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and a relay control type.
the high accuracy of the apparatus are required for reliable operation. In the
relay control type, the construction is much simpler than the former, but accurate
control is not expected on account of the hunting which is inevitable in a high

Stability of a Servomechanism Operated by PWM Mode

By
Taizo SawaMura* and Hideo HANAFUSA**

(Received July 31, 1962)

In a servomechanism operated by the PWM mode, the output contains the
dither corresponding to the carrier pulse, When the loop gain becomes high, the
dither component is fed back and modulates the pulse width. Therefore, we
must consider not only the ordinary stability problem of the servo loop but also
the stability of the dither.

First, the stability of the fundamental circuit was analyzed. In this case, it
was shown that the various waveshapes took place depending on the ratio of the
pulse transmission lag to the pulse period and the loop gain. The ranges of the
loop gain were also obtained for various waves.

Next, the stability was studied with regard to the servomechanism in which
two types of compensating circuits were used. One was a first-order system and
the other was a phase lead network. It was shown that these compensating
circuits were effective for stabilizing the servomechanism, if they were selected
properly. The optimum time constants were obtained for these compensating
circuits.

Finally, the theoretical results were verified by experiments which were
carried out by an electrohydraulic servomechanism.

1. Introduction

Servomechanism are classified into two types: a continuous operation type
In the continuous operation type, the complexity and

gain loop.

to those of the servomechanism which operates as a continuous type for small
inputs and operates as a relay control system for large inputs. Therefore, a high

In the servomechanism operated by the PWM mode, a pulse-width-modulation
unit is added to the relay control system and the characteristics become similar

accuracy control is realized by comparatively simple construction®?>.

* Automation Research Laboratory
** Faculty of Industrial Arts, Kyoto Technical University
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As the controlled system is driven by pulsative inputs in the PWM opera-
tion, the controlled output consists of two components. One is the output
corresponding to the command to the servo loop, the other being the dither which
has the same period as the carrier pulse. When the loop gain becomes high, the
dither component which is fed back through the feedback circuit modulates the
pulse width, and the dither in the output becomes unstable. Therefore, we should
consider not only the ordinary stability problem of the servo loop but also the
stability of the dither in the output.

In this paper, the stability problems of the servomechanism operated by the
PWM mode are discussed for the fundamental circuit in which the feedback
circuit consists of a proportional element. Next, a first-order system and two
types of phase lead networks are used in a feedback circuit and the effects of
these compensating circuits are compared. The validity of the analysis is verified
by experiments which are carried out by an electrohydraulic servomechanism.

2. Construction and operation of a servomechanism operated by
PWM mode ‘

Fig. 1 shows a schematic diagram of the servomechanism operated by the
PWM mode. The PWM unit generates the pulses as shown in Fig. 2 (a) for no

+ PWM pulse trans - controlled
il
— Yunit mission device system
I| feedback device l[

Fig. 1. Construction of a servomechanism operated by a
PWM mode.

error signals. When the error signals are
given, it is assumed that the modulated pulse 1 1 1 01

train has the same period as the pulse train |_j LJ |_J |_ d
“for no error signals, and that the widths of (a)

the positive pulses are modulated symmetrical- ]
ly on both sides of their centers in propor- |__ L n ¢
tion to the momentary values of the error at

16)
the centers of the positive pulses. Fig. 2 (b) Fig. 2. Pulse generated in a PWM

shows the pulses for error signals. Such mo- unit.

dulation is said to be a symmetrical modulation of the pulse width, and it is a
basic mode of the pulse-width-modulation for theoretical treatment. Such a mode
of the modulation can not be realized by physical means in the strict sense of
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the term, but is realized approximately by the

following principle. Fig. 3 shows the error (2) E\'\:f;\gz P
signal and the pulse train in (a) and (b), re-

spectively. In this figure, T,, T; and T, show

Al 18]
the time lengths. E,, E, and E, are the aver- (o) = [_:_ _ll__f
age values of the error signal during each __7:;* 77 '
durations. If the period of the unmodulated !
pulse is T,, the following relations exists: Fig. 3. Error signal and pulse train,
T, = (To/2)(1+ERE)) (1)
T1 = (To/z)(l—kE1) (2)
T, = (To/2)(1+kE,) . (3)

where k is the gain of modulation. In Fig. 3, A and B represent the centers of
pulses. The time length between A and B is obtained as

T,

L +%+ T, = To+—£9 E(E\+E,—2E)) . (4)

If the error signal is represented by a rectilinear line, E, and E, represent
the error values at the moments corressponding to A4 and B, and the pulse period
does not change by Eq. (4). Therefore, symmetrical modulation can be realized
in this case. However, it can be realized approximately when the error signals
change otherwise than the rectilinear line.

The pulse excited by the PWM unit is transmitted to the controller through
the pulse transmission device, and the pulsative inputs are given to the controlled
system.

3. Stability of a dither when a feedback circuit consists of a proportional
element
Fig. 4 shows a block diagram
. .. PWM N 7
of the Taasuf mraflt of the servo =1 it P
mechanism in which the feedback

circuit consists of a proportional =

. A
element. In Fig. 4, #{p, represents =
Fig. 4. Block diagram of a fundamental circuit
operated by a PWM mode.

the pulse transmission lag, K, and
Ky being the gain constants of the
controller and the feedback circuit, respectively.

3.1. Wave-shape change of a dither for #p,< 7,/2
In practical use, the most important is the case when the pulse transmission
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lag #p, is smaller than a half périod of the carrier pulse, 7,/2. In this case, the
following waves exist as the dither in the output according to the loop gain.

(1) Disturbed wave of a period 27,
Fig. 5 shows the disturbed
wave of a period 27,. In Fig. 5, ___..__’1_-__41
I and II are points on the out-
put at the sampling instants, and e
are called “sampling points” from P
now on. The pulse widths ex- i} f %

cited by the PWM unit are }a ! ' !
modulated proportionally to the 4

N

N
paY
&

(oY -

[Do i 7;1
displacements of the sampling o

!
R

points, transmitted to the con-

. Fig. 5. Disturbed wave of a period 27,.
troller accompanying the lag ¢p,,
and then integrated by the integral properties of the controlled system. The
integrated pulses are represented by AB and CD of Fig. 5. P and @ are the
centers of AB and CD, respectively. If the notations are.used as shown in Fig. 5,

the following relations are obtained:

L= (To/2)(1+ Krku,) (5)
t, = (To/2) (1 + Krku,) (6)
t1+t2 = To . ( 7)
From Egs. (5), (6) and (7),
U= —Uy. (8)

If v,, is used to denote the velocity, the positive direction of which is taken
downward in the figure,

g = up+ 0, {To— (L +8)} =up. (9

When a disturbed wave takes place, it is proved easily that only the wave
of Fig. 5 is the stationary wave, where the first sampling point exists on AP and

the second sampling point exists on BC. From Fig. 5, the following relations
are obtained:

U, = uP+vmtDo (10)
%, = uQ—Vm(ipo—1t2) . (11)
From Eqgs. (7)~(11),
— _y, — Vm&ip—Ty)
B T Y Tw Kk az

Now, %, must satisfy the following relations:
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1>Krku, >0 (13)
tDo > tz/2 (14)
tpe< /2. (15)

Substituting Eq. (12) into Egs. (13), (14) and (15), the conditions where the
disturbed stationary wave of Fig. 5 exists are obtained as follows:

when To/2 > tp, > To/4,
To/tpo > TwmKrk >2. (16)
When tDo < To/4 y

. TowmKrk > To/tpy.

Next, the stability of the disturbed wave of Fig. 5 will be studied. The
solid lines in Fig. 6 show the same wave as in Fig. 5, and the broken lines show
the wave which will occur by a small disturbance added to the stationary wave.
From Fig. 6, the following relations are obtained:

iy, |

A

\\ /

A ’ ,
t; { ; l§'—"1‘

Fig. 6. Stability of a disturbed wave of a period 27,.

B = (To/2) (14 Krk(uy + du) an
t = (To/2)(L+ Krhub) (18)
t = (To/2) {1+ KrhCuy+ dus)) (19)
g = (s 4y~ o (150 + ) 4 0 { T~ (10 + )} (20)
ot dty = wh— oy 15+ B — 150 +0,{ To— 5+ B — 100} (21)

where du, and 4du, are the differences of displacements between the solid lines
and the broken lines at the first and the third sampling points, respectively. From
Egs. (17)~(21), the following relation is obtained:

du:(2+ TwmKrk) = du,(2— T Krk)(1— TwmKrk) (22)

|dus| must be smaller than |4u,|, in order that the solid wave is stable. Using
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Eq. (22), the condition for |du.|< |4u,| leads to
0 Tow.Krk<4. (23)

From Egs. (16) and (23), it is concluded that the stationary disturbed wave for
To/2>>tpo > To/4 is stable and the wave for #p,<  T,/4 is unstable. The stable
wave exists practically, but the unstable one does not occur.

(2) Triangular wave of a period T,

The stable triangular waves

are shown by the solid lines of

Fig. 7 and Fig. 8 for the cases of
tpe<To/4 and To/4<tpe<To/2, 4
respectively. In these cases, as 4 T L
the displacements at the sampl- B
ing points should be zero, then

_ _ Fig. 7. Triangular wave of a period T, for
uy=u,=0. 24 °
1 2 (24) tpy< To/4.

Stabilities of these waves
are studied as follows. The - 7T

I /-3
broken lines of Fig. 7 and Fig. AN
8 show the waves which will , VAN
occur by small disturbances add- /:/ P A%z
ed to the stationary waves. The A ’ T
relations between 4u, and du, iedd

become as follows in each case:

. Fig. 8. Triangular wave of a period T, for T,/
For tD0< T0/4, 4<tD0< T0/2.

2 Tw.Krk
dur = o TR kT (25)
For To/4 < tDo < T0/2 ’ |

du; = du,(1— Tw..Krk) . (26)

From Eq. (25), |du,| is always smaller than |4u,], and the stationary triangular
wave of the period T, is always stable for {p,<  To/4. From Eq. (26), however,
|du;| is smaller than |d4u,| only for Tw,,Krk<2, and it is concluded for T,/4<C
tpo< To/2 that the stationary wave is stable for Tw,.Krk< 2 and is unstable for
TowomKrk=2.

(3) Triangular wave of a period 27,
The stable triangular wave is shown by the solid lines in Fig. 9 for #p,< To/2.
In this case, the following relations hold :
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kaul Z 1 (27)
Krbup < —1 (28) Jo———nt

Us—UP = Up —Us = UplDy. (29)

From Eqgs. (27) and (29),

Krk(vmtpotup) =1. (30)
From Eqgs. (28) and (29),
Krk(vmipo—up) =1. (3D

At the limit where the triangu-
lar wave of the period 27, takes
place, the notation “=" is used in
Egs. (30) and (31), and they lead

to up=0 and tpwmKrk=1. There- Fig. 9. Triangular wave of a period 27,.

fore, the condition where the stationary triangular wave of the period 27T, exists
is given by
TowmKrk = To/tp, . (32)

Next, the stability of the triangular wave will be studied. In this case, it
should be considered separately for 4u, >0 and for 4u;< 0, where 4u, is the dis-
turbance given at the first sampling point. If Eqs. (27) and (28) still hold for
du,, it is obvious that the triangular wave of a period 27, is maintained and the
stationary wave is stable. If Eq. (28) does not hold for positive 4x%,, the transient
wave is shown by the broken lines of Fig. 9. In this figure, the following rela-
tion is obtained :

uy = uy— Twm(1+Krkus) (33)
where u, u, and u} are the displacements at points E”, A’ and II’ of Fig. 9,
respectively. Substituting #,=#a+4du, in Eq. (33) leads to
uy =ua+duy(1— TwuKsk) — Tovm(Krku,+1) (34)
where u4 is the displacement of a point A of Fig. 9. Using Krku.< —1, it is
conculuded that ua<uf <u/; for small du,, and that the transient wave approa-
ches the stationary wave gradually.

If Eq. (27) does not hold for negative 4u,, the transient wave becomes the
same as shown by the broken lines of Fig. 6. In this case, it is proved by the
same method as for 4u, >0 that the transient wave approaches the stationary
wave gradually.

The results of the above analysis are shown in Table 1. When two stable
waves exist for the same gain, either wave occurs according to the initial condi-
tions.
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Table 1. Critical conditions for a waveshape-change.

tpy/ To TovmK sk Waveshape : Period
TowmKsk < To/tp, triangular stable T,
tpo/ To < 1/4 triangular stable T,
TowuKsk = To/tp, disturbed unstable 2T,
triangular stable 2T,
ToomKek <2 triangular stable T,
2 < TonK k< To/tp, tx:langular unstable T,
1/4 <ipy/Ty<1/2 disturbed stable 2T,
ToomK sk 2 Toltn, triangular unstable T,
triangular stable 2T,

3.2. Some consideration for ¢p, > T,/2

Though the most important case is #p,<{ To/2, {p, may become larger than
T,/2 when the pulse transmission device has a multi-stage amplifier. Also, the

analysis for ¢p,> To/2 is useful in analyzing the characteristics of the servome-

chanism when the feedback cir-
cuit does not consist of a
proportional element. In both
cases, the practically important
problem is to obtain the range
of the loop gain in which only
the triangular wave of the
period 7, can exist.
(1) The case of 3T,/4>
tpo> To/2
In this case, the triangular
wave of the period T, is shown
in Fig. 10. This figure is similar
to that for 7/2>tp, > To/4,
and the triangular wave of
the period 7, is stable for
TwmKrk<2 and is unstable for
ToomKrk=2. When the trian-
gular wave becomes unstable,
the disturbed wave shown in
Fig. 11 takes place and it is

A

Fig. 10. Triangular wave of a period 7, for
To/2<tpy<3T,/4.

Fig. 11. Disturbed wave of a period 27, for
To/2 <tpy<38Ty/4.
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stable for 2< TwmKrk< To/(To—1tpo).
(2) The case of T, >tpe
>3T./4

In this case, the triangular

wave of the period T, is shown
by solid lines in Fig. 12. The
broken lines in the same figure

show the wave which will occur 7o
by small disturbances. From ti—— F’;
_Flg' 12_’ the following relation Fig. 12. Trianguar wave of a period T, for 3T,/
is obtained: 4<tp, < T,.
duy = du— L TooKrk(du,+ duy) . (35)

2

As |du,| is not always smaller than [d4u,| even for small values of Tow,,Krk, the
triangqlar wave of the period 7, is not stable for ¢p, >37,/4.

4. Stability of a servo loop and a dither when compensating

circuits are used in a feedback circuit

Fig. 13 shows a block diagram of a
fundamental circuit operated by the PWM
mode, where Gr(s) represents the transfer

. . .. . [6ds)!
function of a compensating circuit. With ==
respect to the stability of this servome- Fig. 13. Block diagram of a compensat-
ed circuit.

chanism, two problems must be considered :
one is the stability of the servo loop, the other being the stability of the dither
in the output.

4.1. Stability of a servo loop

The stability limit of the servo loop is obtained by using the equivalent
transfer function for the PWM unit. The equivalent frequency transfer function
G4(jo) for the error signal of E, sin ot is represented as follows® :

Gy(jo) = 3}'5,—’: LT cos (wT,,\ IA (kE“wT") ’ (36)

where y,, is a height of the pulse. ®7, must be smaller than = in Eq. (36), be-
cause the PWM operation is a sort of sampling operation and the transfer function
can be defined only for wT,< n. For the calculation of the stability limit, the
input amplitude is considered to be small, and therefore Eq. (36) reduces to
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a)To)

Ga(jo) = kym COS( 7y

3D

Using the equivalent transfer function, the characteristic equation of the
servo loop becomes as follows at the limit of stability:

1+ Gd(]wl) K, Gf(sz)e Jertne = Q (38)

where @; is the angular frequency of the self-excited oscillation at the stability
limit. It is seen from Eq. (37) that G,(jw;) represents the gain depending upon
w; and does not contain any phase shifts. Then, Eq. (38) is equivalent to the
following two equations:
witpo— LGr(jwr) = /2 39
K.Ga(jor)|Gr(jor)| = o1. (40)
As G;(jw)) is defined only for w,To<mx, Eqs. (39) and (40) are significant
only for the same range of w;,.

4.2. Stability of a dither in the output

The stability of the dither in the output for the case when the feedback
circuit does not consist of a proportional element may be discussed approximately
by extending the result of calculations for the case when the feedback circuit
consists of a proportional element. The stability limits of the dither for the
feedback circuit of the proportional element are given as follows:

When tpo/ To<1/4,

ToomKrk = T,/tps. (41)
When  1/4 <tpo/To<3/4,

TowomKrk=2. (42)
For the case when the compensating circuit is used in the feedback circuit, the
stability limits are obtained approximately by substituting Gr(j2r/T,) for Kr
and {tpo—(To/2r) 2 Gr(j2r/T,)} for tp,in Eqs. (41) and (42). The stability limits
are given as follows by these approximations:

When  {too— 22 2G/(; 27’)}<T°

T <4
{tpo 4Gf(2:;’}vmklcf To) 1. (43)
When <206, (i)} <],
Toomk| Gy (i To) -2, (44)

In designing the servomechanism, both the servo loop and the dither must
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be stable. Therefore, the gain of the servo loop should be smaller than the
critical gains calculated by Eqgs. (40), (43) and (44).

5. Compensating circuits for stabilization

For the stabilization of the dither, two types of compensating circuits can
be considered in the feedback circuit. One is a low-pass filter which cuts off
the feedback of the dither components. The other is a phase lead network which
compensates the pulse transmission lag in the forward circuit of the servome-
chanism. The stability problems for the case when compensating circuits are
used in a feedback circuit are discussed as follows.

5.1. Compensation by a first-order system
A first-order system is a simple and representative circuit in low-pass filters.
The transfer function is given by

Grljo) = s “5)

In this case, stabilities of both the servo loop and the dither must be
considered.

(1) Stability of the servo loop
Using Eqs. (39) and (45), the following equation is obtained :

witpettan (Trw;) = /2. (46)

If w; calculated by Eq. (46) satisfys the relation of w;T,< =, the stability of the
servo loop must be considered. In this case, the gain at the stability limit is
obtained by Eq. (40). Substituting K.=v,./y» and Eqs. (37), (45) and (46) into
Eq. (40) leads to

Kk COS (‘1’145) sin (witps) = ;. 47)

Therefore, the critical loop gain is given by

. COITO
TomKrk = o5 (0:To/4) sin (@4tp,) © “

(2) Stability of the dither
Substituting the gain and the phase angle obtained by Eq. (45) into Eqs. (43)
and (44), the critical loop gains are obtained as follows:

When {tDo‘}‘-B tan™! (Zﬂ—Tf)} < T,

27T To 4 ’
Tovafk — l/1+4772(Tf/To)2 . (49)
ooy 1 yan (2”Tf)
T, 2= T
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When %9 < {tno-l- % tan™* (Zanf )} < % T,

TowmKrk = 201+ 4n* (T5/To) - (50)

(3) Design of a compensating circuit of a first-order system
In Fig. 14, the solid curves show the stability limits of the dither calculated
by Egs. (49) and (50), the broken curves being those of the servo loop calculated
by Eq (48). Both groups of these curves are distinguished by Ts/T,. If
both the pulse period and time constant of the first-order system are constant,
the loop gain must be adjusted to be in the left range of both the solid and
broken curves which have the same parameters. The chain curve in Fig. 14 is
the locus of the intersections of the solid and broken curves for the same Tr/ T,
and it gives the maximum loop gain

475 T for various fp,/7T,. Fig. 15 shows the
\\\\ optimum time constants which give
1 ‘\\\\ the maximum gains represented by
v\ the chain curve in Fig. 14.
iy \\‘ T
4 ‘:‘\\“ \‘:‘:; Fo_ 04 %
S \ :\i\\\‘ \-: 1T 71, 0 _]__-
SN -
7_7'_;=0/ \\‘:\\\:\‘T______ 42 |
025~ RSN ST NIZ,
A NTC-%-- .
a0d \\i\\t\gg_
al p \\\\ 05
02 B A /\ = \
) a4 06 =
% ; 10 % 025 05 a7
To vm Kik tog/Ts
Fig. 14. Effects of compensations by a first- Fig. 15. Optimum time constants of
order system. a first-order system.

5.2. Compensation by a phase lead network
A phase lead network compensates the pulse transmission lag in the forward
circuit of the servomechanism, and reduces the phase lag of the overall system.
The transfer function of the phase lead network is represented by
R 51)
where Tr, > Tr,. When the feedback circuit consists of a phase lead network,
the servo loop becomes more stable than in the case when the feedback circuit
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consists of a proportional element. Therefore, the stability limit is determined

by the stability of the dither.
considered to stabilize the dither.
®

component

Two typical types of phase lead networks are

Phase lead network which has the maximum phase lead for the dither

When the phase lead network is designed to have the maximum phase lead

for the dither component of the period
T,, the transfer function of Eq. (51) is
reduced to

o) 7

(52)

Substituting the gain and the phase
angle obtained by Eq. (52) into Egs. (43)
and (44), the critical loop gains are ob-
tained as follows:

When
o B ) o T
-t (L e
When
1o ()
—tan™ ()} >
TowmKrk = T,/nTy,. (54)

In Fig. 16, the solid curves show the
stability limits of the dither calculated
by Egs. (63) and (54) for various values
of Tri/T,.
limit of the compensation by the phase
lead network which has the maximum
phase lead for the dither component.
Fig. 17 shows the optimum time constant
which gives the maximum gain represent-
ed by the broken curve in Fig. 16.

The broken curves show the'

a75
L
5 =
1
A
u|
IS 03
\§ {
~Q \
02 proportional element
Tiz
025 3 TN\
— ]
\_ﬂ
[7%;
a2
proportional
element
% 5 10
TovaKik
Fig. 16. Effects of compensations by a phase
lead network with a maximum
phase lead for a dither component.
as /
0.6
N
N /
N~ o4
i@z a3 a7 a5
oo / To
Fig. 17. Optimum time constants of a

phase lead network with a ma-
ximum phase lead for a dither
component.
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(2) Phase lead network in which the ratio of Ty, to T is constant
In this case, the transfer function is represented as

_ Kr(1+Tss)
Gr(s) = 1+nTrs (55)

where n=constant and n<{1. Substituting the gain and the phase angle obtained
by Eq. (65) into Eqgs. (43) and (44), the critical loop gains are obtained as follows:

When tDO—E {tan‘1 (%) —tan™! (M) } < T ’

2n T T, 4
TowmKrk = [%: — 2%1 {'can“1 (2%) —tan™? (2———"’}?" 1)}]_1
| E O T )

1+ @aTrn/To*

When —2— T > z‘m—z%{tan—1 (%TY()}‘) —tan™ (2"—7;,?)} > —? R

TomKrk = 2,/ 1T CnnTr/To)* 57
g ‘/1+<2an1/To>2 ®n

Fig. 18 shows the stability limits of the dither calculated by Egs. (56) and
(87) for various values of Ts/T, and n=0.5. In this case, the optimum time
constants are obtained by substituting Eq. (56) into d{(Tw.Krk)/d(Tr/T,) =0.
Then, the relation between #p,/ T, and the optimum value of Tr/T, is obtained as

tpo 1 ’{t —1 (ZWTfl)
=0 = — . <Jtan —J1
075 T, 2rx T,
i — tan (22T Ldrn(Tr) T
/,D/'UPONID al  elemen To 47T2(n+1)(Tf1/ TO)2
T _
| 02 Fig. 19 shows the relations of ip,/ 7, and
as 073 T/ T, obtained by Eq. (58).
s 0.5
< 08
3 i< 01
10
4 02 06
[y n= 21
025 03 \'\\ ,\
% proportional 3 a4 >
element /><\
N N
RNV
o5 1 )
% 5 70 0 01 a2 a3 04 5
To vin K1k 60,/ 1,
Fig. 18. Effects of compensations by a phase Fig. 19. Optimum time constants of a phase
lead network in which the ratio of lead network in which the ratio of

Ty, to Ty, is constant. Ty, to Ty, is constant,
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5.3. Comparison of the compensating circuits
By the preceding analysis, the

stability limits are obtained for three 075
types of compensating circuits, and \ |
the optimum time constants are de- \/(1 )
termined for every compensating cir- LA

cuit. In Fig. 20, Curve (1) shows the \ :
stability limit for the feedback circuit PN T .
of the proportional element, Curve (2) R \\ '
showing that for the first-order system, '\\ N . \ /( 2)
Curve (3) showing that for the phase 3 \‘\\\

lead network with the maximum phase "*c\

lead, and Curve (4) indicates that for 225

the phase lead network of n=constant.

By comparison of these curves, it is (4)

seen that phase lead networks are
suitable for the case when #p,/T, is

small. The first order system is effec- 0 —
tive in each case, and is particularly

To VnKok
suitable for the case when #p)/7, is Fig. 20. Comparison of compensations by

larger than 1/4. various_circuits.

6. Compensation of the servomechanism in which the controlled

system consists of a first-order one

The block diagram of the servome-
chanism is shown in Fig. 21. Though

)
oo
J__{—‘;his. Ky 5/]‘!’__7_';/5}

the lag characteristics contained in the

controlled system are effective to re- [ G (5)i
duce the amplitude of the dither in Fig. 21. Block diagram of a servomechanism
the output, it causes instability of the with a first-order controlled system.

servo loop and the dither. In this case,
the compensating circuit of Eq. (51) is used, and the time constants are deter-
mined by referring to the preceding analysis.
6.1. When tpo+% tan— (“%) <%’

This case corresponds to the case of #p,/T,< 1/4 in the preceding analysis.
In this case, the most effective compensation is that by the phase lead network
which has the maximum phase lead for the dither component of the period T,.
When this network is used, the stability limit is given by
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ToomKrk = - L4 H(zT)[tA v L ftan (22T2)

2rnTyr, To T, 2rn T,
(78] o T ) T

In this case, both the phase lead network of #=constant and the first-order
system are also effective. The time constants of these compensating circuits
are determined by Fig. 15, Fig. 17 and Fig. 19, if the abscissas are replaced by

{35 tan™ (275)}

3 T - (211:T) T
6.2. When - T, > tp,+2° 1 2l >0
en 2 o > Do+2ﬂtan T, > 7]

This case corresponds to the case of 3/4>>fp,/T,>>1/4 in the preceding
analysis. In this case, the most effective compensation is to replace the time
constant T, in the controlled system by the optimum time constant Tr given by
Fig. 15. The transfer function of the feedback circuit is given by the following:

Gr(s) = HOT T, (60)

7. Experiments

Experiments were carried out

by an electrohydraulic servome-
chanism as shown in Fig. 22

multi - forguemotor

nal
vibrator ———‘

&)
055//&7 tor

Principal dimensions are as follows:

Displacement of a spool=+0.3 mm
Width of a control orifice in a spool

valve=2mm ditferential ~ |
transformer

Area of an actuator piston=10cm?

actuator piston

Friction of an actuat i =
ator piston=9 kg Fig. 22. Schematic diagram of an electrohydraulic
Supply pressure=30kg-cm—2 servomechanism operated by a PWM mode.

tpo=4.5ms k=022 v! vm=2.2cm-st.

7.1. Waveshape-change of a dither in a fundamental circuit

Waveshapes of the dither of the actuator piston are shown in Fig. 23 for two
pulse periods and for various gain constants of the feedback loop. When T,=
18.3 ms, Zp, becomes smaller than T,/4, and it is expected theoretically that the
triangular wave of the period 7T, continues so far as Ky=45.8 v-mm™, and that
the triangular wave of the period 27, takes place for Ky>458 v-mm™% When
T,=11.4ms, tp, becomes larger than 7,/4, and it is expected that the triangular
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AW

Ki=25 .ot

K=18 v.mm’

Ki =44 vemm™

fa) To =18.3 ms

WMWY

KAr =]2 V_mm'l

AN

K =28 vemm’

K =44 v-mm™’

16} To =114 ms

Fig. 23. Waveshape-change of dithers for a fundamental circuit.

wave of the period T, continues so far as Ky=36.2v-mm™', that the disturbed
wave occurs for Kr=236.2~45.8 v-mm™’, and that the triangular wave occurs over
Kr=458 v-mm™ Fig. 23 shows such changes of the waveshapes as expected.

Fig. 24 shows the maximum dis-
placements of the actuator piston
for T,=183ms and T,=11.4ms.
When 7,=18.3ms, the displacement
for small values of Kr is not con-
stant, but it increases gradually
with Kr. This is different from
the theoretical analysis because the
multivibrator in Fig. 22 modulates
not strictly but approximately the
pulse width depending on the
principle of the symmetrical mo-
dulation. However, it was verified
by experiments that the dither in
the displacement of the actuator

displacement  of

max.,

05 T T
—— . ;=183 ms
04+ - To=11.4 ms
g
g )———.—_.
_./.’ prsaeme O
03 -)’o’dlo_,a/o
§ /j
-2
S a2 Wl
S j
3 |loooo
R al
]
Y20 4w 60 a0 1w
Ay vemm”

Fig. 24. Maximum displacements of an actuator

piston in a fundamental circuit.
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piston became unstable for certain loop gains, and that the various waveshapes
of the dither took place as was expected theoretically.

7.2. Compensation by a first-order system

The circuit of a first-order system is shown 0K
in Fig. 25. In Table 2, the optimum values of Cr :
in the circuit are shown for 7,=18.3 ms, 16.8 ms
and 11.4 ms, which were determined by the theore-

tical calculations and the experiments. The maxi- Fig. 25. Compensating circuit
of a first-order system.

Cr

.IlH

mum displacements of the actuator piston are
shown in Fig. 26 and Fig. 27 for T,=183ms and T,=11.4ms, respectively. In
these figures, the curves for Cr=0 represent the case when the feedback circuit
consists of a proportional element. As the pulse transmission lag fp, is 4.5ms
in this apparatus, ¢p,/ T, is smaller than 1/4 for 7,=18.3ms, and exists between
1/4 and 1/2 for T,=114ms. In both cases, it is seen that the first-order systems
are effective to stabilize the servo mechanism.

Table 2. Optimum values of C; in first-order systems.

T, tp, Cr (pF)
(ms) T, Theoretical Experimental
18.3 0.244 0.77 08~1.0
16.8 0.268 0.66 0.6 ~ 0.8
114 0.394 0.29 02~04
10 T T 0 T T
°o C=0 & °oCi=0
. a8— e (, =0,8uF & a8 L =0.2/1F
g e G =10uF %’4 ® Oy =04urF
. 6 « Q6
S /f © S
- & TG
23 g4 S Yo gt
g s L 0—0 35
]85 ,o’yo— &3
ERS R
S § 02008 S50z aﬁ
S S N Lo—o0—0
g5 8
0
0w e & I 20w w0 Tw
Ay v-mm™’ Ar vemm?

Fig. 26. Maximum displacement of an actua- Fig. 27. Maximum displacements of an actua-
tor piston in a compensated circuit tor piston in a compensated circuit
by a first-order system for T,=18.3 by a first-order system for T,=11.4
ms. ms.



506 : Taizo SAWAMURA and Hideo HANAFUSA

7.3. Compensation by a phase lead network
The circuit of a phase lead network is shown in
Fig. 28. The transfer function of this network is
represented by Eq. (65). In Table 3, the optimum c 100k
values of Cy are shown for 7,=254 ms and 17.0

. ms. When the phase lead networks of the optimum

time constants are used for the compensation, Fig. 28. Compensating circuit of
a phase lead network.

100K

the waveshapes of the dithers are always triangular.

Table 3. Optimum values of Cys in phase lead networks.

T, tp, Cs (uF)

(ms) T, Theoretical Experimental
254 0.177 0.03 0.08
17.0 0.265 0.01 0.03
13.9 0.374 —_ —

Table 4. Change of a dither  Table 5. Change of a dither Table 6. Change of a dither

period for T(=25.4 ms. period for 7,=17.0 ms. period for T;=13.9 ms.
Dither period Dither period Dither period
Ky (ms) K, (ms) K, (ms)
(vemm™ o o |cp=008,uF | VPR ¢ 0 | c;=0034F | [V ¢ 0 | C;=003 uF
25 254 254 25 17.0 170 25 139 139
12 30.2 284 12 189 18.7 12 15.0 16.3
23 33.3 28.6 23 22.2 23.0 23 16.7 21.0
32 35.1 29.0 32 27.2 24.8 32 21.7 243
44 35.7 29.0 4 28.4 25.4 44 254 25.1
56 36.3 29.2 56 30.2 25.4 56 278 25.8
67 36.3 29.6 67 315 25.4 67 29.0 25.8
79 36.3 30.2 79 315 254 79 29.0 25.8
95 36.3 30.2 95 | 315 254 95 29.0 258

Therefore, the maximum displacements of the actuator piston are proportional to
the dither periods. The periods of the dithers are shown in Table 4, Table 5 and
Table 6 for T,=254ms, 17.0ms and 13.9 ms, respectively. In these tables, the
columns of Cr=0 represent the case when the feedback circuit consists of a pro-
portional element. When 7,=25.4 ms and 17.0 ms, the phase lead networks are
effective to stabilize the dither. However, when 7,=13.9 ms, the dither tends to
be unstable by the phase lead network. These are expected by the theoretical

analysis,
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8. Conclusion

The output displacement of the servomechanism operated by the PWM mode
contains the dither corresponding to the carrier pulse, When the loop gain
becomes high, the dither component which is fed back through the feedback circuit
has an effect on the pulse modulation and the waveshape of the dither in the
output is disturbed. In this paper, the stabilities of both the dither and the servo
loop were studied.

In the fundamental circuit in which the feedback circuit consists of a propor-
tional element, we may consider only the stability of the dither in the output.
In this case, it was shown that the various waveshapes took place depending on
the ratio of the pulse transmission lag to the pulse period and the loop gain.
The ranges of the loop gain were also obtained for the various waves.

Next, the stabilities of the dither and the servo loop were studied for the
case when the compensating circuits were used in the feedback circuit. Two
types of the compensating circuits were considered: one was a first-order system
and the other was a phase lead network. It was shown that these circuits were
effective for stabilizing the servomechanism, if they were selected properly ac-
cording to the ratio of the pulse transmission lag and the carrier pulse period.
The optimum time constants were given for every compensating circuit. Finally,
the theoretical results were verified by experiments which were carried out by
an electrohydraulic servomechanism.
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