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Interaction between Solute Elements at Any Given Concentration
in Homogeneous Multicomponent Solution

By
Toshisada Mor1* and Akira MORO-OKA*

(Received September 21, 1965)

The general relationship between activities and activity coefficients based
on Raoultian and Henrian reference states at any given concentration was
derived from a somewhat different point of view. It was shown that Wagner
type theoretical series expansion is valid at any concentrated solution, and that
Taylor series expansion using the interaction parameters at constant concen-
tration ratio is also possible. The conversion equations between several kinds
of interaction parameters valid at any given concentration in a multicomponent
solution were derived by the aid of Gibbs-Duhem equation and Maxwell cross
differentials. In a ternary system 1-2-3, the following relations were obtained
at any given concentration :

ot D= st Coi D
L (Dlogfy) _L(Ologh ;1 (Dlogh)

M,\ 90X, 3X, /x; M, x.’

0X,

where 7 (or f) is the activity coefficient in mole fraction basis (or in weight
percent basis), N (or X) is the mole fraction (or weight percent), M is the
atomic weight and the underscript signified the component to be kept constant.
It was also shown that gi"°=4g$> is valid at the condition N;=Nj;, and con-

sequently it follows that &In7,/0N,=01In7,/8N; at N;=N,=0.5 in a binary
solution.

1. Introduction

Interaction parameters at constant concentration representing the interac-
tions between solute atoms or molecules are only applicable to the solution
in which the concentration of solutes is nearly equal to zero or to the
infinitely dilute solution as seen in the definition by C. Wagner.”

This is a very important information concerning a solution and F.
Neumann and H. Schenck?® have been more or less successfuly inter-related
to the periodic table as seen in the case of the effect of alloying elements

* Department of Metallurgy.



82 Toshisada Mor1 and Akira MORO-OKA

on the solubility of carbon in liquid iron. These values, however, deviate
from the experimental values at a concentrated solution, and therefore, there
is some difficulty in the practical application. This difficuly is due to a
Taylor series expansion of the logarithm of the activity coefficient at the
point where mole fractions of solutes are zero. It is a special case of a
Taylor expansion and may well be called mathematically a Maclaurin
expansion.

This paper shows that the “original” Taylor series expansion at a point
of any given concentration satisfies such a similar formula as derived by C.
Wagner. It is also the object of this study to get the relations between
several kinds of interaction parameters at any given concentration, and to
show that the relations in the infinitely dilute solution can be derived as a
special case.

2. Differences between Activity Coefficients according to Selected Reference
States, and Definition of Interaction Parameters

2.1. Differences between activity coefficients according to selected reference
states
The following three types of reference states of activity are generally
used.

1) Raoultian reference state—Let g; be the activity and N; the mole fraction
of component ¢ respectively. The activity a; is equal to unity at N;=1. In
this case, activity coefficient r; is defined as

— 4 _
I8 N, . (2-1)

This definition has the following meanings in a multicomponent solution.
Though «; in a k-components solution is expressed as a function of mole
fractions of each component, among them there is a condition:

M

Ny =1. (2-2)

I=1

I

Then a; forms a curved surface in the k-dimensional space. The ratio of
the length from an arbitrary point P on the plane expressed by eq. (2-2) to
the intersection point P, on the a; surface of the straight line orthogonal to
the N,, N;,, N, axes through P, and the following length from P to the
intersection point Pr on the Raoultian plane of this straight line:

a;°(R) = N, (2-3)
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is defined as the activity coefficient of component i, i.e.

=G _ G _
B[ 7Ti = a,-°(R) = Ni . (2 4)
These relations in a ternary system are
4 shown in Fig. 1.
a2

Relation between the chemical po-
tential #; and the activity of component ¢
is shown as follows

si—4;° = RTln a; .
=RTInr;+RTInN;, (2-3)

Fig. 1. Schema of the relation be-
tween Raoultian activity and mole

fractions.

4A,A,A; is mole fractions plane;
4A;BA; is the plane representing
Raoult’s law (a,°(R)=N,); A.B is

where R is the gas constant, T the
absolute temperature of the solution and
#;° the molar free energy of component
{ in its pure state.

activity axis of the component 2, and
curved surface A;BA; hatched in part
is activity surface of the component
2 based on Raoultian reference state,
respectively. If P, is the intersection
point of the activity surface and the
vertical line PPy at an arbitrary point
P on 4A,A,A; and Pgis that of the
line and Raoult’s law plane, the ac.
tivity coefficient of the component 2
is givenby 7,=PP./PPr.

2) Henrian reference state on mole frac-
tion basis—Raoultian activity coefficient
has been defined referring to eq. (2-3)
which represents Raoult’s law in the
whole concentration range. In a similar
manner, Henrian activity coefficient on
mole fraction basis can be defined refer-
ring to the plane which represents Henry’s law in the whole concentration
range. Thus defined Henrian activity on mole fraction basis shows quite
similar behaviors which are already known to the infinitely dilute solution,
as seen later.

When all of the mole fractions except the components 1 and ¢ are con-
stant (denoting this as subscript N;; /*1,1), let 7 be the partial derivative
of a; with respect to N; at the fixed point @ where only N; is equal to zero
and the others have arbitrary constant values, i.e.

(6a,~ )
ON;INy 11,4
then the plane representing Henry’s law through @ is given by

a;°(H) = r/N;. -7

=7/ at N;=0, N;=N,° (=const); /1,17, (2-6)

Henrian activity coefficient 1; on mole fraction basis is therefore obtained as

Y /SR /7. /3 (2-8)
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It is practically convenient to use the value y;/ at N;=0 and N,=N,°=0; /=1,
i.e. the value at N;=0 in 1—{ binary system. The form of equation (2-8)
holds of course for this case.

The derivative of a; with respect to N; at @, when the ratio of all mole
fractions except N; is kept constant, can be related to 7,/ at constant mole
fractions, as follows:

Let n, be the number of moles of component / (!=1,2,3,--, k). Differentia-
tion of some thermodynamic function with respect to #; has been converted
to the differentiation of the function with respect to N; under the condition
of the constant ratio of all mole fractions except N;» A qualitative ex-
planation concerning this conversion in ternary system is given in Appendix
B. Since y;° is constant at constant temperature and pressure, the partial
differentiation of eq. (2-5) with respect to »; gives

(Lﬂf) - RT(%)
ONilupiine @i \NON; Jupses
RT(da; ON;
= ¢ i . 2-9
a; (aNi)Nl/N2/~~-/N,-__‘/N,-+1/~--/Nk( a”i)m;l#j @9
Using the relation between number of moles and mole fraction:
N, = = (2-10)
2o
=1
following equations are derived
(%Ns) - N (2-11)
Nelngsi%i l—Zl m
n; ny il Z=21 n
Thus eq. (2-9) becomes
On; = _RT q_ny(2a 1-13
( an;)",;,¢; . ')(3N;>N1/N2/~--/N,~_,/N,-+1/---/Nk, (1-13)

a; 21
=

Since u; is a function of mole fractions of each component, the total
differential of u; is obtained as follows:

dﬂi*z}

$=2

_3 ( Ou; N., (2-14)

d
aNg)Nl [ EST)

Dividing both s_ides of this equation with respect to dn,-’
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% — Opi ONs _
( on; )”,;1:1:,- sg (aN,)N, ;14:1.3( on; )n, IS (2-15)
Substitution of the following equations;
6/1,' _ RT aa,' 1 92-16
(aNs)Nl;lq':bs a; (aNs)Nl:I:Fl-s, s* ( )

which is obtained from eq. (2-5), eqgs. (2-11) and (2-12) in eq. (2-15) yields
O _ _RT [(8a; — 3 (94 N. 2-17
( 6n,->,,,;;¢,- aii " [(aN,‘>Nl;z¢1,,‘ s=2 (8NS)N1;1¢1,3 3]- ( )
=2

Comparison of eqs. (2-13) and (2-17) leads

oa;
1— N, 04
( N)(aNi)Nl/Nz/--~/N;_1/N,~+1/---/Nk
da; L 6a~)
= {55 — : N..
(aNi)Nl;lilri sgz (aNs Nypilfwns

(2-18)

This is a general equation applicable at any given concentration.
As a special case at a point Q where N;=0, N;=N,°; /+1,, this equation
becomes

( aa,-)
ON;INY/Ny/ -/ Ni_ i)/ Ny I N g
aa.) L oa; o
= [oa — i Ng°. 2-19
(61\7,- Npitfns $22 (aNs)Nz:l*M @19

The first term on the right-hand side of eq. (2-19) is equal to r;, as shown
in eq. (2-6), and considering the following relation derived from eq. (2-4)

H = M L + i 1 , 2_2_
(aN’)NI;I¢1’3 (aNs)NI:l:Fbs T (aNS)NI;l:hvs ( )
thus
oa; .
r = 0 4 i=0) _
(aNg)N, Lt at N, s+i (2-21)
is obtained. Then, equation (2-19) is led to
Oa; da;
’ - 5% =7/ 2-22
(aNi)Nl/Nz/"'/Ni—l/Ni+1/“'/Nk (aNi)Nl;l:h»i T ( )

at N;=0, N,;=N,°; I+1,7.

Since the Henrian plane through the point @ is also represented by eq. (2-7)
for the case of constant mole fraction ratio, the relation of eq. (2-8) is
satisfied. '
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Let a{H) be the Henrian activity on mole fraction basis, then
alH) = LN;. (2-23)
Thus, multipling N; on both sides of eq. (2-8), one obtains
a(H) = % (2-24)
Substitution of eq. (2-24) in eq. (2-5) yields the following relationship between
the chemical potential and the Henrian activity «¢;H) on mole fraction basis:

Mi— i = RTIn 7’,/+RT11'1 a;(H)
=RTIny/+RTIn;+RTInN;. (2-25)

Now, let us consider the relations between this Henrian activity and the
mole fraction of component 7 in an infinitely dilute solution.

In the infinitely dilute solution of component ¢, the following equation is
valid : '
oa;

5 4 _ 1 = -
Mmooy = Um (aN,-)N,;,*‘,,- rio (2-26)
Ny=Np Ny=Np
and therefore, from eq. (2-24)
lim %) _ iy @ _q, @-27)
;>0 i &0 1iN;
N1=Nlo N,=N,

i.e.
a(H) = N; in the infinitely dilute solution
of component 1. (2-28)

Eq. (2-28) means that the value of 2; is equal to unity in this solution, and
the chemical potential y; for the infinitely dilute solution can be shown as

/,L,'—‘/lfo =RTIn r;/:RTlnN;. (2—29)

3) Henrian reference state on weight percent basis—Activity coeflicient f;
can also be determined for this case in quite a similar manner as described

above,
a; is a function of mole fractions of each component, the total differential

of a; can be shown as follows:

dN;. (2-30)

da; = i (aa"

aN.s-)Nl HE ST

§=2

Dividing this equation with respect to dX;, where X; denotes the weight
percent of component 7, the following equation is obtained ;
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da; E [ Da; ) N,
o L] 2-31
(aXi>X1:I¢1u ; (aN Nyt ,(aX )an:hu (e-30)
‘Now, there is a general relation between a mole fraction and the weight
percent
X, :
- M, 2-32
Ns LY I S (2-32)
M1 =2 MI M1
Partial differentiation on both sides of the above equation with respect to
X; yields
1 1
—N,
(aNs) _ (»M' Ml), si (2-33)
aX Xyii%. i E&
=1 F4
and
N3 ar)
(aN,-) _ \M;, M, , (2-34)
aXi D¢ EFESTY Zk &_
MM,

where M, is the atomic weight of component /. Substitution of egs. (2-33)
- and (2-34) in eq. (2-31) gives

(g;é)x,'ﬁm,i - —i_i_X_T[ Jlll,- (g%i;)m;z:h.;—( 1\1’1,- B Alll )s:z (aaT‘\lfi-)N,;zﬂ;pst]'

=1 My (2-35)
This relation is applicable at any given concentration.

Let us now consider concerning eq. (2-35) the condition where N;=X;=0
and X;=X,°, N;=N,°; [+i{ as described in the preceding section, and by
using egs. (2-6) and (2-21), eq. (2-35) becomes

(% i

aXi)XI:Fhu M 2 X:
i M,

/

(2-36)

Then the plane representing Henry’s law is given in Raoultian unit by

a(BYH) = X (2-37)

The activity coefficient f; expressed in weight percent basis is, therefore,
given as follows:

= a; _ aM; k X,°
I a,-°(%)(H) 77X, ;% M,

(2-38)
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If the activity in weight percent basis is written as a%), f; is defined by
the following relation:

_ a{%) |
fi- 42, (2-39)

The conversion equation between «; and a4,(%) is then derived from the above
two equations, i.e.

(%) = a2 ZX’ (2-40)
z ‘-'1 Ml
Although X,°, /+i may not be equal to zero, it will be convenient in practical
application to take X,°=0, /+1. In the latter case, eq. (2-40) becomes

— 2,100 M; }
a{%) = a; /M, (2-41)

Now, let us consider the activity change with respect to X;, under the
condition of constant weight percent ratio except X;.

The derivative of @; with respect to X; under this condition is given by
the next equation just as like as eq. (2-9) (see Appendix B).

ou, da; 2.6 2-42
(6n, ),,, 1 ai (aX )xl/xz/ ot K/ Xy o /x,,(an. )m.z#.' (2-42)
From the relation between weight percent and number of moles:
x, — 100 My, (2-43)
23 Myn,
i=1
following equations are derived:
(%Xs) = —Xo M s (2-44)
Ni Jngs 1%i 1_21 Mlnl
and
I A (2-45)
on; nyi i+ S Mm,
=1
Substitution of eq. (2-45) in eq. (2-42) gives
(%ﬁ) = MET_q00-x,) g;‘(i) (2-46)
i Ing;iFé atlzl Mm,; i Xy Xyl ot Ky ) Ko/ o/ Xy

On the other hand, the following total differential of z; with respect to weight
percents ;

k(0 (2-47)
; (8X )XI I=l:1vsts’
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yields

(%%)”I &2 :-*;2 (g§3)X1;1¢1:s (%)::)n;;lii (2_48)
and eq. (2-5) gives

(g§s> Viittns - Iig‘ <g§é—s)X1;I¢vs ) (2_49)

Substitution of this relation and eqs. (2-44) and (2-45) in eq. (2-48) yields

__MRT [100( da;

k
(%) e 6X-) ;1% ._Z(g;f) ; X*’]' (2-50)
((RETH £ ailZIMlnl 1 XpidFi S—2 s/ XpilFs

Comparison of egs. (2-46) and (2-50) results

da;
100— X; ¢
( )(3Xi)xl/xz/--'/x,o_1/x,- oo/ X

Oa; E ( Oa;
= 100{ 3£ — ‘ s -51
(aXi)Xl HEITE ng (6X3)X; H l:h»sX (2 )
This equation is likely valid as eq. (2-18), at any given concentration.
Now, as the special case for X;=0, X;,=X;°; [+,
("’“f) -0, at X,=0 (2-52)
0X, Xp:il¥1 s !

is proved quite as similar as for the case of eq. (2-21), and therefore, eq.
(2-51) gives the following relation:

7’

da; ( da; 7i
; - (9% S ¢ S— 2-53
(3X¢)X1/X2/---/X,-_l/x,-+1/~~-/x,, aX.-)X, L A X;° (2-53)
:{;} Ml

In other words, Henrian plane for the case of constant weight percent ratio
is also represented by eq. (2-37), and then egs. (2-40) and (2-41) are also valid
for this case. '

The relationship between chemical potential x; and activity a,(%) can be
derived from eq. (2-5) by using eq. (2-40) or (2-41), i.e.

k o
i~ = RTInag%)—RT1n Mo 51 &0°
Ti I=1 M,
144
— RTlnf;+RT1n X;—RTIn M Ifk;’f‘} (2-54)
i = M
145

or
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riM;
100 M;

_ X . Ti/Ml _
—RTlnf,+RT1nX,+RTln100Mi (2-55)

,LL,'—‘,U,'O =RTIn a,(%)+RT1n

We can derive all of the relation previously obtained concerning the
infinitely dilute solution from preceding equations. In the infinitely dilute
solution of X;, we have got from eq. (2-36)

4

im % — lim (9% - T :
,lrl,r—{lo i l’l,.r-{(l) (8X¢')X1;.¢1,,« M5 X,° (2-56)
neEe e F 2
' o I
then from eq. (2-40)
1 k o
lim 24%) _ \im ﬁ&i X0y @57
X0 i x>0 Xiry =1 M,
X=X x;=x,, e

is obtained. Thus in the infinitely dilute solution of X;, next relation results

al{%) = X, (2—58)
or
X, = oM X 2-50)
ri i M;

Fig. 2. Schematic representation of
the activity coefficient in mole frac-
tion unit based on Henrian re-
ference state.

4A,CA; represents Henry's law
plane given by a,°(H)=r/N,, where
74 is the tangent of activity curve
@S of component 2 at the point @
N;°=0). Then ppg is equal to y,/N,,
and A, is given as the ratio PP,/PPg.

Fig. 3. Schema of the relation between
Raoultian activity and weight per-
cents. .
4AYA Ay is the weight percent

plane. Though 4A,/C’A; corresponds

to 4A,CA; in Fig. 2, it’s equation is
represented by .’ (%)(H)=r/X,/

{Mx(X,°/ M+ X5°/M3)}, where X;°+

X;° =100, because this Henrian plane

is related to weight percent. Hence,

Henrian activity coefficient f, related

to weight percent is given by f,=

PP./PPx’ .
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In other words, f; becomes unity from eq. (2-38) or (2-39) in this case, and
the relationship between chemical potential and weight percent in this case
is shown as the following from eq. (2-54):

E o
pi—p® = RTIn X,—RTIn Mi 57 % (2-60)
ri o M,
or, similarly from eq. (2-55):
0 = ) 7M. ~
i M RTIn X;+RTIn 100 M, (2-61)

Fig. 2 and 3 show the graphical relationship between Raoultian and
Henrian activity discussed in section 2) and 3), and explain the way to deter-
mine the activity coefficient in each ternary system.

2.2. Definition of interaction parameters

There are several kinds of interaction parameters which represent the
characteristic effect of added solute element j on thc activity coefficient of
a solute element i. These are classified as
1) the interaction parameter of i at constant concentration except that of
component 1 and j; i.e.

olnr; _
( aNj )N;;Irh.j (2 62)
or
0 log f,' B
( an )X1;1¢1.j (2 63)

which may be called as “interaction parameter at constant mole fraction” or
“interaction parameter at constant weight percent”,

2) the interaction parameter of i at constant concentration ratio except that
of component j, i.e.

M) = [P 2-64
( ON; NNy INj N j/~INg B (2-64)
or
0log /i = b 2-65
( 0X; )Xl/xz/---/X,-_I/X,-+,/<~-/X,,_ ‘ (2-65)

which may be called as “interaction parameter at constant mole fraction
ratio” or simply as g, or “interaction parameter at constant weight percent
ratio” or simply as &, and this concept had been originally introduccd by
N. A. Gokcen.” and general relation between 4 and other parameters have
been derived by H. Schenck, W.G. Frohberg and E. Steinmets®, and

3) the interaction parameter at constant activity of component ¢, i.e.
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dlnry\ _ _

( o ) oy (2-66)
or

dlog f; — oD ~

(‘“ax, ),,,- efPa (2-67)

which may be called as “interaction parameter at constant activity”*.
The following derivative :

(gx_; )a.- — mi> (2-68)
or
(6x.),, = o e

which also means a kind of the interaction parameter at constant activity
of i, may be called as “solubility parameter”.”

3. Relationship between Activity Coefficients and Interaction Parameters
(Using Taylor Series Expansion)

Activity coefficient 7; in 2-component solution is a function of mole frac-
tions N;, N,,-, N.. However, since there is a relation of eq. (2-2) among
these mole fractions, the independent variables are reduced to k-1, e.g.
N, N;,-, Np, Let us show it as r{N., Ny, -, Np).

A Taylor series expansion of Iny; with respect to mole fractions at a
fixed point (N;°, N;°,-:-, N;°) given the following equation:

In ?’i(Nz, N3 "")Nk) =In Ti(NzO, NBO "7y Nko)

OAN A r.-(Nz"éll\\]ff 0 M)

N];l:tlr2

o In rAN:°, No° o+, Ni®)
+(N;—Ns )[ ON, N7 tds
+.... N

_N© 9 1n ri(N,°, N5° -+, Ni°)
+(Nt ]Vl )[ aN’ ]Nlililyi
+...

L N. 8lnr,-(Ng°, Naoy"'kao)
+(N;—Nj; )[ aN; ]Nl;lzhvi
+-..

1[& N9 Prinosa ... -
s gl g2 T (3-1)

[€2]

the authors prefer the latter symbols.

* Schenck et al® used the symbols {” and o{”’ respectively instead of ¢{”’a and e{”a, but



Interactions between Solute Elements in Solution 03

If |IN,—N,°|«1, terms involving second and higher derivatives can be dis-
regarded, and the logarithm of the activity coefficient becomes a linear
function ;

In Ti(NZ) N3 PR Nz—ly Ni,.ZVH-l "ty N]'—ly Nj; Nj+1 PR Nk)
=In Ti(NZO’ NSO "%y Nko)
o dln ri(NZO) NSO s Nkc)
+(N;—N;
(=N I ]

Npildie2

+ oo

 NoAlnrdNS, Ne s, Ni)
+(N:—N; )[ AN; ]Nl;l:tlu'
+...

L ° alnri(Nz‘”, Nso ;'",Nko)
+(N7 N, )[ aNj ]Nl;lz;l-;
e (3-2)

When all of the mole fractions except N; and N, are kept constant;
N;°, N5° ,---, N;° (denoting this as N;=N,°; [+1,1), eq. (3-2) gives

In Ti(NZO: NSO 3"y 2‘—1; Ni: N(:'-l-l 2"y Nko)—' In 7‘;0

_ oy 0 1n 7(No°, Ns° oo, Ni°)
— Ni'_Ni 3 y , _
( 'l SN | (3-3)
where
7‘i° = 7‘;(N2°, N3° 'ty Nko) . (3—4)
and similarly
ln ri(Nzov NSO """y N(;'—I) Nj) N;'-H 3"y Nko)_ln Ti°
— - ) aln?’i(Nzo, Nao """y Nko) _ 3
(Ny—N; )[ ON; ]N1;1=t1-j (3-5)
for the case N;=N,;°; I+1,].
Using eqs. (3-3) and (3-5), eq. (3-2) can be rewritten as
lnri(NZ, NS,"'yNz """y Ni "')Nk)
=lnr°
+ ln Ti(Nz, NSO [ ,Nko)
7
+In Ti(Nzor Na; N‘,o 2"y Nko)+_._
ri°
+ 1n ri(NZO;"',NC}—I’ Ni! N%-‘-l’"'y Nk°)+,__
7i°
+ In rdNe® ’.“,N;_l,ri\’rj’ Nijn ""’N"o)+... . (3-6)

The first and the i-th terms on the right-hand side of this equation may
be lumped together. And introduction of Wagner’s representation:
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_ Ti(Nzoy Nso "7y N?_—{: Ni’ N?-H PR Nko>

e =5 , j¥i 3-7
to eq. (3-6) yields

Inr;=Inr@+Iny@+--+lnr®P+ - +ln P+ +lny¥, (3-8)
or

ri=r@r® P r?Per®, @-9)
where

Tgt) = Ti(NZO, Nao 3"y (:'—l’ Ni, NC:'-I-I 3 Yy Nko) . (3_10)

Eq. (3-2), for N;=N;°; I+, j, takes the following form:
In ri(NZO 'ty Noi—ly Ni, N?-l-l 'Yy N(}——la Nj’ N;-l-l [ ,Nko)

=Inp°
[0 1n 7AN°, N;° .-+, Np°)
i—N; 2
+(N )[ aN, ]Nﬁl#hi
a7 o O 1n 7 (N, Ns® v, Ni°) 3-11
+(NJ N] )[ aN, Nyl § ) ( )
This relation may be rewritten as
1n Ti(NZO’ NBO PR 3—'1, Ni’ N(i'-l-l 3"ty NC}—I: Nj, N(;'-l-l [ A Nko)
ri° '
- . N.° alnrt'(N2°’ Nao PR Nko)
(N: —N; )[ ON; ]Nﬁl*lv:‘
_ __N.O d1ln ri(NZO’ Nso e Nko) _
= Ny =N; )[ oN; ]N,;z:i:x-j' (3-12)
Then, substitution of eq. (3-5) in this equation gives
1n ri(NZO’ NSO PR Oi—la Ni; N(;'H 37y N?’—lr N]y N;-i-l 3t Nko)
ri(NZO) NSO »"y Nc:'—ly Ni’ NOH-I 3"y NC}—l’ Njoy N;—H e Nko)
_ _arof@ln riNe°, Ni° oo, Ni°) _
o, =N e | R 25

The right-hand sides of egs. (3-5) and (3-13) are identical, thus, using eq.
(3-7),

ro = Z‘;(NZO, Ny° oy Ni—1y Niy Niayyory NG-1, Ny, N‘}H,---,Nk")”

7{N:°, N3° -, N5-1, Ny, NG 1‘..3N;—1) Njo’ N(_Ji+1 2wty N°)

(3-14)

It is clear that the substitution of N;°=0; /¢ in these relations leads to
the equations derived by Wagner. That is to say, the relationship derived
by Wagner can be expanded to any given concentration. Though some of
these have been already derived by K. Niwa and N. Shimozi,> and T. Mori,®
the authors showed these relationship using strictly defined symbols. The
reason why we do not use the symbol ¢{” as the interaction parameter as
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constant concentration:

[8 In T;(Ngo, Nao 3"y Nko)

— & 3-15
aNj ]N[ HESTR & ( )

will be discussed in Appendix A.

It can be readily shown that substitution of A; instead of y; yields the
relations between Henrian activity coefficient on mole fraction basis and its
interaction coefficients or interaction parameters, and that of f;, X; and log
instead of 7;, N; and In, on weight percent basis.

Now, let us consider the relationship between 7; and the number of moles
of each component. Activity coefficient y; may be generally regarded as a
function of the number of moles #n,, #.,, 1. Since #n, n,,-,n are in-
dependent variables, the Taylor series expansion like eq. (3-2) with respect
to number of moles includes the term r{¥ in the equation corresponding to
eq. (3-9).

The main important relations of those corresponding to egs. (3-6), (3-7),
(3-9), (3-13) and (3-14) are as follows: ’

In ri(nly Baytts Mgy s Mgyt nk)

=lInr;°
+1n Ti(nl, #° LA nko)
74
+In rim®, ns, 1° 40y nko)+...
7’
A1,° oo n°._ n: no. ee °
+1n Ti( 1 9" "y Thi—1y o” it19°"" N )+,,_
Ti
{1,° o no._ n; no cee 1°
+ll'.l. T.( 1 9"y W 1:7’.011 19" e )+, (3—16)
i
where
7 = rdm®, m° o, ml). (3-17)
e rdm®, ny’ YT M=t My Mivn M) g (3-18)
Ti
ri = PP PR P e O e P e P, (3-19)

where only 7{® does not include the term r;° like eq. (3-10),

o o o o

1 ri(nloy""ni—li Riy Riv1y "y Rji—1, Uy, ni-l-l""’nko)
(1, ey 7S o T hS S ey 150)
TilBy s Rjny By Rigy ’nJ*ly nj y nj-l-l) y B

.| © o ees o
= (nj—n_,-°)[ d1n 7’:(”18, 7n,° 0, 1i°) ] (3-2-)
nj npi %
= T ey imgy May Miaay s My—1, My Mjery e, M) (3-21)

o o (e} [+]
7’ oy MG, My Boar,, G, 150, BIer s 1E°0)
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Using the interaction parameter at constant mole fraction ratio defined
by eq. (2-64),
1-Nj°

d1n 7’;("1 ’ ”2 s ynko) — ah _
[ an,- ]n; %5 - /9‘ i (3 22)
has been derived.® Therefore, from eqgs. (3-20), (3-21) and (3-22)
In 7y = BP(N;—N,°X1—N,;°),  ji, (3-23)
is derived, while In 7§ is expressed as follows:
In 7 = In 7,° + 8(N;— N;°)1-N;°). (3-24)
Thus the following relation is obtained:
E
Inrp;=Ilnr°+ 21 BP(N;—N,°Y1—-N,°). (3-25)
=

In a similar manner, the relationship between by’ and interaction coefficient
f$ is derived as follows:

log £ = B(X;—~ X1 ji, (3-26)

100 )
while

1%ﬁemw;WU'wm— (3-27)

100 )

Thus the following relation between activity coefficient and the interaction
parameter at constant weight percent ratio is obtained:

log f; = log £+ 3, 80°(X,— X1 & (3-28)

100 )

Eq. (3-26) will be discussed in later section.
In addition, the following equation can be derived from egs. (2-8) and
(3-25),

Ini; =

—N;*)X1-N;%). (3-39)

4. Relationship between Various Interaction Parameters at Any Given

Concentration

4.1. General relation between interaction parameter at constant mole fraction

The total differential of u; is derived from eq. (2-5) as
dy; = RT[dln ror L dN-] i=1,2, k @-1)
£ H N; H b ’ ) b

under the condition of constant temperature and pressure.
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Since 7; is a function of N,, N;,--, N, regarding the first component 1 as
solvent, this differential yields

(gﬁ-)m;z#x,; - RT[(aaIJI\l[ih)Nl;lime 2\1’,- ], ix1 (4-2)
and
(g?‘;;)zv,;zm,s - RT(Q(%TI:T_T)NI;I:%S . sxL 4. (4-3)

The chemical potential u; is also expressed as a function of N;, N;, -, Ny,
and, therefore, the following equation is obtained:

=3 (0 -
d'ui _sgz (aNs)NﬁI:I:l-sts, S#l‘ (4 4)
This equation gives
Oy = 3o (0w ON; L i=1,2,k 4-5
(anj)mzlij ng (8N§)N1;I=t1:s(anj )nl;lrt:j ’ J T ( )

Therefore, substitution of eqs. (2-11), (2-12), (4-2) and (4-3) in eq. (4-5) yields

1555 LS A )
This equation may be rewritten as
-4 ( 661;1;)1“”%%], ix1, (4-7)

Let G be the Gibbs’ free energy of this s'ystem', then the following rela-
tion is valid at an equilibrium state:

4G =:z1 wdNy = 0. (4-8)

Since the function G is continnous with respect to the number of moles, the
sequence of differentiation of G with respect to #; and #; is immaterial, i.e.

62G %G a/,t,‘ 8/1,- (4_9)

an,-an,- anjan; anj 671,‘

which are usually called Maxwell cross differentials. Let us rewrite this,
imposing clearly the condition of partial differentiation;
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(4-10)

- 2]
Ong)ngioey  \OW; Jupitki

Introduction of the relation of eq. (4-10) into egs. (4-6) and (4-7) gives

(?—GILN?)N, LG siﬁz (a;]I\l/':i)Nl - st
- (le—r-l—‘]\{]) Nyt i—s:z (%)Nl ; 1:1:1,st ’ Ljx1. (4-11)

Now, Gibbs-Duhem’s equation is given as
k
s21 nsdus =0, (4-12)
and dividing by the total number of moles, one obtains
k
g Nedps = 0. (4-13)

Therefore, partial differentiation with respect to N, gives

< d
N(5w, =0, : 414
sg’ (6Np)N1;I=t:1, » p*1 ( )
While, from eq. (4-1)
oy _ dlnr, 1 )
(8N1,)N1;1¢up RT[( GNP )Nl”:tl,p Nl]. (4 15)

It is thus readily shown that eq. (4-14) results:

E(8inr
dlny, =0, ) 4-1
pa{ G M S (4-16)

This equation can be generalized as

> (Znre N,=0, p*q (4-17)

aN;. )Nﬁl#p-q

S=1

Since In7; is considered as a function of N;, N;,--, N}, the total differ-
ential can be shown:

k
dmn=2@m”

st o -18
§=2 aNs )Nl:lzt:l»st (4 1 )

Consequenﬂy, if only N, and N, are variable and the other mole fractions
are constant, the interaction parameter under this condition may be calculated
from the above equation:

(—%]%)Nl:l:tpnq - (861]%;1.)1\7.];1*1» P— (ag}é’;’)N’[ ;l*qu ’

(4-19)
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Furthermore, it is clear that the following general relation holds:

(mﬁ olnr;

dN, )Nuz*ﬁ,q - ”( 5N, )N,;,qt,,.q- (4-20)

Among the preceding relationship, egs. (4-11), (4-16), (4-19) and (4-20) are
especially important in order to calculate the relation between the interac-
tion parameters at constant mole fractions.

On the other hand, since 7/ in eq. (2-25) is a constant value at the fixed
point of N;=0, N,=N,°; I=i, this equation yields

dp; = RT[d1n 3+ Ny, (4-21)

and Z; is also a function of mole fractions, therefore, the relationship between
interaction parameters at constant mole fractions on Henrian basis can be
shown quite as the same type equations only by substitution of 1; instead
of 7;. This means that the value of interaction parameters at constant mole
fractions is independent of the selection of reference states.

4.2. General relations between interaction parameters at constant weight
percents
The relationship between these interaction parameters can be derived by
using eq. (2-54) or (2-55).
Since, from eq. (2-54) or (2-55), the total differential of u; is given by

du; — RT[d In ﬂ+%dx,-] , (4-22)

consequently, one obtains by partial differentiation :

o _ dln f; 1 ] . 2

(aX,-)x;;¢1,; RT[( 0X; )Xltl:t1,,~+ X, 1’ i¥1, (4-23)

oy _ 9 1n f; . 194

(aXs)XI:FFbs RT( aXs )X};l#lv&y, s#z’l ( - )

Then the expansion of u; with respect to the weight percents of each com-
ponent is

_ k Oy .
i =4 (TX,)X,;,#,,}XM (4-25)

thus we obtain

(02) (o ox,

é”—j)nl;ﬁ:] s=z aXs)Xl;Fh-s(anj )n,;lij’ i=L2,k (4-26)

Substitution of egs. (4-23), (4-24), (2-44) and (2-45) in this equation gives the
following relation ;
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(ZZ:)n1;1¢; ZJAI;: [100(661;1(15)&”%;_1
i=1
R < B R 20

Next equation is thus derived by Maxwell cross differentials :

LIRS R PG S 1

0100052 i B SR s

i jx1. (4-28)

From Gibbs-Duhem equation, by substituting eq. (2-32) in (4-13) and then
dividing it with dX,

é (g?ﬁ)x 1 p =0, (4-29)
and from eq. (4-22)
(%;)x; k1 p - RT[(aal;l(fl)Xl;lil.p— Xl1 ] (4—30)

are obtained. Hence, substitution of egs. (4-30), (2-33) and (2-45) in eq. (4-29)
yields

X, (0log fs 1 1
2.303 11 g a1 431
s§ M ( 6X1, )X1:1¢1-p+Mp Ml p ( )

General form of this equation is

dlog fe 1 1

2.303 ——=_ =0, &q. 4-32

S M, (5 X, )x,;,¢,,q+M,, M, pxe. (4-32)
Since f; is a function of weight percents, the total differential of log f;

is given by

k )
dlogf; =3 (M

.. 4-33
s=2 aX, )X;:l-tbst ( )

From the above equation, the following relations are derived in a similar
manner as in preceding section:

(8 lng;)XI e _ (?ﬂg_f,-)xz - _(6 log f; pa=l, pxq (4-34)

20X, )XI i1 g

X, 0X,
and
0 log f; _ _[d1og f; 4-35
( aX‘[, )X1:1¢p’q ( X, )XI”*,I?"I ’ p#q ( )
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4.3. General relations between interaction parameters at constant weight
percent ratio
The relation between the interaction parameters defined by

b = (8 log fi

2-65
0X; )X,/Xz/~-/x,~_1/xj+1/--~/X,, ( )

has never been given, and so let us derive the relation.
Now, if only #; is variable and the other number of moles are constant,
the following relation is obtained from eq. (2-44):

0X X o0X
(ﬁf)m;lq:i = ( an;)nl;l¢j/('£ﬁ)nl;1¢j

Xy _ Myn,
X, Mgng *

= (4-36)
Since atomic weight M, and M, are constant, each term of eq. (4-36) is con-
stant for the case of constant », and n,. Therefore, partial differentiation
of some function with respect to n; under the condition of constant number
of moles except #; corresponds to partial differentiation with respect to X;
under that of constant weight percent ratio except X; These relationship
will be explained in Appendix B for the case of ternary system.

From eq. (4-22),

%)
anj nyilfj

- RT[(Q;:*J'L.)”IUM+ )1(:‘ (%if_:)rq:l:tj] (4-37)

and, as mentioned above, the first term in bracket of the right-hand side of
this equation may be rewritten as

8X;

dln f; _ (9Inf; bt 4-38
( on; )m;zatj ( 0X; )xl/xz/--~/X,~_1/x,-+l/~~/xk( a":‘)m:l#i' ( )
Upon substitution of eq. (2-65) in eq. (4-38), it follows that
8ln f; - 2.30350( 9% 4-39
( On; )mzl—tj ) ’ (a”i)nzilﬂ-'j. ( )

Introducting eq. (4-39) and the relations of eqs. (2-44) and (2-45) into eq. (4-37),
the following equation is obtained: :

M;RT

(8_#&_: = 277 [2.30355(100—X;)—1]. (4-40)

an;)n,;zzi:j ZMlnl
=1
By the aid of Maxwell cross differential relation, it follows that

M ?'[2'303 b(100— X ;)—1] = M{2.303 bff (100—X)—-1]. (4-41)
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Gibbs-Duhem enuation may be converted as follows by substitution of
eq. (2-32) in eq. (4-13) and dividing with dn,:

£, (00

P =0, (4-42)

6np)m iiEp N

and so, considering the relations (4-39), (2-44) and (2-45), this yields

31X [2.303 K(100— X,)— 1]+ 100 _». (4-43)
?

s=1 Mg

Furthermore, using eq. (4-41), the following equation can be derived:

gxsb;v(iOO—X,) ~0. (4-44)

5. The Relationship between Several Kinds of Interaction Parameters
5.1. Relation between interaction parameters at constant mole fractions
and those at constant weight percent
Eq. (2-40) may be rewritten by introduction of egs. (2-1) and (2-39):

k [
fiX; = riN; Mﬁ ) X . (5-1)
i 451 M,

Since 7/, M; and X;° are constant, the total differential of the logarithm of
both sides of this equation is

‘dinfi+dln X; = dlny;+d1n N;. | (5-2)

Dividing this equation with respect to dN;, one obtains

olny; _(8Inf; 1 (8X; _
( ON; )N]:Ifn,j ( dN; )Nl;;-h.j X; (aNj)NI:I:h.j (5-3)
While from the relatioﬁ
_&(dnf; _
dlnf’ sgz( aXs )Xl:llhtsdxs, (5 4)
we obtain the following equation : !
0 1n f; _&(olnf 0X, : ~
O {20 I (- I (5-5)
The relation between weight percent and mole fractions is given by
X, = 100 M,N, (5-6)

® ’
M1+ z’ZI(MI_]Mx)]VI

then the following equations are derived ;
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(B g MM G
8Nj NyilFn j Z MINI
(a_X,) - _x, MM, | 100M, (5-8)
ONyIwyis 5 p3 N, SIMIN, |
From the general relation:
- o X1 ‘ _
X = MN. DAL, (5-9)
N Y  (5-10)
S 100 5
!
Substitution of egs. (5-5), (5-7), (5-8) and (5-10) in eq. (5-3) yields
0ln 7i _ 303 & X1 0 logf, M M1
( ON; )N,;:h,j 0 1§1 [IOOM( 0X; )X,-z:h ; 2303
_ dlog fi\ v - b 5-11
(M) 73 (208 ) X, (5-11)

Calculation from the following equation which is derived from eq. (5-2)
instead of eq. (5-3):

(a;;’}f )x,;m.f (%%)Xl"*l’ﬁ"ﬂlﬁ(g%)x,u#»; | (5-12)

gives the following relation:

Z M;N,

(a—g%-fi)xl;t:n.j - 1—2130.3 [M} (aal;,T‘)Nl;zh.j—.(TWl_j_Tll—l)
(1~ 2) BN 619

Furthermore, using the following relation:
.3 k k N
231 nll_zl M;N; =1§1 M, (5-14)

and upon combination of egs. (4-6) and (4-27) together with eq. (6-10), i
follows that

s IO { (220 I
k
=550 237 (1058 s~ B O e 08
(5-15)

/

Equation (5-11), (5-13) and (5-15) can‘be converted ‘tq each other,
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5.2. Relation between interaction parameter at constant mole fraction ratio
and that at constant weight percent ratio
Iateraction parameter at constant mole fraction ratio is related to the
chemical potential as follows®

(%) = RT rova-n,)-11. (5-16)
Onjlnysrs z=21m

The left-hand side of this equation is identical with that of eq. (4-40), there-
fore using eq. (5-14), we obtain the following relation between £4” and 3 :

FPA—N)~1 = — 123035100~ X;)—1]. (5-17)

23 MN,
l=1

Moreover, relation (5-10) makes this equation to the following form:

M 3 ZL)2[2.303 bP(100— X ;) — 1]+ 1ool§ X
2 M,

= M,
lg;h — =1 14 - (5_]_8)
X X5
100 %37 3)
Indeed, the calculation using
d1nf; 1 (8X; _(dlny; 1 (8N; 5-19
( on; )nﬁl#j X; (anj)nﬁl¢j ( on; )nﬁl#j N; (anj)nﬁl¢j (5-19)

which is derived from eq. (5-2), also results the same relation.

5.3. Relation between interaction parameters at constant mole fraction and

at constant activity, and solubility parameter

When the activity of component ¢ is constant, eq. (4-1) yields

du; = RT(dln rit— dM) =0. (5-20)

N;

Hence, substituting eq. (4-18) in eq. (5-20) and in view of eq. (1-68), it follows
that

E (01n r; 1,1 ‘
sgz( aNs )Nl;lih’s mkzs)+ Ni - 07 (5 21)

and in the case of solubility parameter concerning component itself,
mi? =1. ‘ (5-22)

Now, one obtains from eq. (5-20).

o (), (B0, -4, - o
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then, eq. (5-21) becomes

k 8111 7 1 _ !
5§2( 0N, )Nl;lim eMa =1 (5-24)
where
ePg = — 1 (5-25)

5.4. Relation between interaction parameters at constant weight percent
and at constant activity parameter
When (%) is constant, one obtains from eq. (2-39)

1

dinf;=—dlnX; = — X dX;. (5-26)
Consequently
Ainfyy __ 1 (98X, -
( 9X ; )a,. X; (aX,-)a,. (5-27)
i.e.
m’ﬁf’
e%’)a= - —2-.3—055{— (5—28)

which has been derived by H. Schenck et al.”

On the other hand, using eq. (4-33),

E 19 log f: T 1 _
sgz ( GXS )XI HIE= T m’&” 2303X, ’ (5 29)

and substitution of eq. (5-28) gives

k 16 1og fi 1 _
(05 iysrneiia = 1 (5-30)

where it is apparent from the definition that the followings are substantiated :
mP =1, (5-31)

1
~ 5303X," (5-32)

ePa =

5.5. Relation between interaction parameters at constant mole fractions and
at constant mole fraction ratio
Since the interaction parameter at constant mole fraction ratio is related
to the chemical potential as eq. (5-16), identifying this and eq. (4-6), we can
obtain the following relation:

BP(1—N;) = (6 Iny; 0 log 7rs

ON; )N,;m.j_s:z( BN, )Nl;,:h,s j*1.  (5-33)

When j=1 in eq. (4-5), the following equations are obtained :
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5

|

(a”1>n1 HEESY :sé (g/ﬁs) Nyilds (gizs)m HYE 31 (5"34)

=555 (a—al'z%;“)m;m,,m“]- (5-35)

D D
B

(an‘;)nl;l#l Z": ”

=0

l

8=2

Upon combining eq. (5-16) with eq. (5-35) for the case of j=1, it follows
that

pra-nNy) = -3 (2l

s=2 aNs )Nl; 1#1:;N:’ ) (5_36)

Therefore we obtain the following relation® by substracting eq. (5-36) from
eq. (5-33):

(6 In 7‘,')
ON; |nyitdng

This relation can be derived also from eq. (3-23) in section 3 (see Appendix C).

= BPA—N;)—APA—-N,). (5-37)

5.6. Relation between interaction parameter at constant weight parcents
and at constant weight percent ratio
Combination of egs. (4-27) and (4-40) gives the conversion equation between
interaction parameter at constant weight percents and that at constant weight
percent ratio:

> (‘G;L.ngé)x,;l:h»s

If the condition j=1 is given to eq. (4-26), it follows that

and using the relations (4-23), (4-24) and (2-44), the above equation yields

(g%i)m; e g ffil[i (8 gggsﬂ) X71 s%us Xs+ 1] : (5-40)
=1

bP(100— X ;) = 100(%& X, ix1  (5-38)

X; >X1; . s=2

$=2

This equation is identical with eq. (4-40) at the condition j=1, and therefore,

E (9 log f;
[¢H) _ - i _
BP(100— X ;2( 2 )x,;m,,X (5-51)
Substraction of eq. (5-41) from (5-38) gives
d log f; (1 X\ ol X  ieaon
( X )x,;m.,- be (1 )b 1 100) | (5-42)

This relation can, like the case of eq. (5-37), be derived also from eq. (3-25),
by using the same method as described in Appendix C.
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6. Application to Ternary System

In the preceding sections, general relationship between various interac-
tion parameters in multicomponent solution has been discussed. Now, in
this section, the applications in ternary system are treated. In ternary solu-
tion, we can obtain some comparatively simple relations.

In the first place, we may put k=3 in eq. (4-11), because we are consider-
ing ternary system, and when i=2, j=3, we obtain :

)N Cor) <1—Ns>=(aa‘z%f)Nst—("’;g;a)ma—m. 6D
3 2

Eq. (4-16) gives

(582, o 3, ) .
(). o R =0 e

Subtracting eq. (6-3) from eq. (6-2), and substituting the following relation
obtained from eq. (4-19):

(%8, = on )y CaR ), (6-4)
then
o), = Con) (aRE ), 65

is derived. This is one of the most important relations among tne interac-
tion parameters at constant mole fractions.
In a similar manner, upon putting k=3, i=2, j=3 in eq. (4-28), it follows
that
- 100— X3<a logfz) _&(alogfz) 1
M, 9X; lx, M\ 0X, /x, 2.303M;
_100—- X2<8 log f3) _&(6 logfs) 1
M, X, Jx, M,\ 68X, /x, 2.303M;’

2

(6-6)

and eq. (4-31) gives
jgl_(alogfl) +&(alogf2) +£(610gf3) . T ):0’ (6-7)
X3

M\ 08X, /x, M,\ 90X, /x, M;\ 09X, 2303\ M, M,
X, (9log fi\ . X.[0logf) . X, (dlogf\ ., 1 (1 1}\_
Ml( 39X, )szer( X, >xz+ Ms( ox) *o g w) ~ 0 €9

while from eq. (4-34) one obtains
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dlog fi\ _ (dlogfi\ _(dlogf, _
( 0X, )xl ( 0X, )X3 ( 0X; )Xz' (6-9)
These three equations result the following relation :
1l (dlogfs\ _ 1 (Blogf, 1 (8log f =
M3< oX, )Xa A ax. )X2+ | T (6-10)

This is also one of the most important relations among the interaction
parameters at constant weight percents.

Egs. (6-5) and (6-10) clearly show that, when the value of interaction
parameter representing the effect of addition of the component 2 on activity
coefficient of the component 3 is known, for the purpose of calculating the
interaction papameter representing the effect of the component 3 on that of
the component 2, it is generally necessary concerning a concentrated solution
to know the effect of the component 2 or 3 on activity coefficient of the
component 1.

However, the conversion between the interaction parameters at constant
concentration ratio is easy. Using Maxwell cross differentials, eq. (5-16) yields

yields
BP(A—Ny) = BE(1—No).2» 7 (6-11)
While, from eq. (4-41) one obtains
MJf2.30358(100— X;)—1] = Mf2.303p(100— X,)—1]. (6-12)

Using either of these equations, giPor b§” is converted straightforward to 4%
or b, respectively. Moreover, the conversion from £ to b is possible from
the relation of eq. (5-18).

The following equations are derived from eq. (5-33)

@1 _ _(2Iny, _ _(f81lnpr, -
sra-Ny =081 a-No-(%87) N, (6-13)
@1 _ _{01np, - _(8lnpr, _
590N =(%R1), =N~ (%R N.. (6-14)
Elimination of (8 In r;/0N,)~, from these two equations gives
dlny, — @(1—N)(1-Ny) @{1—N)N, ®
%ox R T e (6-15)

in a similar manner, one obtains from eq. (5-38)

dlog f; — p»100—X,)100—X;) | ,5(100— X,) X, R
(_“axz )x3 bs 100X, O 00, (9-16)

Egs. (6-13) to (6-16) have the following geometrical meaning.
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Use of a Taylor series expansion of In y; as a linear function of the mole
fractions without involving second and higher derivatives corresponds to the
substitution of the curved surface of In 7; by the tangential plane at a given
point of that curved surface, and the interaction parameters correspond to
the gradients of the plane determined by each condition of the partial
derivatives.

The tangential plane of In r; or log f; at any given point in ternary solu-
tion represents a normal two dimensional plane, and this plane can generally
be determined only when the gradients of
two different directions are given. For
example, eq. (6-15) is qualitatively ex-
plained from the above consideration as
follows : When the two interaction para-
meters S and B representing the
gradients of In r; on the lines N,/N;=
const. and N,/N,=const. respectively are
given, the position of the tangential plane
of In 7, is fixed, then, the gradient of In
7, on the line N,=const. is consequently

Fig. 4. Relation between interaction

determined by this plane. These relation parameter at constant mole fraction
is shown in Fig. 4. and that at constant mole fraction
ratio.

Conversion equation between solu-
bility parameter m$ and interaction parameter at constant mole fractions is
given from eq. (5-21), as
(6 in 73) N,
N

mP — 0N /Ny~ (6-17)

1+ (%}%‘)NZM’

and likewise conversion equation between interaction parameters at constant
activity and at constant mole fractions is derived from eq. (5-24)

(5 In 7’3)
ePg = ON, /N,

T (R N

(6-18)

The above equation has been derived by T. Fuwa and J. Chipman,® and T.
Mori, K. Aketa, H. Ono and H. Sugita.®

Relation between solubility parameter »’$® and interaction parameter at
constant weight percents can be obtained from eq. (5-29):
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2.303(a ‘(,;’if ’)XaXa

1~+2.303(a g’)% f3)X X,
3 2

m/ém =

(6-19)

and similar relation between interaction parameters at constant activity and
at constant weight percents can be obtained from eq. (5-30):

5%,

ePa =

(6-20)

1+2.303(%9§£) X,
3 X.

2

Quite the similar consideration as
explained above can be applied to egs.
(6-17) to (6-20), that is, when the gradients
of Iny; on the lines N,=const. and N;=
const. are given, the tangential plane of
Iny, is fixed, and then the gradient of
Iny; on az;=const. line is determined.
(Fig. 5).

Conversion equation between interac-

tion parameters at constant concentrations Fig. 5. Relation between interaction

is given, say from eq. (5-11), by parameter at constant mole fraction
and that at constant activity.

(SR~ A ), oo

_ _ 0 log f; M- M,
1) 2 ) X 208 It

(6-21)

We know from the above equaﬁons that the experimental determination. of
only one kind of interaction papamete‘rs is insufficient in order to calculate
other kinds of them. But, on the contrary, we can calculate the interaction
parameter, representing the effect of alloying element on its own activity
coefficient, i.e. (8f,/0X,)x, from eq. (6-21) by arrangement of the same experi-
mented data both on mole fractions and weight percent. We can determine
the value of (37,/8N;)n, similarly-from eq. (5-13).

Since the mole fraction of componerit 3 in a ternary system is given by
weight percent of each component as

¥ = L3 (a3, (o= %]

then
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100M, + (%—:—I)N,,Xz .

(31

X3=

is obtained. As seen in this relation, it is clear that the line satisfying N,=
const. is represented by a straight line on weight percent coordinates
generally not parallel to each weight percent axis. Then, as seen in eq. (6-
21), two kinds of interaction parameters at constant weight percent,‘i.e.
(8 log f2/8X2)x,, and (0 log fo/0X,)x, are necessary in order to obtain an interac-
tion parameter at constant mole fraction i.e. (8 1n rs/0N,)N, (Fig. 6).

Concerning eq. (5-18) in ternary system, it is sufficient to know only one
interaction parameter at constant concentration ratio for the conversion
calculation from the interaction parameter at constant mole fraction ratio to
that at constant weight percent ratio or vice versa. It is clear that the above
simple relation is due to the following equation:

X _ MM, _
X, N, const,
i.e. when the ratio X,/X; is constant, the ratio N,/N; is also constant as shown

in Fig. 7.

~ae

Y.
J =
A 2pSonsy
3200y -
Onst™~~~_
i M or Xo— 2
Fig. 6. Relation between interaction Fig. 7. Relation between interaction
parameter at constant mole fraction parameter at constant mole fraction
and that at constant weight percent. ratio and that at constant weight

percent ratio.

7. Relationship under Special Conditions

In the preceding sections, we have derived many equations which are
applicable at any given concentration. These equations may be led to the
comparatively simple forms, which had been already known, by imposing the
special conditions (e.g. applying to infinite dilution).
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In the case of infinitely dilute solution of all solutes, putting N,=0; s=2,
3, -+, k in eq. (4-11), the following equation is derived:

(@m Olny;

6Nj )Nﬁl:l:l»j - ( aN; )Nl;ktpi, at NSZO, S=2, 3’ h k. (7—1)

This equation can be derived also ffom eq. (6-1) concerning termary alloys
by putting N,=N,=0.
It follows that from the relation of eq. (6-5)

dlnr\ =IN. =0 _
(aNz )Nl 0, at N,=N,=0. (7-2)

This means that the activity of solvent 1, i.e. @, is in the range where
Raoult’s law is obeyed.  On the contrary, if g, is in this range,

(Con )y, = Conl)y =0~ -3)

can also be proved, and therefore, from eqgs. (6-2) and (6-3),

(TR N (o) s = 0 -4
and
(aalzrxlfar‘z) M (aalxr: 3)N2Ns =0 (7-5)

are valid. The range where ¢, obeys Raoult’s law may be at the vicinity of

,==1 and furthermore when the solution is ideal, Raoult’s law is obeyed even
for the whole concentration range i.e. 0<N,<1. Hence, it is obvious that
the condition N,=N,=0 is not a necessary but a sufficient one. The
necessary and sufficient condition for it is given by the following determinant:

(o), CanE),

iy (dlnry | (7-6)
(% Z)Nz( ),
and this equation is rewritten as
(%R Z)Nz(aalzrir: N (Zar Z)Na(aalx,f)%. (7-7)

Therefore, in the range where the activity of solvent obeys Raoult’s law
dlnpr,\ _ alnra) _ 4. J(oInp, olny,
( 3N, )Nz ( 3N, I, —‘/ ( N, )Na( 5N, )Nn' (7-8)

Substitution of X,=0: s=2,3,---, k& in eq. (4-28) yields
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(Qg%é>xz sy 280, 3[{230 3(6 lgif])xz i _1} %; +1]

at X;=0; s=2,3,--, k. (7-9)

This relation in ternary system has been derived by H. Schenck ef 2/ Upon
combining eq. (7-9) and eq. (6-10), it follows that

M%(a lao;if‘),, = 23(1).3(M%_T}I§) : (7-10)

Upon introduction of the condition N,=N,=0 and eq. (7-3) into eq. (5-13), one
obtains

SRR AR M G N
and
ﬁ/zl‘,‘(a lz;))ifl)xz B 23(1).3(711/17—M%) ‘ 12

Eqs. (7-10) to (7-12) show that the interaction parameter of solvent at constant
weight percents on Henrian basis is not generally equal to zero where the
activity @, obeys Raoult’s law.

Relationship between interaction parameters at constant mole fractions
and at constant weight percents in infinitely dilute solution is derived either
from eq. (5-11), (5f13) or (5-15) as

(a%))gj—ﬂ)XhF\:bj - %[{(aé;jl\lf;i)m;l*hj_l} %; +1] . (7-13)

This has been also derived by Schenck et al.”
Following equations are obtained from egs. (5-33) or (5-37) and (5-38) or
(5-42) in infinitely dilute solution:

olny; 1) ;

= P t s=V, S ’3¢"', ’ 7-14
( ON; )N,:Fh.j s at Ne=0,s=2 k ( )
0 log f; = p t X.=0 =23, - & 7-15
( 9X; )X,;m.j A T

and
M,

L Yoo 1 _
5, 23()3[(,3 1) ,“]’ at Ny=X,=0, s=2,3,~-, k.  (1-16)

In multicomponent solution, the relation between interaction parameters
at constant concentration and at constant activity is generally represented
from eq. (5-24) or (5-30) as

SE(QIPL) L 3, at N=0 (7-17)

ON, Nyst¥us efa
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or

sf_;.(abgﬂ L _4,  at x,=0. (7-18)

0X, )X1 ke €50 @

Either of these equations becomes simple for a ternary alloy :»:7®

@ _ [0lny ‘ _ =

esta ( aN23>N3 at _N3 0, (7-19)
or

@, _ (01log fy - .

ePa = ( X, )Xa at X,;=0. (7-20)

It should be noted that in these equations, only N;=X;=0 or N;=X,=0 is
necessary condition and the concentration of other components can take any
arbitrary value. Egs. (7-17) to (7-20) are also valid for the condition where
a; or a{%) obeys Henry’s law instead of the condition N; or X;=0.

From the following relation given by substltutmn of eq. (5- 16) in Maxwell
cross differential eq. (4-10):

BPA-N,) = AN, (7-21)
it is clear that

B = 8P at N; = N; _ (7-22)
and it is not necessary to give the condition N;=N;=0"" From eqs. (6-1) and
(4-19) in a ternary system,

dln 7, (3lny\ N _[8ln7, {8lnrs :

(_aN;)NlNZ (%53 )NN‘ (%on) o o= (3 )NSN‘ (7-28)
is given, and imposing N;=0 in this equation, one obtains

dlnr, _(8nyr, 2

( oN, )NINZ ( oN, )vaa' (7-25)
Then, this yields

3 ln 72 — a ln 73 — — =

( o ) ( o )N1 at N,=N,=05. (7-24)

fI‘he‘.‘ relation of eq. (4-20) was used to derive eq. (7-24), while it can be shown
that eq. (7-25) is a special one eq. (7-22), as follows.
In a ternary system, eq. (7-22) becomes

dlnr, _(0lnrs 7-26
( oN, )NI/N2 ( oN, )Nl/Ns’ at N.=Ns (7-26)

This relation illustrates that, in a ternary diagram (Fig. 8), the tangent of
In 7, along the line P3 towards vertex 3 at the intersection point P which lies
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(]
o

log%. or log 7w

3

Fig. 8. The locus of the point satis-
fying the condition #;®=4,® in
ternary system.

]
o
N

on the line N,=N, is equal to that of Inr,
along the line P2 towards vertex 2 at the -0‘3,t
same point P. It is sure that eq. (7-26)
satisfies both egs. (7-1) and (7-25), because

]

04565 04 06 08 10

MNeeOr M
eq. (7-26) is valid under the condition Fig. 9. The relation between activity
N,=N,. coefficient of Iron and Nickel and
_ . L "Ni al
Eq. (7-24) has been derived from Max- ;}éellzorgg? fractions in Fe-Ni alloys

well cross differentials, while eq. (7-24)

which can be derived from Gibbs-Duhem relation also yields this equation.
Eq. (7-25) illustrates actually the relation concerning a binary system, because
N, is equal to zero. Fig. 9 represents the relation between the activity coef-
ficients of iron and nickel and their mole fractions taken from the data by
R. Speiser, A. J. Jacobs and J. W. Spretnak.® Curves of log rr. and log rni
in this figure should satisfy eq. (7-25) at Np. =Nx;=0.5, and calculation resulted
the following value:

dlogrre _ Olog7rNi_ _ 7-27
N~ 9Nz 17 . ( )
Strictly speaking, however, for the experimental verification of eq. (7-25) more
detailed data near N,=N,=0.5 may be required.
The relation of interaction parameters at constant weight percent ratio
in infinitely dilute solution of component i and j is shown from eq. (4-41):

by = ‘2% [(230.31»50—1) %, + 1] . (7-28)

Although this relation requires the condition; X;=0 and X;=0, it is valid at
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any given concentration of the other components. When M;=M;, eq. (7-28)
becomes ‘
M;
D~ poo i 7-99
by’ = b§ M, (7-29)
Similar relation of this equation have been derived by J. Chipman'® and by
Schenck et al.”
Since the other relationship between interaction parameters concerning

an infinitely dilute solution have been reported, we have here omitted dis-
cussing it.

Appendix A
On ¢”; the representation of interaction parameter at constant mole
fractions

e¥ has been defined by eq. (3-15). On the other hand, since there is a
general relation (4-20);

(6 In 7; , (A-1)

ON; )NZ.NS,---,Nj_l.NjH.-u.N,,

_ (a In 7';)
ON, | NpNyoNj_Njp N

then, according to the representation of eq. (3-15), we may represent this as
e = —&2, (A-2)

In a similar manner, when m=j

(3_111_7‘1) - (a In Ti) (A-3)
ONum | Ny Nys-oos N gy ys Ny 10+ N Ny | NpNysNpy_ s Nppyp oo Np
consequently

e = — g (A-4)

The right-hand side of eqgs. (A-2) and (A-4)
is identical as far as its symbol is con-
cerned, hence it follows that

6P = e (A-5)

However, as seen in eqgs. (A-1) and (A-3),
e in eq. (A-2) and that in eq. (A-4) are
different from each other. The difference

Fig. 10. Comparison of (91n7s/ is illustrated in Fig. 10 concerning a ter-

ONy)wy and (8 1n7s/0N)) ys- nary system.
There are two cases for the inter-
action parameter €5°, and these are

generally not equal to each other. the symbol & indicates

Furthermore, it is not clear whether
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@ _ [@lnr, _
e = (~—8N2 ). (A-6)
or
@ 8lny, _
# = (238) (A7)

That is to say, the introduction of the symbol & to the interaction
parameter at constant mole fractions is liable to cause misunderstanding,
because the kinds of component to be kept constant are not clear. Although
we may promise that the condition at “constant” mole fractions does not
include AN,, it would be difficult to determine what kind of component is
chosen as the solvent N, in a highly concentrated solution. ’

Appendix B

It has been shown by Schenck ef @/ that the partial differentiation
condition of constant number of moles is converted to that of constant mole
fraction ratio at the differentiation with repect to mole fraction. Let us try

to explain this condition qualitatively on

Tﬂs ternary system.
Consider three dimensional orthogonal
P(a,, Gz,0) co-ordinates having the axes of number
of moles; n,, n,, n, (Fig. 11) The equation
of the plane which intersects #,, #, and #n,
axes at the point Ay (a, 0, 0), A0, a, 0) and

7 A0, 0, a) respectively is represented by
B
ntu+n,=a (B-1)
Fig. 11. Relationship between the While the straight line connecting

change of unmber of moles #, and
that of mole fraction N; of com-
ponent 3 in ternary system. P(al, a, ag) is given by

from origin 0 to an arbitrary point

SR AR (B-2)
a, a, a,

Then, these two equations give an intersection point P’ of the plane
A AA; and the straight line OP;

aa, " — aa, " — aa, (B-2)

n=——, 2 s 3 .
a;t+a+a; a;ta;+a; a;+a,+a;s

Hence, putting a=1, they represent the mole fractions corresponding to P.
That is to say, the co-ordinates of the intersection point P’ of the plane A,A.A,
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and the straight line OP represent the mole fractions of P.

Since n,=const. and #,=const. give an intersection line of each plane, this
is represented by the line BP virtical to n,—#», plane. Connecting line from
origin to the point on this vertical line BP lies on the plane including both #,
axis and the line BP, thus the intersection line is A,C on the plane A;AA,.

The line BP which means the condition where #n,=variable, and #, and
n,=constant corresponds to the line A;C on the plane A;A,A, which means
the condition of constant mole fraction ratio: N,/N,.

Now, let us choose the weight of each component; w,, w,, w; as the
coordinate axes instead of number of moles. Then, using the plane inter-
secting each axis at (100, 0, 0), (0, 100, 0) and (0, 0, 100), and considering that
a constant number of moles of each component is identical with a constant
weight of it, it can be readily shown that the derivative with respect to #,
under the condition of #,=const. and n,=const. corresponds to that with respect
to weight percent of the component 3 under the constant weight percent
ratio of the component 1 and 2.

Appedix C

Since N;—N;° in eq. (3-25) is essentially a small quantity, we may express
it as 4N;. Then eq. (3-25) may be rewritten as

k
In7s = 7+ 3 AP~ N, )AN;. (C-1)
pl

On the other hand, from eq. (2-2),

k
4N; =0, (C-2)
=1
then, one obtains
k
AN, = —z; AN;. (C-3)
i=

Substitution of eq. (C-3) in eq. (C-1) yields
k
Iny; =Inr° +_‘Z§[ﬂ?”(l‘Nj")—ﬂél’(l*NxO)]ANj- (C-4)
P=

Upon comparison of this equation with the following equation derived from
eq. (3-2):

e nsoae(dlng; .
In7; = In 7o+ 3 o, )N,;m,,,-"N“ (C-5)

i

it follows that
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(8 In ri

0 = BP(1—N;°)— AP(1—N.°). .
ON; )Nz:ﬁ:pi APA=N )= N) (C-6)

This is the same relation as eq. (5-37).
Eq. (5-42) can be also derived in a similar manner.

Summary

The general relationship between activities and activity coefficients based
on Raoultian and Henrian reference states substantiated at any given concent-
ration was derived in a different aspect. It was shown that the theoretical
series expansion of Wagner type using interaction parameters at constant
concentration is possible even in any concentrated solution. It was also
demonstrated that Taylor series expansion of logarithm of activity coefficient
using interaction parameters at constant concentration ratio is possible. The
conversion equations between several kinds of interaction parameters which
are valid at any given concentration were derived. It may be said that these
relations give usefull means to the thermodynomic investigation on multi-
component alloys.

The interaction parameter at constant concentration, e.g. (81n7;/0N;)ny; 41 5
or (8log f;/80X ;)x;:1%1. 5, 1S, in general, somewhat troublesome to be converted
to (81n 7;/8N;)ny; 1415 or (8log f;/0X:)x;:141.s at high concentration of solute
as seen in eq. (4-11) or eq. (4-27), and therefore either of these is more or
less inconvenient to use. On the other hand, the interaction parameters at
constant concentration ratio are readily converted to each other as seen in
eq. (6-11) or (6-12), and moreover, these parameters may be easier to mea-
sure than those at constant concentration, because the experiments can be
performed merely by adding the solute ¢ to any given solution.
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