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Studies on the Yield of Plastic Hinges in 
Concrete Beams 

By 

Kiyoshi OKADA* and Wataru KOYANAGI* 

(Received October 31, 1963) 

Experimental studies were carried out to investigate the yield of plastic 
hinges in reinforced and prestressed concrete beams. Eighty-eight simple beams 
and thirty-two two-span continuous beams were tested under static loading to 
failure and theoretical analysis was made as to the rotation capacity of plastic 
hinges and the redistribution of internal bending moments. The rotation capa­
cities of plastic hinges were analysed using the reinforcement index q. To ex­
amine the yield of plastic hinges in continuous beams, the measured strengths of 
beams were compared with those calculated values based on the simple beam 
tests. Though a prestressed concrete beam does not show any definite yield 
phenomena, the plastic rotation can also be calculated just as in case of reinforced 
concrete beams. But the rotation capacities of the former are a good deal smaller 
than that .. ,af the latter. The yield of plastic hinges though partly incomplete, 
were recognized both in prestressed and reinforced concrete beams. 

1. Introduction 

1 

Recently, the ultimate load design theory based on the assumption of the 

yield of plastic hinges has been applied to the design of steel structures. How­

ever, the applicability of this theory to concrete structures is still questionable, 

owing to the brittleness and heterogeneity of concrete properties. 

To investigate the yield of plastic hinges in reinforced and prestressed 

concrete structures, static flexural tests of simple- and two-span continuous 

beams were conducted. The authors describe here the results of the experi­

mental study mainly on the rotation capacity of plastic hinges and the redistri­

bution of moments. 

2. Rotation Capacities of Plastic Hinges 

In order that the plastic hinge yields in a structure, the section should have 

a sufficient capacity of plastic rotation. The plastic rotation in the concrete 

* Pepartment of Civil Engineering 



2 Kiyoshi OKADA and Wataru KOYANAGI 

structure is different from that in the steel structure made of the approximately 
ideal elastic plastic material-mild steel. 

When a reinforced concrete beam having a steel ratio of less than the 
balanced reinforcement is subjected to bending, the stress of steel reaches its yield 
point at first if the steel has a yield point, and then the section rotates remark­
ably until the concrete in the compression zone crushes. In this case, the moment 
curvature relationship is schematically shown in Fig. 1. If the work hardening 
of steel can be ignored, the difference of yield moment My and the ultimate 
moment Mu is negligible, and the rotation capacity of the section, that is, the 
total curvature of plastic rotation is given by (cpu-Cf!e) in Fig. 1. 
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Fig. 1. Moment versus curvature 
relationship of reinforced con­
crete. 

Fig. 2. Moment versus curvature 
relationship of prestressed con­
crete. 

Usually in the prestressed concrete beams, however, no definite yield pheno­

menon can be seen as shown in Fig. 2 since the prestressing steel such as wire 

or strand has no definite yield point. Therefore, the yield moment My is defined, 

in this paper, as point A, in Fig. 2, of the moment-curvature curve OAB inter­

secting the perpendicular passing through C,-the intersecting point of the initial 

Fig. 3. Distribution of 
moment, curvature 
and deflection in 
i,imple beam, 

tangent OC and the horizontal BC having an ordinate 

Mu. The bending moment diagram of a simple beam 

in flexure by the mid span loading is given as in Fig. 

3-a. The region, lp, where bending moment exceeds 

the yield moment is assumed to be a plastic hinge. The 

curvature diagram of the section is divided into the 

elastic portion Cf!ex and the plastic portion Cf!px as shown 

in Fig. 3-b. The deflection diagram is also illustrated 

in Fig. 3-c. The rotation, Op, of the hinge is given 

&s follows ; 
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(} p = t' cp p,:dX 

ep = 2t L!op,,, 
i=l LfX; 

where x n= l/2 

3 

............... ( 1) 

............... ( 2) 

In practice the distril:>l!tion of cp p,: or o px in the actual beam can not be easily 

determined, and therefore it is assumed that the plastic rotation occurs con­

centratedly in the section under the loading point. Thus the plastic rotation 

capacity (} p can be calculated from Eq. (2) using the ultimate plastic deflection of 

the loading point as follows ; 

(}p = 4op/l 

(}p = 6op/l 

(mid span loading) 

(third point loading) 

where l: span length 

............... ( 3) 

............... ( 4) 

Theoretically speaking, the plastic rotation would occur rather concentratedly 

at each of the cracked sections and the hinge length would be affected by the 

distribution and width of cracks. It is so complicated, however, to consider 

these factors, that only the total plastic rotation (} p of the hinge section l p is 

taken in this study. 

3. Description of Tests 

3. 1. Outlines of tests 

Four series of tests were made. In series I and II, simple beams of rein­

forced and prestressed concrete were tested to determine the capacity of plastic 

rotation, and in series III and IV two-span continuous beams of reinforced and 

prestressed concrete were tested to observe in what manner and to what degree 

the plastic hinge developed. Scope of tests, test procedure and principal pro­

perties of specimens are listed in Table 1. 

3. 2. Series I-Tests for plastic rotation capacity of reinforced concrete 

3. 2.1. Fabrication of specimens and test procedure- In this series twenty-two 

kinds of specimens were tested, which were divided into four groups of A, B, 

C and D as given in Table 1. Variables involved are the kind, amount and 

arrangements of reinforcing steel, the strength of concrete, and the loading 

manner. In each kind of test, two specimens were used. Stirrups were provided 

in all of the beams to prevent shear failure. 

All beams were tested by the 100 ton Riehle type universal testing machine. 

Strains in the concrete on the top and bottom of the loaded sections were 

measured with electric wire strain gages, and deflections of beams under the 
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Table 1. Principal properties of specimens. 

1/) Kind 
Dia. of steel Steel ratios 

Concrete -~ Group (mm) (%) Dimension, Loading manner ... of strength (I) No. Tens. J Comp. p I P' U) reinf. side side kg/cm2 
(cm) 

2¢6 0.44 10X15X140 

A-a/A-b 
2¢9 0.98 

l40J40J401 bJI: - - 200/400 
2¢13 2.04 

.... 2¢16 3.11 
'<I' 
U) 
U) 2¢6 2¢6 0.44 0.44 

B-a 
i:: 

2¢9 2¢9 0.98 0.98 200 ·; 10X15Xl40 ii: 2¢13 2¢13 2.04 2.04 g:r t55i::551 
:::: 

I 
"" 2¢9 2¢9 0.98 0.98 

B-b 2¢13 2¢13 2.04 2.04 400 JO 

2¢16 2¢16 3.11 3.11 

C-a/C-b P. bar 2¢16 2¢9 2.30 0.73 
SS50 2¢9 2¢16 0.73 2.30 

200/300 10X20Xl40 g1~ ----·- roi-601 ~ 
Deform- 2¢16 2¢9 2.26 0.81 le) 

D-a/D-b ed bar 200/300 C\J 

SSD49 2¢9 2¢16 0.81 2.26 10 

¢10 0.78 1115><'1401 Em! E-a/E-b ¢14 - 1.54 - 200/400 40 i40J40 
... ,,--._ ¢14 1.54 
"''O .0 (I) 

d) @ ¢10 0.47 

ko 14ot4o1 [3±: (I) 'O 
F-a/F-b ....... ¢12 - 0.68 - 400 1/)"' 

II 
bO..C:: 

¢14 0.95 i:: i:: 
-~ 0 "'·~ 1/) .... 
(I) (.) ¢10 ¢10 0.44 0.44 ... ::, 10X20Xl40 .... 'O 
gJ i:: ¢10 ¢12 0.44 0.64 

t6o=t6o1 ~~ 
.... ~ 

G-a/G-b 
p..'---' 

¢12 ¢10 0.64 0.44 400/300 

¢10 ¢14 0.44 0.89 

¢14 ¢10 0.89 0.44 

H-a same as B-a l0X 15 X 260 

H-b same as B-b 
tss-i-5=±55T55=J. 

][ 

I-a/I-b same as C-a/C-b 

10X20X 260 
J-a/J-b same as D-a/D-b t6°r160=t601 

·--

IV K-a/K-b same as G-a/G-b 

·-- - -· 
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loading points were measured with dial gages of 1/100 mm scale. The automatic 

load-deflection recorder provided in the testing machine was also used in 
analysing the data. 

3. 2. 2. Results of test-The measurements of the ultimate deflction scatter 

fairly much in some kinds of beams, as compared with those of the ultimate 

failure moments. Therefore it is inevitable that the analysis was made rather 

quantatively than qualitatively concerning the rotation capacity. 

Index q used in analysing the results of the test, is defined by Eq. (5), and 

it corresponds to the neutral axis ratio at the failure of beams. 

. .............. ( 5) 

where kc : a ratio of actual stress in compressive reinforcement to its yield 

stress and given by kc= (q-dc')/(1-q) 

p, p' : steel ratios of tension and compression side, respectively 

ay, a/: yield stress of tension and compression steel, respectively 
ac: compressive strength of concrete 

de' : a ratio of covering depth to its beam depth d 

The following assumptions 
are also made: (1) the strain 

distribution on the section is 
linear up to the beam failure, (2) 
the ultimate compressive stress 

of concrete is of rectangular 
distribution and (3) the ultimate 
strain of concrete is 0.003. 

The plastic rotations 0 p were 
calculated from the measured 
plastic deflection op using Eq. (3) 
or ( 4), and plotted against q in 
Fig. 4. In the figure two curves 
are drawn which are calculated 
by the rotation energy theory 
developed by Yamada1

), and given 
by following equations 

30 

" 0 A-a "'3 
~ 

'l'c:::,25 ..._, • A-b 
X ® 8-a '---., 

<is 20 X 8-b 

<:: A C-a 
.C, 

~ 15 ... C-b 
:::: 

□ D-a 
-'2 

D-b o; ]O ■ 
~ 
Cl._ 

5 

0 0.1 
Reinforcement index 

Fig. 4. (} p versus q relationship of reinforced 
concrete. 

0.6 

e = q2+4(1-q)(1-q/2).c-: 
q(l-q/2) 

(mid span loading) ......... ( 6) 

e = q(l/3+qd)+2(1-q){l/3+2(1-q/2)d} •ct 
q(l-q/2)d 

(third point loading) ......... ( 7) 

where d is the plastic strain of concrete and assumed to be 0.002. 
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The value of plastic rotation is larger for the higher strength of concrete, the 

smaller steel ratio and the lower yield point of steel. Though it is very large 

in the range of smaller q, it decreases remarkably with increasing q. e curves 

based on the energy theory show fairly good agreement with the measurements 

only in the range of q larger than 0.2 for the mid span loading. 

It is observed that the plastic rotation of the beam with deformed bars 

(Group D) seems larger than that of the beam with plain bars (Group C). 

The general trend is that the theoretical curve e for mid-span loading 

indicates nearly the minimum values of all of the measurements. Thus it may 

be said that q is a parameter valuable for expressing the plastic rotation but it 

appears that the critical rotation capacity of plastic hinges can be determined 

not so definitely by this parameter q only. Further studies are needed on this 

point. 

3. 3. Series II - Tests for plastic rotation capacity of prestressed concrete 

3. 3.1. Fabrication of specimens and test procedure-Twenty-two kinds of 

specimens were tested, which are divided into 3 groups of E, F and G as listed 

in Table 1. Variables involved are the amount of prestressing steel, the mag­

nitude of prestress introduced, the strength of concrete and the loading manner. 

In all the beams, high strength bar (induction hardened) was used for pre­

stressing. 

Prestress was introduced by the post-tentioning method at age of 2 weeks 

and re-introduced at 3 weeks immediately followed by injection of cement paste. 

The effective average prestresses were chosen from 30 to 60 kg/cm2
• And the 

beams were tested at 5 weeks. The method of loading and measurements were 

nearly the same as made on the reinforced concrete beams. In strain measur­

ment a Huggenberger strain meter (gage length 10 inches) was also used in this 

series. 

3. 3. 2. Results of test-As already described above, the yield point of the 

prestressed concrete member was defined by point A in Fig. 2. The plastic 

rotation calculated from the plastic deflection from Eqs. (3) or (4) coincided very 

closely with the measured values. As the values of ac in Eq. (5), the strength 

obtained by ¢ 15 x 30 cm cylinders, minus the stress introduced by pres tressing 

on the end fiber of the compression side of the beam, was used. 

The relation between the plastic rotation and the reinforcement index is 

shown in Fig. 5. Doubly reinforced concrete beams (Group G) show smaller 

rotation as compared with the single reinforced (Group E, F) having the same 

value of q. However, this may be due to the influence of loading method 

rather than of the arrangement of reinforcement. Because in case of the third 
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Fig. 6. Average plastic curvature of hinge section 
versus q curve (prestressed concrete), 

point loading (Group E, F), the 

plastic hinge length is longer than 

in the mid-span loading (Group 

G). Therefore the average plastic 

curvature over the plastic hinge 

section, °Epp, is calculated. That is, 

'cf;p is defined as 0p/lp where 0p is 

the rotation capacity of the plastic 

hinge and Ip is the hinge length 

taken as in Fig. 3-a. The re­

lation of °ff p and q is shown in 

Fig. 6. 
The ratio of the plastic rota­

tion 0 J at 80 to 90 per-cent level 

of ultimate load to the ultimate 

plastic rotation 0 p seems to be 

independent upon q value, for in­

stance, at 90 per cent of ultimate 

load the ratio 0 J / 0 p is about 0.5 

to 0.8 in Group F and about 0.3 

to 0.4 in Group G. 

In this series, too, the rotation 

capacity of plastic hinge is de­

creased with the increasing steel 

ratio. Magnitude of prestress in­

troduced seem to have no ap­

preciable effect on the rotation 

capacity so long as the steel ratio 

remains the same. In the doubly 

reinforced beam (Group G), the 

rotation capacity seems to be ef­
fected not so greatly by the vari-

ation in steel ratio and concrete 

strength. 

Fig. 5 shows a similar relation 

to Fig. 4 for the reinforced con­

crete, but gives a considerablly 

smaller value of 0 p corresponding 
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to the same value of q. This discrepancy may be due to the difference between 

the stress-strain properties of the prestressing bar, and the usual mild steel bar 

rather than the plastic extensibilities of "the two types of" concretes used. 

The average plastic curvature 'ff p decreases with increasing q, and the ?j,p~q 

curve shows a similar relation to the 0 p~q curve. But 'ff p is very small and 

about 10 to 20 per-cent of that was found in the reinforced concrete beams with 
same reinforcement index q. 

3. 4. Series III - Tests for reinforced concrete continuous beams 

3. 4. 1. Fabrication of specimens and test procedure-Three groups totalling ten 

kinds of continuous beams, H, I and J, each corresponding to simple beam 

Group B, C and D in 3. 2., were made and tested as two-span continuous beams 

with mid span loading on each span. 

In Group I and J, the load cell was used under each of the supports to 

determine the process of moment redistribution. 

3. 4. 2. Results of tests2
),

3
) - When loads are applied to a two span continuous 

beam having constant section on the middle points of both spans, the moment 

diagram becomes shown as in Fig. 7-b. With the 

increase of load P, the maximum moment is reach­

ed at the intermediate support C and is equal to 

the yield moment of that section Mp1 (Fig. 7-c). 

If a plastic hinge does not yield in this section the 

structure fails instantaneously and Fig. 7-c shows 

the final moment diagram. Whereas if a plastic 

hinge yields in the section, the moment at the sup­

port C remains constant and the mid span moment 

grows with increasing load until it reaches the resis­

ting moment of the mid-span section MP2. Finally 

the moment diagram becomes shown as in Fig. 7-d. 

When the moments at the support C and at the 

mid-span reach the resisting moments of the par­

ticular sections, three plastic hinges being pro­

duced, the continuous beam fails as a whole. 

In a concrete structure, however, it is quite 

b 

C 

d 

Fig. 7. Moment distribution 
and plastic hinges yielded. 

doubtful whether the last hinges are yielded to the full extent at the failure of 

the structure, even if the first hinge has been completely produced. To examine 
this problem, the actual ultimate loads were compared with those theoretical 

values. As the resisting moments of the sections, the measured yield- MsY and 

the maximum- Msu and the calculated moment Mst of the corresponding simple 

beam were used. The theoretical moment Mst was calculated from Equation (8). 
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Table 2. Results of tests in Series III 

1 I 2 I 3 I 4 I 5 I 6 I 7 
No. of 

Mmax All Hinges yielded based on P,. =Mp, Specimens 

I P./P,. P./P,, P./P,. 

H-a-1 1.71 1.61 1.51 

2 1.30 1.24 1.15 

3* 0.97 0.91 0.86 

H-b-1 1.34 1.27 1.16 

2 1.20 1.13 1.06 

3* 0.96 0.88 0.82 

I -a-1 1.46 0.89 0.82 

I -a-2 1.83 0.95 0.90 

J -a-1 1.25 0.74 0.70 

J-a-2 1.51 0.92 0.85 

* failed in shear 

Mst = { ( 1 - ~ ) q 

+kcP'(l-dc')°/}acbd2 
•••••• ( 8) 

Uc 

The ratios of the actual ultimate 

loads to the theoretical values are 

shown in Table 2. Column (1) in 

Table 2 shows the ratio in case 

where the continuous beam is as­

sumed to fail at Mmax=Mp1 without 

any plastic hinge being produced (see 

Fig. 7-c). Columns (2)-(4) give the 

ratios in the case where plastic 

hinges are assumed to yield to a full 

extent. In the latter case the ulti­

mate load is calculated by Eq. (9).4
) 

P = (4Mp1 +8MP2)ll ...... ( 9) 

where M p1 : ultimate resisting mo­
ment of the first hinge section 

MP2: ultimate resisting mo­
ment of the second hinge section 

Fig. 8 shows one example of the 

load versus bending moment rela-

I 
ql 

P./P,1 a fJ 

,___ 
E: 
<.:, 

.:.. 
<::::, ..... 
X 

'-..., 

C: 

1.67 1.00 1.13 0.145 

1.43 1.00 1.13 0.162 

0.99 0.00 1.13 0.202 

1.35 1.00 1.13 0.144 

1.27 1.00 1.13 0.175 

0.94 0.00 1.13 0.199 

0.78 0.60 1.76 0.270 

0.97 0.81 2.02 0.276 

0.77 0.32 1.79 0.270 

0.96 0.66 1.77 0.244 

24 

20 

Mid span 

16 

12 

8 

4 
Elastic theory 

0 

I deal moment 
redistribution 

---+---+8 __ +"1=-2--+-16~__,20 
Load ton) 

~ 
-:.. -4 

-8 

Fig. 8. Load versus moment relationship 
of reinforced concrete beam (J-a-1). 
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tionship at the intermediate support and the mid-span. Full straight lines show 

the theoretical values by the elastic analysis and broken lines represent the 

ideal moment redistribution curves based on MsY• 

In this series of test, some specimens failed from shear compression, where­

as none of the corresponding simple beams failed in shear. Shear failure, however, 

is out of the scope of this study now. 

It is clearly shown from column (1) in Table 2 that all specimens except 

those broken by shear could carry load far beyond the state illustrated in Fig. 

7-c, especially so when the resisting moments of the critical sections at the 

support (C) and at the mid-span (B or D) are different greatly. 

Specimens of Group H failed after all of the plastic hinges had been yielded 

and the internal bending moment had been completely redistributed. In this 

case, the actual ultimate loads were best agreed with the values estimated 

by using the ultimate strength Msu of the corresponding simple beams. The 

values estimated by using the yielding moment Mst of the section given by 

Eq. (8) are most conservative. The beams of Groups I and J, in which the 

difference between the resisting moments of the two critical sections is very 

large, have also sufficient load carying capacity even beyond the stage shown 

in Fig. 7-c. However, columns (2) to ( 4) in Table 2 give smaller values than 1.0. 

This fact shows that the beams failed so that the redistribution of internal 

moment was not fully developed, the yield of plastic hinges being incomplete. 

The aspect of moment redistribution is clearly shown in Fig. 8. The 

moment distribution seems almost purely elastic at low load. When the external 

moment at the first hinge section exceeds the yield moment of that section, 

the curve deviates from the straight line and the moment at the section remains 

almost constant. On the other hand the mid span moment increases as the 

increase of load along the theoretical moment redistribution curve. The redis­

tribution process coincides closely with that shown in the ideal elastic-plastic 

materials. 

Now a parameter a is considered to express the degree of the development 

of the second plastic hinge. If we assume that a is given quite correspondingly 

to the degree of the internal moment redistributed to the last hinge section, 

parameter a is expressed as follows, 

a= (Pu-Pi)/(P2-P1) ............... (10) 

where Pu is the measured ultimate load and P1, P2 are the loads calculated for 
the state shown in Fig. 7-c, 7-d, respectively. A parameter (3 is also used for 

representing the increment of theoretical load from the finish of the first hinge 
to that of the second hinge, that is, (3 means the ratio of P2 to P 1 • 
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The degree of the yield of plastic hinge are listed in Table 2. Parameter a 

decreases with increasing (3 or the reinforcement index, qi, of the first hinge section. 
In group J in which deformed bars were used as the reinforcement, a is 

smaller than the group I in which plain bars were used. It cannot be explained 
in this test why such difference in a was found between the both kinds of 
steel. It may be considered that there may be some influence of bond strength 
or slip on the degree of the yield of plastic hinge. 

3. 5. Series IV-Test for prestressed concrete continuous beams 

3. 5.1. Fabrication of specimens and test procedure-Six kinds of continuous 
beam specimens were made, the section of which are chosen so as to correspond 
to those of Group G in Series II. The specimens were tested as a two-span 
continuous beam by loading on each mid span and the test procedure was quite 
same as taken in the test series III. 

3. 5. 2. Results of tests -The results of test are listed in Table 3 in the same 
expression as in Table 2. The relations of applied load to the moments at the 
intermediate and at the mid span are represented in Fig. 9. The theoretical 
curves in Fig. 9 are obtained in the same manner as in Fig. 8. 

It was found from the measurements of strains of sections along the beam 
length that all sections except under 

the loading points and at the inter­

mediate support remained almost in 

an elastic state up to the failure of 

the beams. Hence the plastic rotation 

at the intermediate support (} Pei and 

at the mid-span 0pc2 can be determined 

from the plastic curvature of the 

above particular sections, respectively, 

and were compared to the correspond­

ing plastic rotations of the simple 

beams. 
Table 3 clearly shows that mea­

sured values are about 20 to 70 percent 

larger than the values estimated under 

the assumption of non-yielding of 
plastic hinge (column (1)). Especially 
the deviation is larger with increasing 

(3. The values calculated by using the 
strength P,u of the corresponding 

simple beams under the assumption of 

,--, 
t:: 
'-' 
...... 
C) -. 
X 

'--, 

...... 
<::: 
"' t:: 
~ 

20 

16 

Mid span 

12 

8 

Elastic t~eory 
4 

- Idea/moment 
redistribution 

8 12 16 20 
0 Load (ton) 

-4 

/nterm diate s pport 
-J6L___ _ _L_ _ _.J_ __ _J_ _ __.__~ 

Fig. 9. Load versus moment relationship 
of prestressed concrete beam (K-b-3). 
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Table 3. Results of tests in Series IV. 

1 I 2 I 3 4 
No. of 

No hinge All Hinges yielded based on P,. 
Specimens 

I P./P,. P.IP,, P./P,. fJ 

K-a-1 1.26 1.53 1.13 1.13 

2 1.50 1.53 1.07 1.40 

3 1.74 1.48 1.13 1.54 

K-b-1 1.20 1.54 1.06 1.12 

2 1.39 1.41 1.09 1.24 

3 1.49 1.38 1.04 1.43 

perfect developement of plastic hinges, coincide closely with the measured values, 

the difference being generally less than 10 percent (column (3)). It can be con­

cluded so far as this test is concerned that the redistribution of moment is 

completely done even on prestressed concrete members. The values estimated 

from the yield moment MsY of the corresponding simple beam do not show good 

agreement with the measurements (column (2)). Consequently, the definition of 

yield moment in Fig. 2 may be used limitedly only for calculation of plastic 
rotation. 

It is very interesting to compare the process of moment redistribution in 

prestressed and reinforced concrete. In case of prestressed concrete beams, the 

observed redistribution at higher load does not follow to the ideal redistribution 

curve. Redistribution begins when initial cracks are formed, and developes 

gradually with increasing load up to the failure of beam. This is quite contrary 

to the reinforced concrete beams showing an approximately ideal redistribution 
process. 

Fig. 10 shows the ratio <P of the ultimate plastic rotations of continuous 

beam to that of simple beam in terms of fl. At the intermediate support, 

where a plastic hinge is formed at first, </J draws nearer to 1.0 and tends 

even to exceed 1.0 as the increase of fl. If fl is larger than the critical /30 

giving <t>=l.0, the plastic rotation required would be so large that failure of 

beam due to the crushing of concrete in the compression zone would precede. 

This means that the yield of plastic hinge at this section is considered to remain 

actually incomplete when fl> /30 • The value of critical /Jo, however, can not be 

determined due to the limited data available in this test. 

3. 5. 3. Considerations on imperfect plastic hinge- In the plastic design theory, 

generally, the capacity of plastic rotation is considered only about the first hinge 

section and not about the last hinge section. In a prestressed concrete member 
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Fig. 10. The ratio of plastic rotation of continuous 
beam and simple beam 
a. (at intermediate support) 
b. (at mid span) 

the plastic rotation begins to occur in the last hinge section before the external 

moment of the first hinge section has reached the yield moment. For the per­
fect developement of the moment redistribution, sufficient magnitude of plastic 

rotation should be performed in all critical sections. The relation of plastic 

rotations in the critical sections are obtained as follows. In case of the loading 

M=M2 At 8 D sections 

M=Mi At C sections 

Fig. 11. Distribution of curvature 
.ind rotation in continµo1,1s "beam, 

as shown in Fig. 11-a, if the plastic rotations 

occur concentratedly in their loaded sections, 

the curvature ¢ and the angle change () are 

as shown in Fig. 11-b. ¢1 and ¢2 are the 

elastic curvatures of C and D (B) sections 

respectively. From condition of compatibility 

the following equations can be derived. 

- ~ l0p2 + ~ b2¢1-
1
~(3l+2b)(l-b)¢2 = 0 

...... (12) 
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Eliminating OR and by using b=l/2(1+r) 

............... (13) 

where r is the ratio of resisting moment of two sections; i.e. r=M,.2/Mn. The 

elastic term can be written as ¢(r). Then 

8p1 = 8p2+¢(r) 

Hence e P2f 8 Pl = 1-¢(r)/8 Pl 

............... (14) 

............... (15) 

The value of ¢(r) increases with increasing r. It is, however, so small that 8 P2 

influences remarkably the necessary plastic rotation of the first hinge section. 

Hence, when the rotation of the second hinge section is much larger than 8 P" the 

moment redistribution may become imperfect even though the rotation capacity 

of the first hinge section is larger enough. For the full development ·of moment 

redistribution on concrete members, the following factors should be favorable; 

(a) large rotation capacity of the first hinge section, (b) small rotation capacity 

of the second hinge section, (c) small /3 or r, which is the ratio of resisting 

moments of the two sections. 

4. Summary 

The results from this investigation may be summarized as follows ; 

(1) The plastic rotation is influenced by the concrete strength, the steel ratio 

and the yield stress of steel. Plastic rotation decreases with the increasing of 

reinforcement index q. In the case of reinforced concrete beams, the calculated 

values derived from the energy theory indicate nearly the minimum of all the 

measured values. 

(2) In case of prestressed concrete beam, the yield point of beam is not definite. 

The plastic rotation, however, can also be calculated just as in case of reinforced 

concrete beam under some proper assumptions, and the general relation between 

the plastic rotation to the reinforcement index is similar to that of reinforced 

concrete beam. But for the same value of q, the plastic rotation thus determined 

is less than a half to one third of that of reinforced concrete beams. 

(3) It is useful for studies on the plastic hinge to use the average rotation of 

section 'ff; p over the region of the plastic hinge, because the difference in loading 

manner is excluded. 'ff; p also decreases with the increase of q, but problems 

still remain in determining the region of the plastic hinge l p. 

(4) In the continuous beam, the redistribution of moment was recognised. When 

the parameter /3 is smaller, the plastic hinges are fully developed in the pre­

stressed concrete beam as well as in the reinforced concrete beam. However, 
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when /3 becomes larger, the beam fails when the last hinge has not completely 

been developed. That is, in this case, the yield of plastic hinge remains in­

complete. 
(5) The moment redistribution diagrams in the reinforced concrete beam coincide 

with those found in the ideal elastic-plastic materials. The curves of prestressed 

concrete beam, however, deviate considerably from the theoretical curve of the 

elastic-plastic materials, and the moment redistribution occurs gradually after 

cracking is caused in the beam. 

(6) Rigorously speaking, the ideal moment redistribution process may not be 

expected in a concrete structure, and we must take into consideration the amount 

of plastic rototion of the last hinge section in addition to that of the first hinge 

section in the ultimate design of concrete structures. 

This paper describes the results of the experimental study about the yield 

of p]astic hinge. The study is limited to the particular loading conditions, but 

it may be extended rather easily to other conditions. The authors hope it will 

be helpful for the establishment of plastic design theory of concrete structures. 
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