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Existing Conditions for Self-Oscillation m an 
Improved On-Off Control System 

By 

Yoshikazu SAWARAGI* and Yoo YONEZAWA** 

(Received July 30, 1963) 

This paper deals with the self-oscillation occurring in an improved on-off 
control system, in which the on-off controller is compensated by two first-order 
linear elements and the controlled system is a first-order linear element with a 
dead time. The existing conditions for self-oscillation in this system are exactly 
derived by the periodicity of the time responses of various variables under some 
assumptions. 

The present analysis has revealed the followings : 
a) in respect to the oscillated amplitude of a controlled variable, the per­

formance of a usual on-off control system is improved by introducing compensat­
ing elements 

b) as the value of Kp/K1 is changed monotonously, one mode of self­
oscillation changes into another one, that is, the amplitude and period of self. 
oscillation change discontinuously 

c) for some values of Kp/K1, two or more solutions satisfy the existing 
conditions for self-oscillation 

d) the self-oscillation in this improved on-off control system never vanishes 
with an extremely small value of K 11/K1 , but the amplitude and period of the 
oscillated variables become very small values. 

1. Introduction 
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It is well known that on-off or relay control methods are very useful for 

process controls and servomechanisms. There are several reasons for this. 

First, the relay represents the simplest possible amplifier. Second, on-off 

operation of the power element or actuator represents the most economical use of 
the installed capacity. Third, with on-off control the design and construction, 

indeed the entire principle of operation of the output element, may be simpli­

fied with consequent improvement in reliability and economy and saving in 

weight. Since, however, the output of on-off control elements are switched 

abruptly in accordance with an input, this operation results in an unsatisfactory 

oscillation of controlled variables. 
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There are some possible methods of compensating for the disadvantage 

just mentioned : 
a) introduction of proportional and derivative characteristics into the 

measuring element 
b) application of a sufficient high frequency signal from a source external 

to the system 

c) compensation for the on-off control element by some linear elements 

d) endowment of negative hysteresis characteristics with the on-off con· 
trol element 

Many workers1
) have studied the transient or frequency response of 

improved on-off controllers or control systems by method (c), however their 

papers did not mention the existing conditions and their stability in regard to 

steady self-oscillations occurring in the improved on-off control systems. 

This paper deals with existing conditions for self-oscillations occurring in 

the improved on-off control system shown in Fig. 1, where a symmetrical on­

off relay element compensated by two first-order linear elements constructs an 

on-off controller. The controlled system is a first-order linear element with a 

dead time, and the final values of controlled variables corresponding to the 
only two outputs from the on-off controller, ±A, are assumed to be sym­

metrical by the set point. 

In order to analyze self-oscillations in such a nonlinear control system, 
the phase plane method, the describing function method and the method2

) by 

the characteristic property of relay control system are useful. If, however, 

the characteristics of linear part of nonlinear control system contains a dead 

time, it is troublesome to use these method for analysis, furthermore the 

results of the analysis are not very accurate in spite of the laborious work. 

In this paper the existing conditions for steady self-oscilations in the given 
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Fi?· 1 Block diagram of the improved on-off co~trol s;vstem, 
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on-off control system are described by use of the periodicity and symmetricity 

of steady self-oscillations in the time domain. The next paper will deal with 

the stability of the self-oscillations in the on-off control system shown in Fig. 1. 

2. Analysis 

To determine the wave shapes of self-oscillations in the on-off control 

system shown in Fig. 1, it is sufficient to study the responses of oscillated 

variables in either the on- or off-period, because the on- and off-periods of the 

symmetrical relay element are equal to each other and therefore the responses 

of the controlled variable in the on- and off-periods are symmetrical by the set 

point. 

If the time origin is chosen at the instant when the controlled variable is 

switched from the increasing to the decreasing process, the response of the 

controlled variable in the decreasing process is given by 

(1) 

where T p and Kp are the time constant and the proportional gain of the controlled 

system, respectively, and x(O) is the initial value and equal to the amplitude of 

self-oscillation of Xm, namely, 

x(O) = Xm (2) 

Now, letting P be the period of self-oscillation in the system, the next equation 

is derived by Eq. (1) and the symmetricity of x(r) 

Therefore, the relation between the period of self-oscillation and the amplitude 

of oscillation of the controlled variable is rewritten by the above equation as 

and is illustrated in Fig. 23
). 

Xm - t h p 
AKp - an 4Tp 

2.1 Case without compensating elements3
) 

( 3) 

let us consider the behaviour of a usual on-off control system without the 

compensating elements shown in Fig. 3. 

Because of the dead time, L, of the controlled element, the changing time 

of direction of the controlled variable is delayed by L from the switching time 

of the relay element, namely, the switching time. of the relay elemeqt from 
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Fig. 2 Relation between the period of self-oscillation and 
the oscillated amplitude of the controlled variable 

!Fig. 3 Block diagram of a usual on-off control system 

"off" to "on" is expressed as 

r = P/2-L 

at which the negative value of the controlled variable is equal to the value of 

the hysteresis of the positive side in the relay element. This physical exp­

ression is given in a mathematical form 

h = -xme-P/2Tp+L/Tp+AKp(1-e-P/2Tp+L!Tp) 

from Eqs. (1) and (2), or in nondimensional form 

_h_ = 1-(1 + Xm )e-P!Tp+L/Tp 
AKp AKp 

This formula may be rewritten by Eq. (3) as 

Xm = 1-f 1 _ _ h_)e-L!Tp 
AKp \ AKp 

(4) 
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Fig. 4 Relation between the oscillated amplitude of the controlled 
variable and the width of hysteresis of the relay element 

This relation is plotted for various values of LIT p in Fig. 4, where the dotted 

line expresses that the amplitude of the controlled variable is never smaller 

than lhl. 
By Eqs. (3) and (4), in the self-oscillation of the system shown in Fig. 2 

the correlations between the period, the amplitude of the controlled variable, 

the width of the hysteresis in the relay element and the dead time of the con­

trolled element are determined. 

In this case, the condition of the switching time of the on-off control 

element is given by Eq. (4), and the condition of the switching direction in the 

process above-mentioned is 

(5) 

Since, however, the controlled element in the given system is a first-order linear 

element with a dead time, Eq. (6) is sure to be satisfied. 

2.2 Case with compensating elements (c.f. Fig. 1) 

If the origin of time t is chosen at the instant when the relay element 

switches from "off" to "on" the output from compensating elements, u(t), in 

an increasing process is given by 

(6) 

where T's and Kf are time constants and the proportional gain of the compensat­

ing elements, and u(O)'s are the initial values of u(t). 

By the reason described in 2.1, the wave shapes of u(t) are symmetrical by 

the set point. Therefore, the value of u(t) at the discontinuous points given 
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u(O) = u1(0)+u.f..O) 

u( ~) = U1(0)e-P12T1 +u.f..O)e-P12T2-AK1(e-P12T1-e-P12T2) 

= -u1(0)-u,J..O) 

ui(O)(l +e-P!2T1) +u.f..0)(1 +e-P12T2)-AK1(e-P!2T1 -e-P12T2) = 0 ( 7) 

And if the differentiation in respect to time is taken to Eq. (6), the values of 

incline of u(t) at the discontinuous points are given as 

The jump value of incline of u(t) at discontinuous points corresponding to the 

switching of relay elemnt is expressed 

(see Appendix). 

The above 3 equations can be simplified as 

From Eqs. (7) and (8), the initial values of u(t) yield 

and } ( 9) 

respectively. 

By the correlation between the value of dead time and the one for the 

period of oscillation, it is considered that the controlled variable is on whether 

during the increasing or decreasing process. 
First, let us consider the case that the dead time of the controlled element 

is 

In this case, at the switching instant of relay element from the on to the off, 

the controlled variable is on a decreasing process 
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Fig. 5 Periodical responses of linear elements of the improved 

on-off control system 

x(r) = Xme-"ITp-AKp(l-e-"ITp) 

where the origin of r is chosen when the controlled variable switches from an 

increasing to a decreasing process (see Fig. 5a). Therefore the time when u(t) 

turns from a decreasing to an increasing process is expressed as 

p 
•=2-L 

at which the controlled variable is given by 

x(P/2-L) = Xme-P/2Tp+L!Tp-AKp(l-e-P/2Tp+L/Tp) (10) 

so that the condition of the switching time of the on-off control element can 
be written as follows : 

x(r = P/2-L)+u(t = 0) = -h 

Applying Eqs. (3), (7), (9) and (10), the above equation may be rewritten as 

KpJ h -1 +(1-tanhL)e-Lt•r}-tanhL+tanhL = 0 (11) 
K1UKp 4Tp 4T1 4T2 
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And since the condition of switching direction of on-off control element is 

.t('r = P/2-L)+u(t = P/2) < 0 

this condition yields as 

_!_ Kp L(1-tanh L)eLJTp + P(1-tanhL)- P(1-tanhL) >0 
2 Kt Tp 4Tp Ti 4T1 T2 4T2 

(12) 

In the case where the dead time is 

the controlled variable is on an increasing process when the on-off control 

element is switched from "on" to "off" that is, 

where the origin of r is chosen at the instant when the controlled variable is 

turned from a decreasing to an increasing process (see Fig. 5b). Hence the 

time when u(t) is changed from a decreasing to an increasing process is 

1:=P-L 

at which the controlled variable is 

In this case the condition of the switching time of the on-off control element 

is expressed 

x(r = P-L)+u(t = 0) = -h 

namely 

Kp{_h_+ 1 -(1- tanhL)e-P!Tp+LJTp'. -tanhL+tanhL = 0 (13) 
Kt AKp 4Tp i 4T1 4T2 

And the condition of switching direction is as follows : 

.t(r = P-L)+u(t = 0) < 0 

that is 

(14) 

In the general case, 

nP /2 <:; L < (n + l)P /2 (n = 0, 1, 2, 3, · · · ) 
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by the method used in the previous cases, the conditions of switching time and 

direction of the on-off control element are derived as 

(15) 

and 

(16) 

respectively. 

The general existing conditions for self~oscillation in the on-off control system 
shown in Fig. 1 are given by Eqs. (15) and (16). 

3. Numerical Examples 

The examples of numerical solutions of self-oscillation occurring in the on­

off control system shown in Fig. 1 are plotted for various values of n in Fig. 6, 

where the values of constants in the system are as follows: 

h/AKp = 0.05 
L/Tp = 0.3 

Tp/T1 = 10 

Tp/T2 = 1 

( b) f 
l 

h/AKp = 0.05 
L/Tp = 0.3 

Tp/T1 = 5 

Tp/T2 = 2 

and the small circles with an arrow indicate the solutions for an infinitive 
value of K p/ Kt, that is, the solutions are ones of self-oscillation in the usual 

on-off control system shown in Fig. 3. 

4. Conclusion 

The existing conditions for self-oscillation occurring in the on-off control 

system compensated by linear elements are derived precisely, furthermore by 

numerical examples the solutions of self-oscillation of the given system are 

compared with one of the usual on-off control systems. 

As a result of the analysis mentioned above, the following are revealed: 

1. in respect to the oscillated amplitude of the controlled variable, the 

perormance of a usual on-off control system is improved by introducing com­
pensating elements 

2. as the value of Kp/Kt is changed monotonously, one mode of self­
oscillation changes into another one, that is, the amplitude and period of self-
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Fig. 6 Self-oscillations in the improved on-off control system 

oscillation change discontinuously 
3. for some values of K p/ Kf, two or more solutions satisfy the existing 

conditions for self-oscillation in the given on-off control system 
4. self-oscillation in the improved on-off control system never vanishes 

even with an extremely small value of Kp/Kf, but the amplitude and period 
of the oscillated variables become very small values. 
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Therefore, in this improved on-off control system, by a large value of Kt 

the amplitude and period of self-oscillation can be reduced. Since, however, it 
is supposed that the undesirable transient response of the controlled variable 

for the very large value of Kt is caused by the changing of set point or the 

introducing of disturbance, an adequate value of Kt in the compensating ele­

ment should be chosen corresponding to the characteristics of the controlled 

element in order that the responses in the transient as well as steady states 

are desirable. 

The stability of self-oscillations in the given system should be determined, 

but it will be dealt with in the next paper. 
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Appendix 

From the transfer function of compensating elements 

_r{u(t)}- Kt Kt _ Kt(T2-T1)s 
y(t) - Tis +l -T2s +1 - T1T2s2+(T1 + T2)s+l 

the relation between the input and output in the form of a differential equation 
is given by 

T1T2u(t)+(T1 + T2)u(t)+u(t) = Kt(T2-T1)y(_t) 

where • denotes d/dt. 
Now, when the input to this system is a step function, namely, 

y(t) = 0 
= 2Al(t) 

let us assume the time response of the output near to t=O is as follows : 

u(t) = uo(t) + al(t) + /3tl(t) 

Hence the derivative of y(t) and u(t) in respect to time are derived as 

(A-1) 
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j(t).= 2Ao(t) 

u(t) = uo(t) + ao(t) + Bl(t) 

U(t) = U0(t) + ao(t) + j3o(t) 

where o(t) is a delta-function. 

Substituting these relations into Eq. (A-1), the resultant is 

T 1 T 2 {Uo(t) + ao(t) + f3o(t)} + ( T1 + T2) {uo(t) + ao(t) + /31(t)} 

+ uo(t) + al(t) + Btl(t) = 2AK"t( T2 - T1)o(t) 

Since from the above identity a and 8 are given by 

a=O 

and 

respectively, the response of the output near to t=O for the step input is 

expressed as · 

u(t) = u0(t) + 2AKf( A- ,A)tt(t) 

Therefore the jump value of the incline of u(t) is 

(A-2) 

(A-3) 




