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1. Introduction

When we study theoretically the surface potential due to some electrical
sources in electrical prospecting, we usually pick up the medium in which the
orebody lies as the homogeneous and isotropic one. However, it is evident that
this assumption is too far from the real circumstances, for the fields we try to
prospect are generally heterogeneous and anisotropic. Therefore in interpreting
the field data obtained by the electrical prospecting, it is very important to study
the effects of anisotropy of media on the surface potential curves. As for the
resistivity method of electrical prospecting this problem has already been treated
by some authors, for instance, by Schlumberger and Leonardon?, by Slichter ),
by Miiller 3> and by Pirson 4.

‘The present author applied the problem for the case of the spontaneous
polarization method of electrical prospecting and will report here the results
obtained for the case where the polarized orebody of the rod type lies in the
anisotropic medium.

2. Theoretical Considerations
First of all, let us consider the simple case, that is, the medium in which
the orebody lies is composed of a single anisotropic stratum.
Defining the resistivity parallel to the surface plane as ox and the resistivity
perpendicular to it as ps, we can denote the anisotropy coefficient « as follows:

@ = ponlov. (1)

Let us take a rectangular co-ordinate system (xyz-system) of which the
xy-plane is parallel to the surface plane and 2-axis is perpendicular to it, and
assume an electrical point source C is given in this medium. Then the current
densities through the planes perpendicular to the axes ox, oy and oz are given by
the following expressions:
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__1on
iy = on ox ’ | o . ‘
__1.0n , C(2)
T T 0y :
__1an
iz P 0z ’

where V] is the potential of any point in this medium.
Putting (2) in the following expression, the condition of the conservation of

current, ‘

we can easily obtain the following result,
10, 02V 1 22V, 4
pn(ax3+ay2>'po 022 = 0. (4>

Now let us take another ‘rectangular co-ordinate system (§y¢c—system) which
has the following relations against the old one,

$=_1/Zx»
=14 | - (5)
¢ = z.

By using the relaticn (5), we can write (4) as follows:

A L A A , .
ER T AN = ®
Therefore, with respect to this new co-ordinate system (£y¢), the potential
V. satisfies the Laplace’s equation for the homogeneous and isotropic medium.
And the resistivity o’ for.this new ‘space becomes as follows:

o = pn ' , 7)
(Refer to Appendix 1.) » . ‘
_ Thus we can treat the anisotropic problem as the isotropic one by uSing the
relations (5) and (7).‘ '

Hence, when two point sources Which' represent the polarized orebody of the.
rod type aré given at points A(ay, 0, d;) and B(az 0, d;) in the anisotropic
medium (xyz-space), we can consider the corresponding points A’(} ¢« @1, 0, d1)
and B'(3” ¢ a2, 0, d3) in the isotropic mediim (&y¢c-space) by using the relations
(5) and' (7) and the surface potentials due to these sources can easily be cal-
culated. Namely, the potential V of any point P(§, % 0) on  the surface is
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given by the following equation:

'r 1 ' 1
vt _ .8
2r [J(e—ﬁa1)2+p= +d? 1/(57;/Zaz)2+7;2 +d?

And also by using (5), equation (8) can be written as

ol 1 1 ' (9)

— - -
2n x/a(x—al)2 +ay? +d? w/a(x—az‘)2 +ay?+di
Next, let us treat the case of two-horizontal layered and anisotropic strata.
If we assume the resistivity of each layer parallel to the surface plane as
o p2n and those of perpendicular to it as oy p20 respectively, the anisotropy
coefficients of each layer «; and «2 can be represented as follows:

a1 = pn/po1e .
ug = pzu/pz». } (105

Now by using the same procedure men_tioned above, wé can convert the
anisotropic layers (xyz-space) to two isotropic layers (&'y’¢’-space and &"y"¢"—~
space) separately. Namely the upper anisotropic layer can be transformed into
an isotropic layer by '

¢ =V %
7 =V s av
¢/ =z, ‘

and o = pw v (12)

where p’ is the resistivity of the new isotropic medium. Similarly the lower
anisotropic layer can be transformed into an isotropic layer by

& =V ks
7 =V (13)
¢" = 2,

and 0" = pans B¢T))

"

where p” is the resistivity of the new isotropic medium.
Again it can be easily proved that the Laplace’s equation is still satisfied in

the space (&”//9’//¢’’’) which is obtained by the following transformation:

1

£ = N 8 = Vux =¢,
7 = N = Vay =7, (15)
= e = Ju

(73] [74]
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and by this transformation the resistivity of the medium also changes to the
following value,

77N L SN 1) | 16
o’ pll s 02 (16)

Therefore we can also treat the anisotropic problem as an isotropic one by
using the above transformations and the formula for calculating the potential
which satisfies the boundary conditions of these

new isotropic spaces also satisfies the boundary 1 ] 4 u) 5
conditions of the corresponding anisotropic media. LR e ,a.t) r "
(Refer to Appendix 2.) W
For instance, when two point sources which i oo n(u‘,,'ghl) I—[‘
represent the polarized orebody of the rod type are I fev
given in the anisetropic media at A(ay, 0, d) and
B(as, 0, k+1) as shown in Fig. 1, we can easily find the co-ordinates of these
sources in the isotropic media by using equations (11) and (15). Then the formula
for calculating the potential at any point P(&, 3, 0) on the surface is given by

Fig. 1

oI k*
V = —
2” [ "Z-‘:) l/(€ l/al a;)?+y? +(2ﬂh +d)?
i; k

V(E—V aar)? +92 +(2nh—d)?

~(1+B) 3 _ r ]
n-oJ(E“Vulm)z+y2+(2n+1 h+‘/u_1 )2

o2

where 7 is the thickness of the upper layer and
. 777 7/

k= %’,,_,;%. (18)

By using the equations (11), (12), (15) and (16), the above formula can
also be written as

V = ﬂlh[ S B
[ g Vo (x— a1 )% +ayy® +(2nh+d)?
< &
+
E Va(x—a ? +ary? +(2nh—d )?

—<1+k)5_} L IE (19)
"0 J’ll(x a2 +ayt +(Cn+1 h+~/'111)z




where

(17) or (19) is the
formula for the case
where two electrical
point sources lie over
the anisotropic layers
and similarly we can
also find the formula for
the case where two
sources together in the
upper layer or in the
lower layer.

3. Examples of

Numerical Calcnla-

tions and Considera-
tion of the Results

. Numerical calcula-
tions can be carried out
by using formula (9) or
Q9).

For the ‘case of a
single anisotropic. stra-
tum, the aﬁthor com-
puted the surface poten-
tial of the polarized
orebody of the rod type
dipping 45 degrees, «
being 9, 4, 1, -7 and .
In Fig. 2 the surface
potential curves along
the x-axis are shown
and in Figs. 3 and 4
the equipotential lines
obtained on the surface,

= T = =<
plll+pl

L. ITO

/31

10 _ o -
14 [723

a1

a2

02n— O1n

o2n+p1n

(20)

]00.2

—

Fig. 3
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when « equals to 4 and
to —i— respectively, are
shown comparing with
an isotropic case.

For the case of the
two-layered and aniso-
tropic strata, the author
carried out the calcula-
tion for the case where
the polarized orebody of
the rod type dipping 45
degrees lies over  two
anisotropic- layers.

.In Fig. 5 the surface
potential “turves .along -
the x-axis, obtained
when either the upper

layer or the lower layer .
is isotropic and the other

is anisotropic, are

shown. The curves

along the x-axis, obtain-

ed when both layers are V

anisotropic and «; equ-
als to a2, are shown in

Fig. 6; and those ob- : . &2
tained when «; does not ‘ 24 L\ a=1
=
equal to «z are shown : 1 T\ a=1
in Fig. 7. - ‘ 06
And it must be no-
ticed that-all these re- 08 I

sults are obtained for

the same electrical sour- K= Jul

ces, that is, for the same £ fme
v L

polarized orebody. - B ?

By comparing these
results with the isotropic
case we can summarize




the effects of anisotropy
on the potential curves
as follows:

a) When « is great-
er than 1, in other
words, when the current
can pass through the
bedding plane more ea-
sily than along it, the
range of the negative
potential on the equi-
potential lines becomes
narrower, but the value
of the negative poten-
tial at the negative cen-

tre becomes a :little -

- larger.

b) On the other
hand,. when « is less
than 1, in other words,

when the current can.

“pass along the bedding
plane more easily than
through it, the range of
the negative potential
on the equipotential

lines becomes wider, but
the value of the negative \3

potential at the negative
- centre becomes a little
smaller.

c¢) The effects of

anisotropy on the posi- .-

tion of the niegative cen-
tre is negligibly small.

d) For the case of
the layered and aniso-
tropic media, the effects

1. 1170 . 111
: ,\\ L
A~ :
- — \\ 00, %01 b +8 *
'\l\\ 4 -& /4 =
S \\\ -n2> // - :
: \\ ,// £ L~
aG=9=dz s / / =*=Q
46 \WN 824 pew| |
SR\ /@8
< _
-08
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of layers and anisotropy are appeared together in the curves. However, when
o does not differ so much from pze, as these examples, the effects of anisotropy
are remarkably larger than those of layers.

e) If either the upper layer or the lower layer is anisotropic, the effects are
larger when the upper layer is anisotropic.

£) If both the upper layer and the lower layer are anisotropic and the
anisotropy coefficients of both layers are equal, the curves obtained are similar
to those obtained in the single anisotropic stratum.

g) If both the upper layer and the lower layer are anisotropic and the
anisotropy coefficients of both layers are different, the effects of the upper layer
are predominated than those of the lower layer.

4. Conclusions

The author reduced here the formula for calculating surface potential of the
polarized orebody of the rod type in the anisotropic media.

From the results obtained by numerical calculations it can be concluded that
the anisotropy of media has the considerable effects on the surface potential
curves, especially when the anisotropy coefficients are much larger or smaller
than 1. o .

In practice it is supposed that the anisotropy coefficients are not so much
larger or smaller than 1, but also it is reported that in stratified structures the
electric current tends to pass along the bedding plane more easily than through
it. Hence, we must be careful in interpreting the field data of the spontaneous
polarization method obtained in the anisotropic stratified media for the effects of
anisotropy.
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Appendix 1
Let us consider the following transformation by which the anisotropic xyz-
space, of which horizontal resistivity is p. and vertical resistivity is p», changes
to the isotropic §7¢c-space of which resistivity is o,

& = ax,
7’7 = ay, ‘ (1)
¢ = ca.
As shown in Fig. 1 if we consider an g S I
infinitely long electrical line source of

which the intensity of current per unit - , -
0l

length is J, the current 'density i» at the :“;’:QB- v‘

point {x, ») separated from the line source .3

with # in this xyz-space is given by the

i ion * (3‘) . b
following equation; ‘ . Fig. 1

fr = 2= s r=.l/x2+yzs : (2)
while the current density fz” at the corresponding point in the &p¢—space is also
given by ‘ ' Co T

A (2

However, by equation (1) the following relation can be obtained.
R = a/x2 +y? = ar. (4)

Substituting (4) to (3) and comparing the result with (2), we can easily obtain
the following relation,

s Jedz

C
z —— —_—
B 2nar Ta’

hence, ir 8 (5)

On the other hand, if we represent the electrical potential at any point in
these two spaces as V, the current densities at above points can be shown as
follows:

6)
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Substituting (6) to (5) and considering the relation

av _ 1 ov .

@R ~ a’'or’
we can obtain the following relaticn in the last,

o = Lo (7)

Next as shown in Fig. 2, let us con-
sider the electrical plane sources of infini- z
tely wide in. both the xyz-space and the Es
énc-space which pass the origin and of i f

which the current densities per unit area ~ o y o y

are j and j/ respectively. : ' / /-4 71
S, " Y ) . / /ui LZ
Then the intensities of the electrical v el 2

field E: and E¢’ at any corresponding points @

in both spaces are given by

E:s = 2njpo, }

Ed = 2rj'y. (8>

But there exists another relation
jdxdy = j’dédy,
and by the relation of (1) it follows

4

=@k
hence, substituting this to (8) we obtain as a result
, E/ _ 1y
. E: @ po’ (9
On the other hand, - V

From (9) and (10) we can easily obtain

o’ = a%cpo. (11)
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Consequently, when @ and ¢ take the following value as shown at equation
(2) in the original paper

a=|/7,

c=1p

a=&,
Ov

both (7) and (11) show the same value of resistivity p’ as

o = on - (12)

Appendix 2

As shown in original paper, we can treat the anisotropic problem as an
isotropic one by using suitable transformation of co-ordinate axis. Consequently
“here let us prove that the formula for calculating the poteﬁtial which satisfies
the boundary conditions of the transformed isotropic spaceé aiso satisfies the
boundary conditions of the origixial anisotropic spaces.

As has already shown we can transform the anisotropic xyz-space, of which
the horizontal resistivities in the upper layer and the lower layer are pix and
paa respectively and the vertical ones in respective layers are pi1» and pav into
the isotropic £n¢-space of which the resistivities in the upper and the lower
layers are o’ and p”; and also the equations of transformation of axis in the
upper layer are

E=Vu%
7=V (1)
¢ = 2
and o = pw v (2)
and those of in the lower layer are
=%
7 =1 (3)
= Jm o
¢ = ~/a22,
and : 0" = pa; ' ' (4)
where @ = %-,
k]
' (5)
ozn

ag = .
- P20
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(1) Let us first consider the case where an electrical
point source lies in the upper layer.

Now let us consider with regard to the transformed
§yc-space. As shown in Fig. 3 if we take a cylindrical co-
ordinate system of which origin lies directly over the point
source on the surface plane and ¢-axis takes the down-
ward direction as positive, then the potential V; at any
point in the upper layer and Vz in the lower layer which satisfy the boundary

Bis|
%

-3

Fig. 3

conditions in this space are given by

, " =220 pAS 1 - A<
V=t [ @ e {ooe kST i (6)
(0<¢<d)
and
4
’V2=%1—KI~ So e~ 2(e*+e20) {1+k11 _l;eee zm} Jo(Ar)da, 7>
(d<¢)
where k= o' =o' . (8)

T
From equations (1) and (3) thé relation between the cylindrical co-ordinate
(r, ¢, ¢) in the §yc-space and the corresponding one (R, @, z) in the xyz-space
are shown as
. = VakR
o,

@
<

or ¢ = J“‘z’+d (z/>0)

(d=220) - (9)

Then by using (9) we can transform the equations (6) and (7) with respect
to (R, @, z or 2’), obtaining the following results,

o YV 7% VITIpS P
=G |7 ey {e-n+k%—3%—-)} JoGGR)dA, (10)

(d=>22>0)
and

’ oo -4 bl )
vl [° /i e ey {14k LD gy, (D

1-ke 22
(z’=0)
The boundary conditions in the xyz-space are

Viceeas = Vata’ =g » (12)
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and

Dllu (aa":l)t-a = 020 (gzvz)./_o * . (13)

From equations (10) and (11) we can easily obtain

Viewn =0 |7 (e remye (1on BEES FoGiRdar, (o)
and
’ +
Vicerar=t4r {7 (@ e e (Lek ERET) o GRYL (15)

Hence equations (10) and (11) satisfy the first boundary condition, that is,
equation (12).

On the other hand, by using equations (2), (4), (5) and (8) we can get the
following relation from equation (11).

’ —22d
%,(e”%e'”) {—l e~ Mk ITeke—”‘_z)jj (Aerd—} e"")}

ay(k—1)
1-ke 22

— - —2p1naye l/a '
=(e* +e-2). ).~ M, 2 16,
(" +e7™)-2-c ‘=ke DY ooy ay oy az) | (16)

Similarly from equation (12) we also get

=(e*+e ). 1.~ 24

o . - 1+e 22
m . a 0,( ;b Ab
o AJa; ce0-(e +e )(1+k1———-—ke m)

- - —2p1- am/Z
=(e™ 4e-M). 1.0~ M, 2 04
(e e d-e (1 k e—zmx ()znl/a_"‘ﬂlu/az) an

From equations (16) and (17) we can prove

1 0V, _ 1 [avy,
( 0z )nd fze (32' )-’no :
Hence equations (10) and (11) also satisfy the second boundary condition,

that is, equation (13). .
(2) Next we have to treat the case where an elect- ,,,T‘.’,,,.,.,_,,.,,,.,

rical point source lies in the lower layer. v ?
Taking the cylindrical co-ordinate system and assum- 4««—4«-5««-«4«
ing the co-ordinate of the point source as (0, 0, d +1J “ ﬁvcm A

as shown in Fig. 4, the potential V; at any point in the
upper layer and V' in the lower layer which satisfy the Fig. 4
boundary conditions in the £y¢-space are given by
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"(c"’“’/g)ﬂ—a c+d+l/“1

vi=2 L[ |7 {e '} JoGrdi

-Ad+1 1)

-k g: I% .e d+ l/ NCAEWSLYS ]o(/lr)d/l] (18)

| (d=c20)

and
‘ " o , AMe—d-1 5 -2 PN
vt [ 1 e 5 2) e (cret "‘Z)} JoCar)da
e —A@+/m)

. —k S: izj’—k—ee_jz—;;i-e (d-f‘ ]/xz).e“‘?\s‘ ]o(lr)dl]. (19)

(¢=d)

By using equation (9) the above equations can be shown with respect to the
co-ordinate (R, @, 2) and the results are as follows:

v ew  Alz—d-rfa) o pfzrayr/a
vimtr [ fe v “2)“ y “)}Jumdx
oo - d-H
~F So % e /“2 -(e¥ +e‘“>h(ue)dl] (20)

and .
1 o, A /BB — E - a1 ! 21
vt [ {e é‘;z ,‘/“;)+e ey ”)} Jo(AR )1

. S: %-e—i(dﬂ :“_;).e—l(di—}/:“_:z’)JO(AR)dz]_ 1)

The boundary conditions in the xyz-space are

Vieeay = V=g (22)
and : : ‘
vy _ 13V,
- Dy ( 0z )z=d - 029 (32’ )s/so : (23)

From equations (20) and (21) we get

Ve ,,I[ S I/:z A2d+1

=2 } Jo (xR)d/I

—/I(zH—l 9‘_1 ,
228 _ ,-22A4
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and

e e o A(-0/m)  -a(2d+e/m
Vo erapy=21 S {e ( “2)+e ( az
4r 0

} JiardaA

—k So el'“";ee 221—? e~M.e (d+l/°¢2)

7o (AR)dA] (25)

Hence equatlons (20) and (21) satisfy the first boundary condltxon. that is,
equation (22).

On the other hand, from equations (20)Aand (21) the following relations can
be obtained ;

o {Ael(—lv'/:‘:; _ -a(eatn/a) 1o ~a(a+/2)

oz’ e Ad__ 1,-2d
oio te i PR (30— 2e72)
—y,/i — A ,
2 202h'a11/a
=1 %201 —p-22 1 . : ., 26
e (1-e )l—ke‘”“ ﬂzhl/a—l'*‘mhl/a—z . ( )
and : » e
" Zd J —_— ¢ d 1
p— {l al e az AJ(AI . 4= az) k-ez)‘d',_e—zld e + / ( ‘/al e_)a)
2w ag as 1-ke 28
A «z 1 2?’2» a I/; ;
=l _—2My . _‘" 1 l“. . 27
s (1 T F e P21y + o1y g - (Z )

From equations (26) and (27) we can prove

Lory 1 avy
O1n 02 |s2=a - D20 02 Jare0"

Hence the potent1a1 Viand Va in equations (20) and (21) also satxsfy the
second boundary condition, that is, equation (23),





