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A Study on Nonreciprocal Parametric Amplifiers

By
Jun-ichi IxENOUE¥ and Masamitsu NakAjiMA*

(Received March 30, 1967)

Two or three methods are described to obtain a nonreciprocal parametric amplifier
by use of two parametric elements in the frequency inverting case without using non-
reciprocal elements such as a uniguide or a circulator. This kind of amplifier can be
matched at the input terminal andfor at the output terminal. In a certain case the
backward insertion loss can be made infinite. It was proved, however, in regard to
the stability criterion that the two properties (matching and infinite backward insertion
loss) can not be realized simultaneously. The other characteristics are almost the same
as the usual negative resistance parametric amplifier. Some experimental results are
presented with respect to one of the amplifiers. Though it has an electrical difficulty
of construction, if once built, it may be convenient for low noise pre-amplifier.

1. Introduction

Parametric amplifiers have come to be used because of their low noise proper-
ty. Most of the parametric amplifiers are of negative resistance type using a
circulator. In the course of the study it was found that a nonreciprocal parametric
amplifier can be built without using a nonreciprocal element such as a circulator
or a uniguide, if two parametric elements are properly combined.

How one can build a nonreciprocal amplifier is suggested in the admittance

matrix expression of a time-varing capacitance®

G, G, G, w, 0 O\ [C C G,
v=|6* 6, 6| +ilo o, ollcr ¢ ¢ (1)
G¥ G¥ G, 0 0 —w)\C¥ C¥ ¢

The off-diagonal parts are not symmetric but complex conjugates to each other.
Keeping an eye on the conductance part of the parametric element, it is found that
this nonreciprocity is associated with the phase but not with the amplitude, since the
absolute value of elements are, with respect to the diagohal, equal to each other.

On the other hand, the reactance part has the nonreciprocity in regard to both

* Department of Electronics Engineering.



318 Jun-ichi Ixenoue and Masamitsu NAKAJIMA

phase and amplitude. The amplitude nonreciprocity of the reactance part is in
proportion to the associated frequencies enabling us to build a frequency up-
converter with gain. - If two parametric reactance elements are coupled in a cascade
such that the input signal frequency is converted into some other frequency by one
parametric element and that converted frequency is turned back to the original
frequency by the other parametric element, the nonreciprocity of the amplitude
may disappear and that of the phase may markedly appear, since the output
frequency becomes equal to that of the input. The parallel combination of a
phase nonreciprocal device with a reciprocal (passive) element may produce a
nonreciprocal (in amplitude) device, when their phase shifts are determined such
that the two signal waves are added in phase in the forward direction and in op-
posite phase in the backward direction. If the frequency inverting case is employed
here, amplification gain may be obtained.t

Some reports regarding the nonreciprocal parametric amplifiers have appeared
so far, among which the papers by R. Maurer and K.-H. Locherer® are most
detaild. They used a lumped admittance as a reciprocal element but they did not
perform the stability criterion. In this paper two or three types of such amplifiers
are described, their characteristics being expressed by the scattering matrix which
is the most convenient form for this type of amplifier. The realizability of the
amplifier is discussed in terms of the stability criterion and some experimental
results are given.

2. Analysis of a Nonreciprocal Parametric Amplifier
by use of a Quarter-wave Transmission Line

This section tries to make clear some behavior of the nonreciprocal parametric

amplifier shown in Fig. 1. The upper part ¢ 7/ represents a transmission line

ed%=¢ /2
Zos/?]
Zos , Ws Zos ,ws
Zoi
PA.I wi PA.2

Fig. 1. Nonreciprocal parametric amplifier;by use of a quarter-
wave line.

t A nonreciprocal device is also possible by use of the time-varying conductance, but in this case
gain can not be obtained unless the conductance has an average negative value.
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which provides the phase shift of #/2 and the lower part the cascadé-connected
two-stage parametric amplifier, in which the both idler resonant circuits are coupled
directly.

(1) Scattering Matrix

- The admittance matrix of time-varying capacitance excited at the pump
frequency w,/2z,

o(t) = 33 Cui™st, C_,=C¥ (2)
is written® h
¥, =( o J'.“"C‘) (3)
—J‘”.'Cik —j@;G,

between the two components at the signal and the idler frequencies.

This admittance matrix is transformed into a fundamental matrix

gl 0 1 (4)
‘l—ﬁ!: —a? 0/,

where the elements. of the matrix are normalized to the characteristic impedances
of the transmission lines Z,, and Z;, as

X, = wtc1\/z(,,zm- ’ a; = wscf"\/Zo,Zo,- ) o’ = ;.

The fundamental matrix of the second stage PA.2 is given by the inverse of
Eq. (4);

R (0 1) (5)
2T B \—p 0/,

where the pump factor « is replaced by £ in order to distinguish the two pump
factors for the first stage or for the second;

Bs = wsCz\/Zo,Zo,- ’ /93' = wic'}:\/zoszo,' s /92 = f.8; -
There are some relations between @ and 3;
asﬂi - aﬂef‘P ) aiﬂs = aﬂe_j‘P )

where ¢ is the phase difference bewteen the two pump excitation; ¢=¢,—@,.
The total fundamental matrix of the lower part is. given by the multiplication of the
fundamental matrix of each element;
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R O P P | ) N (Y = X (AP [ (Y
T \n e\ —e2 o/\y, 1) b, 1) SB\—p 0/\y, 1

Al 1 HE) -5 YE+yE (6)
OB\ Yoo 91 VE— ) 196 (D0 dE— B 2 (OEH0E) —a®

y

where y; and y; are the resonant admittances of the signal and idler resonant circuits
respectively which are normalized to the characteristic impedances of the trans-
mission lines. This fundamental matrix is again transformed into the admittance

matrix

Y -

a

| [Pari— —aﬂt’"“’] (7)
Vil —ape™ yuyi—F),
where
PEAE =i
The admittance matrix of the transmission line of the upper part is

- [—cot b, cse 0,
Yium (8)

csef, —cotl,/),

where 0, is the phase shift of the line and 7 is the characteristic admittance
normalized to the input transmission line Z,,. The overall admittance matrix of
the nonreciprocal amplifier is then given by the summation of the two admittance

matrices,

Y=Y,+Y,. (9)
In order to obtain useful results, we set

0, = n|2+42nx | ¢ = n/242mn ,

at . a
ysl_I J (77_"L9‘>

having
Y — ¢ (10)

J (77 +%9) y,z—’:,;j

To clarify the characteristics of this amplifier, we transform this matrix into the

scattering matrix,

S=(1+Y)(1-Y) = (gu Sw) (11)

Spd = {(1 =32+ H (1 +ys)ys— Bt —0*yi 4+ 2 8°
S d = _fQJ’i(W,?i“aﬂ)
Sud = —j2y;(np;+ap)
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Sud = {(1+pali—@H( - pli+ A — 79+ @267
4= {(1 +.yu))’z‘_az}{(l +.y:2).yi"'/92}+772}’§—a2/92 .

In this expression S, represents the reflection coefficient at the input terminal,
[$2| the backward transducer gain, and |S,,|* the forward transducer gain and |5,
represents the reflection coefficient at the output terminal. The fact, S,,%S,,, im-
plies the nonreciprocity of this amplifier, which is already clear in Eq. (10) from
Yo+7Y,.

The physical significance of obtaining the nonreciprocity of gain may be
understood as follows: In Fig. 1 the signal entered from the left is amplified by
the negative resistance due to the first parametric element and comes out to the
output terminal, one through the upper transmission line and the other through
the cascade-connected parametric device. These two waves may correspond to
the first term and the second of S, in Eq. (11) respectively. These two waves are
both retarded by § =¢==/2, and are added in phase and dissipated at the load.
Conversely the wave entered from the right is amplified and appears at the input
terminal out of phase, one retarded by 6 ==/2 and the other advanced by ¢=x7/2.
The backward gain, thus, are much reduced and, if the two amplitudes are equal,
the backward gain completely vanishes.

(2) Condition for Stable Oparation

The characteristic equation of this amplifier is given by
f(j20)=4= {(1 484 +726 Q1) (1 1520 Q) —@*H{(1 484,120 Qp) (1+520Q ;) — A7}
+72(1+520Q ;) —a?8* = 0. (12)

This equation has a common factor 1+4525Q;, and is reduced to, by dividing
Eq. (12) by that factor,

8(520) = (14520Q ){(1 +£0 1520 Q 1)) (1 + 85, +726 Q o) +77
—a*(1+£,, 4720 Q 52) — F*(1 +£,+j28Q,,) = 0 (13)

Since the equation 1+ 2Q ;=0 has a definite stable root 1=—1/Q,, this simplifi-
cation is allowed. Solving Eq. (13) we have

26 =0 (14)
with

(1 4-g45) + B (1 +80) = (1 +ga) (L +82) +7°, (147)
and

45° — (1+g81_a2)(1+gﬂ-ﬂz) _a2ﬂ2+772 (15>

- Q{Q (1 4g,2) +Q 50(1 +gu)} +Q.Qs
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with -
00Q0(@®Q 2 +FQ1). = {Qar(14+850) + Q2 (1+801)}

X [Qj{(l +801) (1 +8e2) + 273+ Q_s‘{Q.sl (14-852) + Qoa(1 +80)} + Q0 Qsa] -
The characteristic equation (12) or (13) has no unstable root when the pump
power a® and A% are small. In reality; the characteristic equation

(14+2Q {1 +80+2Q 5) (1 + £+ 2Q o) +7% =0
obtained by setting a®=4%*=0 in Eq. (13) has three roots

_{Q.sl(l +g32) + Q.:z(l +gn)} :IZ\/{Q_H(I +gsz) — Q,sz(l +g‘1)}z_4772

=10, ,
2050,
which are all stable. The amplifier is then stable under the condition
(1 +g) +A(1480) <(1+801) (1 +8ee) +7° - (16)

The oscillation frequency is given by =0, the center frequency.
Under Ineq. (16), Eq. (15) is solved as

98 — iv (I+gn—a®)(1+g,—B8)—*F+7° (17)
Q.i{Q.sl(l +gs2) + Qsz(l +gsl)} + Qsl Qsz

This may give the order of bandwidth of the amplifier. When Eq. (14) holds®

__| 24, .94 _9g &] '
d"l:a_% e 920 0’ ls-o’ (14"

= (1482 [Q: {(1+86) (1 +80) + 7} + Qoo(1+80— @ + Q1 (1 +8,,—F*)]> 0.

The stable operation region is then shown in Fig. 2 according to Ineq. (16). It

|+g.|

~
&

gs1 = Qs2
_________ < - 72 < (1+Qe){1+Qs2)

1+Jsz +

ﬁ2

,’7:/(”9")

0 n I+Qs2
m- 1+Qsi 72 /
o Trges t 1o

Fig. 2. Stable operation domain, the loci on which the
amplifier is matched at the input or the output
terminal and the locus of infinite backward inser-
tion loss on a?— §? plane.
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is assumed that g, = g,,, since the generality is not lost by doing so.

(3) Gain Characteristic

The ideal of this kind of amplifier may be that the forward gain |§,,|?is high
and the backward gain [S,|? is as low as possible. From Eq. (11) it is formally
possible to make §,,=0 by choosing proper value of a® and #°. The reflection
gains at the input and output terminals must also be low. The boundary of stable
operation (4=0), the locus of infinite insertion loss in the backward direction
(8,2=0), and the loci on which the amplifier is matched at the input or the output
terminal (§;,=8,,=0) are shown in Fig. 2. If we express |S|* along z-axis with
B? along x-axis and @’ along y-axis, we could obtain a more vivid concept of the
performance of the amplifier. The amplifier is stable inside the triangle enclosed
by a’-axis, f%axis and the line 4=0. The straight line §;,=0 intersects with
the hyperbola §,,=0 at the point P just on the boundary of stable operation, and
the straight line §,,==0 intersects with the hyperbola at the point Q. The point
M at which the amplifier is matched at both terminals exists always inside the stable
operating region. The match of this amplifier is thus always possible. The
hyperbola §,,=0 enters into the stable operating region, if and only if

7> (14g4)(148s) - (18)
In the limit of 7°=(14g,,)(1 +g,,), the three points P, Q and M coincide on the
boundary 4=0. That is, the ideal state where S,,, S,, and §,, simultaneously
vanish can not be realized within the stable operation region. The forward gain
I'S;:1? is high with &® and £* increased. By selecting 7* near (1+-g,,)(14-g,,) and
increasing the pump power a? and $? near the stable operation boundary, better
performance of the amplifier may be obtained, three points P, @ and M nearly
coinciding with one another.

(4) Frequency Characteristic

It is difficult to discuss the frequency characteristic in general due to the
complexity of Eq. (11). The frequency characteristic of the forward gain is sup-
posed to be single peaked from the discussion in the previous paragraph (2). The
forward gain at the center frequency is, from Eq. (11),

2 4(77+a19)2
S, =
l 21' (1+gsl_a2)(l+g:2_/92) _a2ﬂ2+772 (19)

The gain-bandwidth product is approximately given by the multiplication of
Eq. (19) by Eq. (17),
— 2(n+ap)
208, | =
\/Q.i{Q,sl(l +gs2) + Q.sz(l +gsl)} + Qlesz

(20)
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An example of the calculated
frequency characteristic of gains is 20!
shown in Fig. 3. The constants were

determined as

gn=8s=05, 7=14, [sal*
a=f=ll,  Qu=Qu=0Q.. ‘g
QilQ,=05. -
The forward transducer gain §
|$21% has a single peaked frequency 0
characteristic, and the backward gain Jsie/”
|S,2] is less than unity having little - oy
of frequency characteristic. The re- ol \s
flection gains |S,|? and |S,,|* are 105 02 03 04 05
zeros at the center frequency and sa
have small values elsewhere. . - Fig. 3. Frequency characteristic of gains.
(5) Noise Figure '
The noise figure of this amplifier is calculated as
2 2
F= g 2 (AL g (Lhan 2l (21)

The first and the second terms are the noise contributions from the input signal
circuit. The third term is due to the idler loss conductance, which has the factor
®,/®; similar to an ordinary parametric amplifier and can be made small by select-
ing the idler frequency as high as possible. The last term is due to the loss conduct-
ance in the output resonant circuit, which is negligibly small compared with the

second term.

3. Analysis by use of a Signal Flow Graph

The amplifier mentioned thus far is 2 1G] cos(wpt +9)

not easy to realize as itisin Fig. 1. The : ]

more compact form to realize this in Yo Yo Yo

practice may be one as shown in Fig. 4.7

Two parametric elements were imbedd- .
P € ¢ Fig. 4. Two parametric elements loaded in

ed in the transmission line at a proper a transmission line.

t After the author’s study J. Hamasaki published a paper similar to this device. Although his
analysis is detailed, he did not take the circuit loss into account.



A Study on Nonreciprocal Parametric Amplifiers 355

distance. 'The distance should be determined so as to provide z/2 phase shift
for the signal wave and zero or = phase shift to the idler wave. The phase dif-

ference between the two pump supplies must be z/2.

The analisis by a signal flow graph was first
suggested by S.J. Mason in 1953 associated with a
feed-back system®. Later M.R. Leibowitz showed

the usefluness of the analysis of microwave circuit.

We try, first, to find the scattering matrix of an
admittance Y in Fig. 5, in which the currents Jand  Fpjg 5. Admittance representa-
voltages V are column matrices composed of the tion of a parametric element.

signal and idler components,

I L I [I“ V,=V [V’ (22)
), ), ).

There are relations between them

by Kirchhoff’s theorem. We can write

IL+1I,=YV,=YV,, or V=V, =Y,+1,)
[Vl l _ [Y-1(11+12)] _ oy [1,—*—12
v, L+1,

[ )(2)
=y o (23)
Y, +1,). 1 i)z, ).

The inverse of the admittance matrix Y is, by Eq. (3),

[' 0 —l/jw,C*]

-l =

ljw,C 0

where the residual susceptances jwC, are assumed to be tuned out. The four-rank
impedance matrix of Eq. (23) is written as

0 —1/ja; 0 — 1ljje;
l/ja 0 1/ja, 0
z_ | 0 . (24)
0 —1/ja; 0 — 1/ja;

lja, 0 l/ja, U
which is normalized to the characteristic admittance ¥, and ¥,; where -
a, = wcC/\/m > a; = “’iC*/\/m .
The scattering matrix is then

S = (Z+1)H(Z—1)
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or
by, a? —2a, 4 —j2a,)( a5
b¥ 20, ot 120, 4 a¥
el o A (25)
bys 4—a*| 4 —j2a, o’ —j2a, 1] a,
bzkz ‘]2(2'- 4’ J2a' az a:k2 .

The signal flow graph of the amplifier in Fig. 4 is drawn as Fig. 6, where

e i%

bss

-} 8!

—jeash

jeaih jegih

el

e)¥i

Fig. 6. Signal flow graph for Fig. 4.

h=1/(4—a®). The left part represents the first parametric element and the right
part the second parametric element. These two parts are coupled by a transmis-
sion line with phase shift angle 6, for the signal wave and 6; for the idler.
Assuming the two pump powers are equal (|la|=|g|=T7), the determinant of Fig. 6
is written down

4 = R[7*(1 —e?®i) (1 —e™7*s) —87*{1 -6/~ cos ¢} +16] .
The element S, is likewise obtained as

Spd = B[ —1*(1—e#) (1 —e 7%s) +4{267% " cos p+¢™ s+ 1}] .
Sad = 8he#®s{2-4-j7% ¥~ sin 6,} .

The reflection coeflicient at the input or output terminal is

—74(e7 s —1) (e — 1) +47*{1 +e7 %54 267 7% cos ¢}
e 75 —1) (e —1) —87*{1 +-¢7% % cos g} +1 ’

Sn = Su = (26)

and the forward and the backward gains are
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S = 8¢~ /'s{24 j7%/% ¥ sin 0.}
8 7 ™s—1)(e®i—1)—87*{1+ /%% cos @} +1°

(27)

If we put here
0, ==x/2, 0;=0, and ¢ =rl2,

we have

L2472 .
$,=0, S = —J 2-+Tré and Su=—J.

This implies that the amplifier is matched at both terminals and the backward
gain is unity. The forward gain characteristic is the same as that of an ordinary

reflection type parametric amlifier. This result is consistent with that obtained in
the previous section.

4. Nonreciprocal Parametric Amplifier by use of a Hybrid

In the foregoing sections. the nonreciprocity of gain was obtained by coupling
two parametric elements through the both waves. Next we shall consider the
case where a hybrid is used in place of the transmission line shown in Fig. 7. The

[w ]

oA

. O

input, ws ® magic tee | output , ws
o —0

E-arm @‘ ® H-arm

pa.2 [—(—
wi | wp '

Fig. 7. Nonreciprocal parametric amplifier using a magic
tee.

signal resonant circuits of two nondegenerate parametric amplifiers are coupled
to the two main armes (1) and (2) of a magic tee and the idler resonant circuits
of the two amplifiers are coupled by a transmission line, whose length is an integer
multiple of a half-wave length. The two parametric elements are excited by a
common pump source and the phase of difference ¢ between them can properly
be adjusted by the use of a phase shifter. The direction of amplification is deter-
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mined by the amount of this phase difference.

(1) Analysis

Denoting the incident wave by 4’ and the reflected wave by a’ (note that
the reflection between incident and reflected is reversed according to our standpoint,
viz., seen from the parametric device or from the magic tee), the scattering matrix

of the cascade connecte parametric amplitier is written as

[al’}= S Slz][’blll (28)
a;’ S Seib'),

where, using Eq. (6),

Ky =21 =20) (1 +755) +0*(1+75) — A (1 —1s1)
U () (L) = (1 400) — £ (1+24) |
S = 2aBe7?
¢ il14Da) (1 4952) — (1 +45) — B2(1 +05y) ’
2aBe7¢

S21 =y 2 2 N
2i(1+96) (1 4055) —@*(14942) — £ (1 +941)

Zyi(l 750 (1 —59) — (1 —p5,) + B%(1 +4) .
# 2i(1490) (1 490) =@ (1 490) — B2 (1 +91)

The scattering matrix when the phase shifter 77 is inserted before the input terminal

of PA. 1is
e 70 O] {Su Su] [’e‘f" Ol (29)
o 1lls, s,Jlo 1)

21

sz =

We can use the abbreviated form for the part inserted between the main arms of

the magic tee (1) and (2) as

a, = S12b12 3 (30)
where
a}l - b
a, =[], bm‘:[ ] 31)
a, b, ).

Since the main arms (1) and (2) of an ideal magic tee is independent of the side

arms (3) and (4), the scattering matrix of the magic tee

o 0o 1 1
1o 0 —1 1
S=U71 1 o o (32)
1 1 o0 o

can be resolved into two scattering matrices of rank two, i.e.,
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b, = _i_a'aau b, = -]2“ d‘a, (33)

with Eq. (31) and

b
b:M:[al, a, =

03]
)
'b4. a,

where the matrix of rank two is the submatrix of Eq. (32)

[ 1o
a"t‘.
~1 1,

s

and where the subscript ¢ denotes the transposed matrix. Elimination of a,, and
b,, from Eqs. (30) and (33) yields

b, = —4 o'S0a,,, (34)
or
S, = [S” S“] = —}0'S,o
S43 S‘4
[Sue'f”—S,ze‘fo—— e 0 +S,, S, 048,e7 08, S,
o S 7080048, 00—, SIS e 0 S, e 0LS,,) .

(35)
Using further Eq. (28), and selecting the parameters § and ¢ as
0 =x[2+42m, ¢ =¢—@, =r[24+2mx,
we have
S, = @’ —B"+9:(Yer—Vs1)
.yc'(l +.y:1) (1 +.y32) "'az(l +,y:2) _ﬂz(l +ytl)
S = e+ 082 —2a8 +9:(1 —, ¥s5)
* 21490 1 4H0) —€(14+9,,) — B*(1 +0m)
S,y = Y@+ 84208 +9i(1 =901 Ven)
Vi(14+96) (1 4950) —@* (1 +952) — B (1 400)
S, = & — B9 (Per =) (36)
! .yi(l +.yn) (l +,y82) _az(l +)’sz) _/92(1 +ytl) )
where )

Yo = Ontru)l2.
It is seen that the reflections §,,=S,, are vanished when the two parametric
amplifiers PA.1 and PA.2 are of the same characteristics. By setting

2

@ =ﬂ2=rz, Ys1 = Vo = s



330 Jun-ichi IkENOUE and Masamitsu-NARAJIMA

we have
Saa = S« =0,
S 1—_}’, Ry (l —y,)y;+2‘r2 ' (37)

Iy U (T2t
With the symmetrical construction, this amplifier is matched at both terminals and
the backward gain |S,, | is less than unity. The forward gain |S,;|?is in the same
form as an ordinary reflection-type parametric amplifier.

[« [ iz ba
ineE ' ine e
bs a:
-inz bs
-ilve
as ! ba O3
Wz C livE VR
by . a4
ilve
Fig. 8. Signal flow graph for a Fig. 9. Signal flow graph for the nonreciprocal parametric
magic tee, amplifier using a magic tee.

(2) Physical Interpretation

The scattering matrix (32) of a magic tee is represented by the flow graph of
Fig. 8, which is divided into independent subgraphs corresponding to Eqs)I (33)
Combination of this graph with that of the parametric device (28) yields Fig. 9.
Noting that there is no feedback loop in the graph, the gain from port (3) to port
(4) becomes ‘

tbl_‘ = S43 = '—% (Sue—jzo—Slze_jo—*'sne-jo— 22) 3 (38)

3

and the reflection gain at port (3) is

Z_3 = Sy = —% (Sue 0 =St —Spe 0 +5,) . (39)
3

The above results are the same as Eq. (35). The other elements S, and §,, are

obtained in the same way. The signla flow graph method is closely related to

the physical significance of performance. '

In Fig. 7 the input signal wave entered into port (3) of the magic tee is split
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off into ports (1) and (2) in reverse phase. These two waves are partly amplified
and reflected back and partly converted into the idler wave. The reflected wave
at port (1) appears at the junction point of the magic tee retarded by 20== in
phase, while the reflected wave at port (2) appears at the junction point suffering
no phase shift. Since the reflected waves are in phase (and.in inagnitude),‘ these
waves flow out of port (4). This corresponds to S,,¢™—8,,=—S,—8,, in Eq.
(38). The converted idler waves are again converted back to signal frequency by
the other parametric elements being subjected to phase shift. The amount of the
phase shift from port (1).to port (2) is —0+(p,—¢,)=—=/2—=x[2=—=r, while
the phase shift in the reverse direction is (¢,—¢,)—8 =0. Because the input
signal wave is divided in opposite phase, these two cohverted signal waves ‘are
also added up in phase into port (4). These situation corresponds to

— lze-j0_|_sne—j0 = —| Slzlej(rpl-fpz)—jo_l_ Iszl]eicvz—wl)—ja

= - |S1z|_|S21I

in Eq.- (38). But:it is not yet known whether the teflected wave and -the
converted wave be added up in phase into port (4). - A little minute inspection of
the phase tells us that this is true, that is, the wave reflected by PA.1 is subjected
to the phase shift of —6—60= —z and the converted wave from PA.1 to PA.2
to the phase shift of —8-(¢,—¢,)=—=. This is illustrated by writing

S = _(Sue_j’_ ISulej‘/ze—jﬂz"*' ISlee—jllze—jﬂz_Szz) /2
= (Su+ |S12' + !'Sle +Szz)/2 . . (40)

The case where the input signal is applied to port (4) is likewise interpreted
obtaining
Sa = (S— 1802 = |8ul +82) > 0.
(3) Stability Condition and Gain Characteristic

The characteristic equation of this amplifier is obtained from the denominator
of Eq. (36),

f(j20) = 4 = (14526 Q) (1486 +720 Q1) (1 + £, +/20 Q2)
— (148, +/20Q0) — A (1 +£0+20Qa) -~ (41)

This is identical to Eq. (13), if we set =0 in it. The stability condition is then
given by

(1 +g,) + (1) <1+ (1+240) - (42)

The stable operating domain is shown in Fig. 10. .
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Fig. 10. Stable operation domain on @ — 8 plane Fig. 11. Frequency characteristic
and the locus on which the amplifier is of gains of the nonreciprocal
matched and the locus of infinite back- parametric amplifier with a
ward insertion loss. magic tee.

The locus on which the amplifier is matched (S$,,=S,,=0) and that of the
infinite backward loss (S,,=0) at the center frequency are also shown in Fig. 10
in case the parameters of the two element amplifiers are not necessarily the same
(851=8.2). The hyperbola S,;=S,,=0 crosses at point P with the hyperbola (42).
Since the amplification gain is high near the stability boundary, it is desireble to
operate the amplifier close to the point P.

An example of frequency characteristic of gains is shown in Fig. 11. The

parameters are fixed as
a=p5=114, 851 = 8oy = 0.5
Q:12Q32=Q> =05.
The reflection gains are always zero in an ideal case.
(4) Noise Figure

Noise figure can easily be calculated by use of the signal flow graph method.
The result is

F=1 Zat Lo ‘is{ 2a(1+g,,) +26(1+4,) }2
+ 2 +wi azg,z+ﬂ2g,l+2a/9+2—2g,1g,2

This is the same order with that of an ordinary reflection type parametric amplifier.
In the limit of g, =g,,—0, a’=g°— 1, the noise figure F approaches to 1+4o,/w;,

the minimum noise figure of a parametric amplifier.

5. Experimental Proof of the Nonreciprocal Parametric
Amplifier

Since the nonreciprocal parametric amplifier described in Sec. 2 or 3 is dif-
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ficult to construct, the experiment of the type described in Sec. 3 was carried out.
The block diagram of the experiment is shown in Fig. 12. The two idler tuned
circuits are coupled through a phase shifter PH; and an attenuator ATTi. The
proper idler coupling phase is determined by experiment. Pump power is sup-
plied from a common klystron V-55 at 8.6 GC.

[»{ATT.ZHPH.I H—1-

vLFi_}“ PA.| Fi - klystron
2
P
[
Local SW Magic tee
v a 3
Mixer 2 (H) (E) 40 GC
25MC
llT__"__"E] 2 ATTi
ave
B 'ﬁ{F’ }_{PAZI |F‘ v meter
J|I\TT.|||

Fig. 12. Block diagram of experiment.

Microwave signal from the signal generator at 4.0 GC is impressed to the
E-arm of the magic tee, which is divided into the two parametric amplifiers PA.1
and PA.2, and amplified signal appears at the H-arm. This signal is detected by a
heterodyne receiver with a local oscillator and an i-f amplifier.

If the attenuator ATT; is set to the maximum, the idler coupling is shut off
and the amplifier will operate as a bilateral amplifier. In this situation the phase
shifter PH; before a varactor mount PA.l is adjusted to the best condition, that is,
the transducer gain from the E-arm to the H-arm should be high and the reflection
" gain at the E- or H-arm should be small. The pump phase difference (PH.1 and
PH.2) and the idler coupling phase (PH;) are determined by cut-and-try method.
The relation of gains to the pump phase difference is seen from Eq. (35). Setting

a=p=7, Ys1=Vs2 and 0=r|2,
it becomes

7 cos 1 —7%sin @\?
|Sss|2—(1 ng’;’ ISMIZZ(W'?)’

14 7%sin 7 cos?
Sal* = (FHRE) | sal = 5



334 Jun-ichi IkENouk and Masamitsu NakajiMa

It is seen above that the forward gain |S,|? interchanges with the backward
gain |8, |? as the pump phase ¢ is changed. The difference between these two
gains is maximum when ¢=nr/2-4+mz and simultaneously the reflection gains
[ S| and |S,,|? are zero. When ¢=mn the backward gain is equal to the for-
ward gain and the reflection gains are maximum. An example of experimental

results is shown in Fig. 13.

Fig. 14 is the frequency characteristic of gains. The backward and the
reflected gains are always less than unity.
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Fig. 13. Gains as a function of the pump phase difference ¢.
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Fig. 14. Frequency characteristic of gains of the non-
reciprocal parametric amplifier,
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