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Analysis of the Harmonic Producer Circuits 

By 

Shigenori HAYASHI* and Kooichi MIZUKAMI* 

(Received Junuary 27, 1964) 

This study introduces a mathematical method for the analysis of the harmonic 
producer circuits with a ferromagnetic saturable core coil, taking the effect of 
magnetic hysteresis into consideration. 

This method is based on the theorems of the Periodically Interrupted Electric 
Circuits of the Third Genus, and on the application of the Digital Computer (KDC-1). 

First we describe in general how to apply this analytical method to the basic 
circuit of harmonic producers to clarify its behaviour as accurately as possible, 
and next to the harmonic producer circuit containing an additional capacitor. 

One numerical example is presented to show the performance of the harmonic 
producer circuit in this paper. 

1. Introduction 

Circuits producing a number of harmonics by means of saturable core coils 

have been used for the common supply of carrier currents to multi-channel 

carrier telephone systems. The quality and stability of the carrier current may 

affect the reliability of each channel of telephone systems, therefore it is im

portant to analyze and to design the circuit generating a group of harmonics 

as well as possible. 

The study on the hamonic producer circuits was done by various workers, 

such as E. Peterson, J.M. Manley and L. R. Wrathall1
) who, in 1937, investigated 

the operation of the harmonic generating circuit only considering the discharge 

pulse from the transient analytical point of view. In 1949, Fourier analysis was 

worked by T. Kurokawa2
) taking both the discharge and the charge pulse into 

consideration, and in 1953, S. Hayashi and K. Nishihara3
) applied at first time 

the theorems of the Periodically Interrupted Electric Circuits to this problem. 

Recently, in 1961, an investigation for the same systems based on the analytical 

method of non-linear problems established by L. A. Pipes was attempted by A. 

Kyogoku, Y. Oohashi and K. Iishi4
). 

These investigations, however, could be considered to be established in 

* Department of Electrical Engineering II 
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parctice basing on some assumptions or other, because the analysis of the 

harmonic producer circuits with a non-linear element such as a saturable core 

coil might be the most difficult problem from the theoretical point of view. 

Therefore the unknown problems exist to be clarified in the harmonic pro

ducer circuits. In this paper in order to make clear one of the unknown pro

blems we attempt the analysis of the circuits taking the effect of magnetic 

hysteresis of the saturable core coil into consideration5
). 

2. Harmonic Producer Circuits 

The circuit shown in Fig. 1 is the basic circuit of harmonic producers using 

a saturable core coil. Another circuit containing a capacitance C1 connected in 

¢, 
(c) 

R,, LJ C 

R 

Fig. 1. Harmonic producer cir
cuit with a ferromagnetic core 
coil. 

L 

+ i,_ 

(b) 

(d) 

Fig. 3. Approximate characteristics of the 
coil. 

fm =J46mA 

Fig. 2. Observed characteristics 
of the coil. 

parallel with the coil will be described 

in section 6. 

When the current i due to the 

input source E(c,J) with a fundamental 

frequency (J) flows in R0 , C0 , Lo and L 

circuit, the distorted current iR includ

ing the harmonic components is gener

ated in the output circuit of L, C and 

R by the change of L due to the in

stantaneous change of the current i. 

Now we assume that the input 

source with a fundamental frequency 

(JJ is the current source of sinusoidal 

wave form and the characteristic of 

the ferromagnetic core coils is ap
proximately composed of four rectilinear segments as shown in Fig. 3 (c) and 
of discrete values of L as shown in Fig. 3 (d). 

The previous investigations have done to assume the characteristic of the 
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saturable core coils such as in Fi. 3 (a) composed of three rectilinear segments 

without regard to the magnetic hysteresis. As the results presented in this paper 

will show later, it is not suitable to consider that the magnetic hysteresis is not 

taken into consideration, since it will not deform the shape remarkably but only 

shifts the phase of repeated pulses. 

3. Analysis of the Basic Circuit 

3. 1. Circuit Conditions 

The basic circuit of harmonic producers can be 

rewritten as shown in Fig. 4. 

The following circuit conditions are assumed: 

( a ) Input current has a sinusoidal wave form 

i = Im sin wt. 

( b) The total magnetic flux-linkage ¢ of the coil 

is related to the exciting current iL by four re

ctilinear segments as shown in Fig. 3 (c). 

i =Im sinwt V --
cf:, C iR 

](w)"' L(U I R 

h 

Fig. 4. The basic circuit 
of a harmonic producer. 

Accordingly four kinds of the circuit state as follows can be presumed in 

the steady state per one cycle. 

1. The 1-st circuit mode (in the permeable state of the coil): 

¢ = ¢. + L1 (h- I.)' 1. < iL < l1 . 

2. The 2-nd circuit mode (in the positive saturated state of the coil) : 

3. The 3-rd circuit mode (in the permeable state of the coil): 

¢ = ¢2 + La(i L - 12), la< i L < 12 , 

4. The 4-th circuit mode (in the negative saturated state of the coil): 

¢ = </Ja+L,(iL-la), h<I,. 

The transient solutions in each rectilinear region are to be found as the 

elements of certain matrices on applying the Laplace transformation to the basic 

differential equations expressed in matrix notation. 

Supposing that the phenomena in equation ultimately converge to periodic 

ones, the resulting solutions on adjacent regions are to be equated to each other 

at the intersection of the rectilinear characteristics in order to determine the in

stant of transition. 
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3. 2. Transient Solutions 

3. 2.1. Transient solutions in the 1-st circuit mode.-The circuit equations are 
written in the forms 

l (3.1) 

where 0, represents the initial phase angle of the input current, at which the 
permeable state starts, and the initial conditions are supposed to be 

and 
at 
at 

t=O 
t = t,, 

t, being the duration of the state. 

Putting 

l (3. 2) 

where y,(-r) and z,(r) with the subscript "l" belong to the 1-st circuit mode. 
Eq. (3. 1) reduces to the following dimensionless ones: 

(fr+ a,) {y,(r)-y1°}-z,(r) = k{sin(r+0,)-K,}, 

rdy,(r)-y1°} + frz,(r) = sin(r+0,)-K1 , 

iRllm = sin(r+0,)-r,{y,(r)-y1°}-K,. l (3. 3) 

Denoting the operational function corresponding to y,(r) and z,(r) by Y,(p) 
and Z,(p) respectively, in view of Eq. (3. 3) we have 

(
p+a,, -1) ( Y,(p)) = (k) cos 0, + p sin 0, p+ p ( Y!

0
°) _ (kJ K,. (3. 4) 

r,, p Z,(p) 1 Jr+l z1 1 

Accordingly 

(
Y,(p)) ( P, 1 )(k) (cos0,+psin0,)p p ( P, 1 ) 
Z,(p) = -r,, p+a, 1 (P2 +a,p+r,)(p2+1/ p2+a,p+r, -r,, p+a, 

( yi
0

) K, ( P, 1 ) (k) (3. 5) 
X Z10 - p2+a,p+r, -r, p+a, 1 • 

Putting 

l (3. 6) 

(r = 1, 2, 3, 4,) 
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Eq. (3. 3) are solved. The result is 

where 

and 

Fu(r) = k/1lr)+/11(r), Gu(r) = kg11(r)+g1h), 

F1lr) = kf1aCr)+ f1h), G,h) = g1Jr)+81g11(r) 

g1h) = ~ {1-e-<»1T{cos/31r+:~: sin/31-r)}, 

( ) 1 -,» T • tJ gu r = 
131 

e 1 sin ,.,1r, 

g1lr) = e-<»1T( cos /31-r-;: sin /31-r), 

} 

fu(r) = ! {a1 sin r-2a1 cos r +e-<»1T( 2a1 cos /31-r + 1 + 1
1
-/Ji sin /31-r)}, 

/1lr) = ! {a1cosr+81sinr-e-<»1T(a1cos/31r+a2 sin/31r)}, 

/13(r) = ~ {81 cos r-a1 sin r +e-<»1T(-81 cos /31-r +a3 sin /31-r)} , 

where 

a1 = ~1, 81 = ✓ Ti - at, a1 = T1 - 1, a2 = ~:(at+ /Ji+ 1), 

as= ;l {(ai+/3f)2+ai-.Bil, J = (ah..Br)2+2(ar-.Br)+l. 

(3. 8) 

(3. 9) 

Here the first subsripts of each quantities in Eqs. (3. 8) and (3. 9) belong to each 

circuit mode. 

3. 2. 2. Transient solutions in the 2-nd circuit mode.- When the coil is saturated 
by an exciting current flowing in the positive direction, the circuit equations are 

written in the forms 

} (3.10) 

where 82 represents the initial phase angle of the input current, at which the 

positive saturated state starts, and the conditions are imposed to be 

and 

at 

at 
t = 0 

t2 being the duration of the state. Using a similar symbols such as in (3. 2), 
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Eq. (3. 10) may be written in the forms 

where 

(f, + 02){yi,)-y2°}-zi,) = k{sin(,+0J-K2}, 

r2{yi,)-y2°} + f..zh) = sin(,+02)-K2, 

iR! Im = sin(,+ 82)-r2{ y(,)-y:i0
} -K2, 

The solutions are obtained in a similar way as before, that is, 

(
y£,)-y-:;,

0
). = (F2iCr), F2i,)J (cos 02) + [g2iCr), -G2iC,)) (z-:;.0 ) 

zh) l2ir), /2aCr) sin 82 G2ir), -g2iC,) K2 , 

ilS 

(3. 11) 

(3.12) 

where the F/,)'s, /£,)'s, gi,)'s and G/,)'s are determined on substituting r2, a2, 

j/32 , cos 82,, and ]
2 

sinh;92, for r1, ai, /ii, cos /i1, and :
1 

sin ;91, in the expressions 

of Fi(,)'s, /1(,)'s, g1(,)'s and Gi(,)'s in Eqs. (3. 8) and (3. 9) respectively, while 

3. 2. 3. Transient solutions in the 3-rd mode.- The circuit equations are written 
in the forms 

d¢ R' . . . dt=v+ tR, tR=i-iL, 

C ~7 = iR, i = Imsin(wt+Oa), iL = ¢1}2 +l2 , l (3.13) 

where Ba represents the initial phase angle of the input current, at which the 
permeable state begins, and the conditions have to be 

and 

ta being the duration of the state. 

at 

at 

t=O 

t = ta, 

According to a similar procedure, Eq. (3.13) may be written in the forms 

where 

(fr+ oa){ya(,)-ys0}-za(,) = k{sin(,+0a)-K3}, 

ra{ya(,)-ys0
} + f..zaC,) = sin(,+Oa)-Ka, 

iRllm = sin(, +Oa)-ra{y(,)-ys0
} -Ka, 

R Oa=
wLa' 

1 
Ta= w2CLa • 

l 
) 

(3.14) 



116 Shigenori HAYASHI and teoolchi MIZUKAMI 

The solutions are obtained by a similar procedure, that is, 

(3. 15) 

where the elements of the matrices on the right-hand sides, which are denoted 

by Eqs. (3. 6) and (3. 8), can be obtained by substituting ra, a 3 and /33 for Ti, a1 
and /31 in the expressions of Eqs. (3. 8) and (3. 9) respectively, while a3 =o3/2 and 

/3a=✓ ra-a§• 

3. 2. 4. Transient solutions in the 4-th circuit mode.- The circuit equations are 

written in the forms 

d</1 R' dt = v+ ZR, 

} (3.16) 

where fh represented the initial phase angle of the input current, at which the 

negative saturated state starts, and the conditions have to be 

and 
</J = </Ja 

</J = </J, 

at 

at 

t = 0 

t, being the duration of the state. 

Eq. (3.16) may be written in the forms as before, that is, 

where 

(J. + o,) {yh)-y4°)-zkr) = k{sin (r+O,)-K,), 

r,{yh)-y4°) + J.zh) = sin(r+8,)-K4 , 

iR/lm = sin(r+8,)-r,{yiT)-y4°)-K,, 

Accordingly the solutions may be obtained as follows 

} (3.17) 

(3.18) 

where the elements of the matrices on the right-hand sides, which are denoted 
I 

by Eqs. (3. 6) and (3. 8), are determined on substituting r .. a, and /3, for r2, a2 
and /32 in the expressions of the solutions in the 2-nd circuit mode, while 

a4=o,/2 and /3,=✓ a~-r,· 
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4. Steady State Solutions considering the Over-all Characteristics 

Next we consider the steady state solutions of the circuit where the phe

nomena in complete cycle behave as follows. 

In the preceding sections we obtained generally the solutions in the case of 

the unsymmetrical characteristic of the coil. Thus in the unsymmetrical case 

the conditions for periodic solutions must be imposed to be 

•1 +r2+rs+r4 = 211:, 

Y1(r1) = Y2°' yir2) = Ys0' ys(,3) = y:i-0
' yl,4) = Yi0 ' 

zi(r1) = Z;i°
0

, zi(r2) = Zs0, zs(,3) = Z4o, z.(,4) = Z1°. l (4.1) 

On the other hand, the conditions in the case of the symmetrical chara· 

cteristic of the coil, (i.e. L1 =L3 and L2 =L4) that is, 

r1+r2=11:, zi(r1)=z2°, zi(r2)=-zi0
, } 

Y1(r1) = -ys(rs)=yi0
, yi(r2) = -yl,4) = -yi0

• 
(4. 2) 

These relations of Eq. (4. 2) can be induced by the fact as follows. 

During the first interval of r 1 seconds, the coil is kept in unsaturated con· 

dition and then is saturated in the positive direction during the subsequent 

interval of r2 seconds, while in the next half cycle, the currents, the magnetic 

flux and voltage in the circuit become equal to magnitude, but opposite in sign. 

Here we will discuss the solutions in the case of the symmetrical chara· 

cteristic of the coil. The initial values of ¢, h and v in the primary unsaturated 

state and in the subsequent positive saturated state are equal to the final values 

of those in the negative saturated state and in the primary unsaturated state 

respectively, and it is intended to study the steady state phenomena in any one 

of the two half cycles, which are equal in magnitude, but opposite in sign to 

each other. 

Thus the steady state solutions are given ultimately by the elements of 

and 

(4. 4) 

r1, r2, 81 , zi(r1) and zi(r2) in the above equations are so far unknown, and we 

have to find their values so that these equations must satisfy the relations in 

Eq. (4. 2) for the given values of ¢1 and ¢2 or Y1(r1) and yir2), 



118 Shigenori HAYASHI and Kooichi MIZUKAMI 

Putting 'Z"='Z"1 in Eq. (4. 3) and 'Z"='Z"2 in Eq. (4. 4), we can obtain the follow

ing equations respectively which will determine the unknown equantities. 

[
l, 1] [Y1('Z",)J + ro, gu('Z",)) (Z1('Z"1)] = [F11('Z"), F12('Z"1)) lcos 0,)- (G11('Z"1)) K, (4. 5) 
0, 0 Yh2) ll, G,l'Z",) zi'Z"2) f,i'Z",), /13('!") sin 0, g11('Z"1) 

and 

[
-1, l)(Yh,)) + (-g2,('Z"2), o)(Z,('Z",)) = (E21('Z"2), E2l'Z"2))[c~s0,)-(G2,('Z"2))K2, (4.6) 

0, 0 Yi'Z"2) -G22('Z"2), 1 zi'Z"2) E2a('Z"J, E2l'Z"2) sm 0, g2,('Z"2) 

where 

(
E2,('Z"2), E2i'Z"2)) [F2h2), F2i'Z"2)] (cos 'Z"1, -sin 'Z"1) 
E2aC'Z"2), E2i'Z"2) = /2i'Z"2), /2a('Z"2) sin 'Z"1, cos '!"1 . 

(4. 7) 

Eliminating z,('Z",) and Zi'Z"2) from Eqs. (4. 5) and (4. 6), first by Eq. (4. 5) we 

have 

and then substituting Eq. (4. 8) into Eq. (4. 6), we have 

(
h11('Z"1), h,i'Z",)) [y,('Z",)] + (u11('Z"1), u,i'Z",)] (K2J = (d11('Z"1), d,i'Z",)) (cos 0,) (4. 9) 
h2h,), ~i'Z",) Yi'Z"2) U21('Z"1), u22('Z"1) K, d2,('Z"1), d2i'Z",) sin 8, , 

where 

(
h11('Z",), h,i'Z",)) (-1, 1) (-g2,('Z"2), 0) (0, g 11('Z"1) )-' (1, 1) 
h21('Z"1), h2h,) = 0, 0 - -G2h2), 1 1, G,l'Z",) 0, 0 ' 

(
uu('Z",), u12('Z"1)) = (G2h2), OJ-(-g2,('Z"2), OJ(O, g,h,))-'(0, Gu('Z",)) 
U21('Z"1), U2i'Z"1) g2,('Z"2), 0 -G22('Z"2), 1 1, G,i'Z",) 0, g11('Z"1) ' 

(
d11('Z"1), d,i'Z",)) (E21('Z"2), E22('Z"2)) r-g2h2), OJ (0, g11('Z"1)J. _, (F11('Z"1), F1i'Z",)] 
d2h,), d2l'Z"1) = E2h2), E2i'Z"2) - -G2i'Z"2), 1 1, G1i'Z"1) f,i'Z",), /,a('Z"1) • 

Now the first equation of Eq. (4. 9) is 

In view of Eq. (4.11) we can obtain the phase angle 81 as follows. 

Putting 

✓dr1('Z"1)+di2('Z",) = do(?",), 

80 = tan-1 d,l'Z",), 
du('Z",) l 

then, Eq. (4.11) may be written in the forms 

d0 cos(0,-8o) = fn{y,(r1), Yh2), r1}. 

(4.10) 

(4.11) 

(4.12) 

(4.13) 
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Consequently we have 

01 = Oo+cos -l }

0 

fn{yi(-r:1), Ykr:2), -ri}, 

where 

Modify 
, ...... ,+.J-r 

Start 

1 
I Read in circuit parameters 
I & initial value '!'1 and ,J,1 • 

1 
Transform variables for 
dimensionless equations. 

1 
Compute elements of each 
matrices. 

Modify l Define conditions for periodic ,i-,.,1 + ,J,1 ~s_o_lu_t_i_on_s _______ ~ 

1 
Induce imposed equations 
for several unknown values 
and determine 81 • 

1 
if >e Determination of , 1 : 

lw.{y1,Y2, ,1}l~e 

1 if <e 

l Determine , 1, , 2, 81, z1 & z2 • 

1 
Set initial value , & ,J, to 

'--------1 calculate periodic solution 

l Compute periodic solution. 

1 
Print out results. 

! 
no Do computations of periodic 

~-----------1 solution end? 

1 yes 
Halt 

Fig. 5. Digital Computer flowchart for the steady state solutions, 

119 

(4.14) 

(4.15) 
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Next to obtain r1, substituting 01 of Eq. (4.14) into the second equation of 

Eq. (4. 9), i.e. 

(4. 16) 

we have the following transcendental equation with regard to the given values 

of Yh1), yi(.-2) and to the unknown values .-1, and then .-1 can be determined by 

solving this equation with respect to the function .-1 • 

(4. 17) 

where 

(4.18) 

Since 81, r1 and .-2 have been found, z1(.-1) and zi(.-2) can be easily found by 

substituting 81, .-1 and .-2 into Eq. (4. 8). 

5. Determination of 't'1 by Digital Computer 

It is the most difficult problem to determine .-1 in the preceding procedure 

and to obtain the steady state solution. 

Since r1 cannot be written in the explicit forms because of the complicated 

transcendental equation, it is comparatively easy to solve this equation by mak

ing use of the digital computer for some numerical examples. 

Here we can determine .-1 and the periodic solutions by means of the Digital 

Computer (KDC-1) according to the procedures as shown in Fig. 5, where ap

proximately the determination .-1 is confined to solve the following equation 

lwn{Y1(r1), yi(.-2), ri} l<c, 
c being a given infinitesimal value. 

(5.1) 

6. Analysis of the Producer Circuit with a Shunt Condenser 

In this section we study the circuit shown in 

Fig. 6 involving an additional capacitor C1 , which 

will intensify the generation of several desired 

components of harmonic currents. This capacitor 

may, of course, include the effective stray capacitor 

of the coil. The characteristic of the coil, i.e. 

the symmetrical characteristic, and other circuit 

modes are assumed to be just the same as those 

discussed in the preceding sections. 

i=lmsinwt _v__ 

R 

Fig. 6. Harmonic producer 
circuit involving an addi
tional capacitor. 

6.1. Transient Solutions in the 1-st Circuit Mode 

The circuit equations are 
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d</J +R· dt = Vi' Vi = V tR' 

C dv _ . . _ ¢-¢4 l 
dt - tR, ZL - -y:;-+ 4, 

iL +Ci :~l +c :~=Im sin (wt+01)' f 
(6.1) 

where 01 represents the initial phase angle of the input current, at which the 
state starts, and the conditions are supposed to be 

and 

t1 being the duration of the state. 

Putting 

at 

at 

t=O 

yi(-r) = 
0;:¢, x1(-r) =~~Vi, zh) = fv, -r = 0t, ) 

1 C 1 (~~ 
fJ = ruCR' µ = Ci' fii = 0RC1' 

where yi(-r), x1(-r) and z1(-r) with the subs~ript "l" belong to the 1-st circuit mode. 
The following dimensionless equation$ are obtained from Eq. (6.1), that is, 

where 

f.xh)+frzh)+riY1(,)-r1Y1°+K1 = sin(-r+01), 

d d-rY1(-r)-µx1(-r) = 0, 

(! +fi)zi(-r)-fi1X1(-r) = 0, l (6. 3) 

The corresponding operational equations which determine the operational 
functions X1(p), Yi(p) and Zi(p) corresponding to X1(-r), Y1(-r) and z1(-r) are written 

in the matrix form 

[ 
P,r1,P l[Xi(p)l [ll [lOll[xi:0

] (-Kil 
-µ, P, 0 Y1(P) = 0 cos 0;:tn 81 p+p 0 1 0 yi:0 + 0 

-fJ, 0, p+fJ Zi(p) 0 0 0 1 z1° 0 . 

(6. 4) 

Hence we have 

(6. 5) 



122 Shigenori HAYASHI and Kooichi MIZUKAMI 

where 

The solution of Eq. (6. 3) become 

X
11

s(-r)l [xi0l [ Zu(-r)l 
X12aC-r) 0 - Ki X1l-r) 

Xm(-r) Zi0 X1a(-r) , 

(6. 6) 

where F(-r)'s and X(-r)'s are tabulated in Table 1, provided that /,.n(-r) and g,.n(-r) 

be given by 

(6. 7) 

(r = 1, 2, 3, 4) 

Table 1. 

F111(T) /1zC T) + O/1zC T) X111(T) g13(T)+og12(T) 

F112(T) fu(T)+o/13(T) X112(T) -r1{g12(T)+ogu(T)} 

F121(T) µ{/1zCT)+o/u(T)} ,1'113(T) og12(T) 

F122(T) µ{/13( T) + o/1zC T)} X121(T) µ{g12(T)+og11(T)} 

F131(T) Oi/1zCT) X122(T) g13(T)+oog12(T) 

F132(T) oif13(T) ,1'123(T) O1g11(T) 

Xu(T) K1zCT) +ogu(T) Xm(T) O1K12(T) 

X12(T) µ{gn(T) +og10(T)} ,1'132(T) -aian(T) 

X1a(T) O1Ku(T) l'133( T) K1a(T) +O1K1zCT) +r10Ku(T) 

6. 2. Transient Solutions in the 2-nd Circuit Mode 

The circuit equations are 

d<!> - ! dt -vi, V1 = v+RiR, 

C dv _ · . _ </>-</>1 I 
dt- tR, tL - ~+ 1, · 

. C dv1 C dv ,. • ( 0 ) tL + 1 dt + dt = ~m sm wt+ 2 , 

(6. 8) 

where 82 represents the initial phase angle of the input current, at which the 

positive saturated state begins, and the conditions a:·e supposed to be 
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and 

t2 being the duration of the state. 

at 

at 

t = 0 

Using a similar symbol such as in (6. 2), Eq. (6. 8) may be written in the 

dimensionless forms 

dd xkr)+dd zlr)+r2{Jlr)-y2°} +K2 = sin(r+02), 
'l" 'l" . 

~ .. {ylr)-yi0 }-µxh) = 0, 

(: .. +o) zh)-01xh) = 0, l (6. 9) 

where 

r2 = w~~, K2 = Ym, Y2° = w;~</J , r20 = µr2, "2 = r201. 

The solutions are obtained in a similar may as before, that is, 

where F(r)'s and X(r)'s are tabulated in Table 2. 

Table 2. 

F 211('r) f23(1:)+lJf22(1:) X211(r) K2aCr)+lJg22(r) 

F212(r) fu(,)Hf2a(r) X212(1:) -r2{K22C,) +lJg2iCi-)} 

F221(r) µ{f22C,) + 1Jf21 C,)} X213(,) lJg2i 1:) 

F222(1:) µ{f 23(, )+ lJf 22( 1:)} X221C,) µ{g2l •) +1Jg21(, )} 

F 231 (r) lJif22('r) X222(1:) g23(,) + l10K22( 1:) 

F2alr) lJif2a(r) X22aC •) l11K21Cr) 

X21Cr) K2i1:)+lJf21(1:) X231(i') l11K22Cr) 

X22C T:) µ{g21 (,) + lJg20( 1:)} X232(r) -a2K21C,) 

l2aC r) l11K21Cr) l2aaC r) K2aCr) +l11K2i 1:) + T20K21C'r) 

Although we can easily obtain the solutions in the 3-rd and 4-th circuit mode 
by a similar produre, it is unnecessary to get one fqr considering the steady 
state of the circuit with the symmetrical characteristic of the coil. 

7. Steady State Solutions 

Since the duration of the steady state is 27r, and at the transition points of 
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the characteristic curve, the transient solutions in adjacent region should be 

equated to each other, we have 

r1 +r2 = 11:, z1(r1) = z2°, zir2) = -z1°, 
x,(r,) = x:z0, x,{r) = -Xi0, yi(r,) = Y2°, Y2(r2) = -yi0. } (7.1) 

Substituting these relations into Eqs. (6. 6) and (6. 10) yields 

(7. 2) 

and 

Next to determine r 1 • {} 1 , z1(r1), zir2), xi(r1) and xir2), putting r=r, in Eq. 
(7. 2) and r=r2 in Eq. (7. 3), we can obtain the following equations respectively, 

(7. 5) 

where 

-sin r1] 

cos ?"1 . 
(7. 6) 

The first and third equations of Eq. (7. 4) are 

and the first and third equations of Eq. (7. 5) are 
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Accordingly 

Substituting Eq. (7. 9) into Eq. (7. 7) yields 

(7.10) 

where 

(7.11) 

and 

Eq. (7. 10) gives the following equations for obtaining the unknown values 

xlr1) and ?1(,1), 

(7.13) 

where 

From Eq. (7. 7), we have 

Substituting Eq. (7. 16) into Eq. (7. 8) gives 

(7.17) 

where 
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(7.18) 

and 

[
C21(r2), C2lr2)1 = [X211(r2), X213(r2)l(Fm(r1), F112(T1)1 + (E211(r2), E212(r2)] 

C2/...T2), C2lr2) Xm(T2), X2a/...r2) F,a,(r,), F,32(r,) E2alr2), E2alr2) • 
(7.19) 

Similarly Eq. (7.17) gives the following equations for obtaining the unknown 

(7. 20) 

where 

[
X21(r2), X2lr2)) = .(k2h2), k2lr2)]-, (C21(r2), c2ir2)) 

.Z21(T2), Z22(T2) · k2a(T2), k24(T2) C23(T2), C24(T2) 
(7.21) 

and 

Next the second equation of Eq. (7. 5) is 

-X221(r2)x,(r1)-X22a(r2)z,(r,)+ ylr2)-y,(r,) = E221(r2) cos 0, + E222(r2) sin 01 -K2X2lr2). 

(7. 23) 

Substituting of Eq. (7.13) into Eq. (7 23) yields 

where 

Y10(r,) = K2X2lr2)-X221(r2)qu(r,)-X22/...r2)q,2(r,) + ylr2)-y,(r1), 

F1e(T1)= E221(r2)+X221(r2)Xu(r,)+X22a(r2)zu(r,), 

F,,,(r,)==- E22ir2) + X 221( T2)x,l r,) + X 22a( r2)z,lr1). 

By this equation, 01 can be obtained as follows 

where 

The second equation of Eq. (7. 4) is 

(7. 24) 

l. (7. 25) 

(7. 26) 

(7. 27) 

X121(r,)xh2)+X,23(r1)zir2)+yir2)+ y,(r,) = F121(r,) cos 01 +F122(r,) sin 01 -K1X1ir,). (7. 28) 

Substitution of Eq. (7. 20) in Eq. (7. 28) yields 

(7. 29) 

where 
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Y20(,1) = K1X1h1)+X121(,1)q21C,2) +X12aC,1)q2l,2)+ yl,2)+yiC,1), 

F2c(,1)= F121(,1)-X121(,1)xd,2)-X123(,1)Z21(,2) t 

F23(,1)= F122(,1)-X121(,1)X2l,2)-X12a(,1)z2l,2) 
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l. (7. 30) 

Consequently, substituting of Eqs. (7.14), (7.15), (7. 21), (7. 22) and (7. 26) into Eq. 
(7. 29), the transcendental equation can be obtained as follows, which containing 
unexplicitly the unknown function , 1 , 

w~{Yh1), yl,2), ,i} = 0, 

then we can determine , 1 by solving this equation. 

8. frh:) and grn('t') 

(a) When the equation ps+o0JJ+pr10 +a1=0 has three distinct roots. 
Putting 

ps +O0P2+ Prw+a1 = (p+a1)(p+a2)(p+as), 

/rn(,)'s and grn(,)'s are tabulated in Tables 3, 4 and 5, when r=l, 

Table 3 . 

g10( ,) ..!. + _1_ 0-a,lT + _1_ 0-a,2T + _1_ 0-a>ST 
a1 a1A1 a2A2 a3As 

gu(,) ~1-. r"'1T _ J,_ c-Q!2T _ J,_ c-a>3T 
A1 A2 As 

g,l,) ~!_ .-.. lT + a2 .-.. 2T + a3 .- .. 3T 
A 1 A2 A3 

g1sC,) 
a2 a2 a2 ---1.. e-a\T - _g_ e-~2r - 2 e-r.t,3r 
A1 A2 A3 

Table 4. 

fu(,) b0cos ,+b, sin,-..!. r"'1T- ..!. r"'2T- ..!.r"'3T 
B1 B2 Bs 

/12(?") b sin,+b cos,+~r"',T+ a 2.-"'2T+ ~r"'3T 0 1 B, Bi Bs 

fu(,) 
. a2 a2 a2 -b0 cos ,-b1 sm ,-_! .-.,,T - ____;i .-"'2T - ~ .-a>3T 

B, B2 Bs 

fu(,) 
as as a3 b0 sin ,-b1 cos ,+_1 .-"'1T + ____;i r"'2T + ---1 .-.,3T 
B, B2 B3 

Table 5. 

b, a,-oo bo 1-ro 
(al+l) (a~+l)(ai+l) (al+l)(a~+l)(ai+l) 

B, (l+aDA, A, (a1-a2)(a3-a1) 

B2 (1+aDA2 A2 (a2-a3)(a1 -a2) 

Bs (l+ai)As As (as-a1)(a2-a3) 

(7.31) 

(8.1) 
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The values of f2nCr:)1s and g 2n('r:)'s ::tre obtained by replacing Tio and a1 by T20 

and a2 in the expressions of / 1n( r )'s and g1n( -r )'s. 

(b) When the equation p 3 +00Jf+T10 p+a1=0 has one root and a pair of conju
gate roots. 
Putting 

p3+00Jf + T10P+a1 = (p+a1)(p+a+ jj3)(p+a-j(3), 

we have Tables 6, 7 and 8. 

Table 6, 

g10C ,) .!. - ~ r'"1T + c-"'T(e1 cos P-e2 sin P,) 
01 al 

gu(t) e0r""1T + rlll'r( -e3 cos Pr+e4 sin P,) 

g12(t) -a0e0r,.1T + e-111'r(e5 cos P,-e6 sin Pr) 

g13(,) afe0r"'1T+rt»T(-e1 cos P,+ea sin P,) 

Table 7. 

fu(,) b0 cos r+b1 sin ,+d0c-"'1T+c-"',(-d1 cos .8,+d2sin P,) 

f,l,) b1 cos ,-b0 sin ,-a1d0r"'1T + c-""(d3 cos P,-d4 sin Pr) 

/13(,) -b0 cos ,-b1 sin,+ afd0r"'1T + c-"'T( -d5 cos P,+d6 sin P,) 
I 

fu(,) I -b1 cos ,+b0 sin t-a~d0 _,,,,,,. + r""(d7 cos P,-d8 sin P,) 

Table 8. 

ea 1 
do ea d, ea (3a2-p2+1-2a1a) 

(a,-a)2+p2 af+l ,d 

(8. 2) 

e2 ap {a(a1 -a)+ P2}e0 e, ~-_!_ d2 ~ { ( a1-a )( a2- P2 + 1) + 2aP2} 
o, p,d a, o, 

ea ea es a,eo ds ad1 +Pd2 

ea ~ {a(a1-a)-,82} e• 
a1-a d, ad2-Pd1 

p ea•--p-

ds ada+Pd4 
ea ae6-Pes e1 -eo(a-p)2 

d6 ad4-Pds 

bo 1-rio b, 01-80 
(af + l) •d (af + l)•d d1 ad5 +pd6 

,d (a2- p2+ 1)2+4a2p2 01 a1(a2+ p2) da ad6-Pds 

As in the previous case, the values /2n(r)'s and g2n(r)'s are obtained on re

placing Tio and a1 by T20 and a2 in the expressions of f1nCr)'s and g1n(r)'s respec
tively. 
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9. Numerical Example 

In the present section a numerical example of the basic circuit is illustrated, 
and the results of this example were obtained by making use of the Digital 

Computer (KDC-1). Here, for the sake of comparing with those of Reference 

(3) we assume that the circuit constants are the same ones in Reference (3) as 
follows: 

L1 = L 3 = 1.17 H, ~ = L, = 1.7mH, 

C = 0.002 µF, R = 2000 .Q, f = 2: = 1000 c/s. 

In the numerical calculation of determing ri, we take 

,:fr1 = 0.001 , E = 0.0001 . 

The results are shown in Figs. 7, 8, 9, 10 and 11. 

Fig. 7 shows the determined values r 1 with respect to a measure of the 

hysteresis of the coil, i.e. 

for some parameters K', i.e. K1 =l/K2=Imll1. 

From this result, we can find that the pulse width r1 increases in proportion 

to increasing of the measure of the hysteresis, and that the values r1 are equal 

to those of Reference (3) when Jy%=0, without the hysteresis. 

Fig. 8 shows the values of 81 which also increase in accordance with in

creasing .::1y%. The peak value of EL(t) is shown in Figs. 9 and 10, from which, 
the effect of the hysteresis of the coil makes the peak voltake decrease. Fig. 11 

I o.s ~ 1.y 
-r,0.6 ~J 20 

0.4~ 
K'=30 

02 

0.5 LO 1.5 2.0 2.5 
-t:.y 1/o 

Fig. 7. Durations of the 1-st circuit 
mode (Widths of pulse voltages across 
the coil). 
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Fig. 9. Peak pulse voltage across the coil. Fig. 10. Peak pulse voltage across the coil. 
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Fig. 11. Wave forms of voltage across the coil. 

shows the wave forms of the steady state voltage across the coil, in this case 

we can find that the wave form was remarkably distorted by the effect of the 

hysteresis, comparing with the case without the hysteresis. 

10. Conclusion 

In this paper, the study on the harmonic producer circuits is presented by 
the use of the analytical method based on the theorems of the Periodically In
terrupted Electric Circuits of the Third Genus. 

Taking the effect of magnetic hysteresis of the coil into consideration, we 

can make clear the behaviour of the producer circuits as accurately as possible, 

and show the numerical results of one example. 
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It is evident that this analytical method is useful for the analysis of the 

non-linear problems such as those containing the hysteresis or other non-linearity 

in order to obtain the steady state solutions, but it is difficult to determine the 

periods which decided by the natural phenomena in the considered problems, 

in that case, by means of the digital computer we can easily determine these 

values for the case of some numerical examples. 

Acknowledgment 

The authors wish to thank Prof. H. Nishihara and Prof. A. Kishima as well 

as other members of the Department of Electrical Engineering II for their 

valuable discussions in this work. 

References 

1) E. Peterson, J. M. Manley & L. R. Wrathall: B.S.T.J., 16, 4, p. 88, (1949). 
2) T. Kurokawa: Jour. of Inst. of Elect. Comm. Eng. of Japan, 32, 4, p. 88, (1949). 
3) S. Hayashi & H. Nishihara: Tech. Rep. of Eng. Res. Inst. Kyoto Uni., vol III, 2, (1953). 
4) A. Kyogoku, Y. Oohashi & K. Ishii: Jour. of Inst. of Elect. Comm. Eng. of Japan, 44, 10, 

p. 79, (1961). 
5) S. Hayashi & K. Mizukami: Convention Records at Joint Meeting of Inst. of Elect. Eng. of 

Japan, No. 11, (1962), No. 1-7, (1962) and No. 68, (1963). 
6) S. Hayashi: Periodically Interrupted Electric Circuits, Denki-Shain, (1961). 




