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Analysis of the Harmonic Producer Circuits

By
Shigenori HAavasur* and Kooichi Mizukamr*

(Received Junuary 27, 1964)

This study introduces a mathematical method for the analysis of the harmonic
producer circuits with a ferromagnetic saturable core coil, taking the effect of
magnetic hysteresis into consideration.

This method is based on the theorems of the Periodically Interrupted Electric
Circuits of the Third Genus, and on the application of the Digital Computer (KDC-1).

First we describe in general how to apply this analytical method to the basic
circuit of harmonic producers to clarify its behaviour as accurately as possible,
and next to the harmonic producer circuit containing an additional capacitor.

One numerical example is presented to show the performance of the harmonic
producer circuit in this paper.

1. Introduction

Circuits producing a number of harmonics by means of saturable core coils
have been used for the common supply of carrier currents to multi-channel
carrier telephone systems. The quality and stability of the carrier current may
affect the reliability of each channel of telephone systems, therefore it is im-
portant to analyze and to design the circuit generating a group of harmonics
as well as possible.

The study on the hamonic producer circuits was done by various workers,
such as E. Peterson, J. M. Manley and L. R. Wrathall® who, in 1937, investigated
the operation of the harmonic generating circuit only considering the discharge
pulse from the transient analytical point of view. In 1949, Fourier analysis was
worked by T. Kurokawa® taking both the discharge and the charge pulse into
consideration, and in 1953, S. Hayashi and K. Nishihara® applied at first time
the theorems of the Periodically Interrupted Electric Circuits to this problem.
Recently, in 1961, an investigation for the same systems based on the analytical
method of non-linear problems established by L. A. Pipes was attempted by A.
Kyogoku, Y. Oohashi and K. Iishi®.

These investigations, however, could be considered to be established in
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Analysis of the Harmonic Producer Circuits i1

parctice basing on some assumptions or other, because the analysis of the
harmonic producer circuits with a non-linear element such as a saturable core
coil might be the most difficult problem from the theoretical point of view.

Therefore the unknown problems exist to be clarified in the harmonic pro-
ducer circuits. In this paper in order to make clear one of the unknown pro-
blems we attempt the analysis of the circuits taking the effect of magnetic
hysteresis of the saturable core coil into consideration®.

2. Harmonic Producer Circuits

The circuit shown in Fig. 1 is the basic circuit of harmonic producers using

a saturable core coil. Another circuit containing a capacitance C, connected in

Fig. 1. Harmonic producer cir-
cuit with a ferromagnetic core

coil.
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Fig. 3. Approximate characteristics of the
coil.

[m =3lna In=146ma

Fig. 2. Observed characteristics
of the coil.

parallel with the coil will be described
in section 6.

When the current i due to the
input source E(w) with a fundamental
frequency w flows in R, Cy, L, and L
circuit, the distorted current 7» includ-
ing the harmonic components is gener-
ated in the output circuit of L, C and
R by the change of L due to the in-
stantaneous change of the current i.

Now we assume that the input
source with a fundamental frequency
o is the current source of sinusoidal
wave form and the characteristic of
the ferromagnetic core coils is ap-

proximately composed of four rectilinear segments as shown in Fig. 3 (c) and
of discrete values of L as shown in Fig. 3 (d).
The previous investigations have done to assume the characteristic of the
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saturable core coils such as in Fi. 3 (a) composed of three rectilinear segments
without regard to the magnetic hysteresis. As the results presented in this paper
will show later, it is not suitable to consider that the magnetic hysteresis is not
taken into consideration, since it will not deform the shape remarkably but only
shifts the phase of repeated pulses.

3. Analysis of the Basic Circuit

3.1. Circuit Conditions

The basic circuit of harmonic producers can be

rewritten as shown in Fig. 4. i =l sinwt .
The following circuit conditions are assumed : /n
(a) Input current has a sinusoidal wave form T Q) (i) g R

i=1IL,sinwt.

. . . Fig. 4. The basi ircuit
(b) The total magnetic flux-linkage ¢ of the coil 1§f a hamfoniis;cmgll:cc::'

is related to the exciting current iz by four re-
ctilinear segments as shown in Fig. 3 (c).
Accordingly four kinds of the circuit state as follows can be presumed in

the steady state per one cycle.

1. The 1-st circuit mode (in the permeable state of the coil):
¢ =+ Li(i—1), L<ir<I.

2. The 2-nd circuit mode (in the positive saturated state of the coil):
¢ =1+ L (1), =1

3. The 3-rd circuit mode (in the permeable state of the coil):
¢ =+ Lali—15), L<ir<DL.

4. The 4-th circuit mode (in the negative saturated state of the coil):
¢ =¢s+Li(ir—L), iL<1I,.

The transient solutions in each rectilinear region are to be found as the
elements of certain matrices on applying the Laplace transformation to the basic
differential equations expressed in matrix notation.

Supposing that the phenomena in equation ultimately converge to periodic
ones, the resulting solutions on adjacent regions are to be equated to each other
at the intersection of the rectilinear characteristics in order to determine the in-
stant of transition.
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3.2. Transient Solutions

3.2.1. Transient solutions in the 1-st circuit mode.— The circuit equations are
written in the forms

d¢ _ L.
ar v+Rig, ir=1i—1ir,

v 6 3.1)
Cd—t-': iR, i = Imsin(wt‘i‘e]), iL=T4+l4,

where 0, represents the initial phase angle of the input current, at which the
permeable state starts, and the initial conditions are supposed to be

¢=¢4 at t:O

and ¢ =¢ at t=1,
#; being the duration of the state.
Putting
W= G0, w0 = k), t=ot, Ki=2,
” (3.2)
=90, oCR=k, 0=, =t =5

oL’ T &oCL ™ R’

where y(r) and z(r) with the subscript “1” belong to the 1-st circuit mode.
Eq. (3.1) reduces to the following dimensionless ones:

(£ +8.) t3:2) - 53" —2(s) = kisin (r+0)— K3,

d%m—ﬁ%+%am=smu+m—m, 3.3

ir/Ln = sin(t +0)—r1{y(r)—31% — K.

Denoting the operational function corresponding to y(r) and z(z) by Yi(p)
and Z,(p) respectively, in view of Eq. (3.3) we have

D+, —1][Y1(P)] _ [k] cos 6+ p sin 6, [yf"J B [k]
[ r o N\z) Tl P T ) @4
Accordingly
[Yl(p)]:[ p 1 )[k] (cos 6, +psin 6,)p J) [ h 1 J
Zl(ﬁ) — 71 17+51 (ﬁ2+51[7+7‘1)(ﬁz+1) P2+511’+T1 — 71 ﬁ‘f‘al
’° K, po 1 (k
X[ZT(’]_I’Z"“alP"‘Tl{-r, ﬁ+51][1J- @5
Putting
" LT
Sra(z) = 2 ]SB(p2+1)(p2+6rp+rr) J) b, 3.6)

T
gra(t) = 2zf Ssp2+6rp+r, P .

(r=1,234)
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Eq. (3.3) are solved. The result is

[yl(T)‘J’—l_o _ [Fu(‘l'), Flz(T)] {COS 01] [gu(‘l')s —Gu(T)] [zfo} G.7)
zy(7) Sifz), fis(r)/ isin 6, Guft), _gu(T) K, ), )
where
Fiy(z) = kflz(T) ‘|‘f11(T) ’ Gu(T) = kgu(T)‘f'gm(T), } (3. 8)
Fil) = kD) +Filt),  Gulr) = gulr) +0:gu(7) ’
and
1 a0y T a1 o
gulz) = 7—_:{1 & (cos ﬂlr-kﬁ1 sin ﬂlr)} ,
gn(T) = b]:; 5—‘”11- Sin ﬂlf »
gifr) = e—un(cos ﬂlr—%ll sin ﬂlr) , 09
fule) = L {asin e ~24, cos ¢ -I—e“’l’(Zal cos Az + 1+—‘§1‘ﬁ sin ﬁlr)} ’ '
le(T) = % {al CcOos T+61 Sin T—E"“IT(al COS ﬂlf +a2 Sin /917)} >
fiz) = % {0, cos t—a; sin7+e*1"(—0, cos fyv +a; sin A7)},
where

a1=%: /91=l/7‘1—a‘f; al=rl_1: a2=‘;—1(a§+ﬂ§+1),
1

@ = g (@it B tai-AD, 4= (al+Atr+2Aat-AD+1.

Here the first subsripts of each quantities in Egs. (3. 8) and (3. 9) belong to each
circuit mode.

3.2.2. Transient solutions in the 2-nd circuit mode.— When the coil is saturated
by an exciting current flowing in the positive direction, the circuit equations are
written in the forms

do _ L

ai =9+ Rip, itr=1¢(—1L,

dv _ .
Cd_t—ZR,

(3.10)
i=Iysin(wt+6;), ir= ¢z¢1+1“
2

where 0, represents the initial phase angle of the input current, at which the
positive saturated state starts, and the conditions are imposed to be

¢ =¢ at =0
and & = ¢, at t=1t,,

t, being the duration of the state. Using a similar symbols such as in (3.2),
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Eq. (3.10) may be written in the forms

(d% + 62){yz(r)~y§°} —2z(7) = k{sin (r +6,) - K},

ral 3@ - 38" +2 2(0) = sin (7 + 09— Ky, @10

ir/Im = sin (r +05) — 12 { /(7)— 3% — K,
where

2
8, = R/oL,, K,=L/L,, »°=%2Cs,.
s

N
T2 Q)chz’
The solutions are obtained in a similar way as before, that is,

[yz(T)_J"—z_oJ _ [sz(T): Fzz(T)] [COS 02] n [gzx(f)y _Gzl(T)] [250 ]
27) Jer), fa(r))\sin 6, Gf7), —ga(t)I\ K J,

where the Fyr)’s, f{r)'s, gr)s and GJr)'s are determined on substituting 7;, az,

(3.12)

jBs, cOS B,r, and % sinh g, for r,, i, 1, cos fir and 1 sin #yr in the expressions
2 1

of Fy(t)s, fi(r)s, gr)s and Gi(r)s in Egs. (3.8) and (3.9) respectively, while
a,=0,/2 and G:=y ai—7,-

3.2.3. Transient solutions in the 3-rd mode.— The circuit equations are written
in the forms

9 — v+ Rig, in=i—is,

C dv

B in, i=ILysin(ot+6), iL=¢zs¢2+Iz,

(3.13)

where 6, represents the initial phase angle of the input current, at which the
permeable state begins, and the conditions have to be

¢=g, at =0
and ¢=¢; at t=t,

t, being the duration of the state.
According to a similar procedure, Eq. (3.13) may be written in the forms

(é{; + 63) { y(r)—33°} —24(1) = k{sin (z +6;)— K}, l

ra(3u(0) =58 + & 2(s) = sin (s +6)— K, ) .14
ir/In = sin (T+03)_Ts{y(7)—y§°} —K;,
where
2
63=—B— 1 K3=!2_) y§°=m—c¢2-

oLy’ T° T &CLy’ In
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The solutions are obtained by a similar procedure, that is,

[y3(r)——y§°] _ [F31(r), Fy(7) (cos 03] [gm(r), —Gal(r)][z§°] (3. 15)

2i(7) Sfa7), fasr))\sin 6 Ga7), —gu(t)I\ K;

where the elements of the matrices on the right-hand sides, which are denoted
by Eqgs. (3.6) and (3. 8), can be obtained by substituting 7;, a; and A, for 7., a;
and 4, in the expressions of Eqgs. (3.8) and (3. 9) respectively, while a;=0,/2 and
ﬂszl/ m—-

3.2.4. Transient solutions in the 4-th circuit mode.— The circuit equations are
written in the forms

%=U+Ri1a, iR:i_iL,
: (3.16)
C%F =ir, i=ILysin(ot+0)), ,-L=¢z_4¢a+,3,

where 6, represented the initial phase angle of the input current, at which the
negative saturated state starts, and the conditions have to be

¢ = ¢s at =0
and p=¢, at t=1t,,

t, being the duration of the state.
Eq. (3.16) may be written in the forms as before, that is,

(dilf + 84) {3(v)—33°%) —2fr) = k{sin(t +0,)— K.},

rd0)—57% + 2 2(0) = sin (c+0)— K., @17
ir/Ly = sin (r +0)—rd y{z)— 3"} — K,,
where

1

— R .+ _é_ _o_a)ZC
64—0)—144’ n_a)ZCL."

Y =5 ¢s.

L.’ Ly

K,
Accordingly the solutions may be obtained as follows

[ v47) —yZ"]

z(7)

[Fu(‘l'); F42(T)J [COS 04] [gu('l'), —Gyu(7) [24_0 ] (3. 18)
filr), fulr))\sin 6, Gulr), —gu(@I\ KiJ,s

where the elements of the ma:crices on the right-hand sides, which are denoted
by Egs. (3.6) and (3.8), are determined on substituting 7., @, and g, for 7;, a.
and B, in the expressions of the solutions in the 2-nd circuit mode, while
a,=0,/2 and /94=,/W.
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4. Steady State Solutions considering the Over-all Characteristics

Next we consider the steady state solutions of the circuit where the phe-
nomena in complete cycle behave as follows.

In the preceding sections we obtained generally the solutions in the case of
the unsymmetrical characteristic of the coil. Thus in the unsymmetrical case
the conditions for periodic solutions must be imposed to be

y(t) =37,  ydr) = 33°, e = 33°, iz =37, 4.1)

T+ T+ T+, =21, }
a(r) = 23°%  zlr) = 2% 2ty = 4% zlr) = A%

On the other hand, the conditions in the case of the symmetrical chara-
cteristic of the coil, (i.e. L,=L, and L,=L,) that is,

Tt =, () =2, z(r)= —21°, } (4.2)

ylm) = —yt)=93°, ¥rs) = —plry) = —yfo .

These relations of Eq. (4.2) can be induced by the fact as follows.

During the first interval of r, seconds, the coil is kept in unsaturated con-
dition and then is saturated in the positive direction during the subsequent
interval of 7, seconds, while in the next half cycle, the currents, the magnetic
flux and voltage in the circuit become equal to magnitude, but opposite in sign.

Here we will discuss the solutions in the case of the symmetrical chara-
cteristic of the coil. The initial values of ¢, iz and » in the primary unsaturated
state and in the subsequent positive saturated state are equal to the final values
of those in the negative saturated state and in the primary unsaturated state
respectively, and it is intended to study the steady state phenomena in any one
of the two half cycles, which are equal in magnitude, but opposite in sign to
each other.

Thus the steady state solutions are given ultimately by the elements of

[J’l(T)"‘J’z(Tz)] - Fu(T), Flz(T)J [COS 01] _ [gu(‘l'), Gu(")] [22(72) J (4 3)

2(r) ful@) Ful)sin 6] \Gule), gu(@)I Ki ), 0<e<my

and

[J’z(f)—yl(‘[l) _ [le(‘l'): Fzz(T)] {COS (71+01)] [gzx(T), “Gzl(T)] [21(71) J (4. 4)
2y(7) f7)  fas(r))sin (1460 Ga(7), —gzl(T) K, '

0<r<r,.

71, T2, 01, 2:(7y) and z,(z,) in the above equations are so far unknown, and we
have to find their values so that these equations must satisfy the relations in
Eq. (4.2) for the given values of ¢, and ¢, or y:(r;) and yr).
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Putting =7, in Eq. (4.3) and =1, in Eq. (4. 4), we can obtain the follow-
ing equations respectively which will determine the unknown equantities.

[la 1] [J’l(Tx)J + [O, gu('h)J [zl(Tl)J _ [Fn('f), Flz(Tl)] [C?S ﬁl] _ [Gu('l'l)] K, (4.5)
0, 0)pfz2) 1, Gifr)) \2:(z2) filr1), fisz)/) sin 6, &gulri)

and

[—1, 1][3/1(1-,)] + ( — Zul72), 0] [zx(rl)] _ [Ezl(rz), Ezz(rz)] [ cos 01] _ [GZI(rz)

. ] K,, (4.6)
0, 0)\pr,) —Glts), 1) 2,(r5) Eu(ta), Ealrs))\sin 6, &2 (r2)

where

[Ezl(Tz), Ezz(Tz)] _ [le(Tz), Fzz(Tz)] [COS 7;, —Sin Tl]
Ex(r2), Ealrs) /: 2(T2), SalTs) .

Eliminating z(r;) and 2,(r,) from Eqs. (4.5) and (4.6), first by Eq. (4.5) we
have

2(y) . 0, gu(t)\ Y ((Fulry), Filr))(cos 6, Gu(r) 1, 1Y {3z)
[zz(Tz)] h [17 Glz(fl)] {[ flz(Tl): fls(‘h)] [Sin 01] B [gu(‘l'l)] K= [O, O.] [yz(fz)]} “.8
and then substituting Eq. (4. 8) into Eq. (4. 6), we have

[hu(fl), hlz(Tl)] J’l(‘ﬁ)] n [uu(Tl), ulz(’fl)] [Kz] _ du(ty), dlz(Tl)] (COS 60,
hon(z1), ho(ty) ¥:{12) wn(t1), () )\ K, h [dzl(Tl), dafT1)

where

[hu(rl), hlz(n)] _ -1, 1] _ [—gzl(rz), O][O, gu(rl)]_l[l, 1]

har(T), haf71) 0,0 —Gy(72), 1J{1, Gif7y) 0, 0/,

wn(Ta), ulz(‘h)] _ Galza), 0] _ [—gzl(Tz), 0] [O, gu(n)]“‘ [0, Gn(“’l)]

un(71)y Ue{71) gulra), 0 —Gy(rz), 1)1, Gulry) 0, gu(wy)/,

[du(Tl); dlZ(Tl)] i Ex(t2), Ezz(Tz)] _ [—gzx(‘l'z), 0} [O, glx(Tx)J'l [Fu(‘l'x); Flz(Tl)J

do(71), dosT1) E(t2), En(ts) —~G(ts), 1)1, Giof7y) Sua71)s Suz)).
(4.10)

. 4.7)
sint;, cos7,

] 4.9

Sin 01

Now the first equation of Eq. (4.9) is
hn(Tl)yl(Tl) +h12(1'1)y2(72) + uu(T1)K2 + ulz(T)Kl = du(‘l.'l) COos 01 + dlg(‘l'l) Sin 01 . (4. 11)

In view of Eq. (4.11) we can obtain the phase angle 6, as follows.

Putting
l/dfl(‘l'l) +d3(t:) = di(z1),
— -1 du(T1) (4.12)
0 = tan di(71) ’

then, Eq. (4.11) may be written in the forms
dycos (01— 0;) = fulyr1), yra)y il (4.13)
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Consequently we have

02 = Bo+cos L £{5(x), e, i}, (4.14)
where
Jain(o), y{z2) 71} = his(T) 3:(71) + Pue71) yz(Tz) F2(7:1) K + () K (4.15)

Start

Read in circuit parameters
& initial value 7; and 4r,.

Transform variables for
dimensionless equations.

I

Compute elements of each
matrices.

Is steps of determining z,?

no

l yes

Modify Define conditions for periodic
7~ + 4y solutions

Induce imposed equations
for several unknown values
and determine 0, .

|

if >e Determination of 7, :
lwi{ 31, 92 11} | =6

if <<e

Determine 7, 75, 0, 2; & 2.

Set initial value v & 4t to
calculate periodic solution

v
Modify . .
r—1+ 4t Compute periodic solution.

l

Print out results.
no | Do computations of periodic
solution end ?

l yes
Halt
Fig. 5. Digital Computer flowchart for the steady state solutions,
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Next to obtain z,, substituting 6§, of Eq. (4.14) into the second equation of
Eq. (4.9), ie.

Foi(71) (1) + R 72) 3 72) F (7)) K, + oo(71) Ky = dos(71) €08 6+ dos(7,) 8in 61, (4.16)

we have the following transcendental equation with regard to the given values
of y(z1), »(7.) and to the unknown values z;, and then v, can be determined by
solving this equation with respect to the function 7.
wa{y(r1), yora), 71} =0, (4.17)
where
Wa{y(T1)y 3o72)y 71} = haa(70) 91(71) + Boo71) $272) + thn(71) K (4.18)

Since 6,, 7; and r, have been found, z(r,) and z(r;) can be easily found by
substituting 6,, =, and 7, into Eq. (4. 8).

5. Determination of 7z, by Digital Computer

It is the most difficult problem to determine r, in the preceding procedure
and to obtain the steady state solution.

Since 7, cannot be written in the explicit forms because of the complicated
transcendental equation, it is comparatively easy to solve this equation by mak-
ing use of the digital computer for some numerical examples.

Here we can determine 7, and the periodic solutions by means of the Digital
Computer (KDC-1) according to the procedures as shown in Fig. 5 where ap-
proximately the determination r, is confined to solve the following equation

|walyilzs), yr2), i} 1<e, (5.1)

¢ being a given infinitesimal value.

6. Analysis of the Producer Circuit with a Shunt Condenser

In this section we study the circuit shown in i=lnsinw! v
Fig. 6 involving an additional capacitor C,, which
will intensify the generation of several desired

R
components of harmonic currents. This capacitor Tie
may, of course, include the effective stray capacitor
of the coil. The characteristic of the coil, ie. Fig. 6. Harmonic producer

circuit involving an addi-

the symmetrical characteristic, and other circuit tional capacitor.
modes are assumed to be just the same as those
discussed in the preceding sections.

6.1. Transient Solutions in the 1-st Circuit Mode

The circuit equations are
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dd _
dit

dv_ . b
Cdt ir, iL I +1,, 6.1)

v, v =0v+Rigp,

z'L+c1‘% +c§1; = I, sin (wt +6,),

where 6, represents the initial phase angle of the input current, at which the
state starts, and the conditions are supposed to be

b= ¢ at t=0

and é=¢ at t=t,
t, being the duration of the state.
Putting
»nm) = 22—%, x(r) = M, z(t) = (‘)—CE, T = wl,
L, I Ly
(6.2)
p= 1 ,-C s 1
«CR’ C.’ ' wRC,’

where ,(z), 2,(r) and z(r) with the subscript “1” belong to the 1-st circuit mode.
The following dimensionless equations are obtained from Eq. (6.1), that is,

dir )+ ad; z(t)+ i) —riy®+ K, = sin(c +64),
2 () prie) = 0, 6.3)
T

(dir +5) z(r)—dum(r) = 0,

where
= —1— = _14_ =0 — Q&i
ne=gen BT N T L
The corresponding operational equations which determine the operational
functions Xi(p), Y«(p) and Z(p) corresponding to x(z), y.(r) and 2z(r) are written
in the matrix form

b p (XD (1) _0 10 1\(s°) (K
—m 5 0 || Vo) | = |0 ST RS pepl0 1 0|55 +| O | (64
—67 0’ p+6 Zl(p) 0 001 ZIO 0
Hence we have
X +0
YEP; _ pcos b;+ p sin 6, pip-l—&; 4+ P
ADN =+ 1) (5 + 2700 + proota) |2 B 5t brot @
Z{p) Oy
Hp+8), —rdp+a), op #7° _K Hp+6)
X ﬂ(b+6), ﬁ(ﬁ+5o), o yT“ + P3+P250+P710+a1 ,u(p-l—(?) (6. 5)
01, —a, P+aiptrolle® np /,
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where

0y =0+01, 710=2ur1, &= 7101 .
The solution of Eq. (6.3) become

2:(7) Fi(o), Fuz(T) cos b, Yuil) Xult), zus(f) x—fo Xa(7)
yl(T)"‘yIO = Fm(T), Flzz(T) . + 1121(7), Zm(‘l'), X125(T) 0|-K sz("-')
2y(7) Fin(7), Fia(t) sin 6, Yia(t) Ziaal7), XiaalT) ° X7)/,

(6.6)

where F(r)s and X(r)'s are tabulated in Table 1, provided that fr.(z) and grs(7)
be given by

-1 " Rty
Frale) 2% SB(p2+1)(ps+ﬁzao+P7’ro+ar) b 2 6.7
1 r" £ '
g’"(r) 27l'j SB p3 +ﬁ260+ﬁ7’m +a, p dp.
(f =1, 2: 3’ 4)
Table 1.
Fij(t) S12(t) +8f12(7) 2 (7) £13(7) +0g12(7)
Fppp(7) S1u(D) +8f13(7) 2112T) —r{g(t)+8gu ()}
Fyp(r) #{ fr2(r) +0fu(e)} Z11a(7) 3g12(7)
Fipe(r) ! #{ fr1a() +8112(2)} a7 #{g12(t) +8gu ()}
Fi5(7) 01f1(7) Z122(7) £13(7) +080212(7)
Figp(1) 01f1a(7) X123(T) 01gu(®)
(o) 812(7) +0g1,(7) 2131(7) 31812(7)
212(7) 2{gu(t)+0g10(7)} X132(T) —a,gu (1)
213(7) 01g11(7) X1337) £13(t) +01812(T) + 710811(7)
6.2. Transient Solutions in the 2-nd Circuit Mode
The circuit equations are
%=v;, vl=v+RiR,
C%=ir, in=27045, : 6.8)

s duv, dv _ .
ZL+C1 E‘}'Cz‘i = Im Sln(wt‘l'oz),

where 6, represents the initial phase angle of the input current, at which the
positive saturated state begins, and the conditions are supposed to be
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¢ = ¢, at t=0
and b = ¢, at t=1t,
t, being the duration of the state.
Using a similar symbol such as in (6.2), Eq. (6.8) may be written in the
dimensionless forms

20+ % 20+ (D) - 52%) +Ke = sin (e 400,

2 (90)—33% — ) = 0, (6.9)
(&+0) ao—duntn) - 0,
where
2
Tzzﬁ, Kz=§—;’ J’E°=wli¢, T20 = MUT2y az=7’251-
The solutions are obtained in a similar may as before, that is,
xA7) Fa(t), Fa(7) cos b, Zzu(T); X21oT)y XaaslT) xfo Zzl(f)
J’z(T)"J’Eo = | Faa(7), Fipel7) . + | Xoa(T)s Xaool7), Xaool7) 0 | —K:|xz(r)
22(7»') Fzsl(T), Fzsz(T) sin 6, xzsl(f), zzaz(T), xzss('l') zz-o 123(7) ’
(6.10)
where F(z)'s and x(z)’s are tabulated in Table 2.
' Table 2.
Fa () JSas(2) 40 2(7) 22 (7) . 823(r) +0g5(7)
Fao(7) Sau(2) +0f2(2) X212(T) —72{g2e(7) +0gn ()}
Fo (1) u{ far(t)+8fu(7)} 2213(7) 0g2(7)
Fap(7) #{ fa(v) +0f ()} 2221 (T) 1{g22(1) +0gu ()}
Fp5 () 01 f22(7) Z222(7) 23(7) +00822(7)
Faso(7) 81 f2a(®) Z223(7) 818a(7)
X21(7) 82(7) +0fu(r) X23(7) 01822(1)
222(7) {8 (7) +08g0(r)} Z232(T) —a85(1)
Z23(7) 018a(7) X233(7) 823(7) +0182(7) + 12082(7)

Although we can easily obtain the solutions in the 3-rd and 4-th circuit mode
by a similar produre, it is unnecessary to get one for considering the steady
state of the circuit with the symmetrical characteristic of the coil.

7. Steady State Solutions

Since the duration of the steady state is 2z, and at the transition points of
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the characteristic curve, the transient solutions in adjacent region should be
equated to each other, we have

ntr=r, a(n)=2" 2= —-2",
7.1
() = 27°%, Z(r) = —27°, »(r) = 32°, lra) = —371°. } 1)
Substituting these relations into Egs. (6.6) and (6.10) yields
xl(T) Ful(T)’ Fuz(T) cos b, Zm(T), xua(T) xz(‘l'z) Zu(f)
yl(T)_J'-fo = | Fia(7), Fiaoft) . — | X1z(7)y X1z(7) — K | X1o(7) (7. 2)
zy(7) Fia(7), Fixn(r) sin 6, Z1a(T), X1as7) z(z2) Z17)
0 g T S 1
and
2(7) Fou(z), Fat) cos (6, +1,) Zat), Xas(t) PACH) Xu(7)
y{1)—y2°} = | Falt), Faft) . +| Xaa(7), XanT) — K| X»(7) | (7.3)
() Fus®), Foude)) SO 7o), 2y |57 Zi()
0< <,

Next to determine 7,. 6,, (1), 27:), *:(r:) and x,(r;), putting r=r7, in Eq.
(7.2) and r=r, in Eq. (7.3), we can obtain the following equations respectively,

1; 0, Xulzs), Zua(Tl) xl(Tl) 0,0 (‘r) Fm(Tl), Fuz('h) cosf 111(71)
2i(71) JiT2 !
0, O, Xlzl(rl)y X123(T1) PYED)] +{1, 1 = Flzl(Tl)’ szz(Tl) . —K,; 112(71)
0: 1, 1131(1'1), X133(T1) 2y(12) 0,0 yl(TI)J Flal(Tl), Flsz(ﬁ) sin 6, 113(71) ’
(7. 4)
—Xalr)y —Xasr2)y 1, 0 xlg‘hg 0, 0 94(72) Eni(t2)y, Endts) cosé,
“‘1221(72)» —zzza(fz)’ O’ 0 oy Sy +1{1, -1 = Ezzl("'z); Ezzz(Tz)
%2) yi(r1) sin 0,
—1231(72); —1233(7'2); O, 1)\ 2y(zs 0, 0 B Ez:«u(Tz): Ezsz(fz) \
121(‘!'2)
— K, | ¥2f2) ' (7.5)
2’23(72) ’
where
'Ezu(Tz), Ezlz(Tz) FZII(TZ)r szz(Tz) cos 14, —sin 7
Epr2), Ezzz(Tz) = Fzzl(Tz)r Fyfts) . (7‘ 6)
Euu(72), Epslts) anx(Tz)y anz(Tz) SinTi, ©08T

The first and third equations of Eq. (7.4) are

[xl(Tl)] + [1111(‘5'1): 1113(1'1)][1?2(72)] _ [Fm(‘h)y Fuz(ﬁ)] [COS 01] _ [111(7-'1)]

2(71) Xiat1), Xass(ri) )\ 2(72) Fin(t1), Fia{t1))\sin 6, ' X1s(Ty)
and the first and third equations of Eq. (7.5) are

_ [lzu(Tz)’ szs(Tz)J [xl(fl) [xz(‘l'z)] _ [Ezu('l’z)> Ez1z(Tz)] [Cf)s 01] -K, [1’21(72)] (1.8)
Zo3(Ts), XasolTa) I\ 2a(71) 2,(72) Epn(t2), Egslts))\sin b, Xas(T2)) .

(1.7
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Accordingly

[xz(Tz)J _ [xzn(fz), sza(Tz)J xl(ﬁ)] [Ezu(‘Fz), Ezlz(fz)J [COS 61] _ [121(1'2)
2(72) B Xa3:(T2) XzsaT2) [21(2'1) Ezu(ta), Easltz)) \sin 6, : Xas(T2)

Substituting Eq. (7.9) into Eq. (7.7) yields

[ku(‘l'l)y k;z(‘h)] [xl(‘l'l)] [Cu(fl), Clz(Tl)]-[cosal] _K [3’11(71)]

ki(t1), k(1)) 2i(7y) ciz1)y Crer1))sin 6, 113(71)

]. (1.9)

Zu(71)y Xusl70)) [ Xasl72)
tK [X w(7i), X 133(71)J [X za(Tz)] ’ @10
where
[ku(z'l), klz(rl)] _ [1, 0] + [Zm(‘r,), x m(z'l)] [Zzu(‘rz), X4(72) (7.11)
k(1) kulzy) 0,1 Z10(71)y X1as(7) ) \X2si(T2)y X20l72)
and
[C u(z) Clz(Tl)] _ [F wl(Ty)y F 112(T1)] _ [l ui(T1)y Xua(71) [Eau(fz), Ezlz('l'z)] (7.12)
alr)y culti) Fia(71), Figlry) Z1a(71)y Xaat)) \ Eaa(7a)y Eosl72)) .

Eq. (7.10) gives the following equations for obtaining the unknown values
x:(7y) and z(n,),

xy(71) - Zult), XislT1) [00501] [qn(‘l'l)]
[Zl(Tl)J [Zu(T:)’ 312(‘!71)] sin 6, * @ilr1)), (7.13)
where
21u(71), %1o71) ku(ry), Bulr)) 7 eulro), C:z(Tl)] .
= 7.14
[Zu('l'x); le_(‘l'l)] [kls(‘h), ku(‘l'l)] [013(71); Cu(z'l) ( )
and

aulz1) ku(zy), Rz )Y Zu(?-'l)] ), Zus(fx)] [sz(fz)]
= _ 1 Kz 7- 15
[412(1'1)] [kla(ﬁ), ku(‘h)] { K [113(71) * [1131(71), .Zm(fl) lz;(f_z) }' ( )

From Eq. (7.7), we have

x(71) _ Z1u(71), Xust)) (%72) Fuiri)y Fudlty) 00301] _ [zu(‘l'l)]
[Zl(Tl)] o lzm(ﬁ), 1133(71)] [Zz(Tz)] - [F131(Tl)) Fl,sz(ﬁ) [Sin 0, K Zilt1)). (7.16)
Substituting Eq. (7. 16) into Eq. (7.8) gives
[kzl(Tz), kzz(‘l'z)] [xz(fz)] [sz(Tz), sz(‘l'z)] [COS 01] [Z zl(Tz)J
= -K,
koy(72), kelT2) I\ 2(72) €2T2), €24(72)) lsin 6, Xa2T2)
. 1[/qu(‘l'z): ZXas(te) [ln(‘l'x)] . 17)
1231(1'2): Xzss(“'z) 113('5'1) s

where
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kzl(Tz), kzz('l'z) 1,0 Zzu(‘l'z), 2'ma(l'z) Xudr), X us(Tl) ,
= .1
[kzg(‘fz)y k24(T2)] 0, 1] " [lzal(fz); 1233(2'2)] [1131(1'1), 1133(1'1)] (7.18)
and ‘ ‘ ' ’
[021(1'2), sz(Tz) _ [/an(fz); szs(Tz)][Fm(Tl), Fuz(Tl)] [Ezu(‘l'z), Em(Tz) (7 19)
C272)y Ca(T3) X2a(Te)y Xaaal72) ) Fra(rr), Fralry) Eu(ts), Eanlt2)). )

Similarly Eq. (7. 17) gives the following equations for obtaining the unknown
values x(7,) and zJz,),

[xz(‘l'z)] _ [le(‘l'z); xzz("z)] [COS&] n [421(1'2) (7.20)
2(72) 2u(72), 222(1:2) sin 01 422(72) . )
where B
{le('l'z)y xzz(Tz)] _ [kzl(‘l'z), kzz(Tz)‘]_l [Czl(fz)» 022(72)] | (7.21)
| 221(72), 22(73) Vkoa(t2), kooT2) Ca(t2)y CalT2) ) '
and
Qzl(‘l'z)] _ [kZI(Tz)s klzz(’l'z)- - ‘_ : 121(72)J _ lzu(fz): szs(Tz)] [Xu(Tl)
[422(72) B kza('Tz): k24(Tz)J { K [2'23(1'2) ‘ ' [Z 231(72), 4 233(72) 4 13(T1)]} .. (7' 22)

Next the second equation of Eq. (7.5) is
— X oai(T2)%s(71) — X oo t2)2(71) + ¥a{72) — 3i(71) = Eapa(z3) cOS 0, + Eppo(7,) sin 01 — KoXool72)
ST (7.23)
Substituting of Eq. (7.13) into Eq. (7 23) yields
Ylr) = Fw(ﬁ) cos 8, + Fi(z1) sin 0y, (7.24)
where : ‘
k Yio(71) = KXo to)— Xoar(t2)qu(t:) — X ool v )170) + ¥ 12} — yi{70)
Fifr)= Ezzl(‘l'z) + ;(221(72)x11(71) + Izzs(‘l'z)zn(ﬁ) ) (7- 25)
‘ Fi(t))= Epits)+ xzzl(Tz)xlz(Tl) + Zoos(T2)21za)

By this equation, 6; can be obtained as follows

6, = 00+cos—‘%&((—:_‘1)), | (7.26)

10

where l
0y = tan DO ) = o/ PG T FIGE- - @20

The second equation of Eq. (7.4) is
Z12a(7)2(72) + X 1o 2 72) ‘f'yz(Tz) +91(t1) = Fiae(71) cOS 0} +Fra7y) sin 6, — KX 1o(70) . (7.28)
Substitution of Eq. (7.20) in Eq. (7.28) yields

Yult1) = Fae(11) €08 8+ Fas 8in (71)6: : (7.29)
where



Analysis of the Harmonic Producer Circuits 127

Yalr1) = KiXyor,) + Zia(t)ga(T2) + Z1oo(T1)g272) + Yol72) +3:(t1), .
Fol(r1)= Fialt1)—XYan(r1)%ei(72) —X12(71)22(72) (7.30)
Fo(t1)= Fip{11)— X107 )%0s(72) — X 12x(71)22(72) .

Consequently, substituting of Egs. (7.14), (7.15), (7.21), (7.22) and (7. 26) into Eq.
(7.29), the transcendental equation can be obtained as follows, which containing
unexplicitly the unknown function r,,

wi{ y(t) yz(Tz): n}=0, (7. 31)

then we can determine r, by solving this equation.

8. fra(z) and gru(7)
(a) When the equation p*+8,5%+pri+@,=0 has three distinct roots.

Putting
PHopPtorvta = (pta)(pta)(p+as), 8.1)
fra{z)'s and g,.(r)’s are tabulated in Tables 3, 4 and 5, when »=1,
Table 3.
1, 1 an cag i 1 c-ap
Z10(7) a,+a1A15 1+a2A26 z+a3Ase 3
S SUNPVPEEND SR R
gu(t) Ale 1 Aze 5 Aas 3
@ ety %2 e, B3 -y
&12(7) Axe 1 +A26 2 +Ase 3
R P | N S
213(7) Als 1 Aze pl Aae 3
Table 4.
Ju(D) b, cos 7+ b, sin r—l e — 1 % — 1 oy
Bl 2 B3
1 Ay o7 2 mar g B3 oy
S12(2) b,,smr+b,cosr+Ble 1 +Bz.e 2 +Bae 3
_ Chosine— w0 e 9w
Sis(1) bocos t—by sint Ble v Bze p) Bae 3
3 3 3
Fra(D) by sin 7—b; cos r+%i & + %i %" 4 %: §%T
Table 5.
b, a,—0 Bo 1—70
(a?+1) (aZ+1)(ai+1) (a?+1) (aZ+1)(a3+1)
B, (A+a?)A; A, (a;—az)(az—ay)
B, (1+ad A, A, (a—az)(a—as)
B, (1+ad) A ‘ As (as—ay)(a;—az)
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The values of fi.(r)'s and g,.(z)'s dare obtained by replacing r, and a; by rz»
and @, in the expressions of fi,(r)’s and g.(z)’s.

(b) When the equation p*+3,p*+rwp+a=0 has one root and a pair of conju-
gate roots.
Putting

P+&tPtrvpta = (pta)ptat+is)p+a—jh), 8.2)
we have Tables 6, 7 and 8.

Table 6.
Z10(7) 1_& &% 7+ e-%"(e, cos §—e,sin A1)
a o
gu(?) 206~ 1"+ 6~ *7(—e4 cos fr +e, sin A1)
Z12(t) —geot "M+ &% (e5 cos fr—eg 8in A1)
£13(1) ae,e %7+ ¢~ ""(—e, cos At +egs5in A1)
Table 7.
Ju(o) by cos t+b, sin v+ dye %17+ e~ *"(—d, cos ft+d; sin f1)
S12(0) by cos Db, sin t—a,doe 1T+ e~ *7(d; cos fr—d, sin fr)
Sia(T) — by cos t—b; sin v+ adye ~ T+ e~ *"(—d; cos fr+dg sin 1)
f1(7) —by cos 7+ by sin t—addy~ %17+ e~ *7(d; cos fr—dgsin f7)
Table 8.
1 _% € 2_ Q9211
€ (G —afiF dy @11 d, v, (3a2—f2+1—2a,a)
e a“aje {ala—a)+fe | & | & —% dr | fhi(a—a)(ai—f+1)+207)
e € es a8, ds ad,+ fAd,
€ %{a(al—a)-—ﬁz} ey eo-g‘; a s ad,— pd,
- - ds ad;+ pd,
e aes— fes e —ep(a—f)?
dg ad,— fd,
Bo 1-7y b a,—8,
(az+1)-4 ! (a2 +1)-4 d; | ads+fds
4 | (@—p+1)2+40282 | a, | ay(az+p?) dy | ade—pd,

As in the previous case, the values f,,(r)s and g.,.(z)’s are obtained on re-
placing 7y, and @, by r» and @, in the expressions of fi.(r)’s and gi.(z)'s respec-
tively.
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9. Numerical Example
In the present section a numerical example of the basic circuit is illustrated,
and the results of this example were obtained by making use of the Digital
Computer (KDC-1). Here, for the sake of comparing with those of Reference
(3) we assume that the circuit constants are the same ones in Reference (3) as
follows :
Li=Ly=11TH, L,=L,=17mH,

C=0002uF, R=20002, f=g =1000c/s.

T
In the numerical calculation of determing r,, we take
47, = 0.001, &= 0.0001.

The results are shown in Figs. 7, 8, 9, 10 and 11.
Fig. 7 shows the determined values r, with respect to a measure of the
hysteresis of the coil, i.e.

= Ym)—ydrs)
4% yilt1) x100%

for some parameters K, i.e. K'=1/K,=1I,/1,.

From this result, we can find that the pulse width 7, increases in proportion
to increasing of the measure of the hysteresis, and that the values r, are equal
to those of Reference (3) when 4y% =0, without the hysteresis.

Fig. 8 shows the values of 6, which also increase in accordance with in-
creasing 4y%. The peak value of Er(#) is shown in Figs. 9 and 10, from which,
the effect of the hysteresis of the coil makes the peak voltake decrease. Fig. 11

10
6 %8
'0_8- 50 75 (rad) 06
t‘o.e-/ 19/125 15 |l
____-—_—;-//// 20 04
04‘————’4_/./25
F K=30 o2
02}
0»
0 1 1 1 | 1
0 05 10 15 20 25 iz e
—by % 0 G5 10 15 20 25
. (1 (T — ya(T)
Fig. 7. Durations of the l.st circuit — Wh=

mode (Widths of pulse voltages across :
the coil). Fig. 8. Phase angles 8,,
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20
46 L
ior ’
B £(z) 16 ‘w
12} v
wey I v
8 =
4t : R
00 ; ]‘0 ]'5 Zb 25 30 . 0_( ) | ! ! .
S 0 05 10 15 20 25%
A== —&%
Fig. 9. Peak pulse voltage across the coil. Fig. 10. Peak pulse voltage across the coil.
16— kL2545 =05
ol K'=5, &y =0 7

Fig. 11. Wave forms of voltage across the coil.

shows the wave forms of the steady state voltage across the coil, in this case
we can find that the wave form was remarkably distorted by the effect of the
hysteresis, comparing with the case without the hysteresis.

10. Conclusion
In this paper, the study on the harmonic producer circuité is presented by
the use of the analytical method based on the theorems of the Periodically In-
terrupted Electric Circuits of the Third Genus.
Taking the effect of magnetic hysteresis of the coil into consideration, we
can make clear the behaviour of the producer circuits as accurately as possible,
and show the numerical results of one example.
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It is evident that this analytical method is useful for the analysis of the
non-linear problems such as those containing the hysteresis or other non-linearity
in order to obtain the steady state solutions, but it is difficult to determine the
periods which decided by the natural phenomena in the considered problems,
in that case, by means of the digital computer we can easily determine these
values for the case of some numerical examples.
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