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On the Electric Field due to Tides. II.

By
Takeshi Krvono*

(Received September 29, 1958)

In the previous paper, the electric field induced by tidal current was dis-
cussed in some detail for the case where the earth’s magnetic field is vertical.
In this paper we shall consider the effect of the horizontal magnetic field on the
electric field and current distribution in the sea water and the sea bed.

A general description will be made in Section 2 concerning the phenomenon
in the tidal current of rectangular cross-section, and a method of obtaining the
electric potential in general case of velocity distribution will be given Section 3.

In Section 4, a method of solving so-called two-layer problems will be dis-
cussed in general, and in Sections 5 and 6, some results of numerical computation
will be shown. The method by which some of these results have been obtained
will be explained in Appendix I, while Appendix II will be devoted to a list of
the formulas for electric potential, electric field and electric current due to
horizontal component of the earth’s magnetic field in the streams of rectangular
cross-section with various velocity distributions.

1. Introduction

The nature of the electric field induced in sea water moving across the earth’s
magnetic field has been discussed theoretically by several authors, and the results of
observations have been also reported. Among these, Dr. Longuet-Higgins (1949)"
has reported the results of experimental and theoretical research on this phenomenon,
and has given a complete list of papers published before 1948 concerning this problem.

A more recently published work by Dr. Longuet-Higgins, Dr. Stern and Dr. Stom-
mel (1945)® covers a wide range of theoretical analysis, and results of numerical
computation are also given there in some detail.

The author of this paper and Dr. Ezoe have published a theoretical work (Part I,
1957)®, the purpose of which was mainly to explain a cause of faults on submarine

* Department of Electronics



16 Takeshi KivyoNno

cables due to electrolytic corrosion®. At that time they could not refer to the im-
portant works cited above, and solved the problem by their own method, which
differed a little from the method of approach followed by Dr. Longuet-Higgins and
others. Although some parts of the previous paper (Part I) duplicate the research
by the staffs of W.H.O.1,, it seems still to involve somewhat different results, by taking
account the conductivity of sea bed and the non-uniformity of velocity of water*.

However the previous paper was not sufficiently general in analytical form, because
the effect of horizontal magnetic field had been wholly ignored. It is the purpose of
this paper to generalize the basic mathematical description, and to discuss the effect
of the horizontal component of the earth’s magnetic field, and to propose a useful

method of numerical computaion of the electric field in the case of two-layer structure.

2. Basic Relations

We shall consider a stream of rectangular cross:section in which the stream veloc-
ity is a function of x and y, and independent of z:

v=0(x,9), —cx<+4c; 0<y<h,} 1.1
=0, elsewhere, )
A / / as shown in Fig. 1.
I_. Lo In the water moving
/, 'y x
4 / /////U/'é//'/ ; v / 4 across the earth’s magnetic
0 2/ z field H, an e.m.f. per unit
! B— £y
7 (B) length
_LP A ( 4
: ”/ E, = poxH (1.2)

will be induced. As the
velocity v has been assumed
Fig- 1. to have the z-component v

only, the x~ and y-components of vector E, can be expressed as follows :

EOx 8 = 0 $] ’
(%, 9 = nv(x, y)H, } 1.3)

Eoy(%, ) = —pv(x, )H, .

Since the medium in the domain A (—c<x<{+4¢, 0<y< h) is the sea water
(a good conductor), and, in general, the medium in the stationary domain B is also

* On the other hand, the very interesting problem concerning the streams of elliptic cross-
section which has been discussed first by Dr. Longuet-Higgins (1949) has not been included
in our research. The author of this paper has tried to generalize the theory of Dr. Longuet-
Higgins and others to the case of non-uniform velocity and got some results, which will be
published at some Jater date,
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conducting, an electric current through both domains will be produced by the distributed
e.m.f. E,. Suppose a closed curve s through both domains A and B (see Fig. 1),
and apply Ohm’s law to this circuit, we get

. $Ljds ~§E, s, 1.4)

It can be written as
@L j-ds = SQEo-ds, (L4
[ P
since the integral on the right hand side of Eq. (1.4) will vanish except along the

part of s in the domain A. As the electric field at any point can be expressed by
the relation:

g1y, .5

o

Eq. (1.4") can be modified as follows:
$E-ds = {E,ds. (1.6)
If we assume the field E is given by a sum of two partial fields:
. E=E+E", A.7)
and the partial field E’ satisfies the relation:

curl E' =0, (1.8)

then we have
<§>E’-ds ~0, (1.9)
and Eq. (1.6) becomes as follows:
Q
$e-ds =( E,ds. (1.10)

Since the electric field in the stationary domain B is irrotational, Eq. (1.10) can be
written :

Si(E"—E0>-ds=o in A, (1.11)

from which we obtain the following relation :
E’ =E, in A. (1.12)

On the other hand, the partial electric field E’ can be derived from a scalar
potential V’, because of the assumption of Eq. (1.8):

E = —grad V. (1.13)
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Hence, we can derive the electric field at any point from the following relations :

(1.14)

E = —grad V' +E,, in A;
= —grad V’, in B. }

The potential difference which should be observed between two point electrodes
lowered into the domain A and (or) B, is the difference of the values of potential V’
at these point electrodes.

Even if the conductivity or velocity varies discontinuously at the boundary planes
between A and B, or at any other plane in A or B, the potential ¥V’ and the normal
component j, of current density j must be continuous at these planes.

Since the distributed e.m.f. E, in Eq. (1.14) can be easily obtained by Eq. (1.3)
if the velocity distribution (%, y) and the earth’s magnetic field (H,, H,) are given,
the behaviours of electric field and current can be described completely if we could
find the potential V.

3. A Method of Obtaining the Potential in a Uniform Medium

Although we shall consider in Section 4 the more general case where the con-
ductivity of the sea bed o, is different from that of the sea water o,, it will be helpful
to have a potential V' for the simple case where the conductivity is constant over
the semi-infinite domain including both domains A and B.‘ For this purpose it seems
to be very convenient to use a method of the “fictitious current sources” which will
be explained below.

For simplicity, we shall consider at first an elementary case where the stream
velocity v, is constant over the rectangular domain A, and the magnetic field is vertical.
In this case, the distributed e.m.f. is horizontal and its magnitude E, is constant over
the domain A.

Assume that the potential V’ is derived from fictitious current sources, placed on
both sides of the stream (x=+¢, 0< y<h), and that the surface intensity of the right
hand side source (x=-+c¢) is +j,, and the intensity of the left hand side source

(x=—c¢) is —jf,. Furthermore we put
V=V++V_, (3.1

where V. denotes the potential due to the right hand side source (+j,) and V_ that
of the left hand side source (—j,).
Then the partial electric field E’ will be given by

E' = —(grad Vy+grad V_), (3.2)

and the x-component of this field will vary discontinuously across both sides of the

domain A (x=x¢). For instance, at the right side x=c:
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,_ _0V. o
Ex—‘—ax 2",1,
= V- e
—_6x+2tt,’

at x = ¢.. (in A),

at x = ¢+ (in B),

Therefore, the resultant electric field at this side becomes as follows :

g = V-]
E.=E/+E/ = ~5%5=—7"
E.‘r = Ex’ = —aaz—+2%y X = C+,

+Ey, x=c-; |

r 0y <h

0y <lh.

19

3.3)

3.4)

Since the component E, must be continuous across this plane, the value of j, should

be chosen as

jO = alEO ,

(3.5)

by which the similar condition at the other side of the stream (x=—¢) will be also

satisfied.

This result can be interpreted as follows. A system of fictitious current sources

shown in Fig. 2 (a) will produce a
current diverging from the right
hand side source (+o0,E,) which is
absorbed by the left hand side source
(—o0,E,). The potential V’ due to
these sources can be obtained by
simple integrals. The electric field
and current density at any point
will be E'’= —grad V' and # =o,FE’,
respectively.

The second system of ficttious
current sources shown in Fig. 2 (b),
which is equal to that of the first
system in its intensity and configura-
tion but opposite to the first in its
signs, combined with the distributed
e.m.f. E, will produce the partial
electric field E” in the domain A.

Superposing these two systems
of fictitious sources and distributed
e.m.f., we obtain the electric field
E'+E” in the domain A, and E’
(or the potential V’) in the domain

"
2
N

N

(+64)

(a)

(+

[ N NI I I B

o
~

n

3

o

(b)

tHtEtEttree A

?

"

Ml 9

(e)

Fig. 2,




20 Takeshi:KivoNo

B; and the boundary conditions (continuities of V* and j,) are automatically fulfilled
(see Fig. 2 (c)).

This statement can easily be extended to more general cases where the magnetic
field is not necessarily vertical and the stream is not constant.

As we have seen above, the fictitious current sources from which the potential V’
will be derived, must be placed on the planes of discontinuity of the distributed e.m.f.,
and the intensity of the surface distrbution of current source should be

Jo= —01dEqy, (3.6)

where 4E,, is the discontinuous increase of the normal component of E, across the
plane of discontinuity. Usually the planes of discontinuity will be the sides, the free
surface or the bottom of streams.

If the distributed e.m.f. E, varies continuously in the domain A (due to the
continuous variation of velocity v (x,y)), the fictitious current source should take a

form of volume current source, the volume density of which is given by

gy = —diV ﬂlEo ’ (3. 7)
or,
_ O0E,,  OFE,y
% = ( ox oy oy ) 3.8

It will be evident that the total quantity of fictitious current over the domain A must

be zero:

SS jodS-i—Squdr -0, (3.9)

where S denotes the surface of discontinuity and r the volume in which the velocity
varies continuously.
After finding the distribution of fictitious current sources, the potential V’ can be
obtained by means of integrals of the form:
= 1 S”dz[g 1odS +S . ,‘10—"’], (3.10)
TTT

2na, s+s’ 7 r

where 7 is the distance between a current source point (x’, ¥/, '), and a point (x, 3, 0)
on the xy-plane; and S and 7’ are the electric images of the sources S(j,) and
7(g,) in the free surface (y=0), respectively.

If we assume that the discontinuities of velocity occur only on the boundary planes

of the domain A, the potential ¥V’ can be given by the formula:

1 +h %
V= ”—[S_hio@, ¥) log v/ (x—c)*+(y—y)dy

2ro,

+h S,
+S_hjo(—c, ¥) log /(2 +¢)*+(y—y")dy’
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o

+
+2

|
|

+{" i, =m0 tog v Gy G

jola’, 0) log 4/ (x—2")%+ y2dx’

e

Jolx’, B) logy/ (x—x")2+(y—h)%dx’

-c

+
o

o

h{4c
+Sihgicqo(x’, ¥) logy/ (=2 +(y —y’)zdx’dy’] . @1

Table I shows examples of fictitious current sources for some types of velocity

distribution.
Table 1.
Case I Case II Case III

g
>,-§ =0 Vo> 0<y<g’ Vo, |x|<C;
=3 o v= h—-y v=y_  c—|x|
g5 0y<h, voh—g’ gly<h, 1)0—(':—_:—(—1—» d<|x]<c,
—
g2 | lel<e. 2] <e. 0<y<h.
o
:g j0=+(71Eozm) ;= +”1Eaxm;l—0<y<g’ 4 =+0'1 Eorm
-é’ o r=+c, Jo +‘71Eaxmh_;y g<y\/h: 0 c—-d '’
2% 0y<kh. d<z<e, 0<y<h.
O B e e
L e e
38 -
-:,.- jo="0'1Eaxm, . ‘rlEMm;l_o<y<g’ q =__0'1Eaxm
§.§/-\ =—C, Jo= —o'lEozmh—z_r g<}’<h, ° c-d ’

gl -
§§:§ 0<y<h. ——c. —elal~d, 0y<h.
8 2 my d,
:; jo=+°'1Eo}'m’ .70=+°'1E07m1 ; +dlan c_||;l|<
2§ | »=0, y=0, D7 o1 Eoyn™ =2, d<|5]<c,
«"’350 —e<lx<+cl —c<x<+c. y=0.
2 = T o
SEQ jo_—ﬂ'xEy qo__‘flEnJm —"lEoJ'm: le<d,
- = oym _ ;= -
5ES e, g f°~{ o Eon L a<iz1 <o,
EET | L crcte g<y<k, c—
08 ) —c<lx<+e. y=h.

Eysm=poto Hy,

Eosm=poto Hy ;

surface intensity of fictitious current sources,
volume intensity of fictitious current sources.

Jo:
Qo:

4. Two-Layer and Three-Layer Problems

Af first we shall consider the two-layer case where the conductivity of the medium
in the domain 0< y<h is ¢; (const.), and the medium in the domain 2< y has a
different conductivity o, (const.). We assume that a part (A) of the upper layer
(—c<<x<+c¢, 0<y<h) is moving parallel to the z-axis with a velocity v(x, »)

independent of z (see Fig. 3 (a)).

-
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This problem can be solved,

like other boundary value prob- e
lems, by combining the primary I,y ey »z/,/ //:/,
electric field for the case where 40 0 ;’ x
the conductivity is uniform (¢,= (a) B | (A |6 (B)s;
01), and the secondary electric IR 777 L7 LY 777777777
field due to the lower layer of 'y (8 o7
different conductivity. 4
Let V,’ be the primary po- l *
. * Y KA,
tential when o,=0;, V¥ the sec- % 0o ¥ ;;
ondary potential in the upper J<0 rs x
(b) BY& [A) sV (Bpoy
layer (0<y< h), and V, the re- ]r/' . 5
sultant potential in the lower layer y-4, B N (B2 )0;
VAL AR < N
(h<py). The potentials V,;* and (B3) 0y
V, are solutions of Laplace’s R4
equation, and generally can be Fig. 3.

expressed in the forms:

Vit = SmLx(A) (M +e™2) sin Axdi ,

S° b 0<y<h; “41)

Vity,= :Ly(l)(e"’ +e ) sin Axdi ,

J
and

Voo =S:Mx(l)e’” sin Axd2 ,
¢t E<y, (4.2)

Vi =S:M,(l)e“” sin Axd1 ,

where Vi'z,,) and V,c, are the potentials corresponding to the horizontal component E,,
of the distributed e.m.f. (due to the vertical component H, of the earth’s magnetic
field), and V;k(,) and V,cy, represent the potentials corresponding to E,y (due to H,).
When the magnetic field has both vertical and horizontal components, the secondary
potential in the upper layer and the resultant potential in the lower layer can be given by

and VE=VEo+ Vs, (4.3)
Ve, =Von+ Vo,
respectively.
These potentials must satisfy the boundary conditions :
Vl = Vz y
ov, av,  Y="h (4.4
01 =037
oy oy :
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where
V.= V5 +VE, (4.5)
and V,’ can be assumed to have been obtained by the method described in the preced-
ing section’.
The unknown functions L(A) and M(A) in Egs. (4.1) and (4.2) can be determined
by the conditions of Eq. (4.4); and the electric fields and current densities can be
deduced as follows:

E/ = —grad V;;

E, = E,+E/, —cx< +c, 0 P 46
=El” C<|x|; <y< » (' )
j=0'1E1,

and
E,= —grad V,,

2 = 0., } h<ly. 4.7

If the current lines are to be drawn, we must know the flux of current flowing
through a vertical (or horizontal) plane, say x=x,, 0<_y<(y,. This is given by

Yy
J=al By, 0<y<h,

or h .
J= "‘So Elxdy“‘”zS;szdy; h<y.

(4.8)

The locus J(x,, »,)=const. will give a stream line. Usually, it is convenient to take
the constant as

JG,3) = Jo, (0 =0,1,2,, N, .9

where N is an integer and J,—obtained as the maximum (or minimum) value of the
flux J—is the total current circulating through the semi-infinite space. The coordinates
(%m, ¥m) at which J becomes maximum (or minimum), will give the center of circula-
tion of the current.

The method described above can be extended to the problems of three or more
layers. Suppose a three-layer structure in which the upper layer (0<y<h,), the
intermediate layer (#, < y<h,) and the lower layer of infinite thickness (%< y) have
different conductivities ¢,, 0, and «¢;, respectively (see Fig. 3 (b)). The potential due
to the vertical magnetic field in each layer can be expressed as follows:

* The primary potential V,’ in Eq. (4.5) must be expressed in the integral form similar to
Eq. (4.1). Usually, the integral of Eq. (3.11) does not yield directly the expression of such
a form. However, the appropriate integral expression for V, (or E ) can be obtained
easily, if the velocity distribution #(x, ) is one of those in Table L

Three examples for the case of the vertical magnetic field have been given in Part I, and
those for the horizontal magnetic field will be shown in Appendix II of this paper.



24 Takeshi Kivono

V1 = Vﬁ,+Vl*)
vie = (L@ vy sin aaar, | OIS (4.10)
0
- S”[M(z)exy+N(z)e-xy] sindzdd, h<y<hy; (4.11)
1]
v, = Pe sindwdt, 1, <. (4.12)

The potentials due to the horizontal magnetic field are given in similar forms
except that cos Ax enters instead of sin Ax.
The unknown functions L, M, N and P can be determined by the following boundary
conditions :
Vl = Vz, (41 aaV 02 66V2 »

V,=Vs3, o, 66V2 = asaav‘* when y = h,.

when y=#h,,
(4.13)

If we put o,=0,(h, < h,), the problem of shallow streams®»* can be treated.

5. Current Distribution

Some examples of current lines due to the vertical magnetic field have been shown
in the previous paper. We shall consider here the current lines for the case of a
uniform medium (o;=0¢,) and constant stream (v=v,) flowing across the magnetic
field which has a horizontal component as well as a vertical component.

As we have already displayed in Part I the formulas for the potential, electric
field and current due to the vertical magnetic field, only the formulas for the case of
a horizontal magnetic field will be shown below :

V/ — Eoym

[2M(c—x, ¥) +2M(c+x, ¥) —M(c—x, h—y)
—M(c—l—x, h—y)—-M(c—x, h+y) —M(c+x, h+)], G.1D

(c+2)*+(h—y)*
(c—2)*+(h—9v)*

(c+2)*+(h+y)°
- log (C X e 2

— log

Eoyrn[ (c+2x)%+y?
E.= 4 2 log (c—x)2+y?

E,
Ey =227 [ 2 (tan“1 = y ¥ 4 tan! c__}— x) + (tan‘l C=% | tan—1 CH¥ +x)

27 h—y h—y
_{tan—1¢—*% -1 ,Ci?‘?)
(tan ity +tan hty ], (5.3)
E, —= —Eoym+Ey; —cx<+¢c, 0<y<kh,
y={ " G0
Ey; elsewhere,
J= 0‘E°""[2H(c —x, »)—2H(c+x, ) +H(c—x, h—y)

—H(c+x, h—y)—H(c—x, h+y)+H(c+x, h+3)], (56.5)
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where

M(E, 7) = €log (£+7%) +29 tan™ (/) }
(5.6)

H(&, p) = plog (§2+9) +26 tan'(3/§).

Two sets of current lines given by J=const. are shown in Figs. 4 (a)* and (b),
for the cases where (a) the magnetic field is vertical (Hy=H,, H,=0) and (b) hori-
zontal (Hy,=H,, H,=0). In Fig. 4 (b), the e.m.f. due to electromagnetic induction
ié directed vertically in the domain A, and a pair of eddies is produced symmetrically
on both sides of the stream. The centers of circulation of the current are on the lines
x=+c¢ Oy<h).

Combining these two results we can draw a set of current lines in case both
components of the magnetic field exist. As an example Fig. 5 shows the case where

H.,=H,=H, (i.e. the dip angle of the earth’s magnetic field is equal to 45°, and the

Fig. 4 (b)

* Fig. 4(a) shows the same distribution of current as in Fig. 5 of Part I, but in a more detailed
form,
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Fig. 5.

In this case, the total ourrent J; is
slightly larger than the value when the magnetic field is vertical (H,=0), and the

stream of water is directed from west to east).

center of circulation of the current is shifted toward the right from the point x=0,
y=h. It should be noted that a weak eddy current exists near the left edge of the
stream, in which the electric current circulates in the direction opposite to the main

circulation.

6. Distribution of Electric Field

As shown in Part I, the intensity of the electric field may in some cases become
infinite at the corners of the cross-section of the stream. The singularities which

occur in some typical distributions of velocity are listed below:

Table IL.
Vertical magnetic Horizontal magnetic
field (Hy) field (H,)
Case V=1, Ey="4o E,=+to at x=-¢
const. stream at x=-tc¢, y=h. y=0 and &k.
Case v=1y, 0y<g; E. and Ey are finite E,=%c
I v=1)02"y, g<y<h. everywhere. at x=-+c, »y=0.
—g
Case | 2= %0 || <d; E. and E, are finite E, and Ej, are finite
14 v=1,5" IZ | , d<|x|<ec.| everywhere. everywhere.
c—
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It will be clear that the case III is a very suitable model to discuss the effect of
vertical and horizontal components of a magnetic field on the electric field and current
density at the surface or on the bottom of the sea*. In this case, the electric potential
and magnetic fields due to a horizontal magnetic field in a uniform medium (o,=0,)
are expressed as follows:

V= - ‘#’fd) [2D(c—x, 9)+2D(c+x, ) —2D(d—x, ) —2D(d+x, ¥)
—D(c—x, h—y)—D(c+x, h—y)—D(c—x, h+y) —D(c+x, h+y)
+D(d—x, h—y)+D(d+x, h—y)+D(d—x, h+y)+D(d+%, h+y)], (6.1)

&MYk, 3 g0
//0= s "
(a) Hoe Mo
» xo 5:§
| : |

-2 ] 0 PRy 2
E%%’%l
(b) AZ'”X, .4 é, y-O
#,=0 -2
-2 J -1 \q . | o
f y T v ;
0 x/c— | 2
-\[ -Zt /
£ pvt, '
Ao =Fe=4,
o HVZH, ol
C o
:‘u
1 ; N ]
-7 - 0 2
v
< .'/L :
= 20:18:1 /
“ed 0
> x

Fig. 6.

* We can also analyse the case where the velocity diminishes toward the bottom and both sides
of stream. This model will be more suitable to fit practical cases. However, we will not
discuss it here, since the expressions for potential and field are rather lengthy, and numerical
computations will be very tedious.
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[2M(c—=x, ¥) —2M(c+x, ¥) —2M(d—x, y)+2M(d+x, ¥)

—M(c—x, h—y)+M(c+x, h—y)—M(c—%, h+y) +M(c+x, h+y)
+M(d—x, h—y)—M(d+x, h—y) +M({d—x, h+y)—M(d+y, h+y)], (6.2)

— ﬂ———[ZH(c—x, »)+2H(c+x, ¥) —2H(d—x, y) —2H(d+x, ¥)

+H(c—x, h—y)+H(c+x, h—y) ~H(c—x, h+y)—H(c+x, h+y)
—H(d—x, h—y)—H(d+x, h—y) +H(d—=x, h+y) +H(d+x, k+3)], (6.3)

where

D(&, 7) = 5 (8 —7?) log (§*-+7) + 26y tan™ (/).

(6.4)

Figs. 6 (a) and (b) show the horizontal components of the electric field at the
surface y=0 due to the vertical and horizontal magmetic fields (H, and H,) respective-
ly; and Fig. 6 (c) shows the horizontal electric fields due to the resultant magnetic

£y <MY,

Y=h_

Ho=# [
e, ¥
/=0 L.5:§
- W
- I I
-2 ol Nl x/c — 2
®) £ouus, 2 s
it A -\ S PR
-2 = ygy x/c—
f;-fl,v;l%,
(e Hy=Ha
HVZH,
[ J
-2 2
c:d:h f .Ua
= 20:18: / \
i :
1.1 T/" x
1y

Fig. 7.
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field, where H,=H,=H,. In Figs. 7 (a), (b) and (c) the electric field distributions
on the bottom y=h are shown for the same conditions as in Fig. 6. From these
curves it can be seen that the horizontal component of the magnetic field will produce
some assymmetries in the electric field, but its effect on the resultant intensity of
electric field is not material.

For two-layer structures, the horizontal electric fields in both layers induced by
a vertical magnetic field are given by :

K Eoxm S“’ e~ M AY 1oAY di
E,, = Cead) Jo T ™ (eM +e~M)(cos Ad —cos Ac) cos Ax ok
= _FEym (" 1—€2* _ym _ di
E,, Cead) So 1 Fe=%h e (cos Ad—cos Ac)cos Ax 7

(due to H,). (6.5)

On the other hand, the horizontal components of the electric field due to a horizontal
magnetic field are expressed as follows:

Elx = pr'*'E;kx) ‘
E,. — _Eom Sm (26> —e~Ah=Y> _g=Ah+72) (cos Ad —cos Ac) sin i
2= 2le—d) bo Az’
R of o ) R _ in 2294
E¥% 2o Y T he (e* +¢ ‘)(cos Ad —cos Ac)sin Ax ek
__ K'Eoym Swe-—x(:w—h) (1 —e=Ah)2 _ . di
E,. = wCod) Yo T (cos Ad —cos Ac)sin Xxﬁ , )
(due to H)), (6.6)
where
k=0;—0'2 k/=1—k, ' =1+Fk. (6.7)

’
g,+0,

For our problem of faults on submarine cables?’, it seems to be most important
to know the horizontal components of the electric field on the bottom, especially E,.
(y=hy). The expressions for these components are as follows:

E,. = K'Eozm S” 1—e oA (cos Ad —cos Ac)cos Mt‘—iil

T Trlc—d) do 1—ke ™k POl N
Eix=Eou+Ey, |21<c, r=n
= E,., elsewhere ;

(due to H,), (6.8)

di
F’

(due to H,). (6.9

(cos Ad —cos Ac)sin Ax

sz = Elx = — k”EOJ’”' Sm (l—e-“')z Yy = h »

w(c—d) o 1—ke~2rk

These integrals could be computed by expanding the factor 1/(1—ke~*%) into a
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series, as has been done in the previous work®»%>, However, expansions of the type:
(1 —ke—2ak)~=1 = i} ke~ ik
n=o0

will yield an infinite series of very slow convergence, especially when the parameter
k is nearly equal to unity. This is unfortunately the case in practical situations. To
avoid this difficulty, we expand the factors:

(1—e 2y /(1—ke=) and  (1—e~M)2/(1—ke-2k) -

in Egs. (6.8) and (6.9) by means of a system of orthogonal functions. The details
of this method will be discussed in Appendix I.

Fig. 8 shows the results of numerical computations for the case of two layer

Fig. 8.



On the Electric Fleld due to Tides 31

structures, in which the ratio of the conductivities are chosen as 1:1, 1:0.1 and 1:
0.025. Also, in this case the effect of the horizontal magnetic field is not very large.
However, the electric field varies in a rather complicated manner, and a sharp negative
peak is seen on each curve of Fig. 8 (c). Although the values of £=g,/0, chosen
here are not necessarily practical ones, the dependence of the electric field on the

conductivity of sea beds will be understood to some extent.
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Appendix I. Computation of Some Integrals

To compute the value of the integrals in Egs. (6.8) and (6.9):

oo 1 _e—-2Ah dl
I = SO T gk (cos Ad—cos Ac)cos Ax=; iR (1)
and
i3
I = S (11:4_2)\)}‘ (cos Ad—cos Ac)sin lx(fé , (2)

we shall consider a method of expanding the functinns:

HE) ={ =%, ¢=e™, 0<e<1, (3)
and

6o =4 k,;, p=eM, 0<9<1, (4)

by means of an appropriate system of orthogonal functions®. For this purpose it is
required to obtain a system of polynomials £, (x) of order 7, each of which is orthogonal
over (0,1) to all polynomials f;(x), s< 7, and normalized over (0,1):

[ronmaz =0, s<r;

=1, s=7.

(5)

From these conditions we get the following functions:

Solx) =1, )
f(®) =31 -21),

f2(x) =/ 5 (1—62-+62%),

f2(%) =/ T (1 -12x+30x2—202%), ) (6)
fi(x) =1/ 9 (1—20x+90x%—1402% +70x*),

£:(x) =y 11(1 —30x+210x% —560x° - 630x* — 252x°),

It can be easily shown that the following relation exists between successive three

polynomials :
8n(®) = gn-s(8) =211 gaus(@)dr, 7

where

* F. B. Hildebrand : Introduction to Numerical Analysis (1956), 269-272,
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gn(x) = Fa(2).

1/2n+1

33

(8)*

Now, by means of the system of orthogonal functions f,(¢), we can expand the

function H(¢) as follows:

H(®) = 33 ax £2(0),
where

= { HOmM©dc,

or

.
ay =v'2n+1 %locnmbm »

1
bn = |, HOCme,

and ¢, is the coefficient of ¢™ in g,(¢) defined by Eq. (8), i.e.

Ia(0) = 1/2n+1m2.v:ocnmcm, Cno = 1.

The results of integration of Eq. (12) are as follows:

by = l(1+%10gk')

141 K Lk ,
bl_7(2+k+kzlogk)

171 1 4 ,
”z=?(§+§k 5 F“gk)

1/1 1F 1 ¥ F ,
b3=?(z+§?+zkz+ks+k4‘°gk)'

Rearranging the terms in Eq. (9), we obtain:

H(O) =33 Ant”,

* Dr. Maeda used another system of orthogonal functions:
[(®) = V3% fu(x) =+/5(-3z+417),

fa(®) = /7 (62 —20x24152%) , ... ... ...
in order to calculate the integrals:

< ke~2
So T—ke- T ma oD
and
o Bye— Ay Ao 2Ny +dp)
So T b2y = hye NG iy Ryhge 7 SO

(9)

(10)

€8y

(12)

a3

14

(15)

which appear in the two-layer and threr-layer problems of electrical prospecting. (see K.
Maeda: Method of Calculation for Electric Resistance Prospecting, Bulletin of the Railway

Technical Laboratory, 6, No. 6/7 (Nov./Dec., 1949), 11 and 66-68.)
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where
Ay = AyCoo+a1Cro+yCa0+ -+ )
Al = @01+ a0+ Al + oot ’
Ay = GyCp+a3Cn+a,Cn+ oo , (16)
To illustrate the accuracy of ex-
1.0p= pansion of Eqg. (15), we shall chose
g a value k=39/41, corresponding to
l 0,/0,=1/40, and \compare the ap-
z proximate values
(a) ¥ .
ask  4-3y4 A Hy () ='§’AnC” an
i with the true value of Eq. (3). As
i shown in Fig. A-1 (a), H,(¢) is already
fairly close to the accurate curve of
ol L H(¢), whereas the binomial expansion
05 ¢ — 10 Ny
5 A Hy(0) = 3% (18)

- #2  does not give a good approximation

ti 7; even if we allow N to reach 10, except
Q s H(s‘)=,'—_;—s; ’ “  for the region of ¢ small, as can be
(b) ¥t #5$)\ 1%  seen from Fig. A-1 (b).

4 =39/4) 5
0.5 5 After obtaining the expansion of

- (7o Eq. (15), we can write down Eq. (1)
in a computable form:

| L= £33 AuL—J(c—, 20B)

O —JCe+x, 2nk)+J(d—x, 2nk)
Fig. A-1. +J(d+=x, 2nh)], 19)

where
J(&m) = plog (§2-+9*) —2§ tan™' (/7). (20)

We can obtain another formula for the integral I, by means of Eq. (18):

1, = % ¥ S1p-1[H(c—x, 2nk)+H(c+x, 2nk)
n=1

—H(d—-x, 2nk) —H(d+=x, 2nh)], (21)
or
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L= %k'gk””[f(c—x, 2nk) + J(c+%, 2nh)
—J(d—=x, 2nh) —J(d+x, 2nk)]

(C—'d), lxl<d)
+ g e—n, da<lzl<e, (22)
0, c<lxl.

Although Eq. (19) looks similar to Eq. (22), the convergence of the former is
much faster than that of the latter. For example, the accurate value E,, and ap-
proximate values ESY> at x=0, y=h, for k=39/41, will become as follows, according
to the number of terms N of Eq. (19):

Eyu/Ey = —0559; N=1: E{L/E, = —0.685,
2: EQ/E, = —0575,

3: E®/E, = —0538,

4: EQ/E, = —0.542,

5: E/E, = —0.559.

whereas, Eq. (22) will not give the same accuracy even if as many as 50 terms are
taken into accunt. However, it is not easy to take many terms when Eq. (19) is
used, because the determination of the coefficients A, for larger # will become more

and more tedious as »

increases. On the other
hand, the terms for very
large n in Eq. (21) or (22)

7% =1,/40 are obtained so simply, that
% 4 =39/4) the sum of terms beyond a
=0 y=4; certain values of #x, say
¢:d:n =20:18:1 n>50, is not difficult to

compute. Therefore, if a

L very accurate value of the

— e N P integral is wanted, it seems
0 5 o 20 40 60 80 loo
N — better to use Eq. (21) or
Fig. A-2. (22). The value of E,,/E,
shown above has been obtained in such a way (see Fig. A-2).

As for Eq. (4), the same type of expansion can be obtained, by means of the
orthogonal system given by Egs. (6):

G0) = 3 anfuln), (23)

where
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1
=, conracnan,
”n
=/ 2n+1”§°Cnmbm , 29)
1
by = S G(p)y™dy ,
[
1 \
by, = 5 (»-1),
1 3
bl - ?(—Q‘I‘ 1.—2) Y
1 p 4 k//
by = |5 +-=—"],
2 lla(k 235 k)lk” 2 } 25)
_if_qg o _ 1lr 6 4
b“_k( FT317 2 k+k)’
_1(p 6 1k 12 K
by = k(k2+4.5 SET2R kz)’
where
p=logk+ ;5 t0gHUE,
kK’ 1 1+/F E>0 (0,<lop, (26)
q= 2klogk’+/k logl_l/_k_,
p=loghk'+ /k”ktan_l v _Ek,
% 2 o E<0 (6p>01). @0
g = gplogk+ == tan™/—,
The coefficients in the expansion
G(p) =§0An77” (28)

are given by the same form as in Eq. (16). Since the approximation in this case is
closer than in the former case, the value of N can be reduced to 3 or 2, for £=~0.95.

Appendix II. Listing of Formulas for Electric
Field due to Horizontal Magnetic Field.

Case 1.
Velocity distribution: v =uv,, |x{<c, 0< y<k; }
=0, elsewhere. Y
Induced e.m.f. per unit distance:
E0y=—Eo:=ﬂ/.lo1)on, |x|<C, 0<y<h; }
=0, elsewhere. 12
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1.1. Uniform Medium
The formulas for potential, field and current have been given in Section 5 of this

paper ; see Egs, (5.1)-(5.6).
1.2. Two-Layer Structure

Elz = pr+E;|fv ’

Epe = — 2(7 (¢-rb-> y gmrhens —genysindcsin e %,y <, L3
* A —e™M)% b A o oA ; di
Efy= -k - So T Foa= % ¢ (e» +e~*)sin Ac sin Ax T
E‘y = Epy‘l‘Ely 3
E,y = E°S [20—e*)— (e‘“""”—e AA+PY] sin Ac cos /’U\:d/1 <h
by s 7 7 ’ 14
AK
Efy = k22 x So %—’%,% e~M(eM —e~M)sind ¢ cos /lx‘%
E,;\ B (T (L—e™ )2 k> o (sin Ax\di
(EZ) =k OS T —fg-un €T sinde coslx)T’ .5
Case II.
Velocity distribution: » =v,, 0<{y<g,
h— |x1<c;
=, —~, <y <h, } ’
h—g’ & } (I1.1)
=0, elsewhere,
Induced e.m.f. pre unit distance:
Eyy = —Ey = —p@H,, 0y <g,
= —ENY g<y<a, }"‘K“
g aL. 2
=0, elsewhere.
2.1. Uniform Medium
V= —Q’ [M(c—=x, »)+M(c+x, y)]
E, _
47r(h ) [K(c—x, h—y)+K(c+x, h—y)
+K(c—=x, h+y)+K(c+x, h+y)
—K(c—x, g—y)—K(c+x, g—y)
—K(c—x, g+y)—K(c+x, g+3)]. (L.3)
(e+x)*4y*
Ex 1 Ele—0+y
E,

)[H(c %, h—y)—H(c+x, h—y)

+H(c—x, h+y)—H(c+x, h+y)
—H(c—x, g—y)+H(c+x, g—)
—H(c—x, g+y)+H(c+x, g+)], L 4

47r(h —g
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( tan™! c%r +tan—! m:)

+ fxth—g) [M(c—-x, h—y) +M(c+x, h—y)
—M(c—x, h+y)—M(c+2, h+y)
—M(c—x, g—y)—M(c+x, g—y)

+M(c—x, g+y)+M(c+zx, g+3)]
EO) O<y<g,

- EOZ:y: g<y<h) lxl<c,
g
0, elsewhere. (1. 5)

J= =% Hc 1, 3)—H(e+, )]
__ak _
4n(h—g)
—F(c—x%, h+y)+F(c+x, h+y)
—F(c—x, g—y)+F(c+x, g—y)
+F(c—x, g+y)—F(c+% g+y)]. (L. 6)

[F(c—x, h—y)—F(c+x, h—y)

2.2. Two-Layer Structure

\
Elx = pr +E;.§r ’
Epx = n(hEo 5 S [2(h—g)Ae —2+ e~ 2> p=ACh+?)
4@~ AI=8) _g—A+8)] gip A¢sin Ax% ,
(IL7)
g<y<h;
Ef = n(:Eog) S [2(h—g)A—(er—e~Mh) 4 (M8 —e~2E)]
e - di
1 ke"”‘"( Y +¢~M) sin Acsin Ax 55 S )
\
Ely = Epy"‘Eiky ’
Epy = n(fo g)S [2(h—g)Ae~™ —(e~Xh=9) _g=Aiht¥D)
+(e~MI-& _g~r+&) T gin Ac cos Ax %A
[EOZ y: |xl<c, } < /h (II‘S)
gy n;
0, elsewhere,
El — n(’/:Eog) S [20h—g)A— (M —e=Mh) 4 (A€ _g=A8)]
~2\h
I_e_k::—TMi (eM —e~M)sin Ac cos Ax‘zi:—l .
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(&)= E(l%jg') [ r2th—gra— (e 1+ (22—

Eas (IL 9)
w_ M G (sin ix)(ﬁ )
[ Fe=o SI0 ¢ \cos 2% ) 72 -
Case III.
Velocity distribution: v = v, |x|<d;
o c—lxl -
=V —g» 0<y<h,
d<|x|<le; ) } (1L 1)
=0, elsewhere.
Induced e.m.f. pre unit distance:
Ey = —Ey=—pwoH,, |2|<d,
_ _pc—lal - 0y <k,
=B g » d<lzi<e, } (1L 2)
=0, elsewhere.

3.1. Uniform Medium

The formulas for V’, E, and E, have been given in Section 6 of this paper ; see

Eqs. (6.1)-(6.4).

J = — gt s [2K (o, 9)—2K(c+a, 9)

—2K(d—x, y)+2K(d+x, )

+K(c—x, h—y)—K(c+x, h—y)

—K(¢c—x, h+y)+K(c+x, h+y)

—K(d—x, h—y) +K(d+z, h—y)

+K(d—x, h+y)—K(d+x, h+y)]. (I11. 3)

3.2. Two-Layer Structure

The formulas for E,, and E,, have been given in Section 6 of this paper; see
Eq. (6.6).
Ely = Epy +Ei‘_<y 3y

_ E, (= =AY _ AR~ 1 g=ACh+Y) _ da 4
Epy = ) So [2(1—e2) —¢ +e~A#+3](cos Ad —cos Ac)cos Ax (111. 4)

o
kE, Swe—}‘lh Elk;_ez;:")z (eM —e~2)(cos Ad—cos Ac)cos Ax ‘% .

*
ES = rte—d)

[

E'E, (~e"MY=m (1 —g=Mk)2
Ezy = S

~ 2(e—d) do 1 he=2h (cos Ad —cos Ac)cos lx‘% . {1, 5)





