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A Method to Optimize the Stability of a Linear
Dynamic System. II. With Equality Constraints

By
Hiroshi MAEDA*

(Received December 28, 1964)

A numerical method to optimize the stability of a linear dynamic system
which was described in the last paper is generalized to the case of equality
constraints in this report. The process is an application of the “steepest-descent
method” as well, and it is inclusive of the procedure given in the last paper as
a simple case. Hence, with application of this method, problems which are of
practical interest but are difficult to treat with the previous method are expected
to be solvable. A numerical example is presented for maximizing the damping
of the Dutch-Roll mode of motion of an airplane.

1. Introduction

The method of gradients or “the steepest-descent method” was described
for optimizing the stability of a linear dynamic system in the last report®.
However, in many problems of practical interest, the coefficients of the charac-
teristic equation of a linear system are not only functions of control variables
but also those of state variables, i.e. the subsidiary conditions are in general

given by the following equations,

&lPe,r) =0

where B, (k=1,2,--,M) and r; ({=1,2,--, N) are M control variables and N
state variables respectively.

If the functions g; are given analytically and solved for N state variables
in terms of M control variables, the state variables can be eliminated and the
problem is reduced to one without constraints, which was previously described
in the last report. However, such an approach will not be practical in many
applications, and, therefore, a general procecure applicable to the problems is
stated in this report.

* Department of Aeronautical Engineering
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2. Optimization of the Stability Problems with
Equality Constraints

The characteristic equation of a linear system is in general expressed by
2"+an~11"—1+ b +alx+ao = 0 (1)
where the coefficients @; are given by

0,1,---,n—1 (2)

1,2,-,N

and 7, are the “state variables”. The state variables are also related to other

a; = fr) ; :

variables by the following known equations,

&i(Be, r) =10 (3)

where 5, (k=1,2,---,M) are the “control variables” which are free to choose.
Roots of the characteristic equation are in general expressed by

lj:ﬂjil.(t)j (4)

if the roots are real, w;=0. Since the stability criterion is the value of the
real part of the roots*, i.e. n; in Eq. (4), then in order to optimize the stability,
in;| should be maximized or #; should be minimized, because #; is negative
for the stable state. Since 1; or #; are the functions of the coefficients q;, or
r: from Eq. (2), then it is necessary to determine £, so as to minimize #;(7;)
subject to the constraints of Eq. (3).

This method starts with the starting values of the control variables A¥.
In order to determine the change in #(y;) for a small perturbation of the
control variables df;, consider first the quantity

N
D = n(r)+ Eﬂl'gl(/@ky ro (5)
where u; are Lagrange multipliers. Hence,
d® = dn
[ on (L) 08 Oy
Or, Orw 0.7‘1- 6TN :
drn S
O8N ... 98N ||
o7, Orn''drwn
L unl( 08 ... 0& \( db
08N . ogN

a8, 3B dfin

* See Appendix
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<571 Igﬂ >d7’1‘|‘ ( - é”’gf—;\,)dn"
(zuaﬂ)dﬂ1+ (5 28 (6)

where the partial derivatives are evaluated at the starting point.

Now let us choose 4, through ux so that the coefficients of dy; ({=1,2,-,N)
vanish, i.e.

or: or or:
e (7
on ., 08 . 08N _
LY ek 0
or the Lagrange multipliers are determined by
_on 08 .., 98N,
: 8.7‘1 afl . @h
med=| L
_on 08 08N
orn 9rn orn
e (8)
08, 08N—y on
Or, aT'l ori
pn-d =1 : . :
08 ... 08n—y _On_
orn orn orn
where
% ... 98N,
6_7’1 . 6:7’1
4= (9)
égl 8_g1!
Orn arn
This reduces Eq. (6) to the expression
_ (& 68 ( & 08
dn = ( 22238 byt ( 35 1 280 ) dBac (10)

For the steepest descent, the following value of the positive definite
quadratic form is defined,

Py = 33 wildfey (an

where w; (k=1,2,---,M) are the positive weighting numbers. To maximize
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|dn| for a small perturbation df. under a constraint condition given by Eaq.
(11), the similar process to the previous calculation is applied again, i.e.
consider the quantity

v = (35 w8 ) byt (53 8L ) don

+v[(dP}— Ex wi(d@Pe)’] (12)

where », through ux are given by Eq. (8) and v is another Lagrange multiplier.
The maximum |dxn| is then obtained when

.d_gj“: 8g1 agN _ . — — .. 13
ar (1 w8t aﬂk) Qwp-dfy =0 (k=12 M) (13)
Accordingly,
-1 (,08& . 98y 14
U = s\ v S ab
Substituting Eq. (14) into Eq. (11), and solving in v,
1 _ 0 1 (S5 o8\ 15
2 (dp)[m(zzlaﬂl) i +wM(z216ﬂM)] (15)
Therefore, substituting Eq. (15) into Eq. (14),
N
dfy = — |dP| i(Z gél) s (16)
k 258 a8 e T
wy \i=1 86, wp\is1 08 M

Since dn should be negative, or # is to be decreased, — sign is used in Eq. (16).
If the functions g/8:, r;) are given analytically and Eq. (3) are solved for
the state variables in terms of the control variables, i.e.

= G/Bs) 17
Eq. (3) is reduced to
g =11—G[(Br) =0 18)
or
98 1 . /-
orm L i=m (19)
0 : I4+m
Hence, by Eq. (8) and (18),
My = —Qﬁ
Or:
20
o8, _ _or )
9B 0P

Consequently, the state variables are eliminated and Eq. (16) is identical with
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the result which was given in the previous report.
For the next step, ¥ +dp, are the starting values and the same procedure

is repeated. The process should be repeated several times until the gradient
dn/dP or

fo- [R5 AT

is nealy zero or the absolute values of all real parts of the roots become‘
roughly the same. The maximum stability of the system will then be obtained.

3. Example—Optimization of the Dutch-Roll
Stability of an Airplane

As a numerical example, the optimization problem of the Duch-Roll stability

of a light airplane is considered. Since the lateral equations of motion of an

airplane are in general expressed by simultaneous linear differential equations

in 3 variables, and the characteristic equation is the quartic, then it is ex-
prssed by

AtaBta,Ptadl+a, =0 (22)

where the coefficients a; are?

— Cyﬂ Cll’ cnr
% (Zu M ZA Z(; )
Cn Cys[Cpr  Ci
@ = e Cuy CrpConyCur) + 2+ 28 4 212)
@ =L Cyﬂ(CI,cn,,—cmc,m—(cwc,,p CusCr)p) (23)
2u tai,
—Z,u.z
@0 = 5,72 (C1pCor—CrpCi)

For the simplification of calculation, small quantities, e.g. small stability
derivatives, product of inertia, etc., are left out in this expression.

According to the expressions described in the previous section, the state
variables r; are, therefore, as follows:

71=Cos r: =Ci»

rt= Cnﬁ 7se =ia

rs=Cip re = 1ic (24)
74=Caur Tio = H

s = Clp ru=Cpr

Te = Cnp
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i.e. M=11. The control variables f, which are freely chosen in the design of
an airplane are considered as follows:

5= Sv/Sy* : vertical tail area

8, =1vy/lv¥* : vertical tail length

Bs = zv/zv¥ ; vertical tail height
B.=TI/I* . effective dihedral angle

(25)

ie. N=4. In the above expressions the variable quantities are nondimen-
sionalized for the convenience of the following calculation. By the definition
of the state variables, the constraining equations are*

& = n—Kpf—K' = 0

82 — ra— K58, — K/ = 0

g =1~ KB~ KB, — Ky =0

& — 7‘4_K431/@§— S =0

g =715—Ki =0 (26)
& = 7e—Ke =10

& =K =

g =1 Ky =0

g =r:o—Ky=0

8o =7110—Kyp=10

gu=run—Ku=0
where K; through K,” are assumed to be constants. Strictly speaking, gs
through g,, are the functions of the control variables too, but the influences are
considered so small that they are neglected and 7;, -, 7., are assumed to be
constant in this calculation.

The steepest-descent method described in the last section is, therefore,
applied as follows : **

1) control variables (starting conditions)
Bk = Sy/Sy¥ =1 Bt = zv/zvt =1
B = ly/lv¥ =1 B =I/T*=1
2) equations of constraints

¥ = —0.157—0.245 g;x — —0.402
7% = —0.055+0.0955 8,%4,% = 0.0405

* This example is not so suitable for the case presented in this report, for this example can
be computed by the procedure described in the last report. However, since it is easy to
understand the procedure given here by this example, it was chosen as an illustrative
problem.

** The numerical data of a typical light airplane are employed in this example.
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ro¥ = 0.0365—0.085 5,%—0.034 B;¥85% = —0.0825
ri& = —0.0085—0.074 5%8,4° = —0.0825

¥ = —0.490
re¥ = —0.0505
rF = 0.101
ref = 0.032
rok = 0.0615
710¥ = 16.26
¥ = 0.405

The characteristic equation, Eq. (22), was solved by the use of NEAC-2101
at the Department of Applied Mathematics and Physics, Kyoto University,
and 4 roots of the characteristic equation at the starting condition are obtained
as follows:

A, = —0.001277 : spiral mode
Ay = —0.4828 : rolling mode
A3, Ay = —0.02230+0.1620¢{ : Dutch-Roll mode

Hence, the real value to be optimized or minimized is
n = —0,02230

First of all, substituting 4»,= —0.040, 47,=--- = 4r,;=0 into the characteristic
equation, it was solved again. By the small change of n or 4n,

dn _ (5—”)* ~ 0.015

4 or
The same procedure was repeated for the case of 4r,, 4r;, - respectively,
and (8—")*, .- were obtained as follows:
or.
on \* _ _
(0—7‘2) 0.0395
on\* _
(673) ~ —0.001
on \* _
(a_n) — 0.2315
By Eq. (26),
0g; .
i=1 —
87']- :
i=Fj
and, therefore, by Eq. (8),
- ;(_@1)*
H o
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.
" Orn

Furthermore, in Eq. (10) gg‘ are calculated by Eq. (26), i.e.
i

(28— -3 — 0245

9 081
g % - _ *
( aﬂl) Oz = 009554,

Employing those results, the following expression was computed,

1/2
[1 (,alag1+ +ﬂnagn) NSRS 1 ( ag1+ o agu)]

b 08 08, TR
= 0.04444
where w,=---=w,=1 are the weighting numbers. When |dP|=

g, = — 'dP‘[ ( g§1+---+ﬂu%)2]:0.0483

D
- AL g8 o ] o
aps = —12[ L(, Yo +ung§?)] —0.0070
age =~V L (08 11 0, 380) | = —0.0174

For the second step, the starting values of the control variables are
therefore
B: = pi¥+dp: = 1.0483
B2 = By¥+dfF, = 1.0855
Ba = BsE+dps = 0.9930
By = Bi¥+dB, = 0.9826

The characteristic equation was solved for those g;, and the roots are, at the
second point,

A = —0.001052
2, = —0.4826
23, Ay = —0.02702+0.1798:

i.e. the real part of the complex roots is
n= —0.02702

that is, the stability of the Dutch-Roll mode was augmented about 21% by
one step of the calculation,
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The same procedure was repeated several times, and the results are shown
in Table 1 and Fig. 1. The figure shows clearly that the stability of the
Dutch-Roll mode is augmented remarkably by the application of this method,
ie. the damping or the time to half amplitude at the starting point is 3.12 sec.
in this example, but it is 1.55 sec. after 5 times of iteration of the computation.
The combination of control variables corresponding to this last damping mode

is as follows:

Sv/Sv¥ = 1.196 zv/zvk = 0.975
lv/lvk = 1.342 I'/r==10942
That is, it is found that the vertical tail area and the vertical tail length

should be larger and the effective dihedral angle should be smaller than the

original configuration.

Table 1.
: Dutch-Roll mode
Control variables Characteristic roots Time 1o
14 amplitude Period
B =Sr/Sp* =1 2= —0.001277 (sec.) (see.)
=l %=1 A= —0.
oh) ‘;27;//2 - 5 04828 312 392
sTev/Ly= 3}:~0.02230i0.1620i
Bi=I/I*=1 2
8, =1.0483 2,=0.001052
—1.0855 1,= —0.4826
(2) Z 2:09930 ; 2.58 3.53
3o 3}=—0.02702i0.1798i
8,=0.9826 b3
£,=1.0970 2, = —0.000950
=1.1712 1= —0.482
3) Z 109870 ; 04827 2.16 3.19
s = 3}:—0.03229i0.1986i
, =0.9680 1,
B,=1.1463 2, = —0.000909
=1.2569 2= —0.
(1) Z 2‘09810 ; 04826 1.82 2.94
370 3}: ~0.03823+0.2159;
B, =0.9542 )
£,=1.1963 2,= —0.000903
(5) Z Zj;':jgg 112:04826 1.55 273
s 3}:—0.04485t0.2327i
,=0.9419 2
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~ , sec.
NS 1
[ ~ -
-~ . \T =~ Period
33 s ! vy
3 -
H %
5 2
Q)
S T\ﬁ
2
o 1
S
[
Starting 2 3 4 5 6
point No. of iteration
Sv *
Sv
12 Ly
A
10 ! 1z
12 085 10
[
4 5
10 , £ ¢ 08 —1i2
T
08 \r\L‘—* —10
T
/i |
08

Fig 1. An example of steepest-descent computation.

4. Summary

A numerical method for optimizing the stability of a linear system -abect
to subsidiary conditions is presented. The practical procedure is described
for the problems in which the subsidiary conditions are given as constraining
equations in control and state variables. The process is an application of
the “steepest-descent method” too, and is similar to that of the last report.
Consequently, the procedure described in the last report is involved as a
simple case in which the functions are given analytically and the set of con-
straining equations can be solved for the state variables in terms of the
control variables.

A numerical example is presented for maximizing the damping of the
Dutch-Roll mode of an airplane, and it is found that, to obtain the better
stability of this mode, the vertical tail area and the vertical tail length should
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be larger and the effective dihedral angle should be smaller than the original
configuration.
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Nomenclature

a; : coeflicients of characteristic equations

Cro : lift coefficient (steady state)

Cy8,Cug, Cig, etc.: aerodynamic stability derivatives
ia,i.: moments of inertia about X- and Z-axis

Iy : vertical tail length
Ny, : cycle to ¥ amplitude
Sy : wvertical tail area

Ty, : time to 3 amplitude
wr . weighting numbers
zv . vertical tail height

Br : control variables

r : dihedral angle

77 . state variables

2; : roots of characteristic equations (1;=n;+iw;)
o . relative density factor

uz, v . Lagrange multipliers
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Appendix— On the Stability Criterion of a Linear Dynamic
System, Especially of the Oscillatory Mode

In general, the values of the real part of the characteristic roots are taken
as the stability criterion of a linear system, i.e. when the roots of the charac-
terisitc equation are expressed by A;=n;*+iw; (if the roots are real, w;=0) and
| 72,1 >|n,| or #,< n,, the motion corresponding to #, is considered more stable
than that of #,. The analysis described in this report is dependent upon this
criterion, too.

This criterion is quite right in the case of aperiodic mode of motion, but
in the case of oscillatory mode another criterion is sometimes considered
more reasonable. More specifically, since the real part of the characteristic
root is related to the time to ¥ amplitude, i.e.

Ty, = (l)_69 sec.

n|

then large |n| corresponds to small 7y, and the disturbed motion will dis-
appear more gquickly. This situation is the same in the case of the oscillatory
mode as well, but for the oscillatory motion the frequency w should be taken
into consideration together with z.

For instance, by a flight test it is reported that, even if the time to %
amplitude is smaller, when the frequency w is larger simultaneously the air-
plane motion is not recognized as more stable., This means that pilots, crews
or passengers are so sensitive to the acceleration of motion that the cycle to
% amplitude N,/, is important as well as the time to ¥ amplitude Ty,.

Consequently, in such a special case as the airplane motion, we suggest
that the cycle to  amplitude is the more reasonable criterion of the system’s
stability. More specifically, since

Ny = 0.110-2-
|7

then % should be the smallest in order to minimize N, or optimize the

stability. When the frequency  is constant, this criterion is identical with
the ordinary one, because |#z| should still be maximized.





