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Analysis on Creep of Statically Indeterminate
Reinforced Concrete Structures

By

Kiyoshi Ogapa

Department of Civil Engineering

(Received July 11, 1956)

1. Introduction

It is a well-known fact that the stress re-distribution caused by the creep and
shrinkage of concrete will occur in the statically indeterminate reinforced concrete
structure when it is subjected to sustained load for certain length of time.

Many theoretical and experimental studies have been made by many researchers
such as Dischinger, Schwarz, Straub, Wilson and Ban. The author also has attempt
at its theoretical solution by use of the slope-deflection method” and the moment-
distribution method® modified for this particular problem.

In this paper, the variation in the redundant forces due to creep is theoretically
analysed by using the fundamental elastic equations and “ Theorem of Three or Four
Moments,” both of which are conventionally used for general statically indeterminate
systems.

The effect of variation in the modulus of elasticity of concrete caused by age is

so small that it is disregarded in the analysis®>. Some numerical examples are also
illustrated.

2. Variations in the redundant forces due to creep
The elastic equations of statically indeterminate systems are generally given by
Oi0 00Xy +0:,Xo+ o+ +0imXm+ - +0:,X, =0 (1=1,2,3,--,n) (1)

where § is the displacement and X the statically indeterminate force.

Solving these equations, the unknown, X’s, are obtained.

When the system is subjected to sustained loadings, there will be an increase in
each of the displacements due to creep, resulting in changing 6;, into 8;,; and d;,.
into 0, respectively.

Since 0;, and 0;,, are the displacements of the fundamental system composed of
various members, they can be expressed by
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0i0 = Osoa+0s0p+ Os0c+ -+,

Oim = Oima~t Oimpt Oimet -+ . (2)

The terms on the right side of the above equations correspond to the displacements
of the component members, a, b, ¢ and etc. of the system.

Now, assuming that each of the component members posseses its proper charac-
teristics of v.9:, vep; -+, where v,, v, -+ are constants and ¢; the standard creep
characteristics, the total displacement after the duration of sustained loadings will

become
Oior = Bi0a (L +va0y) +0i0p(A+vyps) + -
=050+ WabisatVsbiost+ ) s
=040+ 0:09s (3)
where
Sio = Yabisa+VeOiopTVclioct - .
Similarly

Oimt = 6im+l§im¢t

Oim = YaBima +Vb6imb+Vc8imc+ . (3

In case the influences of axial forces and of shears besides those of bending-
moments are taken into consideration in calculating ¢; and assuming that each member
has a different value of creep characteristics for the axial force, shear, and bending
moment, as is usually expected in the reinforced concrete members, 8;0,, for example,

must be computed as follows :
6i()a = 5?0a+350a+330a s (4 )

where the terms on the right side correspond to the displacements caused by
bending moments, direct forces, and shears, respectively; and the suffixes B, D, @ of
0;0z also mean the influences of bending moment, direct force, and shear.

Therefore, 0;,.(1+v,0,) in Eq. (3) must be transformed into

0i0a(X +vE¢s) +050a(L +v70s) + 050, (L +vae,)
= 000+ (Vgag()a“'ygb‘%u"'yga%a)@t
= 6ioa +gioa‘/’t 3 ( 5)
where gioa =vg foa+V:5%a+V333m .
A similar relationship holds for each of the other &, 0; -+, and Egs. (3) and
(3) will come
Oi0r = 0o+ (8i0a+5‘10b+3i00+ )Py
= 0ig+ Bio¥s (6)
Oimt = Oim+ 0im®s ,
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oa+Biop+ Bige T -

q S,
where { dio
im +3zmb+01mc+

im

I
le °ﬂ

O3
i

Thus, when each of the displacements, J;, increases as given above, this tends
to cause discontinuity of member displacement and for that reason the redundant
forces are assumed to vary as creep is produced in order to satisfy the equilibrium
conditions of displacements.

Now, let Y,, be the variation of redundant force X,,. Neglecting the variation
in the modulus of elasticity of concrete, and assuming that the basic creep charac-
teristics ¢; has the same properties as those of concrete, Y,, will cause a secondary

displacement as shown below : %%

4 < dY,
[ 1Bt (e )8t i

de-

” g dr. (7)

= Bim Yot im | Yo
Consequently, the required conditions for continuity of the displacement will be
given by using Egs. (3 or 6) and (7) as follows:

(6i0+3i0¢t> + (0 +800) Xy + (8 +800) Xo +
-+ <5im+ 3im¢t> Xm+ s (61'71 +5‘in¢t) Xn

¢ - dY. ) t _
+S {6i1+((pt_¢7)6i1} *ldf_i_ +S {6im+(‘pt'—¢7)6im}gmd‘r+
0 dr dr

t
ot (@m0} Lrde —0. G=1,2,8,,m) (8)
Substituting Eq. (1) into the above,
t t
SO {6i1+ ((pt_w'r)Ou} d ldT+ SO {6im+ ((at (01') 6;m} md + -

4 - . dY,
+ So {0int+ (@1 —@1) Bin} e dr

+3£0¢t+(§11X1§0t+ +5‘mem¢t+ +3tan¢t:0'
(#=1,2,3,-,m. (9

Differentiating the above by ¢;,

(6113Yl+ozlyl)+ +(6meZm+oszm)+ +(6m6dlY +()an)
+8uXyt o A imXmt o +8in X+ 8:0=0.
(=123 - ,m. 10

These are the fundamental differential equations for obtaining the variation of

the redundant forces due to creep.
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3. Solution of the simultaneous differential equations

The simultaneous equation (10) is solved in the following manner. Examples
will be shown for three reduntant forces X,, X, and X;.

(a) General solution
For i=1, 2, 3, Eq. (10) becomes as follows.

(aan“'éu Y)+ (512Y2+5‘12 Y+ (313Y3+l§13 Yy)
+X1311+X2312+X3313+ 310 =0,
(82 Yl +0n YD+ (622Y2+5‘22 Y)+ (623Ya +82, Ys)
+X1521 +X2322 +X3323+320 =0, (11)
(83 Y1483 Y1) + (00 Y2 +80 ¥a) + (350 Vs +500 12
+X1331 + Xz(—?az +X3333 +5‘30 =0,
dY;

where Y= do, * (:i=1,2,3)
Solving the above equations, we obtain
Yi=p+n, Yeo=pntrn, Yo=y+n, (12)
where m:—m—gﬁ (i=1,2,3) a3

and 4 is a determinant obtained by the coefficients of ¥,, ¥, and y; in Eq. (11). And

Yt A A7

9;=CM,; (A)eM+CM;; (A ers + CM () ks, 14
A, A, and 4, are the roots of determinant equation (15)

Sp+ady 0y +Ady O +ASy)
M(D = 621“*'/1.5_21 622'*’1522 623'*“}\5‘23 =0 ’ (15)
531"*‘15‘31 532+)-332 533+15‘33

and M,;(A;) is the minor of element 8); +44d,; in determinant (15) for A= 4.
C,, C, and C; are the constants which are determined by the initial conditions of
Y;=0 when ¢, =0. That is, C’s are obtained by

CiM;;(4) +CMi; (A2) +CoM,;(4e) = —‘J’iZX;"*‘% ,
0

(t=1,2,3) (16)
(b) Solution for the special case of §;p= 0;
In case all of the creep characteristics of all the members are the same as those
in a plain concrete statically indeterminate system, in other words, an assumption of
Yo=vp=vc= -+ =1 can be made in Eq. (3 or 6), §; is equall to &;,. Then, each

of the expressions in the parenthesis in Eq. (11) will be as follows,
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CirYr+8:iaYr) =6 (Vi+ Yp),
and Xlg,'l + ng,‘z + Xgéig + 5‘,‘0 = X15i1 - Xzaiz + X36,’3 +5,'0 =0,
Accordingly, YetY,=0 S Ye=0. an
If J;, contains the displacements 6;, at £=0 of the support and d;; caused by

shrinkage in addition to the displacement 0;; caused by sustained loads, then J;, can

be assumed to grow in such away as

8i(t) = $18i =215,

where m is the final value of ¢,

Then, the solution of Eq. (11) gives the following three independent differential

equations of first order:

dy;
de;

%X.-):O, (=1,2,3) as)

+ Yoo (X

in which X;,, X, indicate the redundant forces due to the support displacement and
shrinkage effect, respectively, and both of which can be computed by the elastic
theory.

Thus, the following is obtained :
Y= (%—X,.w)a—e"“’t) . a9

Egs. (17) and (19) are the solutions obtained by Fr. Dischinger, and they mean
that the creep of concrete does not affect the stress distribution in the structure so
far as the displacements of the support and shrinkage do not take place.

(c) Example

d F

For example, a symmetri- OO Hm [A'“‘

cal, two hinged frame having

C | c
a steel tie, which is subjected ] 3 Vel
) o " g 1,%.E, o 4 :'5. .
to a uniformly distributed 7 8 —>| X, g
. steel tie .
vertical load as shown schema- (As. Es) 1
tically in Fig. 1, is considered. o I 4% € L e E I
The basic statically deter- £ < | ‘
minate system is chosen as I f
shown in Fig. 1(b), in which A 3 i Xe ‘ é
A indicates a roller and E a @) b

hinge.  (Lc, I,) and (ve¢:, ¢1) Fig. 1. Analysis cf symmetrical, two hinged frame with
mean the moments of inertia steel tie.
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and the creep characteristics of column AB and beam BC, respectively.

The fundamental equations for the redundant forces X,, X, are:
—0,0+ X0, +X,0,=0
— Oy + X1821 =+ Xzazz =0 » (20)

in which &’s can be calculated as follows. (The effect of direct force is neglected
except for the steel tie.®?)

= | M) 4 2Pt

EI EI,
2Fy,
8, — oyd - )
20 S $= T,
| (hty)? _ 2n 2
6,1—8 ~E ds BEIc 3EI {B+h(h+ )+ h+)?}
= 6uc+5ub ’ (21)
h+
== | Cads - g (h+3f)

(¥ b 2f s 1
O = SEIdHESAS =3 Bl EA,

= 22b+622T .

F is the area of the moment diagram as drawn in Fig. 1 (b), and y, is the height
of the centroid of the moment diagram, measured from BD level. For a uniform

load w on the horizontally projected surface, are obtained
11 , 5
F:—s—gwls, y0—8f.

Under the consideration that the steel does not creep, the followings are obtained
from Egs. (3) and (21);
Orat = O10T 61091 = O30+ 01001, (810 =010)
Og0 = 20+ 0209 = 030+ 05094 , (820 = 020)

Ope = 01+ 0119 , 81y = 0115 +0110vc) : 22)
it = Oyp = 012+ 8120y = 012+ 0104, (812 = 012)
Oz0¢ = O30+ 8229 , (622 = 022p)-

When =0, (¢;=0), X, and X, are given by the elastic theory.

610622 -612620 6‘11620 621610

LR Ny ey v SED Gl N Nt @

The simultaneous differential equations for additional redundant Y,, Y, due to
the creep are obtained from Eq. (11), as below :

(61Y11 +5‘11 Yl) -+ (612Y2+5‘12 Y;) +X15‘11 +X2312—_5‘10 = 0

.- o - R 24
(521 Y, +0n Y]) + (522Y2+522 Yz) +X10‘21 +Xzazz-g'zo =0. ( )
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Solving the above, from Eq. (12),

% 4]
Yi=5+C (6 + 21612) e+ Cy (04, + A5012) €%
ét ¢y

Y, =9,—C, (0 + Ay eN —C,(04y+ A0, eh,
where

5‘10822—5125‘20
Y= — X, 100 Tz R
' ' BuBn— 8120
3115‘20—5215‘10
Y, = — X, 4 A A s
; : 61x622"512621

and 4,, 4, are the roots of

Ou+A8n G+ Ad: o

M(A) = - =
e P

C,, G, are determined by Eq. (28) from the initial conditions that ¥; =Y,

¢ =0.
-1
(A= 4) (614612 —811012)
1
(Al - j2) (611512 - (_?11612)

C, = {0+ 261 +9: (012 + 81},

C= { (311‘1‘11511) +y2(512+11312>} .

For assumed values: /=10m, h=5m, s=585m,

I, = 0.0016 m", E — 21%10* kg/m?
I, = 0.00313m?*, E, — 21 x10° kg/m?
A, — 0.0008 m?
© = 2000 kg/m, M, = ol = 25000 kgm

Ve = 2, @y = 1)
d’s are computed by Egs. (21) and (22)

0= 010=00918m, &, =25,,=0025m, &,=1016x10"*m
8,,=206,=0187%x10"*m, 6, =0.0595%10"*m,
and O = 1.264 x10~*m, 822 = 0.0535 X 10~* m.
Thus from Eq. (23): X, =311kg, X, =3220 kg
from Eq. (26): y,=-—239kg, ¥, = 1200 kg
from Eq. (27): 1, =-—0,6819, A= —1.144.
Then after determining C;, C, by Eq. (28), the followings are obtained :

= —176 kg, Y = 793 kg.

335

25

(26)

¢1))

=0 at

(28)

Professor S. Ban gives the followings for the same problem as the above by using

the approximate method proposed by himself.®
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Y= —-190kg, Y ==842kg as the first approximation
and Y= —-168kg, Y =761kg as the improved one.

Similar analysis can be made for a tied arch with steel tie on which R, Schwarz

discussed.”

4. Analysis by “Theorem of Three Moments or Four Moments”

(a) Application of the theorem

Theorem of three or four moments is frequently used very effectively in the
analysis of continuous beams and rigid frames.

Therefore, the application of the theorem to the creep problems as described in
the preceding chapters will be developed in the
following.

Select any two adjacent members AB and BC

framing into joint B, as shown in Fig. 2, and the

end tangent deflection angles ¢ at B of both mem-

Fig. 2. Two members framed

bers AB, BC can be given by® into joint B.
. 1 laB
for AB: flg= — L2 (Ma+2Mp) +Bapr +Das
Eaplapl\ 6 29)
for BC: 65 = ——i— {@ (2M3+Mc> +Upcr +DVsc .
Epclpc 6

Where P45 is equal to the reaction at B of a simple beam AB due to an imagined
loading equivalent to the moment diagram M,ap obtained for the load on beam AB,
and pc the reaction at B of a simple beam BC for a load equal to the moment
diagram M,sc for the loading on beam BC: ®ap and Dpc are the member rotation
angles at B of members AB and BC. Angle rotation is assumed positive when
clockwise,

Since B is a rigid joint, #5 must be equal to #5, consequently the well-known
fundamental equation of ‘“theorem of three moments” can be derived by the condition
that

8 =105 (30)

When the creep of each member is taken into account, the above expressions
have to be modified as follows:

Let ¢ap and ¢pc be the creep characteriatics of member AB and BC, then 85 and
0g’ will increase with the duration of sustained loads to 05(1+¢ap) and to 85" (1+¢sc).
These variations in & tend to disrupt the condition of equal angles, Eq. (30), so that
the additional bending moment Ma,, Mp, will be caused to hold the equilibrium of

angles ; consequently, the fundamental equation is derived as follows:
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00 an— 5y ‘42 (Ma,+2M) + || (M, +2Ma) 222 at)
Eaplas 6
d
= Oonc gty L8 @My +Me)) + | @M+ Mep) 52%at} @D

Differentiating by ¢, under the assumptions that ¢ap=vasy¢;, ¢8c = vacy:; and

VaB, VBc are constants,

EAZ;:IB (Ma, +vapMa,) +2 {E IA? (Mg, +vapMz,) +E I (Ma: +VBCMB¢)}’
F}ii%ac (Mc:+vecMcy) = 6(Bpvas—0s'vac) , (32)
. dM,
where M, = 7o
Multiplying each term by the standard value %ll and expressing EAigAB %—B s
Ezclnc l by Vap and /Bc, we get
l/AB (MAt +VABMAt> + 2{ (l/AB + I’BC) MB; + (VABI,AB +VBCIIBC) MB:}
+Vsc(Mc; +vcMey) =6 ? (Bsvap—05'vBc) . (33)

.

And, similarly, the expression corresponding to “theorem of four moments” can
be given by

Vap{(MI+2M) +vap(M;+2MD)}
Bl (2N + M) + (@M + MDY = 6L (B30 45— Ousc) . 34
Using the above equations in place of the elastic fundamental equations, the

simultaneous differential equations, as given in the preceding chapter, are obtained
and they can be solved in the same manner.

(b) Example

4] I, 1 12 2 I; 3
An example will be given for a conti- ‘1[1 £ I L1 L7
-
nuous beam of three spans having no sist “4f L%
support displacements, as shown in Fig. Fig. 3. Analysis of continuous beam of

three spans.

3, for which M,= M, =0.
The fundamental elastic equations for support 1 and 2 are

2+ LM+ 1M, = —K, )
1M, + 20l +IDM, = —K,

l/ l/
where K, -6 ( o 912), K, = G(Tz%ﬁl—z%).

Two unknown bending moments M, and M, can be obtained by the above equa-
tions. In the creep analysis, Eqs. (31) and (33) are used as follows:
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2{ (11/+12’)M1t + v+ L) Myt + (lz,Mzt +1/v,M,) = —K

hi ; : (36)
(L' My +0v,M) +2{ (0 + 1) Moy + (U, H 1 v) Myt = — K,
in which
K/ = {2(V111/+V212/)M1 + 1V, M,} +k,
K, = {v.ly’ M, +2(uzlz’+u313’)M2} +k,
by = ( L L yzaxz)
k,=6 (T:VZ‘BZ -\—7'“';—1/3?13) ,
or, rewritten as
2(L12M1t +I_;12M1t) =+ (LzMzt +E2Mzt> = - (37)

(LMt + LoMyy) +2(LosMos + LysMot) = — K, ,
in which
Lop=04'+1/, L=l, Lyu=1I+l
Lo=Uvi+Lv,, Li=Lv,, Lun=ULv,+1l/v,

Eq. (3‘7) has the similar form as Eq. (24) and can be solved exactly the same

way. b
# I F
If the continuous beam structure and  UEEET W TN ormor T
the loading conditions are symmetrical j’,:l L=t &=t
. 4=, Ai=15 4=1
with respect to the beam center, as shown V=i D205 2=1
‘ I} (3 3
in Fig. 4, then M,=M,, M,;=M,, K/ Fig. 4. An example of continuous beam
bridge.

=K,’, k,=Fk,. Consequently, the solution
can be easily determined by the following differential equation

(2L12 + Lz) Mlt + (21—412 +E2>Mxt = —Kl, . (38)
Solving the above,

M, = 1-e** 39
w=oF +L2( 1) (39)

—(n +2Llf Lz) (A=e0),

I

where

2L12+L2
S 2L,+L,

For example, in the continuous beam bridge shown in Fig. 4.

_bF bl
Bi=tor W=y

K, =K,=6(%,+15%,).

Moment M, calculated by the elastic theory is
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M, — % (B, +1.5%,) .

Next, for v, =v; =1, v,=05 [v is a constant relating to the creep characteristics

as assumed in Eq. (3)], by using Egs. (36)~(39),
36 -
M, = 551 (3B, —2%,) (1—e %) .

For ¢ =2

36

M= 51 % 0.7296(38B, —2%;) .

Therefore, M, will become, after the duration of sustained loading (at ¢¢=2),
as follows,
(Ml)t = Ml +M1t
= —(0.5664B, +1.6223%,) .
Then
for be=p (M)e/M, =0.949 and
for ﬁzzzﬁl (M1>t/M1 =1.029.

Thus, the end moment M, will vary by about 5% due to the creep difference
between the two adjacent beams. Fig. 5 shows how much M, varies with the creep
difference and the loading conditions. In the actual reinforced concrete continuous

02 02
e b
o

e hem2f " f=2p,

02 N
/ |

&' -02
%
L=d,= 4, L=1l.=4, d=d=4
b= . y= L= =di=4s
! Lotimt, b15 P L=b1 o5
-04 V= V=1 )=¥=1 Va V=i ~04
x-lz %2 %m2
-ae 25 7.0 7.5 Z.0 X 7.0 7.5 Z0 0.5 70 75 7.0 %
—_— — ——y

Fig. 5. Variation of moment dependent of creep difference and loading conditions.

beam bridge, the creep characteristics of a beam over each span and the magnitude
of sustained load over each span beam are, in general, not so different in value from
each other so that the variation in the moment distribution may not be large; the
variation may possibly 10 to 15 percent, except for special cases in which large
differences exist between the creep characteristics of the adjacent beams on the inter-

mediate support.
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5. Summary

The creep characteristics of the members composing the actual reinforced concrete
buildings or bridge structures of statically indeterminate system may be quite identical
in some special cases but rather very different in many other cases.

In this paper the effect of the difference in the creep characteristics of the
members on the stress distribution is analysed theoretically. The studies show that
the variation in the redundant forces is considerably large especially in the structure
composed of reinfoced concrete and steel members.

The modified “Theorem of Three or Four Moments” may be conveniently applied
in the creep analysis of the continuous beam bridges or frame structures.

These analysis developed here, if still slightly modified, can also be used for the
similar problems of the structures of composite or prestressed members.

The author would like to express his sincere gratitude to Profs. S. Ban and
Y. Kondo for their kind advices and valuable discussions.
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