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1. Introduction. 

13 

Paddle agitators are most frequently used in chemical industries, because of the 

simplicity of their design and construction. Nevertheless, the studies on their power 

requirements are not complete and their results not consistent. 

Among them, the results obtained by J. H. Rushton and his co-workers1
) are very 

extensive and most valuable. However, the relation between the power consumption 

and the ratio of paddle size to vessel diameter is not clarified. Also they emphasize 

the advantages of baffle plates and the results of the power consumption of paddles 

without baffles are not sufficient. 

First of all, in this report, power requirements for the paddle agitators are studied, 

because it is easy to prepare paddles and to indicate their dimensions, and they are 

assumed to be the basic form of other impellers such as turbines or propellers. 

2. General correlation of the power consumption for paddles. 

2.1. Notations used (refer to Fig 1.) 

D : Tank diameter (m) 

H : Liquid depth (m) 

Hp: Height of an impeller off bottom (m) 

or the relative height off bottom (refer to Fig. 1) (-) 
d Impeller diameter (m) 

b Width of impeller blades (m) 

8 Angle of blades to horizontal plane (-) 
np number of blades of an impeller (-) 
N Impeller speed in r.p.m. (1/min) 

n Impeller speed in r.p.s. (1/sec) 
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p Power consumption for agitation (Kg·m/sec) 
p Density of liquid (kg/m3

) 

µ Viscosity of liquid (kg/m•sec) 

w Width of baffle plates (m) 

nn Number of baffle plates (-) 
g Gravitational constant (m/sec2

) 

gc Gravitational conversion factor (kg•m/Kg•sec2
) 
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Fig. 1. Schematic diagram of 
impellers and vessels. 

2. 2. Basic dimensionless equation. 

( d
2
np)P(dn

2 )q (!!.. _!!__ H {}) 
µ g f D'D'D' 

( 1) 
where 

Pgc - N . Power number -ads - P • pn 

d2np = R 
µ e Reynolds number in an 

agitated system. 
dn2 

Froude ~-=F number in an g r 

agitated system. 

Among these, the Froude number should 

be taken into consideration when the sys­

tem has a free surface and this term can 

be taken as a constant from the results of 

a previous paper2
) and also from those 

mentioned later. As the exponent q in 

Eq. (1) is a small decimal, the values of (dn2 
/ g)q is nearly equal to 1.0 regardless of 

the magnitude in (dn2/g). 

For a while, let the case be considered when the liquid depth is equal to the tank 

diameter (H=D) and the paddle is installed at half the liquid depth (Hp=H/2) 

perpendicularly to the horizontal plane (fl= 90°). 

Then Eq. (1) becomes. 

3. Conditions of experiments. 

3. 1. Dynamometers. 

(2) 

The dynamometers used for the power measurement are No. 2A and No. 3 (No. 1 

in some cases) which are precisely explained in a previous report.2) 
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3. 2. Impellers. 

Experiments are carried out with the paddle agitators having the following dimen­

sions in diameter d and width b and composed of two blades (np=2), 

d/D = 0.3, 0.4, 0.5, 0.7, 0.8, 0.9 

b/D = 0.05, 0.1, 0.2, 0.3, 0.7, 0.9 

3. 3. Vessels or Tanks. 

The vessels used for these experiments are cylindrical in shape having flat bottoms, 

the sizes of which are shown in Table 1. 

Table 1. Vessels used 

Vessel number [ Diameter of Vessel [ Materials 
I 

Volume 
(cm) (/) H=D 

1 117 steel 1,260 

2 58.5 stainless steel 158.5 

3 30.0 Aluminium 21.2 

4 23.4 glass 10.1 

5 15.0 glass 2.65 

3. 4. Liquid used. 

Water, machine oils with various viscosities, and millet-jelly, having viscosities 

ranging from 103 to 104 c. p. or more, are used. Viscosity of the liquids used is 

measured by the Brookfield rotating viscometer. 

4. Results obtained. 

To begin with, the paddle length is made constant and its width varied in the 

range of b=0.05D~0.9D, and the power consumptions P in the liquids of various 

viscosities are determined in a wide range of agitator speeds. 

The results of these experiments are summarized by the term Np= (Pgc/ pn3d5 ) 

versus Re=(d2n,o/µ) on a logarithmic paper. Fig. 2 shows d=0.8D in the upper, 

d = 0.5D in the middle, and d = 0.3D in the lower group of curves. 

Next, the paddle width is made constant and its length varied in the range of 

d=0.3D~0.9D. The results of these experiments are shown by Fig. 3; b=0.2D in 

the upper and b=0.05D in the lower group of curves. These curves can be classified 

into the following three ranges ; 

( 1) In the range of high viscosities (Re is less than 10-102), the slope of the 

curves is nearly equal to -1. 

( 2) In the range of medium viscosities (Re is greater than 10-102 and smaller than 

104~ 105
) the slope of the curves varies widely with (b/ D) ratio and slightly 

with (d/ D) ratio. 
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Fig. 2. Relation between power number and Reynolds number for paddles having various width. 
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Fig. 3. Relation between power number and Reynolds number for paddles having various length. 
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( 3 ) In the range of low viscosities (Re is greater than 104~ 105
), the slope of the 

curves is nearly constant. 

The authors intend to derive empirical equations corresponding to these three 

ranges. R1 and R2 are the boundary Reynolds number shown by the chain line in 

Fig. 2 and 3 and they are calculated by Eq. (14) and (15) respectively. 

4. 1. Power equation for high viscosity range. 

In the range of Re<R1 , the exponent p is nearly equal to 

in Fig. 2 and 3). 

-1 (refer to the plots 

Then Eq. (2) becomes. 

U) = (P~f~s) · ( d;p) = :JiJ3 = f (t , i) (3) 

As the term U) is a function of (d/D) and (b/D), the values of NP in Re=l in 

Fig. 2 and 3 are equal to U) and they are taken and plotted against (b/D) as shown 

by Fig. 4. The plots of UJ 

versus (b/D) are curved 

in the range where (b/D) is 

less than 0.3 ; but in the 

range of greater (b/D), it 

can be approximated by a 

straight line having a slope 

of 45 °. Then, for the range 

of (b/D)>0.4, Eq. (4) is 
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obtained. 

(J)(b/D)- 1 =f'(d/D) (4) 

UJ(b/D)- 1 values are plotted 

against (d/D) as shown by 

the curve (c) in Fig. 4. 
Fig. 4. Effect of (b/D) and (d/D) ratios for 

power number in laminar flow range. As a rule, in the mixing 

of liquids of high viscosities, 

the paddles of larger sizes in d and b should be used as will be reported later. There-

fore, let the equation be limited to the paddles that have larger sizes in d and b. 

Then, from the plots in Fig. 4 (c) the following equation is obtained for the range of 

application; (d/D)=0.7~0.9 and (b/D)=0.4~0.9. 

(5) 
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4. 2. Power equation for medium viscosity range. 

(10~ 102 ~Re< 10• ~ 106 or more exactly R, <Re< Rz) 
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Fig. 5. Relation between the slope 

p in the medium viscosity range 
of Fig. 2. and the (b/D) ratio. 
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Fig. 6. Values of l,D' vs (d/ D) 
ratio-Comparison of the observed 
data (solid line) and those calc. 
by Eq. (9') (dotted line). 

In the medium viscosity range, the 

exponent p for Reynolds term varies 

widely in a complicated manner. 

The slopes p of Np versus Re cur­

ves in Fig. 2 and 3 are taken for the 

paddles of various length d and width 

b and plotted against (b/D) in Fig. 5, 

taking (d/D) ratios as parameters. This 

relationship is replotted with (b/ D)/ p 

as ordinate and (b/D) as abscissa and 

a straight line relationship is obtained; 

[ 
(b/D) ] 

p = a+[3(b/D) (6) 

In this equation, the coefficient a is 

equal to ( -0.17) and the coefficient 0 
varies considerably by the (d/ D) ratios. 

The relation between [3 and (d/ D) is 

not simple, but attaching importance to 

the ranges of (d/ D) = 0.3~0.5, the 

following expression is adopted. 

[3=-{(l.8+1.37(d/D)} (7) 

Thus, Eq. (6) is determined as follows: 

[ 
(b/D) ] 

p = - 0.17+{1.8+1.37 (d/D)} (b/D) 

( 6') 

By the same procedure used in the high 

viscosity range, the values of (!)' are 

calculated and plotted against (d/ D) 

ratio as shown by Fig. 6 (solid lines). 

1/l=( Pgs._)·(dznp)-P =f'(.!!__ _b__) (8) 
pn3d5 µ D 'D 

As shown by Fig. 6, log (J)' is re­

presented as a straight line against the 

(di D) ratio: 
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log(})'= l-m (d/D) ( 9) 

The slopes m of the straight lines in this diagram differ slightly by the variation 

in (b/D) ratio and is represented by Eq. (10). 

[ 
(b/D) ] 

m = 0.01+0.73 (b/D) (10) 

From Fig. 6, the ordinate values log (})o' at (d/D) =0 are read off and, plotting it 

against (b/D), then a hyperbolic relation is obtained as shown by Eq. (11). 

' [ (b/D) ] 
l = log (})0 = 0.03+0.42 (b/D) (11) 

But at (bl D) = 0.05, the observed values {J)o' are slightly different from those obtained 

by Eq. (11). 

Therefore, Eq. (9) is determined as follows. 

[ (b/D) J [ (b/D)(<l/D) J 
(})' = lO 0.03+0.42 (b/D) X 10- O.Ol+0.73 (b/D) ( 9') 

Plotting this Eq. (9') on Fig. 6, the dotted lines are obtained. As a whole, the agree­

ments of Eq. (9') with the observed values are good except in the case of (b/D) =0.05. 
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Fig. 7. Coefficient A in Eq. (12) 
vs (b/D) ratio-Comparison 
of the values A calc. by 
Eq. (12) 1 and those obtained 
from experiment. 

Accordingly, the following generalized equation is 

obtained: 

where 

[ 
(b/D) J 

A= 10 0,03+0.42 (b/D) 

[ 
(b/D)('1:/D) ] 

B = 10 O.Ol+0.73 (b/D) 

(12) 

(12)1 

[ 
(b/D) ] 

p = - 0.17+{1.8+1.37 (d/D)}(b/D) (l2) 3 

Eq. (12) is applicable to the paddles of an 

arbitrary shape in the region where (b/D) >0.1. 

To obtain a more accurate result, especially in the 

region of (b/ D) < 0.1, it is desirable to use the 

coefficient A taken from the plot of the dotted 

line in Fig. 7. 

4. 3. Power equation for a low viscosity range. 

(Re>10'~105 or more exactly Re>Rz) 

In the low viscosity range, the slopes P of the curves are nearly equal to -0.113 

as clearly shown by Fig. 2 and 3. 
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Therefore, Eq. (2) becomes : 

I])" = ( Pgc ) • ( d2np )0.113 = f"(!!__ !!_) 
pn3d5 µ D ' D (13) 

By the same procedures used in [4.2], Eq. (13) is determined as follows: 

Pfk = (bl D) • (-d_ )-1.23. ((],_2n.o )-0.113 
pn3d5 0.05+1.05 (blD) D µ 

(13') 

The solid lines drawn on Fig. 2 and 3 are the calculated lines of Eq. (5), (12) 

and (13'). With the exception of (bl D) = 0.05, good agreements with the observed 

values are obtained. The dotted lines in the range of medium viscosity shown in 

Fig. 3 are drawn by using A value taken from the dotted line in Fig. 7 and good 

agreement with the observed values is obtained. 

4. 4. Boundary Reynolds number; R 1 and R2. 

As mentioned above, the authors obtained empirical equations for three ranges of 

Reynolds number. The boundary Reynolds number R1 is varied by the ratios (di D) 

and (blD), and R2 may be assumed to vary with the ratio (dlD). 

By the same procedure explained above, the following equations are obtained to 

determine the boundary Reynolds number. 

[
2,176 (1-a/D)(b/D)] 

R, = lO o.02+o.58(b/Dl 

R2 = -3.3xl04+14.lxl04 (dlD) 

(14) 

(15) 

The chain lines R,-R, and R 2 -R2 drawn on Fig. 2 and 3 correspond to Eq. (14) 

and (15). 

4. 5. Method of application of the power equations. 

To calculate the power at an arbitrary condition, the following procedures are 

recommended : 

( 1) Calculate the Reynolds number at given conditions and also R,, R2 for a given 

paddle. 

( 2 ) Compare the Reynolds number with R, and R 2 , and decide the range of vis­

cosity. In case of Re<R,, use Eq. (5), in case fo R1 <Re<R2 , use Eq. (12), 

and in case of Re> R2 , use Eq. (13'). 

( 3) Calculate the values P, paying careful attention to use consistent units. 

When Reynolds number is less than R,, but is not far off, i.e., for the range of 

R1ll0<Re<R,, the state of agitation is in the transitional range and either Eq. (5) 

or Eq. (12) does not hold good. These deviations are shown clearly in Fig. 3 in con­

nection with the paddle of larger (di D) ratio. For this range, Np
1 

for R, is calculated 

by Eq. (12) and Np
2 

for R,110 is calculated by Eq. (5). The approximate value of 
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Np for the given Re can be estimated by the following proportional expression: 

(16) 

The lines drawn in the transitional range of Fig. 2 and 3 are the calculated lines of 

Eq. (16). 

5. Effect of liquid depth and the correction term for (H/D). 

In the previous experiments, the liquid depth H was held to be equal to the 

vessel diameter D, i.e., (H/ D) = 1. Then, the effect of liquid depth (H/ D) on the 

power consumption is studied. 

The power requirement at an arbitrary liquid depth H, denoted as PH, is given 

by multiplying the power P1 at the ratio of (H/ D) = 1 by a correction term (H/ D)h: 
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PH = P, (HI D)h (17) 

When the viscosity of liquid is low, for example as low as that of water, P is pro­
portional to (HI D)0·4~ (HI D) 0 •55 , but in the liquid of high viscosity PH is proportional 
to (HI D) 0• In other words, the power required is independent of liquid depth. 
Therefore, the exponent h is presumably a fur:ction of Reynolds number. 

Conditions of Experiments : 

Vessel used D=585 mm, Hp=Hl2, HI D=l.2, 1.0, 0.8, 0.6, 0.4 
Impeller used: paddle, 8=90°, np=2 

(di D) = 0.2, 0.5, 0.8, (bl D) = 0.05, 0.1, 0.2 
Liquid used : water ; 1.0 c. p. 

machine oil; 25.7 c. p., 70-85 c. p. and 580-650 c. p. 
With the paddies having the above dimensions, experiments are made to clarify the 
effect of liquid depth in liquids of various viscosities. 

The power consumptions at an equal agitator speed are plotted against (HID) 
ratio on a logarithmic paper. For example, the data for (di D) =0.8 are shown by 
Fig. 8. From these plots, the exponent h in Eq. (17) is determined. The value of 
exponent h decreases with the increase in viscosity ; in some cases as shown by 
Fig. 8 (d), however, it obviously increases with the speed of agitator. 

Also, the exponent h changes with the change in paddle width b, but not with 
the change in paddle length d. These values of h are taken from Fig. 8 and others 
(figures omitted) and they are plotted against Reynolds number as shown by the 
curve A in Fig. 9. In these plots, exponent h changes slightly in the scope of large 
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and medium Reynolds numbers and is nearly equal to those of water ; but they decrease 

suddenly at smaller Reynolds range (about 103
). Here again, it is assumed that the 

hyperbolic relation exists. Therefore, the values (Re/ h) are calculated and taken as 

ordinate on the right hand side, then the relation (Re/h) and Re shows nearly a 

straight line, as shown by the curve B in Fig. 9. 

h-[_Ji£_] - x+yRe (18) 

From the slope of the lines in group B, the coefficient y is determined and from 

the intercepts in ordinate at Re= 0, the coefficients x is determined. Thus, the follow­

ing relations are obtained : 

x = 23.5 (b/ D)- 1
•
38 

y = 2.55-4 (b/D) 

(19) 

(20) 

Therefore, Eq. (18) is determined as follows : 

(21) 

The lines calculated by this Eq. (21) are drawn as shown by the dotted lines on 

Fig. 8. It is apparent that the agreement between the observed data and the calculated 

lines is satisfactory. As the result, Eq. (17) is determined as follows: 

(17') 

The power P1 for (H/ D) = 1 can be calculated by Eq. (12) or by Eq. (13') cor­

responding to the ranges of Reynolds number. In the viscous flow ranges, Eq. (5) is 

adopted and the ratio of (H/ D) does not affect the power value. 
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6. Effect of the location of paddle 

on the power consumption and the 

effect of blade number. 

6. 1. Single paddle . 

The height of the paddle (Hp) 

located in an agitated vessel has little 

effect on the power consumption as 

shown by Fig. 10. It seems that there 

is a small difference between the power 

consumed by a paddle near the top 

Hp=0.9D (or near the bottom Hp=0.lD) 
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and that near the middle height. However, 

from the practical point of view, these differ­

ences are negligible in most cases. 

6. 2. Multi-stage paddles. 

[!J 
(ll 'np= 2, Hp=S 

Jb 
(3) 'np=2, Hp=5i..5 

($} Fa.n Turbine 

I 

cp 

~ 
14) r1.p=4, Hp=S 

I 

i 
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The distance of two or more paddle located 

in an agitated vessel has little effect on the 

power data as shown by Fig. 11 and Fig. 12. 

In Fig. 11, the power consumption for a paddle 

with double wic~th (Fig. 11 (1)) is equal to 

the power consumed by two paddles at an 

arbitrary distance (Fig. 11, (2), (3)). As an 

extreme case, the power consumed by an im­

peller having four blades (Fig. 11, (4)) is equal 

to the power required for a paddle with double 

width (Fig. 11, (1)). As a result, in the con­

centric agitation in a same vessel, the power 

consumed by impellers having equal d and {} 

is the same, if 
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Fig. 11. Impellers having equal 
power requirements. 
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Fig. 12. Power consumed by the two paddles located at various intervals. 
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b x n p = constant (22) 

It should be noted here that the above Eq. (22) can not be applied to agitation 

in the baffled vessels. 

6. 3. Turbine agitator. 

Turbine agitator is a sort of impeller shown by Fig. 11 (6). As discussed in a 

previous report (I) ,3l in the liquid of low and medium viscosities, the cylindrically 

rotating zone may extend to the inner side of the turbine blade so that the power con­

sumption of the turbine (6) may be equal to that of the fan turbine with equal 

blades (5). 

From the above discussion, it can be concluded that the power consumptions of 

the impellers shown in Fig. 11 (1) ~ (6) are all equal in quantity in the liquids of low 

and medium viscosities. Further details will be discussed in a succeeding report. 

7. Maximum power consumption. 

7.1. The fully baffled conditions. 

Power consumption in a vessel is increased by insertion of the baffle plates at the 

tank wall because the circumferential flow of liquid is impeded and the cylindrically 

20~-----,--,---,---,--.,---, 

,-... 
~ 
~ IO 1----i--l-+4--I----IL---+-'-----'lsc-+-+----l 

t : 1---+f+-1----.'r----+---+--I 

d.. = O. 5 D 
7 ....,.H+---<-+-+---H b = O 2 D 

e = qo• 
6 1--+1+-+-+---+.J 7tp = 2 

Hp= 0.5D 

rotating zone, discussed in report (I), 3 l disappears. 

By increasing the width of baffles, the ratio 

sLJLLJLJ..'.:::::!::::::i;~~~ 
,OS ,075 .1 .125 .15 .175 .z .225 .?5 

of paddle area, which has a larger relative velo­

city to the liquid, increases and a maximum 

power is reached. As an example, the variation 

of power consumption accompanied by the in­

crease in baffle width is shown in Fig. 13. The 

paddle used have the dimensions of d=0.5D, 

b=0.2D, tl=90° and np=2, and it is rotated in 

a tank of D= 585 mm. The power (P) for baffle 

plates of width w is compared with the power 

(P0) without baffle. The power increases rapidly 

as the baffle wirlth increases until finally a maxi­

mum value is reached, and then decreases some­

what in a larger (w/ D) ratio. The maximum 

power P max is reached at a smaller (w / D) ratio 

as the number of baffles is increased. The rela-

--- {%) 

Fig. 13. Diagram showing th"' 
power increase accompanied 
by the increase in baffle width. 

tive width of baffle plates at which maximum power is attained, can roughly be 

indicated as follows : 

(w/D)xnB = 0.5 (23) 
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This relation is called the "Fully Baffled Con­

dition". 

' 
D=S85~-, Tle•4, N~60T.p.m 

J=OSDCon,t I b=02Dc, ... t 
t,•07D O d=0.65D• 

0.2 D ., Q,SD x 7. 2. Baffle width at which the fully baffled 

condition is reached for various paddles. 
3 ~ s°v ~ O. 3 D ·~ 

401-----,--=~~c.,---,---,,-----,---,--1 

30 

20 
The fully baffled condition may vary with 

paddle length (d) or with paddle width (b). But, 

judging from the experimental results, baffle 

width, at which the maximum power is attained, 

is almost always C):J.stant for various paddle sizes 

as shown by Fig. 14, and Eq. (23) holds good for 

various paddles. 

4 1--,4-----,-+--+-+-t--+----1--I 

3 f--+-~>=--+ 

7. 3. The constancy of the P max value for 

liquids of various viscosities. 

The maximum power P max is nearly constant 

for liquids of various viscosities as reported by 

Fig. 14. Diagram showing 
the haffle width at which 
max. pow2r is reached. 

J. H. Rushton et. af.') This result is also ascertained by the author's present experi-

ments as shown by Fig. 3 (curve (l') ard (2')). 

By the partly baffled conditions, the power values 

are also constant for liquids of various viscosities as 

shown by curve (2"). This result is similar to the rela­

tion between friction factor and Reynolds number for 

liquid flow in the pipe lines having various roughness. 

7. 4. Empirical equation of Pmax• 

From the results of [7.1], [7.2] and [7.3], the con­

ditions at which a maximum power is attained have been 

determined and it has been found that the value P max can 

easily be obtained by these experiments carried in water. 

The conditions of baffle plate insertion are fixed to 

be n8 =6, w=0.1D (one of the fully baffled conditions) 

for various paddle, with an exception of a paddle having 

d=0.8D in which case the baffles of w=0.075D and ns=6 

are preferred. 

The power data are converted to the Np values 

( Pmax·gc) and plotting it against (d/D) ratio, Fig. 15 ,on3ds 
is obtained. 
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Fig.15. Variation of the 
Nr value for Pmax ac­
companied by the change 
in (d/D) ratio. 
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From these plots, Np is expressed as 

follows: 

(24) 

or 

Np(d/D) = c•f(b/D) (24') 

J I 0
:03 .05 .os .1 .2 ,3 4 

(glp)~ 
6 .8 1.0 

Then the values Np(d/ D) are calculated 

and plotting it against (b/ D) ratio on a loga­

rithmic paper, Fig. 16 is obtained. For large 

values in (b/ D) ratio, deviation from the solid 

line is large, but as for the proper range of 

application, the following equations are 

derived: Fig. 16. NP (d/D) VS (b/D)­
Diagram to be used to deter­
mine the coefficient and the 
exponent in Eq. (24). 

for the range of b=0.05D~0.2D, 

d = 0.3D~0.8D, 

and for the range of b=0.2D~0.4D, d=0.3D~0.7D, 

p max• gc = 12 (b/ D)0,85 (b/ D) -1 
pn3ds 

7. 5. Power consumption at the start of agitation (Initial power, P;n;t.) 

(25) 

(25') 

At the moment when a paddle agitator begins to rotate, the total area of the 

paddle receives resistance of the liquid and the power (P;nit.) may be equal to the 

maximum power (P max) explained above. Once the liquid begins to rotate, the power 
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Fig. 17. Power decrease occurring with the lapse of time. 
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consumption is reduced gradually until finally a smaller power value at a steady state 

is reached. The process of the change in power ratio (P/ Pinit.) is given in Fig. 17. 

This initial power is transformed into the power number Np and plotted on Fig. 3. 

The agreement between Np values from P;nit. and these from P max is good as shown 

by the point marked with twofold circle on the curve (2'). Therefore, the following 

relation is obtained: 

(26) 

8. Conclusion. 

Empirical equations were obtained to calculate the power consumption of paddle 

agitators, having arbitrary dimensions, in a vessel containing the liquids of various 

viscosities. 

In the case of concentric agitation without baffle plates, Eq. (5), (12) and (13') 

are used for three ranges of Reynolds number, respectively. 

The effect of liquid depth to power consumption is examined and the correction 

term to be applied for Eq. (12) and (13') is obtained as Eq. (17'). 

The power consumption of multi-stage paddles and that of the impeller with 

various number of blades can now be reduced to the power consumed by a single 

paddle agitator. 

In the fully baffled condition, the power consumption is independent of the visco­

sity of liquids and can be calculated by Eq. (25) and (25'). 
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