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Frequency Characteristics of PWM Mode Electrohydraulic Servos

By
-Taizo SaAwAaMURA*, Hideo HanarFusa** and Takashi INur#**

(Received January 30, 1960)

In this paper, the frequency characteristics of the PWM mode electrohydraulic
servo are analyzed. A two-stage electrohydraulic servo was manufactured for
experiments. A multivibrator was used for generating a rectangular pulse train
and it was modified to obtain a high modulation gain of the pulse width. A
spool in the servo valve moves in the waveshape of a trapezoidal pulse train.
From the analysis of the spool movement, the equivalent transfer function of the
PWM mode was obtained, and the frequency characteristics of the servo loop
was analyzed. The various problems accompanying the PWM operation are also
shown, The analytical results were verified by experiments.

1. Introduction

When an electrohydraulic servo is operated by the PWM mode, the actuator
piston makes a small oscillation according to the pulse motion of a spool, and
moves in response to the input signal. The dither in the actuator piston reduces
the effect of the friction in the actuator and prevents the stick-slip motion, when
the piston stops or moves very slowly?. When the input signal is large and
the actuator piston moves in no small velocity, the dither is unnecessary. There-
fore, it is reasonable for large error signal that the modulation of pulse width is
saturated and the current to the torquemotor is not switched alternately, while
for small error signal the current is in the waveshape of the rectangular pulse
the width of which is modulated in proportion to the signal voltage. The
rectangular pulse current to the torquemotor is generated by the multivibrator
which is so modified that the modulation of the pulse width is easily saturated.

When the sinusoidal input is given to the PWM mode electrohydraulic servo,
the spool moves in the waveshapes of a trapezoidal pulse train®. The widths

of pulses are modulated in proportion to the momentary values of the sinusoidal
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input for small input amplitude. When the input amplitude becomes large, the
modulation of pulse width is saturated during a part of the period of sinusoidal
input.

In this paper, the spool movement is analyzed for the sinusoidal input and
the equivalent transfer function is obtained. Further, the various problems
accompanying the PWM operation are explained. The frequency characteristics
of the servo loop are calculated by using the equivalent transfer function.

Experimental results are also shown.

2. Construction of an Experimental Apparatus

The experimental appratus consits of a multivibrator, a torquemotor, a flapper-
nozzle, a spool valve, an actuator and a differential transformer. The schematic
diagram is shown in Fig. 1.

osc. multi. :ﬂ _ The output of the differential
Q transformer is used both for
the feedback of the servo loop

—
and for th d of th
o /_:j]_- nd for the record o e

— _ displacement of the actuator

s piston. In the PWM mode
[8] servo valve shown in Fig. 1,
J the movements of the flapper

[ = T load l

[
T o . and the spool are restricted by

777777777

the nozzles and the stoppers,
respectively. The PWM mode
servo valve is much simpler than the ordinary two-stage servo valve, because it -
is unnecessary that the spool displacement must be proportional to the error
voltage in the ordinary valve. The width of the rectangular pulse generated by
the multivibrator is modulated in proportion to the error voltage for small signals,
while the multivibrator stops to generate pulses for large signals. ‘

Electric current in the two coils of the torquemotor changes alternately
according to the modulated rectangular pulse train, and drives the flapper. The
spool is driven by a flapper-nozzle mechanism and moves in the waveshape of a
trapezoidal pulse train, which lags by a constant time behind the electric current.
The slope of the trapezoid depends upon the dimensions of the apparatus and
the supply pressure. When the spool moves in the form of pulse train, the
actuator piston oscillates in a small amplitude and moves in the direction of the
input signal.

Fig. 1. Schematic diagram of experimental apparatus.
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The multivibrator circuit 124x7 12AU7 6AQ5X2
: it 250k
is composed of a paraphase input Vlmp o 4, | ;s Voo
amplifier of 12AX7, a multivi- » ! ! Iy 8 coit 1
brator of 12AU7 and a power I w27y +275§L *275v
amplifier of 6AQ5 and is shown L . £ 12
f e, N ¥ Rz 50k ;m’
in Fig. 2. The multivibrator is /et v P’ o fowe
Y Ve

so modified that the modulation
is easily saturated. As shown
in Fig. 2, R., is larger and R, is smaller than those in the ordinary circuit.

Fig. 2. Multivibrator circuit.

3. Rectangular Pulse Generated by a Multivibrator

When the plate current of V,, is cut off, the equivalent circuit of Fig. 3
may be used to analyze the operation of

the circuit enclosed by broken lines in S C

Fig. 2. In Fig. 3, o, and p, are the apparent L., & P‘n. I} r - il
resistances of both V,, and Vs, respectively. |, :D,-z s e ) v
It is noted that plate currents of both V,, " TR, 5 } K "
and Vy flow through R.,. Because 12AX7 £, =¢, 2k, Tl |
operates as a paraphase amplifier and the T T &T

constant current always flows through R, Fig. 3. Equivalent circuit of
the voltage drop is constant and is repre- multivibrator.
sented by E,;.

By applying Kirchhoff’'s law to the equivalent circuit of Fig. 3, the grid

voltage, ez, of V., is obtained as follows :

— _ Rtx : _ _ e ( _&1_

where K is a integral constant, and is determined by the initial value of ¢, R.
is represented as follows:

R, =R, + 018 + Re2 Res(0:+ Re2) 2
“ 01+ Ry (34 Rog)(Rizt+ Ris) + Rz Ry . (2)

When the plate current of V,, is flowing, the grid voltage is almost equal to
the cathode voltage, because the grid current flows and the voltage drop in Ry is
large. At the moment that the plate current is cut off, the plate voltage of Va
drops abruptly, and this voltage drop is transmitted to the grid of V,,. Therefore,
the initial value, ez, of the grid voltage is given as follows during the charge
of the capacitor C:

Rcz-th E ( 3 )

ba = Riz+ 0,4 Rez B
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The integral constant in Eq. (1) is determined, substituting eg=ez and #=0.
Replacing ¢z of Eq. (1) by the cut-off grid voltage of V,,, the cut-off period of
Vee» T, is obtaind as follows from Eq. (1):

2R+ 0, _ Ry (1+ E, __ELI)
T, = CR, log Rizt 03+ Rz o1+ Ry

Es Es
Riz+ 0, E. _ Rtl___(lJl_ E, _ Ecl)
Rt2+pz+Rcz EB ,01+Rt1 EB EB y

(4)

where E, is the cut-off grid bias of V.. Replacing p, by the apparent resistance
of Vi, 6., in Eq. (4), the cut-off period of V.s, Ti, is obtained. p, and o, is
changed by the grid voltages of V,, and V5. If 12AX7 operates as a paraphase
amplifier, the following relation is obtained.
= s, 5
where p,, is the apparent resistance of V., and V,» for no input, and 4o, and 4o,
are the changes of p, and p; from oy, respectively. The pulse period T, is the
sum of T, and T,. Using the circuit of Fig. 2, Ty, T:, T, and (T,— Ty)/T, are
obtained, as shown in Fig. 4. (T,— T/ T,
represents the modulation rate of the
rectangular pulse width. In Fig. 4, the
abscissa shows the input voltage E for the
paraphase amplifier. When the input vol-
tage becomes 0.58 volt, the alternation of
plate currents of V,, and V, does not occur,
10¢ / 1 and the modulation rate is saturated. When
I e, 104 the input voltage is small, the pulse period
[ ST does not change, and T, and T, are altered
i d 102 in proportion to the input voltage. When
s the input voltage becomes large, T, reduces
0 07 04 06 in proportion to the input as before, but
T, increases rapidly and the pulse period
Fig. 4. Pulse periods generated by beco.mes long. The modulation rate is pro-
multivibrator. portional to the input voltage for small
inputs and increases rapidly for large inputs
and is saturated at last. The range in which the modulation rate is proportional
to the input voltage will be called the range of linear modulation hereafter.
As the effect of the pulse period is small for the equivalent transfer function of
the PWM mode as will be shown after, it may be assumed that the pulse period

does not change and only the modulation rate changes as shown in Fig. 4,

\

20F 1.0

10.8

7o

7o (ms)
T

10.6

Ti, T and
\,
(n=7/" T

Input £ (volt)
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Using the modulation coefficient of %, the following relation is obtained in the
range of linear modulation :

. T.= T(1+kE)/2, (6)

4. Motion of a Spool for DC Input Signal
When the DC input signal is given, it is assumed that the pulse period does
not change and that the width of rectangular pulse is altered as mentioned
above. Fig. 5 shows (i) electric current to the torquemotor, (ii) displacement
of the flapper, ¥, (iii) displacement of the spool, y, and (iv) approximate wave-
shapes of the spool displacement. In Fig. 5, y,, is the clearance between the

i — — 7 i
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— v 002 '
oo Ts ey
(3) (b) (c) loo (d)

Fig. 5. Waveshapes of pulses by DC input signal.

spool and the stopper at the neutral position, /p, being the time required for a
spool to arrive at the neutral position after switching the torquemotor circuit, 7
being the time length of the trapezoid slope. The waveshapes of pulses change
by the input signal voltage, as shown in Fig. 5 (a), (b), (¢) and (d).

(a) When the input signal is not given, positive and negative pulses are
symmetrical, and the average output during one period T, is zero.

(b) When the input signal is small, the waveshape of the spool displacement is
still trapezoidal. The average output during one period T, is kEy, T, in the
range of linear modulation. When the input voltage exceeds the range of linear
modulation, the gain of modulation must be modified by the curve of the modu-
lation rate shown in Fig. 4.

(¢c) When k|E] becomes larger than {1—(275/T,)}, the electric current in the
torquemotor is switched before the spool arrives at the stopper, and one side of
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the waveshapes of the spool displacement becomes triangular. When the maximum
displacement y,, is small, the multivibrator stops the generation of pulses before
this state occurs.

(d) When the input voltage exceeds the saturation voltége, the output during
To is ym Ts.

Fig. 6 shows the velocity of the actuator piston which is obtained by experi-
ments for DC input. As the above mentioned (c). state does not exist in the
experimental apparatus, the curve of Fig. 6 corresponds directly to the curve of
the modulation rate of Fig.4. The solid curve of Fig. 6 represents the connection
of the experimental data. The velocity of the actuator piston is proportional to
the input voltage for E<0.25 volt, and increases rapidly for E>>0.25 volt. When

~

g

Q?O

b~

S

%16 / <08

S8 / =

W /7 §

= / ~

g. 12 /// 0.6}

] / -

5 g 7 0.4}

2 5

g S

3y 0.2}
0 ' S I A 0 L L " L
/] 02 04 06 038 0 02 04 06 038

DC Input E [valt) Input  (volt 7
Fig. 6. Actuator piston velocity Fig. 7. Characteristics of

by DC input signal. saturation element.

E=O.45 volt, the dither vanishes and the modulation is saturated. The broken
line of Fig. 6 shows the extension of the range of linear modulation. If the
modulation gain is assumed to be constant as shown by the broken line, the
input signal must be passed through an imaginary element shown by Fig. 7 before

it is given to the multivibrator, so that the modulated pulse train will be the
same as the actual pulse train.

5. Motion of a Spool for Small Sinusoidal Ipput Signal

If the origin of time is chosen at the center of the positive pulse, and the
origin of the spool displacement is chosen at the base of trapezoid, the pulse
train for no input signals, e,(#), is expressed by Fourier series as follows:

eot) _ To—Ts , i 1

. . Wy T
——20 sin nw,7s sin 22070 cos n w, ¢
2Ym T, w=1(nr)® T 2
e 1 'y Wy T,
- 23 -0 (1—cos nwyts) cos P20 cos nawt , (8)
=1 (nmr)? T
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where 7, is the time length of the base of trape-
zoid for no input signals, and o, is 2n/7T,. () '

When a sinusoidal input is given, it is assumed V
that the modulated rectangular pulse train has the

;
same period as the pulse train for no input signals, % %Dﬂ%tbqﬂ:}l
and that the widths of the positive pulses are l

s
modulated symmetrically on both sides of their /¢ ]lPUDV%BDADBD&

centers corresponding to the momentary input _4[_'{,
o

voltage at the centers of positive pulses. Fig. 8 ! .{ i‘fw
shows (a) sinusoidal input, (b) electric current

. . Fig. 8. Pulse trains by sinusoidal
in the torquemotor and (c¢) displacement of the input.

spool. The period of sinusoidal input is repre-
sented by 7, the frequency by f, the angular frequency by , and the amplitude
by E;. The spool displacement lags by a constant time #p, behind the electric
current, and the width of the positive pulse is modulated symmetrically on both
sides of its center. The modulated pulse train has the period T,, the least
common multiple of T and T,.

As shown in Fig. 8, the origin of time is chosen at the center of arbitrary
trapezoidal pulse which lags by (#,+fp,) behind the sinusoidal input. The base
length r of the m’th pulse from the time origin is given as follows:

7 = to{l+kE, sin o(m To+t—1no)}, (9)
where

k

= @ Ty, (10)

During the period T,, there is only one pulse the base of which is given by
Eq. (9). As the same pulse is repeated with the period T,, this pulse train
em() can be written as follows, replacing ©,, T, and o, by 7, T, and 0,(=2r/T,)
in Eq. (8):

em(?) _ 1 i - -
Sy T [ro{1+mE,, sin o(m Ty+to— Do)} -rs]

ol 1 Ta .. . 1 .
+ “jlwz- sin nw, 7s sin [7 nw,t{l1+kE, sin w(m To+to—tpo)}]

Xcos nw,(t—m Ty)

B :1 (mlr)z “.,Ti (1-cos nw,s) cos [% nwsTo{1+k Eq sin o(m T°+t°_t”°)}]

Xcosnwz(t—mTy) . (11)

Summing e,,(¢) during the period 7., the modulated pulse train e¢(¢#) shown in
Fig. 8 is obtained as follows :
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fola—1
e(t) = »§o em(l) , 12)

where f,=1/T, is the pulse repetition rate. Substituting Eq. (11) in Eq. (12),
using the relation of 7,=(7,/2)+7s and shifting the origin of y coordinate up to
the center of the pulse height, Eq. (12) is transformed as follows:

S 1y, Ty (uw To) . (ua)rs) v TokEa) : _
e(t) _v=12d)dd)(yw77-'/a)o)z . cos |~ |sin (=5 jy(4—4 sinvw (¢ +t,—tpo)

& 49 T, ... (voT, yors (vw TokE, _
oo (im0 1 in ( i ) sin ( > )]y —x )cos v (t+to—tpo)
& >, 49, T, (mwy+ve) Ty . [(moy+yvw)Ts
+ A=l v=—°°l‘(odd)(n +vw/we)in? T cos{ 4 }sm { 2 }
X ]“[M@] sin {(n W Fvw) t+va)(to—tuo)}
& d 49 To . [(nwy+tvw) Ty ... [(nw,+vw)s
+ El v=—c° (even) (ﬂ +V(0/£00)2712 Ts sin { 4 }Sln { 2 }
x g et v Tk Ee ] cos { (nan +vo) £+ vor(t—ton) | (13)

The first and second terms on the right side of Eq. (13) represent the
fundamental component and higher harmonics corresponding to the input signal.
The third and 4th terms represent the output

§ component of the pulse repetition rate and
§ 1.0t F its side band component. When 7,/7T=0.1,
E 0.8+ 7s/ To=0.1 and kE,=0.6, the frequency spectrum
E 0.6 is shown in Fig. 9, where f is the input signal
E 0.4t frequency, and f,=10f is the pulse repetition
§ 0.2k rate. As the amplitude of higher harmonics
oHla Dntlal and the side band are very small as shown in
Frequency fo=10f Fig. 9, it is sufficient in designing the servo

loop to consider only components of the input
frequency and the pulse repetition rate. The
output component of the pulse repetition rate
should be so chosen as to cause proper dither after filtered by the low pass

" Fig. 9. Frequency spectrum of pulse
train.

characteristics of the actuator.
Considering the fundamental component of Egq. (13) exclusively, the equi-

valent transfer function G4(j®) is obtained as follows :

Ga(jo) = = oy ot cos (2L sin (21 =) (B0 L) gporr, - 18)

where J; represents Bessel function. Eq. (14) holds when the amplitude of the
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sinusoidal input does not exceed the range of linear modulation and the following
relation is satisfied:

kE; <1-(2ts/T0) . (15)

When the spool displacement may be considered rectangular, s reduces to zero,
and the equivalent transfer function becomes as follows:

The gain of equivalent transfer function is shown in Fig. 10 for various values
of T,/T, vs/T, and kE,. The effect of /T, is very small. It can be concluded
that the fundamental component of the output lags by a constant time #p, behind
the input signal, and the effects of To/T, 7s/T, and kE, on the gain are very
small in practice, i.e., T,/ T<0.2.

—_— '(/7;, =0
061 ____. 0.2 X 30f
. ol
0.5 AL S I
.¢05 % E’
S 04r <|& 20
N dE
N
EN <
< L 3L 10
0.1 S
0.1 s,
- {8
0 iy 1 1 1 1 1
0 01 02 03 04 05 0 0.2 0.4
iryda 7o /T
Fig. 10. Gain of equivalent transfer Fig. 11. Second harmonic of modulated
function. pulse train.

The amplitude of the second harmonic is shown in Fig. 11 for 7;/T,=0.1,
where the ordinate shows the percentage of the harmonic to the fundamental.
The third and the higher harmonics are much smaller and are negligible.

6. Motion of a Spool for Large Sinusoidal Input Signal

When the amplitude of the sinusoidal input is large, the input voltage
exceeds the range of linear modulation, and finally the electric current cannot be
switched in some part of the sinusoidal period. In this case the effect of satura-
tion should be considered. However, if the sinusoidal input passes such an
element as shown in Fig. 7 before it is given to the multivibrator, and the
output of the saturation element is given to the multivibrator, the modulated
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pulse train for large input is obtained, by using the modulation theory in the range
of linear modulation formally. If the sinusoidal input, E,sinw?, passed the
saturation element, the output E(#) contains the odd harmonics as follows:

E(t) = E,sin ot + E;sin 3wt + E;sin bw ¢+ -+ an

When the input signal of Eq. (17) is given to the multivibrator, the
modulated pulse train is obtained as follows, corresponding to Eq. (12):
;;2 fﬂg 1 [ro{l+xEl sin w(m To+#—1tpo) + & Es sin 3o(m To+t,—1tpo) + }”75]

foerrg 1 Ta

+ mmo ssi(nm)? T

sin nw, s sin ["—‘;‘i" {1+kE;sin w(m To+t,—1po)

+&E;sin 3w(m Ty+1t,—tpo) + }] cosnw,(t—mT,)

Z:{ 21(”77-’)2 s (1—cosnw,ts) cos ["“’2 270 (1 4k E, sin w(m T,+ to—Ipo)

+E,ysin 30(m To +to—tpo) + }] cosnw,(t—mT,) . (18)

Eq. (18) is transformed as Eq. (13), and the equivalent transfer function G.(j®)
is obtained as follows, considering the fundamental component:

Ga(jw) = Jl,;m (wlgo)z zs‘o cos w4To sin wrsjl(kElllw To)
X[fo(kElw To) ]°(kE54w To)_”] ei® oo, (19)

where J, and J, represent Bessel functions. When the spool displacement may
be considered rectangular,

Cajw) = 8T0 cos w4T0]1(kE14w T°)[]o(kE34w To) ]0<kE54a) To),_,] eivtm . (20)

From Egs. (19) and (20), the gain of the equivalent transfer function is the
function of E,, E;, Es, etc., and the phase of the equivalent transfer function is
determined only by the time lag of the spool movement. When the amplitude of
higher harmonics is small, J, in Eq. (19) or (20) is approximately unity. There-
fore, the output is approximately obtained by substituting K, in place of E, in
J1 of Eq. (14) or (16).

7. Frequency Characteristics of a Servo Loop

When mass and friction are considered as the load of the actuator, the
characteristics of a spool valve are nonlinear, and its time constant depends on
the input amplitude. Previously, the frequency characteristics were calculated
by using Fourier series up to the third harmonics®, and it was shown that the
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flow characteristics shuld be approximated by the charateristics of a single-
capacity-system, where the break point was chosen at the frequency of —3db of
the gain. The equivalent transfer function, G(jw), of the combination of a spool
valve and an actuator is represented as follows:

. _ Ky
G(jw) = Folt Tojay, (21)
where
Ky, = Cqb’/ﬁs“@l/Aa) Ty = Cqb 2: ImM,; (22)
Aa‘/p ’ ‘ Jp 3A;zz‘/ﬁs_ (Fi/As) .

The following nomenclatures are used in Egs. (21) and (22): C,=discharge
coefficient of a valve port, b=width of a valve port, p;=supply pressure, F;=
friction of a load, A,=effective area of an actuator piston, M,=mass of a load,
p=density of oil.

As the amplitude of the dither is very small, and its period is short when
compared to the sinusoidal input, the dither will not be fed back if the feedback
path has a low pass characteristic a little. The feedback path may be considered
to be a proportional element for sinusoidal frequencies, and its gain is represented
by K,.

The transfer function of the closed loop, W(jw), is obtained as follows:

cy - Ga(jo)G(jw)
W(io) = 17K, 6,Gw) Clja) . @)

The maximum amplitude of the dither is the same as for no signals in spite
of the modulation. The component corresponding to the pulse period in Eq. (13)
represents the average amplitude of the dither during the period T7,.

8. Experiments

A two-stage electrohydraulic servo shown in Fig. 1 was manufactured for
experiments. Principal dimensions are as follows:
diameter of a fixed orifice=1mm,
diameter of a nozzle=2 mm,
displacement of a flapper=+0.17 mm,
displacement of a spool=+0.32 mm,
diameter of a spool=15 mm,
pulse repetition rate=87 cps,
b=2mm, A,=1.375cm? p,=40kg/cm’, M,;=0.0102kg-s?>/cm,
F;=6kg, K,=1514 volt/cm, k=138 1/volt.
Using the above quantities, #p, becomes 0-0027s by calculations. The output
displacement was detected by a differential transformer and recorded by an elec-
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tromagnetic oscilloscope. The friction force of a load is given by the O-ring in
the actuator. When the experimental apparatus is operated by an ordinary mode,
a remarkable stick-slip motion occurs. However, when the PWM mode operation
is applied to the same apparatus, the actuator piston moves smoothly even for
very low velocity.

When the error voltage is below 0.25 volt, the modulation rate of pulses is
proportional to the error voltage. The modulation is saturated when the error
becomes 0.58 volt. The frequency characteristics of the open and closed loops
are shown in Fig. 12 and Fig. 13, respectively. In these figures, the curves show
the analytical results. When the input amplitude to the open loop is below

W\ 1-90 19
1o 1-20
60k 0 110
40 N\ 1-130 -40
~ ~150 o -60 ~,
3 ~ 3 -80 g
S AL
N SN {100 §
T J N 19 -120™~
8 -140
36 R S 6 8
& £ 8 . Qq
4 o003
*——06v. . e—0.6v
2k e——10v b 2L e-—0.95v .
L N
I3 | L 1.t Lt i 1 I 1 J 1 Ll 1 1 h
I—5 &6 70 7 F 6% 20
Input fregency (cps) Input fregency (cps)
Fig. 12. Frequency characteristics of Fig. 13. Frequency characteristics of
open loop. closed loop.

0.25 volt, the gain of the open loop is constant. When the input amplitude
becomes large to some extent, the gain becomes higher. When it exceeds 0.6 volt,
the saturation occurs and the equivalent gain becomes lower again. The phase
lag of the open loop is determined chiefly by the integration characteristics at
the actuator and the time lag of the spool motion.

In the closed loop, the gain becomes maximum when the error voltage is near
0.6 volt, and it decreases by the effect of saturation for larger error.

9. Conclusion
A two-stage electrohydraulic servo was manufactured for experiments, and

the frequency characteristics were analyzed for the PWM mode operation.
When the rectangular pulse current is given to two coils of the torquemotor
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alternately, the spool is driven in the waveshape of trapezoidal pulse. The
modulation of the pulse width is proportional to the input voltage for the small
input signal. When the input voltage exceeds the range of linear modulation,
the gain of modulation becomes higher, and finally the switching of the torque-
motor circuit stops.

The trapezoidal pulse train modulated by the sinusoidal input was analyzed
and the equivalent transfer function was obtained. When the input signal is
large, the effect of saturation must be considered. In practice, the dither is
effective when the actuator piston stops or moves at very low speed, while it is
unnecessary when it moves at considerably high speed. Therefore, it is reasonable
to design the PWM servo so that the modulation should be saturated by the input
signal larger than a certain value.

Experimental results of frequency characteristics of the open loop and the

closed loop were compared with calculated results for various signal frequencies
and voltages.
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