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§ 1. Fundamental equations and their solution. 

If the field poles be non-salient and laminated and the field and armature 

winding be so arranged that the flux distribution circumferentially along the 

air gap is sinusoidal, then the fundamental equations of the single phase 

generator are 

am+ b :; + c 1/Y cos ,,,t) = d sin ,,,t .................. (1) 

(where a and b are the resistance and inductance of the armature circuit, 

ct1 and b1 those of the field circuit, c the maximum mutual inductance between 

the field and armature winding, d = cJ1 ,,, the amplitude of the induced 

E.M.F. due to the exciting current I1, and m and y the armature and the field 

current) 

which, regarding the permanent phenomena, can be solved as follows:-

Put m = ! Xn V2 sin (n6Jt - </>n) and y = i Y 11 V2 sin (n,,,t - 011) 

n=l n=l 

Then the equation (1) becomes 

a i X,. v'2 sin (n,,,t- <f>,,) + b,,, I nXn v'2 cos (n6Jt-<f,,.) 
n=l n-1 

1 d [ 00 
_ _ oo _1_ _ ] +-

2
c-d 1 Y,.V2sin(n+l,,,t-011)+ 1 Y,.v2sin(n-16Jt-0n) 

t n=l n=l 

= d sin ,,,t 

that is 

a i X,, v'2 sin (n,,,t - <f>,,) + b,,, i nX,, v'2 cos (n,,,t - <f>,,) 
n=l n=l 

1 ["" oo _ ] + 2 C6J ,,:/· Yn-1 cos (n(J)t - e,,_1) +n~l n Yn+1 ./2 cos (n6Jt - 0n+1) 

= d sin ,,,t 
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which, when multiplied by cos n(J)t and integrated between (J)t = - 7r and + 'Tr, 

gives 

- aXnsin </>n + bn(J)Xncos <pn + ~Cn(J) (Y,._1 cos 0,._1 + Y,.+ 1 cos 0,.+1) = 0 

when n + 1.. .... (3) 

and when multiplied by sin n(J)t and integrated between (J)t = - 'Tr and + 71" gives 

ciX,. cos cf>,.+ bn(J)X,. sin cp,. + ~ C11(J) ( Y,._1 sin 0,._1 + Y,.+ 1 sin Bn+1) = 0 

when n + I ...... (5) 

aX1 cos <p1 + b(J)X1 sin cp1 + ! C(J) Y2 sin 02 = _ ~- d when n = I ............ (6) 
2 v2 

Now add equation (3) multiplied by ~ to equation (5) multiplied by . . Cn(J) 

- 1-
2 h · · 2 Th h v - 1 - t at 1s J - . en we ave 

cnw cnw 

2b . . ,,., ) . 2a X ( ,,., . . ,,., ) - X,. ( cos cf>,. + J sm 't'" + J - n cos 't''" + J sm 't'n c new 

that is 

and similarly from equations (4) and (6) we have 

(
2b . 2a) X i'P y j/J • d ./2 - + J -- I • € I + 2 • € 2 = J --
C cw _ cw_ 

Next, similarly equation (2) gives 
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and 

Therefore, denoting 

.•.......... (
2
b + j ~) by tn ........... . 
c new 

............ (2b1 + j 2a1) by T n . .......... . 
c new 

V jl}l by /3 Y. jo. by /3 y jl}n by /3 .I 1 • € 1, 2 • € 2, • • • • • • • • • • • • 1l • € n • • • • • • • • • • • • 

d . d v2 h . ·1 · 12- b A an J - t at 1s J 1 'V· y 
cw 

we have 

that is 

T1/31 + a2 = 0 ) 

a1 + T2/32 + aa = 0 l 
i 

~~-~-~~~~~-~-·-~-~ l 

t1a1 + /32 = A T1f11 +a.= 0 

a1 + T2f12+ aa = 0 f11 + f2a2 +#a= 0 

/3 t f3 0 and f3 O 2+ aaa+ •= a2+Ta a+a,= 
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that is 

t1 + f32 = A "1 
a1 a1 

a1 asl 
1 f3 + T2 + f3 = 0 

2 2 

Therefore 

and 

Thus 

and 



320 G. Shi'.midzu a.nd K. Ito. 

that is 

X ( . "' . "' )
1 

11 v'2 
I sin 'f'I - J cos 'f'I = --

81 

where 

(
2b . 2a) I I 

81 
= c + J cw - (2b1 • 2a1 ) ! 2b . 2a) 

~+J- - -+J-, - -etc. 
c 2cw \ c 3cw 

(
2b . 2a) I 1 

83 
= c + J 3cw - (2b1 • ta1 ) (2b . 2a } -- + J - - - + J - - etc. 

c 4cw c · 5cw. 

§ 2. Solution of the fundamental equations, continued. 

The series of equations of a and f3 in the previous article seems at a 

glance impossible to solve, because the number of unknown quantities is 

greater than that of the equations by one; but if the functions of x and y 

are finite and otherwise satisfy the Dirichlet's condition, so that Lt Gl'2n+i = 0 
n=oo 

and Lt f32n = 0, then the series of equations can be solved as will be described 
n=oo 

in the next few pages. 

* This coincides with what was obtained by Prof. Lyle (Philosophical Magazine 

1909). 
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First 2n equations of the given series of equations arc 

t1ct1 + /32 = A 

IX1 + T2/32 +eta= 0 

/32 + taaa + /34 = 0 

They give, when summed up, 

a:l'l,-3 + T m-2f3zn-2 + a2n-1 = 0 

/3211-2 + t211-1 a211-1 + /3211 = 0 

0'2n-1 + T2nf32n + IX211+1 = 0 

(t1 + 1) Gl1 + h + 2) /32 + (t3 + 2) 0'3 + ........... . 

321 

L ... (l) 

............ + (t211-1 + 2) Gl2n-1 + (r:l'I, + 1)/3211 + Gl2n+1 = A ...... (2) 

Now, take up a special case where a1 = 0 and denote /32 , a3 , (34 •••••••••••• 

in that case by x2 , x3 , x 4 ............ respectively. 'l'hen we have the equations 

X2=A 

T 2X 2 +x3 = 0 

X2 + t3X3 + X4 = 0 

X3 + T4X4 + X5 = 0 

:1'211-8 + T2n-2X2n-2 + X211-1 = 0 

X2n-2 + f211-1X211-1 + Xzn = 0 

X211-1 + T211/t'211 + X2n+1 = 0 
which, when summed up, give 

(r2 + 2)x2 + (t3 + 2)xa +(r4 + 2)x4 + ........... . 

.. .......... + (t2,t-1 + 2) x:l'l,-l + (T211 + l)x211 + X2n➔ 1 =A ..... • (4) 

Next, take up another special case where a1 = 1 and A= 0 and denote 

/32, a3, /34 .................. in that case by y2 , Ya, y4 .................. respectively. 

Then we have the equations 

l1 +y2= 0 

1 + T 2Y2 +Ya= 0 

Y2 + taYa + Y4 = 0 l ...... (5) 

Y2n-8 + T2n-2Y211-2 + Yzn-1 = 0 

Y211-2 + t2n-1Y2n-1 + Yzn = 0 

Ym-1 ,+ T2nY2n + Y2n+i = 0 
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which, when summed up, give 

(t1 + 1) + (T2 + 2)y2+ (ta+ 2)ya + •········· .. 
............ + (t211-1 + 2) Y,n-1 + (T2n + 1) Y2n + Ym+1 = 0 ...... (6) 

Now adding equation (6) multiplied by a1 to equation (4) and then 

subtracting equation (2) we have 

(T2 + 2)(a1Y2 + X2-.B2) + (ta+ 2)(a1Ya+Xa-aa) + ........... . 

.... ........ + (t2n-1 + 2)(a1Y2n-1 + X21t-1 - Cl2n-1) + (T2n + 1) (a1Y2n + X2n- .B2n) 

+ (a1Y2n+1 + X21,+1 - a211+1) = 0 

which, when n = l, becomes 

and, when n = 2, becomes 

(T2+ 2) (a1Y2 + X2-fJ2) +(ta+ 2) (a1Ya + Xa - aa) 

+ (T4 + 1) (a1y4 +x4-.B.) +(a1y5+x5- a5) = 0 

and so on. 

Similarly, when first (2n - 1) equations of the given series of equations 

are taken up, we have 

(T2+ 2)(a1Y2+X2-fl2) + (ta+ 2)(a1Ya+xa- aa) + ........... . 

. . . . . . . . . . . . + ( T2n-2 + 2) ( a1Y2n-2 + X21,-2 - f1211-2) 

+ ( t211-1 + 1) ( a1 Y2n--1 + X21t-1 - a211-1) + ( a1 Ym + Xm - flm) = 0 

which, when n = 1, becomes 

and, when n = 2, becomes 

and so on. 

Therefore, we have 
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so that 

But Lt ~ 2,, = Lt a211 +i = 0 as was said before; while Lt y211 and Lt y211+1 
n=co 

are not equal to zero, for the product t. T is > I. 

Therefore 

But now relation (3) gives 

Lt X211±_1 

n=oo Y2n+1 

n=oo 

-xm+i 1 1 1 1 K(2, 2n) 

n=oo 

---=T21t ___ -- - -= 
Xm t2n-1 - 'T2n-2 - •••••••••••• - t3 - T2 K (2, 2n -1) 

- X2n _ t _ _ l_ _l_ ! _! _ K (2, 2n - 1) 
-m~ -K 

X2n-1 Tm-2 - t2n-a - ............ - ta - 'T2 (2, 2n - 2) 

so that 

where K denotes a continuant such as 

K(l,2n)= f1 1 0 ............ 0 0 

1 T2 1 ............ 0 0 

0 1 ta ............ 0 0 

o o o ............ t2,1-1 1 

0 0 0........ ... 1 T211 
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Next, relation ( 5) gives 

-Y2n+1 1 1 1 1 K(l, 2n) 
--=T2n-- -=-----

Y2n t2n-1 - T2n-2 - •·· • • • • • •• •, - T2 - t1 K (1, 2n -1) 

Yzn = t'l:1,-t __ l_ 1 1 ! = K (1, 2n - 1) 
Y2n-1 T2n-2 - t'l:li-a - • • • • • • • • • • •, - T2 - t1 K (1, 2n - 2) 

-ys 1 K (1, 2) 
-=T -----

Y2 2 t1-K(l,l) 

- Y2 = t1 = K (1, 1) 

so that (- 1 )2nY2n+1 = K (1, 2n) 

Therefore, we have 

- Xzn+1 =AK (2, 2n) = A/K (2n, 1) 
Yzn+1 K (1, 2n) K (2n, 2) 

accordingly 

a1 = Lt (A/K (2n, 1)) 
n=oo K (2n, 2) 

and since 

we have 

and since 

we have 

and so on, 

[ /( 
1 1 1 1 \l = Lt .A t - - - - -- ) 

n=oo 
1 

T2 - ta - · · • • • • · • • · • • - l2n-1 - T2n _ 

=A t1 -- -/( 
1 1 ) 
T2 - t3 - •••••••••••• to oo . 

f32 .A 1 1 1 
-=--ti=-- -
a1 a 1 T2 - ta - T 4 - ............ to oo 

as a1 1 1 1 
-=---T2=-- - -
f32 f32 ta - T4 - t5 - .••....••... to oo 

which is what was_ obtained in the previous article. 

Note that we·arrive at the same result if we take up the relation 
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§ 3. Amplitudes of the higher harmonics of the field and armature 

currents. 

so that denoting s2p+i by ~ (g + jh) we have 
C 

where v = armature leakage coefficient > 1 

and v1 = field leakage coefficient > 1 

accordingly 

of which the modulus is 

which is > 1 when ,,/ g2 + h2 > 1 for ( ~ l, 2) < 1 
VVj [} + i 

for 

s. 10 
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But now, when p is sufficiently large, we have 

so that g > I and h = 0 when p is sufficiently large. 

Therefore we can conclude that [szpS2p+1] > I and hence the higher 

harmonics of both the field and armature currents diminish in amplitude with 

the orders of the harmonics. 

§ 4. Permanent short-circuit currents in the field and armature circuits. 

Usually ba1 is =l= 0 and at short-circuit ba is = bai__ which is also usually 
1ro ro iro 

=l= 0. Therefore at short-circuit we have usually 

81 =Sa= So= •••.•.•.•••• 

2bi 1 I I 
=c - 2b1 2bi 2b1 - - - - - - ............ to oo 

C C C 

where 

and 
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so that 

. I \1'2 1 
X 1 smcf,1 =~·7c where k=l + v;;. 

C 

. - 11 V2 1 . 1- m c2 1 
Y 2 sm 02 =---r;;;;-. Id'= -I1 v 2 'k2 where m = bbi = 

11111 
= 1- CT 

C 

· f1V2 Vl 
X3 smcp3 =T•kf3 

C 

etc. 

so that the permanent short-circuit current x8 in the armature is 

where 

But 

-211 
x8 = --;:;- . ( cos rot+ n cos 3rot + n2 cos 5rot + ............ to oo ) 

.!..k 
0 

= - 21 I ( 1 - n) cos rot 
'!!. k 1 - 2n cos 2rot + n2 

C 

~ (1- n)cosrot 
= !!_i k (1 + n )2 

- 4n cos2 rot 
C 

1 - n = 1 - l - CT = 2 v~ and 1 + n = ~ 
(l+VCT)2 k k 

10-2 
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Therefore 

2 ,/~ 
_ 

211 
-k- cos wt 

Xs = ,;:- . 2)2 ni 
~, k (k - 4 kii cos2 wt 

cI1 w ,,;-;; cos wt 
= - bi w · l - ( 1 - a-) cos2 wt 

which coincides with the result obtained by Mr Boucherot and traces the 

curves as shown in fig. 1. 

The permanent short-circuit current Ys in the field winding, not including 

the exciting current I1, is 

Ys = 2I1n ( cos 2wt + n cos 4wt + n2 cos 6wt + . ., ......... to oo ) 

= 21 n cos 2wt - n 
J l - 2n cos 2wt + n2 

= 2ln 2cos2 wt-(l+n) 
f ( 1 + n )2 

- 4n cos2 wt 

m cos2 wt - '!?!'. 
-I le 
- J l - m cos2 wt 

-I (l-a-)cos2 wt-(l-v;;:) 
- J l - ( 1 - a-) cos2 wt -

accordingly 

,,;-;; 
Ys + 11 = Ii-----l - (1- a-) cos2 wt 

which also coincides with the result obtained by Mr Boucherot and traces 

the curves as shown in fig. 2. 

§ 5. Maximum and effective values of the permanent short-circuit 

currents. 

!;• = 0 where 0 = wt gives sin 0 = 0 or 1 + (1 -a-) cos2 0 = 0, the latter of 

which gives imaginary cos 0. 
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Therefore X 8 is maximum when sin 0 = 0 that is when 0 = 1r, 21r, 31r, etc., 

and the value of (x.)max. is 

cl1w l 
(xs)max. = ± • -:-F 

b;w vrr 

= + _ max. Vfl.lt1~f_t;_he E.M.F. induced in_t~e 3;mat~re . 
- total armature reactance x square root of the dispersion coeff. 

Next fle = 0 gives sin 0 cos 0 = 0 that is sin 0 = 0 or cos 0 = 0, the former 

of which gives 0 = 0, 1r, 21r, etc., so that 

and the latter gives 0 = i, 3 ~, 5 i, etc., so that 

(Ys)negative max. = - I1(l - V~) which is < If in magnitude 

Accordingly 

Next, since 

-2If 
Xs = -b-,-(cos wt+ n cos 3wt + n2 cos 5wt + ............ to oo) 

...! k 
C 

its effective value (xs)eff. is 

and since 

Ys = 2Ifn ( cos 2wt + n cos 4wt + n2 cos 6wt + ............ to oo ) 
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its effective value (y,)etr. is 

so that 

Note that (xs)etr. can be checked as follows:-

T -rr 

(x.)2 = ! {4 
x2 dt = ~ {

2
(- 2J1c)2 

[ (1 - n) cos 0 ]
2 

dO 
eff. '/.'. 0 7r. 0 bik 1 - 2n cos 2fJ + n2 

= !_j.,, (-211c)2 (1- n)2½(1 +cos a) da where a= 20 
7r O \ bik (1- 2ncos a+ n2

) 

a 
where p = 1 - n, q = 1 + n and x = tan 2 = tan 0 

1 (2/1c)2 l a; 1 _1 q ]tan ij = - -- . . + - tan - x 
'Tr b,:k p2 + <./X2 pq p tan o 

So that ( ) _ .,-2 lic !_ (l - 2)-½ _ _!._ cljw -¼ 
Xs eff. - 'V bi . k . n - v2 . b; (J) • (j 
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Next (Ys)err. can be checked as follows:-
,r 

2 _ 2 f 2 
(· _ cos 20 - n )

2 

(ys) eff. - - 2l1n l 2 20 2 
dB 

w o - ncoo +n 

_ (2/ )2 1 J" ( cos a - n )
2 
d - n - ·-----=----- a 

f w O 1 - 2n cos a+ n2 

§ 6. Ordinary treatment of the single phase generator. 
In the ordinary treatment of the single phase generator, it is usual 

to consider that the average armature M.M.F., of which the magnitude is 

~ nl v2 where nl is the effective armature 

ampere-turns, affects the original field as 

shown in fig. 3, while that part of the arma

ture M.M.F. which is alternating in direction 

with regard to the original field is quite 

inactive. 

With this conception the E.M.F. induced 

in the armature due to the armature M.M.F. 

will be, as stated in the theory of the two 

and three phase generators, = - ;v bi :: where bi is the 

• 
Fig. 3. 

total armature m-

ductance, v the armature leakage coefficient and i the armature current. 
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Thus in the ordinary treatment the fundamental equation of the 

armature circuit will be 

where a, and b, are the load resistance and inductance and b1 the armature 

leakage inductance. 

Now solving this equation, we have 

_ cl1 w 

- j ( ae + a;)2 + l be + b; ( 1 - 2
1J T w2 

for 

so that the effective value of the permanent short-circuit current is 

Comparing this (is)etr. with that (xs)etr. obtained in the previous article 

we have the ratio ui / ( 1 -
2
1

11
) which, when 11 ~ 111 so that u = 1 - ~ that is 

1 .,-- = 'V 1 - u, becomes as shown in the following table: 
V 

(T 0·l 0·2 0·3 04 0·46 0·5 0·6 l·0 
----------------------------

(T¼ /(1- ;J 1·07 1·21 l ·27 l ·3 l ·305 1 ·3 l ·29 l·0 

Thus the ordinary treatment is on the safe side with regard to the 

effective value of the permanent short-circuit current. 
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Comparing ( is)max. we have the ratio u½ / ( 1 - ;J which, when v ~ v1 , 

becomes 

·6 ·81 ·94 1·04 1·07 1·0951 1·13 l·0 

Thus with regard to the maximum value of the permanent short-circuit 

cuITent, the ordinary treatment is on the safe side or not according as 

u½ ~ 1 - J; , that is according as u ~ 0·36. 

§ 7. Sudden short-circuit currents. 

Below is given an approximate solution of the fundamental equations 

for sudden short-circuit currents. 

If we consider y including the exciting current, then the fundamental 

equations may be written in the form 

dx d 
aix + bi dt + c dt (y cos wt) = 0 

that is 
dx d 
d}J +Ax+ B dO (y cos 0) = o ........................... (1) 

dy d 
dO + A1y + B1 dO (x cos 0) = AJ1 ..................... (2) 

where A=~ 
b;w' 

Neglecting for approximation the term containing A, we have from (1) 

x = - By cos 0 + k 

so that equation (2) becomes 

dy d 
d0 + Aly - Bl d0 [(k- By cos 0) cos 0] = AJf 
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that is 

(I - BB1 cos2 0) ~~ + (A 1 + 2BB1 sin 0 cos 0) y = AJ1 + B 1k sin 0 

that is 

dy A1 + 2m sin 0 cos 0 AJ1+ B1k sin 0 
d0 + ---1 - m cos2 0 Y = 1 - m cos2 0 

where c2 I 
m = BB1 = bb = - = 1 - u 

I VVt 

which solves to 

where 

f Pao_JAJ1+B1ksin0 f Pao d0 k 
YE - 1 2 0 . E • + l - -mcos 

p = ~ 1 + 2m sin 0 cos 0 
l -mcos2 0 

Hence, neglecting the constants k and k1 , the principal integral is 

YE! Pd8=J AJ1 . Ef Pr18,d0 
I --m cos2 0 

But 

!Pd0 =A1 J(- d0 ---+ d0 )+,,/inf2v~cos0sin0 dO 
2 I - V m cos 0 1 + v m cos 0 1 - m 

0
cos2 0 · 

and 

" 
+J(-vmsin0d0 _ -v'msin0d0) 

1-vmcos0 1+-v'mcos0 

A r (JI +-v'm 0) (JI -v';,, 0)7
1 = 1 

j tan-1 J _ tan 2 + tan-1 J _ _ tan 2 Vl-mL 1-vm I+-v'm _J 

+ log ( I - vm cos 0) + log (1 + v m cos 0) 

(✓1 + vm 0) (✓1 -vm 0) 
tan-

1 ✓1 _ ,y'-j;,, tan 2 + tan-I ✓1 + Vm tan 2 

= tan-1 ( 3 ___ -cc_ tan : ) 
vl - m 1 t 2 0 - an 2 

= tan-1 
(]~ tan 0) 

which is nearly equal to 0 when 0 is sufficiently large. 
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Figure 4 represents the curves of tan-1 ();;. tan B) and its components 

(✓~ e) tan-1 J _ tan 2 1-v'm (✓1 -v'm e) and tan-1 J _ tan 2 l+v'm 

Therefore 

f .A.1 
PdB =;' .,-- B + log(l - m cos.2 0) 

vl-m . 

so that 

Hence we have 

so that 

and hence 

.;;;. cos e 

which coincide with those expressions of the permanent short-circuit currents 

obtained in Art, 4. 

Next, to determine the complementary functions we have the equations 

with the right-hand sides equal to zero, namely 

dx d 
dB+ Ax+ B dB (y cos 8) = 0 ........................ (3) 

dy d 
dB+ .A 1y + B1 dB (x cos B) = 0 ..................... (4) 
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which give, when the terms containing A and A 1 are neglected, 

x = - By cos 0 and y = - B1 x sin 0 

so that 

Note that here for finding particular integrals of equations (3) and (4) 

we drop the integration constants. 

Now, put this relation between x and yin equation (4). Then we have 

(1 ± v BB1 cos 0) !~ + (A1 + v BB1 sin 0) y = 0 

which solves to 

1 JA1+Vmsin0d0 A J d0 J.J-:;;i,sin0d0 ogy=- - =- l ----- + 
1 ± Vrn cos 0 l ± Vm cos 0 - l ± Vm cos 0 

2A (Jl + vni 0) -= - -:,~1___ tan-1 J ... _ ~ = tan 2 - log (1 ± V m cos 0) 
vl-m I±vm 

that is 

2A, t _1 (J1T..;,;it o) ---=· an ~ an 2 1 ../1-m J1±.Jm y= ,f 
1 ± vm cos e 

Therefore the complementary function of y is 

where 01 and 02 are arbitrary constants 

and 

and 
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and since x = ± y j ! the complementary function of x is 

✓b( a a. ) __! 1 €-a1 (8) _ 2 €-a2(6) 

bi . l + v 1n cos 0 . I ----- v m cos 0 . 

If we put y = ± x ✓! in equation (:3) then, similarly as above, the com

plementary function of x is 

where D1 and D2 are arbitrary constants 

and 2A (J1-v-;,, 0) /31 ( 0) = . r-== tan-----1 ✓--------=- tan~ 
vl-m l+vni 

and 

and that of y is 

Now, if we take up the first form of the complementary functions and 

A 
put a1 (0) =l= a2 (0) =l= vi 0, then the complete solutions of the sudden short-

circuit currents are 

11 ( ..;-;;. ..;-;;. ) 
y = 2 1 + v m cos 0 + I - v m cos 0 
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for 

Therefore if the initial condition for fixing the constants 0 1 and 02 be 

x = 0 and y = If at B = B0 , then we have 

If ( V~ ,.;; ) 
2 1 + V m cos B0 + 1 - V rn cos B0 

A1 

( 
0 0 ) -~~ + I _ 2 ,€ .j,, =0 

1 + Vm cos B0 1 - Vm cos B0 

so that 

_1- A1 

J 
v u 201 - ,- 9o I 

1----c=--- + -----,=--- • € ~ <I = 
1 + Vrn cos B0 1 + Vm cos B0 

that is 

and similarly 
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Accordingly the complete solutions become 

I ,.;-;;. 1. I (1 - ,.;-;;. + vm cos 00 1 - ,.;-;;. - v m cos 00 ) 

y = f -1---m-co_s_2 -0 + 2 f --1-+~v_m_c_o_s_0_ + --1---V-m-co_s_0_ 

A1 
- --= (ti - tlo) 

X € .Jrr 
A 

I 
,.;-;; I 1- ,J-;;-mcos 00 cos 0 - ✓1(tl-tlo) 

= ,---- + f 0 € 1 - 111, cos2 0 · 1 - m cos' 

and 

which, when A1 =i" 0, become 

_ I 1 - m cos 00 cos 0 and x __ I ~ cos 0 - cos 00 

y - 1 · 1 - m cos2 0 - 1 b;" 1 - m cos2 0 

If we do not put a1 ( 0) = a2 ( 0) in the above solution, then we have 

and 
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which are also obtained by putting 7j = t in the fundament,al equations 

d'd p . a a1 as Mr Biermann* 1 • uttmg -b = "ti; m the fundamental equations we 

arrive at these results without any neglect. This assumption is however not 

allowable in general. 

If we take up the second form of the complementary functions and put 

/31 ( 0) =;= (32 ( 0) =;= J-;;. 0, then the complete solutions become 

y=!J.( ,,;;; + ,,;;; ) 
2 l+vmcos0 I-Vmcos0 

- AO 
✓bi ( D1 D2 ) - J"a-

+ bi I+vmcos0-I-vmcos0 .e 

so that with the same initial condition as before we have 

so that 

I ,J;; ✓~ 2D1 _ I 
f---=---+ -.------ f 

I + V m cos 00 b1 I + V m cos 0o 

* E.T.Z. 1915. p. 579. 
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that is 

and similarly 

Accordingly the complete solutions become, similarly as before, 

A 
x __ I !?._ ,_;--;;. cos 0 _ I _<?__ (1 - v;) cos 0 - cos 00 - ~ (/1 - l1ol 

- f·b,"l-mcos2 0 .1·bi. l-mcos2 0 .€ 

which are nothing other than those found before with A 1 changed to A and 

so give, when A is put~ 0, 

= I 1 - m cos 00 cos 0 
Y f l -mcos2 0 d __ J _<?__ cos 0 - cos Bo 

an x- f•b"l 20 i -mcos 

which are the same as obtained before by taking up the first form of comple

mentary functions. 

§ 8. Maximum sudden short-circuit currents. 

We saw in the previous article that when A~ A 1 ~ 0 the sudden short

circuit currents are 

_ I C cos 0 - cos 00 d I 1 - m cos 00 cos 0 
X - - f . b;,. 1 - m cos2 0 an y = f 1 - m G.0S2 e 

Now to find the maxima and minima of these, 

OX O . . 0 0 d ox . . 0 - = g1 VeS Sln O = an -::,
0 

= 0 g1 VeS Slil = 0 
o0o u 

or m cos2 0 - 2m cos 00 cos 0 + 1 = 0 that 1s cos 0 = cos 00 ± ✓ cos2 00 -1 
which is imaginary. 

s. 11 
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Therefore 

r __ 1 c_ cos0±1 
' 'max. - .r bi. 1 - m cos2 0 

and 

_ 9 cl1 w ! 
,Tmax. max. - ± ~ · b • 

iW (J' 

ay ay 
Next -- = 0 gives sin 00 = 0 and ~-

0 
= 0 gives sin 0 = 0 or 

o0o u 

m 2 cos 00 cos2 0 - 2m cos 0 + m cos 00 = 0 

that is 

of which only the negative sign is permissible. 

Therefore 

. 1 d' h . . I I l - m cos 0 
Ymax. (inc u ing t e exc1tmg- current r) = 1 -

1 
~--- ---:, 

0 

and 

1 -II+m 
Ymax. max. - .r-

1
~-
- rn 

that is 

~ . . - 'Ill cos-

or 11 or 

l.r or 1 
m ✓ G11i 

.f2-Vl-m-2(1-m) 

which shows that the maximum value of y is If(! - 1) and the minimum value 

I r is 2 Jf(l+'\(J'), 

These maximum values of x and y as found above coincide with those 

obtained by Mr Boucherot. Mr Biermann also arrived at the same result 
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by putting ~ = ~ and a1 (0) ~ a2 (0) ~ 1= 0 ~ ~2 0. Mr Berg's solution, as 
b bl vu vu 

described before in the three phase generator, gives too big a figure of the 

maximum sudden short-circuit current. 

Curves showing- Xmax. - I .£ I - cos 
8 

are given in figures 5 and 6 
., - 1 bi · 1 - m cos2 0 

d h h . . I I - m cos 0 . fi 
7 

d 
an t ose s owmg Ymax = 1 1 0 

m gures an 8. 
· - m cos2 

Putting 00 = 0 in the complete solution of x and y obtained m the 

previous article, we have 

and 

.,- - Al 
\ ...,_ vu 1-vu-(l-u)cos0 - ✓~(8 -Bol 

(YsJmax. 7 [f'l 20+ f;, 1 20 .e -mcos -mcos 

which show approximately the manner in which the instantaneous values of 

the maximum sudden short-circuit currents change with time starting at 0 = 00 • 

Curves showing this (xs)max. are given in figure~ 9 and 10 and those showing 

(ys)max. in figures 11 and 12. In all these figures A is taken= 3/100. 

§ 9. Electromotive forces induced in open phases at short-circuit of 

one phase when the armature is wound in two or three phases. 

As shown in Art. 4, the permanent short-circuit currents are 

o:: __ ~ I .;--;. cos 0 
( s)permanent - b · f I _ ?n cos• 0 

· where 0 = wt and m = I - u. 



344 G. Shimidzu and K. Ito. 

Therefore if the armature be wound in three phases, then the E.M.F.s 

induced in the open phases at steady short-circuit of any one phase are 

'V IT COS 0 + - -
[ 

,;- ( 2?r)] 
__ cw !:._ I 3 _ - 1 b · w !!,_ ~ I ./ IT cos 0 
- d0 1 1 - m cos2 0 2v ' d0 (bi 1 1 - m cos2 0) 

I cos (e + ~2'.") + -
1
- cos el 

I d I 3 2v I = - clfw 'V IT. d0. 1 2 e 
L -nicos _, 

• r ( 2?r) 1 7 

_ a I cos e + -3 + 2 cos e I 
=l= - clfw ,J IT • d0 . I 1 2 e I 

L -mcos _, 

./3 .1- 1T-msin28 
= + 2 clfw '\I IT • (1 - m cos2 0)2 . cos e 

which trace the curves as sho~n in figure 13, and the maximum instantaneous 

values of which appear at 0 = 0 or ?rand have the value 

Next as shown m Art. 7, the sudden short-circuit currents are, when 

A =l= .A 1 =l= 0, 

C COS 0 - COS 00 
(xs)sudden = - Ti.. If 1 - m cos2 e where Bo= wto 

I _ I 1 - m cos 00 cos 0 
(y, + ;)sudden - f 1 _ m cos2 e 
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so that if the armature be wound in three phases, then the E,M.F.s induced in 

the open phases at sudden short-circuit are, similarly as above, 

_,_ _ I !,__ [l - rn cos 00 cos 0 (e _ 2,r) ! cos 0 - cos f/0] 

.... C f"' d0 . 1 2 0 cos + 3 + 2 1 2 0 - rn cos • - m cos 

r ( 277") 1 7 d i cos 0 + 3 + 2 cos 0 i 
=-cl(i)- 1--------I 

f d0 · 1 - rn cos2 0 L ~ 

_ ✓3 rr - rn sin2 0 
= + -2 cl1 ro (l 2 &)° cos 0 -mcos -

! I 0 !,__ (l - m cos2 0 ± V3 m cos 0 sin 0) 
+ 2 c 1

00 cos O • d0 1 - m cos• 0 

_ v3 [ CT - m sin2 0 d ( sin 0 cos 0 )] 
= + 2 cl100 (1 - m cos2 &)2 cos 0 - m cos 0o. d0 1 - m cosi 0 

But !,__ ( sin 0 cos 0 ) = 1 - m - (2 - _m) sin2 0 
d0 I - m cos2 0 ( I - m cos2 0)2 

Therefore the E.M.~.s induced in the open phases are 

_ v'3 I ( CT - m sin2 0) cos 0 - m [ CT - (I + CT) sin2 0] cos 00 =+-c oo 
2 f (CT+rnsin2 8)2 

which are maximum when sin 00 = 0 and the maximum E.M.F.s are 

- ✓a I (CT - m sin2 0) cos 0 - m [CT - (I+ CT) sin2 0] = t - C (i) c____-------'----~-=--~c____--'-------= 
2 1 ( CT + m sin2 8)2 

Figure 14 shows the curves of 

The maximum values of these curves take place at 0 = 71" and the maximum 

. -V3l+m . ✓32-CT 
value 1s 2 . -CT- that 1s 2 .--;;- . 

If we take another sign of the above expression of the E.M.F. induced, 

then we have curves the same in character and magnitude as those shown in 
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figure 14, and so we can conclude that the maxunum values of the E.M.F.s 

induced in the open phases are 
✓3 2-u ± -
2

. --- . clrw 
u' ' 

Next if the armature be wound in two phases, then the E.M.F.s induced 

in the open phase at steady short-circuit of one phase are 

= _ cw !I:__ [I _v--;; c_os (_e +_i)] 
d0 · 1 1 - m cos2 fJ 

_ d ( ,J--;;, sin 0 ) 
= + cw d0 11 1 - m cos2 0 

which trace the same curves as shown in figure 13 and the maximum instanta

neous values are 

which coincide with the result obtained by Mr Boucherot. 

Next, the E.M.F.s induced in the two phase generator at sudden short

circuit of one phase are 

_ _ !I:___ lJ 1 - m cos 00 cos 0 (e _ 7!_)] 
- cw d0 ! 1 - rn cos2 0 · cos + 2 

_ I d (1 -m cos 00 cos 0 . e) 
- - c fw · d0 1 - m cos2 0 · sm 

_ _ I ( u - m sin2 0) cos 0 - m [ u - (1 + u) sin2 0] cos 00 - + G rW, • 
· (u+msm2 0)2 

which are the same as those for the three phase generator except that the 

numerical coefficient ~
3 

is replaced by 1. 

The maximum instantaneous values of these induced E.M.F.s are obviously 

2 -_u 
± -- .clfw 

u 
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which do not coincide with those results obtained by Mr Boucherot. He gives 

± !_ cl1w in place of these maximum instantaneous values. Also he does not 
(j 

give the expressions for the three phase generator, which we have treated in 

the beginning of this article. 

§ 10. Permanent and sudden short-circuit between two terminals of 
interconnected three and two phase generators. 

In the previous article we have considered sudden and permanent short

circuit of one phase, of two and three phase generators. In this article we 

will consider the case when sudden and permanent short-circuit takes place 
between two terminals of the interconnected three and two phase generators. 

First, consider the three phases in star connection and as before denote 

by b and c the total self inductance and the 

maximum mutual inductance of one phase. 

Now referring to figure 15, if short-circuit takes 

place between the terminals B and C while the 

phase A is open, then, since current flows from 

B to C or from C to B, we have to place ✓3 c 

in place of c and 3bi in place of bi in calculating 

the permanent and sudden short-circuit currents 

from the formulae for the single phase generator. 

As to the calculation of the E.M.F. induced in 

B 

C 
Fig. 15. 

the open phase A when short-circuit takes place between the terminals B 

and C, the same expressions as given for the two phase generator in the 

previous article will do without any change because the resultant field pro

duced by the two phases B and C carrying current in the direction B to C or 

C to B is perpendicular to and hence independent of the phase A. Note 

that, in the expressions of the short-circuit current and E.M.F.s induced in the 

open phases, the origin of time is that instant when the axis of the coil A is 

at the neutral point of the original field produced by the exciting current 11 . 

Also note that the value of a- increases owing to the increase of the armature 

leakage flux. 
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Next, considering the three phase generator in delta connection and 

short-circuited between any two terminals A and B as shown in figure 16, 

there are two circuits shorted, the one consisting of two phases AO and 

OB in series, and the other consisting of the phase AB only. Neglecting 

the ohmic resistance, the two circuits carry the currents in the same phase; 

and assuming the magnetic leakage of the two circuits equal, the two circuits 

have the same total self inductance; so that the total short-circuit current 

is nearly double that when only one phase AB is short-circuited. Here note 

that, since the magnetic leakage of the circuit consisting of two phases AO 

Fig.16. 

and OB is greater than that of the phase 

AB only, the total short-circuit current will 

be less than double that when only one phase 

AB is short-circuited. 

Next, if the two phase generator inter

connected be short-circuited between the out

side wires, then we have to put V2 c in place 

of c and 2b in place of b in calculating the 

permanent and sudden short-circuit currents 

from the formula given for the single phase 

generator. 

In conclusion the authors wish to express their thanks to Mr T. Otake 

for his suggestions in completing proofs. 
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