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By 
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(Received Dec., 1950) 

Synopsis 

In this report the sub-harmonic resonance of the dissipative system with 

the restoring force represented by cubic curve is treated. The authers tried to 

solve this problems by Fourier series and investigate the stability of the solu

tions, and then acquired the graphical solution which is useful actually. We 

made an experiment to see the validity of the calculation, that is, we could find 

how the magnitudes of damping force and external force affect occurrence of 

sub-harmonic resonance in the non-linear system. 

Calculation 

(1) Fundamental Equation. 

In this case the equation of motion is expressed as 

~x+cx+r4X+i,x3 = P 0 sin 3wt, 

where m is the vibrating mass, c the viscous damping coefficient, f(x)=r4X+i,x3 

the non-linear restoring force and P 0 sin 3wt the simple harmonic force acting 

on the vibrating mass, and x means displacement, t time, i and .x velocity and 

acceleration respectively. Now we can see the steady vibration which is repre

sented as follows, 

where A1, A3 •·•··• and q,1, <p3 ··•··• are unknown constants, which will be deter:

mined by following calculatiDns. By considering the following experimental 

results, we can neglect As, A 1 •••••• as very small in comparison to A1 and A3. 
Then we can assume x approximately as 

* read at the lecture meeting of the Kansai Branch of the Japan Society of Mec~anic11! 
Engineers, Oct. 16, 1949, 
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(2a) 

If we apply eq. (2a) to eq. (1) and compare each coefficients of sin wt, 

cos wt, sin 3wt and cos 3wt in both sides of the equation, we obtain the following 

relations; 

-mA1w2+riA1 +0 { ! Af- ! AiAa cos (3q,1-q,s)+ ~ A1Af} 0, (3) 

(4) 

{ A
3 

1 3 } -9mA3w2+aA3 +0 --tcos (3q,1 -q,3)+4 Af +2 ArAa = p O cos q>3 ' ( 5 ) 

3cA3w + ! Af sin (3q,1 - q,3) Po sin q>3. (6) 

(2) Determination of A1 and A 3 • 

We eliminate cos (3q,1 -q,3 ) and sin (3q,1 -q,3) from (3) and ( 4). Hence we 

obtain, 

We use the following notations ; 

'IJ = A~, M = mw2 -a., N cw. 

Then eq. (7) becomes 

L2-~2+3L2·~•'1J+4L2•'1J2-2L•M •~-4L•M•'IJ+M2+N2 = 0. (7') 

Eq. (7') represents an elliptic curve in ~-'I) plane, and if we transform the 

coordinates ~. 'IJ to the new coordinates ~', '1) 1 by translation of ~0 , 'IJo and rota

tion of angle (}, eq. (7') will be transformed to 

(7") 

, where 

4 M 2 M 
~o= 7 ·y:, '1Jo= 7 •L• tan28=-l, 

I 2 M 2 -7N2 1 / 2 ML7N2 1 
a= 'V7" 5+3J/2 ·v·• b = 1/7" 5-3J/2 ·L2 ' 

The envelope of the curves represented by eq. (7") with parameter w is a rect

anglar hyperbola. If we apply eq. (3) and (4) to eq. (5) and (6) respectively, 

and eliminate sin q,3 , cos q,3 from the two relations, we get the following for

mula, where we assume A 1>Aa and neglect the terms of At Ag as very small; 
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+ !- ~ 02A1+60(mw2 -a:)At+ ~ 0(9mw2-r.1.) At-6(mw2-a)(9mw2-a)Ai 
(8) 

+ 18c2w2 A~-9P~i A; 

+ i(mw2 -a)2 At+c2w2A1- ~ 0(mw2 -r.1.) Af + ;6 02 •Art = 0. 

We can get the the values of A1 and As by eq. (7) and (8). Namely, in Fig. 1 

elliptic curves represent eq. (7) and the curvs which is nearly parallel to the 

Ai axis represents eq. (8), and the intersecting points of both curves give the 

values of A1 and A 3 • Thus obtained values of A1 and As· are plotted in Fig. 2 

against frequencies of external force. In the same figure, value of A 1 at contact 

point between abscissa and ellipse representing eq. (7) of the case when c=O, 

that is, 

(9) 

is plotted. This relation shows the one between amplitude and frequency in 

natural oscillation acquired by first approximation of Fourier series method. It 

is noticeable that the curve representing eq. (9.) and the one representing A 1 

f(x) = l60I+250000I3 ~3-crn 

m == 3.742 ~3-cmsec2 

R = 8 ~-cm 
0.0004 C = 1.555 ~3-cm-sec/rad 

00002 
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Fig. 2 

obtained by graphical solution of Fig. 1 are very close to each other. From 

Fig. 2 we understand that the real values of A 1 and A 3 exist in some range of 

frequencies of external force. 

(3) Stability of Solutions. 

Generally two points exist as intersection of two curves represented by eq. 

(7) and (8), but these points are not necessarily stable. Therefore we must 

discuss on the stability of these solutions. First we assume 

x = a1 sin wt+ b1 cos wt +aa sin 3wt + b3 cos 3wt , (10) 

where a1, b1 are not constants but functions of time t. After apllying (10) to 
(1), we get 

-2m':f?w+c ~l +a1[ (a-mw 2 )+/1 { ! Cai+bi)+ ~ (al+bDn 

-0 i ! aa(ai-bD+ ~ a1b1ba ( = 0, 

2m~1 w+c'!J?+b1[(a-mw2 )+/3 i ! (ai+bi)+ ~ (a~+bD(] 

-0 { ! ba(ai-bD- ~ a1aab1 ~ = 0, 

(11) 

~ ~ b ~ where we neglect dtz and dtz as very small in comparison to a1, 1, di and 
dbi N "d · fi ·t · I h · b Th b ·11 b dt. ow, we cons1 er an m n1 es1ma c ange m a1 , 1 • en a1 , 1 w1 e· 

come a1 +da1 and b1 +db1 respectively. Eq. (11) becomes 
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.¥here 

2 ddb1 dda1 E ,, F "b 0 - mw--+c--+ •.ua1+ .,., 1 = 
dt dt ' 

E = (a-mw2)+ ~ j3(3ai+bi)+; i3(a~+b~)- ~ 0(a1a3+b1bs), 

3 F = 2 0(a1b1 +a3b1-a1b3 )-cw, 

3 G = 2 0(a1b1 +a3b1 -a1b3 )+cw, 

H = (a-mw2)+ ~ 0(ai+3bi)+ ~ (j(a~+bi)+ ~ (j(a1a3+b1b3). 

Eliminating Jb1 from eq. (12), we get 

2mw(c2 +4m2w2)d
2
Ja1+ l2mwc(E+H)+4m2w2(G-F/d.dai l 

dt2 l \ dt 

+2mw(EH-FG)Ja1 = 0. 

(12) 

(13) 

If a1 is stable, Ja1 must tend to zero with time. These conditions are expressed 

as following formulae, 

or, 

2mwc(E+H)+4m2w2(G-F) > 0, 

2mw(EH -FG) > 0, 

(a+mw2)+ ! i3(Ai +AD> 0, 

0 ! ; 0Ai+: 0A!-2(mw2 -a)~ > O. 

(14) 

(15) 

The condition (14) is fulfilled always in this experiment. In Fig. 1 the straight 

Jine ll passing through the centre of ellipse shows the boundary of condition 

(15). Hence the shaded area represents the unstable region. Thus the values 

of A1 and A 3 represented by the dotted line in Fig. 2 are unstable ones. 

( 4) Range of Sub-harmonic Resonance. 

In Fig. 1 it is noticeable that the curve representing eq. (8) is nearly equal 

to parallel line to Ai axis. We use c=O and A1=0 in eq. (8), then we get, 

A = Po 
3 9mw2 -a · 

(16) 

Now we use eq. (16) as approximation of eq. (8), then the contact point be

tween the ellipse and the line representing eq. (16) can be obtained easily. We 
dr; calculate d; from eq. (7) and put it to zero. 
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Hence, 

2L2~+3L2r;-2LM = 0. (17) 

After eliminating ~ from eq. (17) and (7'), and applying (16), we get 

63 02 p4 30(mw2 -r1.) p2 4 2 2 - o (18) 
16. (9mw2-a)4. o- (9mw2-a)2. o+ cw - • 

From this equation we can obtain Po for given c and w. Eq. (18) represents 

the boundary curve determining the range where sub-harmonic resonance is 

possible to occur. Putting c=O in eq. (18), we get 

From eq. (19) we find that if 0 is 

positive, w must be greater than 

J a. and if 0 is negative, w 

srr::iler than J; . Fig. 3 shows 

the relation between Po and w, 

which is shown in eq. (18) or (19). 

From this figure we can find that 

the range of sub-harmonic reson

ance is narrower with the increase 

of damping coefficient. 

(5) Determination of Phase Dif

ference (f)1 and q;3. 

If we find the phase difference 

<p1 and q;3 , we would be able to 

draw the wave form of the di

splacement by using already 

known A1 and A3 • After eliminat

ing cos(3q;i-q;3)from eq. (3)and 

(5 ), and sin (3q;1 - q;3) from eq. 

(4) and (6), we get 

Next from eq. (3) and (4), we get 

15 

5 

(19) 

fC:v)= l60Xt250000X3 %·Cl 

m = 3. 742 teg-cm·sec2 

C=O 
~ C=b.9'14 
1· c- 1.555 ,! 
:i 

~-cm-sec-rad·' 
°R!g· cm-sec-rad·' 
~- cm-sec-rad·' 

I 
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(21) 



On the ¼ Sub-harmonic Resonance of the System with Non-linear Restoring Force 35 

(22) 

cos(3rp1-cp3) = 3/ji1As {ca-mw2)+ ! (j(2A;+ADl- (23) 

From eq. (20) to (23) we can find the values of cp1 and cp8 • In Fig. 4 the calculat

ed values of cp~ and cp3 are represented by full lines and dotted lines. It can be 

noticed that cp3 is nearly equal to 180 degrees at any frequency of external force. 
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We can draw the wave form of displacement by using the values of Ai. As, <P1, 

and ip3 , in oder to obtain the maximum amplitude Ama.,. The values of Ama., 
are plotted in Fig. 5 and the full line represents stable value and dotted line 

unstable one. 

Experiment 

(1) Apparatus Used .in the Experiment. 

Experiments were made to see the validity of the above calculation. In 

Fig. 6 diagramatical sketch of the apparatus is shown. In Fig. 6 vibrating bar 

hangs down vertically supported in pivot, and spring S 3 is connected to its 

lower end. By this spring we can give the non-linearity to the restoring force 

of this system. In order to exert the external force to this system, the same 

springs S1 and S2 were attached to the bar, and thP other end of S1 was fixed 

Supporting point r f C Ball bearing 

Excentrlc plate 

Fig. 6 

to foundation, and that of S2 was connected to the moving part, motion of which 

is sinusoidal. As for the damping force we used the fluid damper which is con

structed to give the viscous friction to this system. That is, the thin plate atta

ched to vibrating bar is movable in the fluid in a vessel. The moment of 

inertia of the vibrating bar about supported point was found by the natural 

oscillation without S1, S2, S3 and dampers. The relation between restoring force 

and angular deflection was obtained experimentally, by means of which, we get 

the value of ,1. and (j by least mean square method. The magnitude of external 

force is obtained by the product of spring coefficient of S2, a0 and the distance 

between supporting point and S2. In order to alter the magnitude of the exter

nal force in running state, we employed the equipment shown in Fig. 6. That 

is, ::m excentric plate is driven by motor, giving A an up and down motion, 

which is transformed to C by lever action. In this equipment point B is able to 
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move horizontally, hence amplitude of C may be changed to various values in 

running state. Then amplitude of the displacement was observed by the pointer 

attached to vibrating bar and the scale located on its background. The wave 

form of the displacement was observed by catching the shade of pointer optically 
in oscillograph paper. To determine the value· of damping coefficient, the damp

ed natural oscillation was observed in oscillograph paper. In this experiment 

water and machine oil were used as damping fluids. Thus we obtained following 
data in the experiment ; 

r1. = 160 kg•cm•rad- 1, {, = 250000 kg•cm•rad- 3 , m = 3.742 kg•cm•sec2, 

c = 1.555 kg•cm•sec•rad- 1 (in the case of machine oil), 

c = 0.974 kg•cm•sec•rad- 1 (in the case of water), 

Po = about 3~11 kg•cm. 

(2) Results of Experiment. 

The experimental values of Amaz are shown Fig. 7. From this figure we can 

see that the maximum amplitude of sub-harmonic resonance is almost indepen

dent from the magnitude of external force, but the range where sub-harmonic 

resonance may occur are dependent on it. In order to compare the experimental 

rg-<l04 . 
El 

cc; 
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ltg-cm 

fee cm 

feB-c,m_ 

250 300 
-- f,wuertcy or external lorce <per mt.nUtel 

Fig. 7 

results with the calculation, the case when P 0 =8 was shown in Fig. 5. The 

possible range of sub-harmonic resonance in the case when P 0 =8 with oil dam

per and water damper and shown as shaded area in Fig. 8 and Fig. 9 respectively. 

In these figures, the full lines and dotted lines represent the boundary determin

ing the domain where sub-harmonic resonance may occur, and the former was 

drawn by eq. (7) and (8), the latter by eq. (18). From these figures we can see 

that the calculated values agree very closely with experimental results. We took 
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the photograph of wave form of the displacement in the cases of P 0 =8 and 

c=l.555 with frequency of 206, 220 and 240 cycles per minute and analizing the 

waves to Fourier series we got A 1 , A 3 , <p 1 and 'Ps, These values are plotted in 

Fig. 2 and Fig. 4. We found that the higher harmonics than As are negligible 

in comparison to A1 and A3 • 
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Z50 
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300 

f(X)c 160X + 250000X' ~-cm. 

m 3.742 fls-sed'cm. 
C 0.'174 ~-crn-sec/rad 

E xpcrimental value 

·· - ·-Frequell{)' Of t'Xterrial fOl'Ce(per nu.nut.el 

250 

Fig. 9 

Conclusions 

"300 

It was proved that the calculations and the experiments have about the same 

result, therefore the above mentioned analysis was right. We can conclude the 

following points on the sub-harmonic resonance. 
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1. Sub-harmonic resomance m::ty occur in some range of the magnitude and 

frequency of external and damping force, and if the magnitude of external force 

is given, the ferquency range would become narrower with increasing damping 

force. 

2. The maximum amplitude of displacement in sub-harmonic resonance is 

nearly equal to the one in natural oscillation which is represented by eq. (9) and 

then almost independent of the magnitude of external force. 

3. The value of A 3 is approximately determined by eq. (16). 
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