,49," = 0
Riy+v,+vs' = /2 E cos (wt+¢) (1.3)
Rig4vg+uvs’ == /2 E sin (wt+¢)

iozcdv" , iwzcdﬁ, iﬂ___cd_’ff’ (1.4)

at dt di
0= %’—1—1%’:’0

V3 = %JrR’im (1.5)
—VEu) = e R,

=0, iy= —\/Fis, ip=/3is’ (L6)

s _1_ 3___2 3 i 2
L = Cl¢0+ca{ ) o 4 Duds + 9 dad,

3,2 3
+‘2_S[}ﬂ Dot } (17)
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M 3 3 i 2 1 2
i ~cl¢1+c3{4¢g, + 30042000,

_3 4 of
2 S[)B ¢0+3‘/’w¢0 I

iﬁ’ = cl(pﬁ +€3{%9’}¢2¢3+—i“/}53_3¢w¢ﬁ¢'0

+3¢50 )

The transformation which relates the forward- and the backward-variables,

w, and w,, to a- and F-variables, w,/ and w;, is defined as follows:

W, = (ww‘i_jwﬁ) €Xp (—jﬁ) } (1.8)
w, = (ww—jlwﬂ) €xXp (.]0)
or inversely
Wy = %{w1 exp (j0) +w, exp (—jﬁ)}
(1.9)

] ) )
wp = 3{w1 exp (jg) —w, exp (—]‘9)}

In this study 6 =wt+¢
Therefore, the equations given by Egs. (I.3) through (I.7) are rewritten in

terms of the zero-phase-sequence-, the forward- and the backward-variables as Egs.
(6) through (10).

Appendix II

If we, in Eq. (34), replace «,, x,, x, and x, by &,, &,, &, and &,, respectively
and assume that they are sufficiently small to be able to neglect their higher powers,

we have the variational equations corresponding to the constant solution:

X, =x,=x,=x,=0, thatis, x=x,, »y=y,:

d—fl = —rm351—|—52—53 5 dfz = _‘);:'1—77”162_54
dr dr
(IL.1)
s ke 4t 2 kme,—e,
dr dr

In order that every solution of the characteristic equation of this system has a

negative real part, it is necessary and suflicient that

1 4-mymy (r*+ k) > k(m, -+-m,) (I1.2)
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If all the roots o,”’s are positive, that is, the condition (27) is satisfied, the

condition (II, 2) may be written in the form

(poz—pmz) (poz—p022)>0 (II'S)
where

ﬂﬁ}:%@;mty@:@ﬁﬁﬁ (11.4)

045" 3,

This shows that the equilibrium corresponding to the middle root of the
three positive roots is asymptotically unstable. From Eq. (25), the condition (II,

3) may be written in the form
d(é)/d(0,) >0 (IL.5)
This shows that the eqgilibrium is stable under the circumstance where the

amplitude o, increases with the increasing impressed voltage e.

Appendix III

We can assume that for ¢4=0 in Eq. (38), we have a relation
55 = 5,7(a, b, ¢, §)Fex®(a. b, v, §)+53la, b, ¢, P) 4o (TIL1)

where x,'”, x,, --+ are certain periodic functions. Asto a, b, ¢ and ¢ themselves,

we will try to determine them from the equations

_ji — A (a, b, ) +¢%Ay(a, b, ¢) - 3
T
—Zi - €Bl(a> b, C)+6232(a: b, C)—I—
T
(111.2)
de _ eCy(a, b, ¢)=¢€*Cy(a, b, ¢)++-
dr
¥ _ 2 :
i w,+¢eD,(a, b, c)-+¢e*D,(a, b, c)+ -
T
Following the method in the Bogoliubov-Mitropolsky’s text, we have
Ay+jaD, = { ; PO /.2 Pr*o)
(I111.3)

B,+jC,+jv(b+c)D, = { ; 150, ;‘. AT

where
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0, = L[ e, ) v ap
| o (111.4)
0= L Thixo, ) e rvap

#r and ¥, being the solutions of the adjoint system of Eq. (40). From
Eq. (I1I, 3) 4,, B,, C, and D, are obtained in a closed form. For v=2, they are

ed, = —a{d, |+ Ab— A c+ A, 8+ A, (BB}

eB, = —B,,b—B,,c—B,,a®— B, ,bc— B,*— B, ,a’b
—Bdc— B (6°+¢%) b— B, (b*+c*) ¢

6C, = Cyb—Cyo+Cood+ C, b2+ Cybe+Coa®h
—Cla %+ Cy(BP 6% b—C (B> +-¢%) ¢

¢D, — —D,,—Dh—D,o—Da— Dy (b +¢)

(111.5)

Ay, By e, Gy yeeny Doy, o being constants.

Appendix IV

Under the assumption ¢,=0 and with negligible small R’, Eqs. (I, 3) through
(I, 7) may be written in the following:

Rim+vw+% = /2 E cos (wt+¢)
; (IV.1)
Rig-ug +% = \/2 E sin (@t+9)
dy . dv
. = c%s — (LR 1v.2
' i’ T a V2
Iy = 351¢a+’2‘”}€a(¢w2+¢52) P
o7 } (IV.3)
i,s = 361¢5+z‘€3(¢m2+¢52) ¢5
i = %\/—3—63(3¢ml"‘¢52) b8 (Iv.4)

where

1 1
S \/3— SbB ) ¢l3 \/é—‘/’m

Egs. (IV,1), (IV,2) and (IV,3) are instrumented on the analog computer.
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Appendix V

In Nov. 1953, a sub-harmonic oscillation was observed on the Suriko- Shingu
transmission line when an unloaded transformer bank had been energized. through

series capacitors®. The wave forms of the oscillation are shown in Fig. V.

Fig. V. Waves forms of 1/3-harmonic oscillation.

Iay, Igs, Ic,=currents through the capacitors.
Vecass Venas Vece=Terminal voltages across the capacitors.





