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1. Model problem

We consider on R; x R? the Cauchy problem

gy — a®(t)Au + 2b(t)u; +m2(t)u = 0, (1a)
uw(0,) =u1, w(0,-) =1ug (1b)

for a wave equation with time-dependent coefficients and ask for the interplay
between properties of coefficients (and their long-time behaviour) and large-
time asymptotics of solutions (measured in terms of energies or certain norms).
There is an extensive literature about results; we will sketch some of them and
focus on related open problems.

Problem (1) looks far more general than it is. Using Liouville transforms it
is possible to reduce the problem to equations with constant a(t) and vanishing
b(t). We will not pursue this further and merely restrict our consideration to
equations with variable speed and equations with constant speed and variable
dissipation in the sequel.
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2. Some classical results on bounded variable propagation
speed

2.1.

For the sake of completeness we start our consideration with the wave equation
uge — Au = 0. (2)

Then it is well-known that the corresponding energy
1
Blust) = 5 [ (Valt.)P + fuu(t, ) da (3)

is preserved, E(u;t) = E(u;0). Furthermore, if we replace the L?-norm by
an L%-norm, ¢ > 2, we gain decay. This is known as Strichartz type decay
estimate or dispersive estimate and goes back to classical papers of Strichartz,
[22], Pecher, [15], and von Wahl, [23]. It plays an essential role in considerations
of nonlinear wave equations. In a precise formulation the result reads as

IVu(t, )l zo + lJue(t, ) oo
< Cpg(L+ 1) T G2 (DY uy || 1o + (D) Ptz | )

for p € (1,2], pg = p+ ¢ and r, = n(1/p — 1/q). As usual we denote (D) =
(I—A)/2,

There exist several alternative formulations of this estimate, we want to
point out two of them. First, if we replace (1 +t) by ¢ (and thus allow the
decay function to become singular in ¢ = 0) the regularity can be sharpened to
rp = (n+1)(1/p — 1/q)/2. Furthermore, this statement is then equivalent to
the Strichartz’ estimate

lullparr + [IVullpeore + [Juell Loz < C(IVurllpz + [Juzllr2) (5)

with2 <¢g<o00,2<r<o0,1/qg+n/r=n/2and 1/g+(n—1)/(2r) < (n—1)/4
as pointed out in [8].

For a more extensive overview on dispersive estimates for hyperbolic equa-
tions with constant coefficients and their interrelation with properties of the
characteristic roots we refer to the treatment of Ruzhansky-Smith in [21].

2.2,

The simplest case of time-dependent propagation speed is a periodic coefficient,

ugy — a*(t)Au = 0, a(t+T) = a(t) (6)
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with a € C1(R), 0 < a1 < a(t) < az and d,a # 0. Regardless of the ‘size’
of the coefficient, this destroys any reasonable energy estimate as pointed out
by Yagdjian, [30]. We will give a short outline of the argument. Applying a
partial Fourier transform to (6) yields Hill’s equation

gy + Na? () = 0 (7)

with spectral parameter A = |£]? € [0, 00). Due to a variant of Borg’s theorem
(see, e.g., the text book of Magnus-Winkler, [9] or Colombini-Spagnolo [2]
for a refinement) there exists an open interval Z C [0,00) such that for all
A € 7 equation (7) has an exponentially increasing solution. Taking appropriate
Cauchy data for (6) with Fourier support on Z we can construct solutions with
exponentially growing energy.

THEOREM 1 (Yagdjian'! , [30]). Assume a € L}, (R) is non-constant, periodic
and a.e. positive. Then there exist Cauchy data w(0,-) = uy and u(0,-) = us
from Schwartz class such that the energy of the solution to (6) satisfies

log E(u;t
lim inf 082D (8)
t—o00 t

One can say a bit more about the structure of solutions to (7). There exist
nested sequences )\;-t, 0=X <Al <A <Ay <AJ <., such that for all
A€ ()\j, Aj11) solutions are quasi-periodic, while for A € Z; = (A, )\;L) solu-
tions are combinations of exponentially increasing and exponentially decreasing
contributions. Some of the intervals Z; may be empty, but not all.

REMARK 1. The same argument applies to equations with periodic mass terms
(replacing Hill’s equation (7) by @y + (A +m?2(t))d = 0 sharing similar spectral
properties, cf. [9]).

2.3.

We can not ask for conservation of energy if we consider variable propagation
speed (and no compensating lower order terms). However, we may ask for
conditions on the coefficient function a(t) such that the solutions to

ugy — a’(t)Au = 0, w(0,-) =uy, u(0,) = ug (9)

IThe statement in [30] is less precise, the given result follows from Borg’s theorem in the
version of [2] by choosing (¢, £) to be supported inside an instability interval and as multiple
of the increasing eigensolution to Hill’s equation.
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satisfy Strichartz type decay estimates (and therefore also uniform energy
bounds). A first answer was given by Reissig-Smith in [17]. We assume

0<a; <a(t) < a, (10a)

dk 1"

Then the following statement holds true:

THEOREM 2 (Reissig-Smith, [17]). Assume a € C"1(R) satisfies (10). Then
the solution to (9) satisfies the a priori estimate

(11)
forpe (1,2], pg=p+q and r, =n(1/p—1/q).

If we are interested in the energy alone, the constructed representation of
solutions implies the two-sided energy estimate C1E(u; 0) < E(u;t) < C3E(u;0)
for certain constants C7 and Cy. For this result, (10b) suffices for k = 1, 2.

Condition (10b) can be weakened by the introduction of further log-terms
(but increasing also the necessary number of derivatives). Then the estimate
(11) loses a small, resp. finite, amount of decay. For details we refer to [17].
Results are sharp, there exist counter-examples to the estimate (11) if the
conditions are slightly violated.

EXAMPLE 1. We give an example for an admissible coefficient function. The
theory of Reissig-Smith allows to consider a(t) = 2+ sin(logt). For this coeffi-
cient the solutions to (9) satisfy Strichartz-type decay estimates.

The proof of Theorem 2 is based on an explicit construction of the repre-
sentation of solutions in terms of the coefficient function a(t). Properties of
the representation are different in different parts of the phase space R; x Rg,
within the hyperbolic zone {(1 +¢)|{| > 1} it can be shown that solutions are
represented by Fourier integrals

Va(t) [ Sl 0 (1 €) feyae, (12)

f given in terms of the initial data and A being a symbol of order zero uni-
form in ¢. The construction is based on a diagonalisation argument within the
hyperbolic zone.

2.4.

The ‘gap’ between 2.2 and 2.3 can be partially filled. Hirosawa, [3], weakened
the symbol-like condition (10b) to smaller improvement per derivative in com-
bination with a new assumption: the stabilisation condition. We consider the
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Cauchy problem (9) and assume for the coefficient

0 <ar <a(t) < ag, (13a)
¢
/ la(s) — an|ds < C(1 +1)7, (13b)
0
a* 1\
dtka(t)‘ S Ck <1—|—t> s k= 1,2,...,m. (13C)

with m > 2, ¢ € [0,1) and p > g+ (1 — ¢)/m. Then the following statement
holds true:

THEOREM 3 (Hirosawa, [3]). Assume a € C™(R) satisfies (13). Then there
exist constants Cq,Co > 0 such that the generalised energy inequality

C1E(u;0) < E(u;t) < C2E(u;0) (14)
18 valid.

On the contrary, there exists a coefficient satisfying (13) with p < ¢ for
which no uniform energy bound holds true. Therefore, also this result is sharp.

EXAMPLE 2. a(t) = 2 + sin(t*), a > 0, does not satisfy (13). The stabili-
sation condition is violated. Indeed, with as = 2 we obtain fot | sin(s%)|ds =

L[ |sin(6)[9Y/*~ 16 ~ t.

EXAMPLE 3. To obtain an admissible coefficient we follow [7] and choose se-
quences n;, 0; and t;, t; + 0; < tj41, together with a function ¢ € C§°(R)
subject to suppy C [0,1], —1 < ¢(t) < 1 and fol [(t)|dt = 1/2. Then

alt) = 1 +§2w (5) (15)

satisfies (13) provided that j <1, Azle n;jd; §‘Ct;1.+1 and t§ < C6;. Such
sequences exist, e.g., t; =27, 6; =27 and n; = 2i(a=p)

The proof of Theorem 3 is again based on explicit constructions of solu-
tions. There are two major differences to the situation of Theorem 2. The
hyperbolic zone is smaller {(1 + ¢)?]£| > 1} (which makes it necessary to in-
voke a new argument for small frequencies) and the weaker assumptions for
derivatives make it necessary to perform more diagonalisation steps. In conse-
quence, representations by Fourier integrals contain an inhomogeneous phase
function.

OPEN PROBLEM 1. Assume (13) for p > q and all k. Is is possible to derive
Strichartz type decay estimates under these assumptions?
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3. Equations with increasing speed

Problems with increasing speed have been considered by Reissig-Yagdjian, [20].
Following their approach we write the coefficient function a(t) as

alt) = A(t)w(t) (16)

with a monotonously increasing function A(¢) and a (bounded) oscillating part
w(t). We denote a primitive of A(t) as A(t) = 1 + fot A(s)ds and assume a
two-sided estimate

N(BA(#) = (A1) (17)

We refer to such functions A(t) as admissible shape functions and investigate
the Cauchy problem

uge — N (H)w?(t)Au = 0, w(0,-) =uy, u(0,) = ug (18)

for suitable w(t).

3.1.

We shortly recall the result of Reissig-Yagdjian, [20], again neglecting logarith-
mic terms and the related classification of oscillations to simplify statements.
We fix an admissible shape function A(¢) and assume

0 < a1 A(t) < alt) < c2A(t) (19a)
k k
jtka(t)‘ < Cp (1) <i((?)> , k=1,2,...,n+1, (19b)

Then the following Strichartz type decay estimate holds true:

THEOREM 4 (Reissig-Yagdjian, [20]). Assume a € C"T1(R) satisfies (19).
Then the solution to (18) satisfies the a priori estimate

A VUt ) La + [Jue(t, )] Lo
(20)

n—1,1 1

< Cp /A (A1) ™7 B (J(D) s || Lo + (D) ua| 0 )

forpe (1,2], pg=p+q andr, =n(l/p—1/q).

If we consider the energy estimate alone, this yields E (u;t) < A(¢)([Ju |2+
|uz|22) for the adapted energy

By (u;t) = %/(|)\(t)Vu(t,x)|2+ e, 2)|?) de. (21)
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3.2.

Again, we want to weaken the conditions to allow stronger oscillations in com-
bination with a stabilisation condition in the spirit of [3]. We assume that
a(t) = A(t)w(t) satisfies

2 /
V=00 (33). Wolsao (7). w050 <2
(22a)
0< e <w(t) <ey, (22b)
the stabilisation condition
/0 A(8)|w(s) — weolds < CO(t) = o(A(t)) (22¢)

for an auxiliary function ©(t) < A(t), ©(0) = 1, and a constant we,, the
symbol-like estimate

dk
’o’ltka

<t>\ <OANDED) ™, k=12..m (220)
with an (increasing) function Z(¢), A(t)2(t) > CO(t), and

/ ) (E(s) s < C(O(0) (22)

Under these assumptions the following energy estimate holds true:

THEOREM 5 (Hirosawa-Wirth, [7]). Assume a € C™(R) satisfies (22). Then
solutions to the Cauchy problem (18) satisfy the energy estimate

Ex(ust) < A(t) ([Jual[Fn + [u2ll72)- (23)

Furthermore, if (uy,us) £ (0,0) the limit

N
Jim S EAC0) £ 0 (24)

exists and 1s non-zero.

OPEN PROBLEM 2. Derive dispersive estimates under similar assumptions.
This should be a consequence of the solution to Problem 1.
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4. Equations with non-effective dissipation

We consider the influence of dissipation terms and investigate
uge — Au + 2b(t)uy = 0, w(0,-) = uy, u(0,) = ua. (25)

This Cauchy problem is related to (18) with increasing propagation speed by a
change of variables. For completeness we give the correspondence. Let v(t, z)
be a solution to vy — A2(t)Av = 0. Then u(t,z) = v(A~1(t), z)—with A=1(¢)
the inverse function to A(t)—satisfies

up = BUSIOR (26a)
va(ATH(H),2)  NATI®) _ N(ATH()
Uy = (A1) )\3(A*1(t))vt(A (t),z) = Au— mut, (26b)

which is of the form (25); A(t) = (1+t)¢ corresponds asymptotically to 2b(t) ~
£ 1
+I1+¢:
In this section we will concentrate on non-effective dissipation terms in the

sense of [26] or [27], i.e., on terms which are asymptotically of lower order
and minor influence. Precise conditions are given in (27) or (32) below, main
assumption for non-effectivity is that tb(¢) is bounded with a sufficiently small
asymptotic bound.

4.1.

In [25], [26], [27] the author gave an overview on energy and dispersive estimates
for solutions to (25) under assumptions related to [20], [17]. We will quote a
corresponding result. We assume for the coefficient function

b(t) >0, (27a)
limsup tb(t) < 1, (27b)
t—o0 2

dk 1 1+k

— < — = .. .
‘dtkb(t)'_ck(l—i—t) ) k=1,2,...,n+2 (27¢)

Then the following Strichartz type decay estimate holds true:

THEOREM 6 (Wirth, [27]). Assume b € C"2(R) satisfies (27). Then the solu-
tion to (25) satisfies the a priori estimate

IVu(t, )lza + llue(t, )l Lo

<" 1 —nl(i-1 rpt1 vy (28)
< Cogy 077 T (KDY o + (D) sl 2e)
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forpe (1,2], pg=p+q and rp, =n(l/p—1/q) and with the auziliary function

t
B(t) = exp/ b(s)ds. (29)
0
Furthermore, for non-zero initial data (ui,ug) € H' x L? the limit
Jim S0 0) £ 0 (30

exists and 1s non-zero.

In particular, (30) can only be true, if tb(t) is asymptotically small. As
pointed out by Hirosawa-Nakazawa, [4], the example b(t) = u/(1 + t) with
w > 1 satisfies

lim *B(u;t) =0 (31)

t—o0

for all data and, furthermore, the exponent 2 is best possible (see, e.g., [25]).

4.2.

The conditions (27) can be weakened in the spirit of [3] to allow faster os-
cillations of the coefficient. We assume that b(t) = p(t) + o(t), where p(¢)
is a monotonically decreasing shape function and o(t) carries the oscillations.
Conditions are similar to 3.2 and follow [6]. We assume

wut) >0, p'(t)<0, limsuptu(t) <1, (32a)

t—o0
t
/ o(s)ds
t>0 |Jo

/ |esp ( / 9U(S)ds> .

with an auxiliary function O(¢t) = o(t), t — oo,

sup

< o0, (32b)

do < CO(t), (32¢)

dk
‘dt’f

b(t)' <CRE®)FL kE=0,1,2,...,m (32d)
with Z(¢t) 2 O(t) and

/ " (&) s < (00) ™ (32)

Then the following statement holds true:
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THEOREM 7 (Hirosawa-Wirth,[6]). Assume b € C™(R) satisfies (32). Then the
energy of the solution to (25) satisfies
1
E(ust) < C s ([lua | + [luzllZ2) (33)
B2(t)
with B(t) = exp fot b(s)ds ~ exp fot w(s)ds. Furthermore, for non-zero initial
data the limat
lim B2(t)E(u;t) # 0 (34)

t—o00

exists and 1s non-zero.

ExXAMPLE 4. We can use u(t) = {55 and o(t) = pu(t) sin(t*) with o € (0,1).
Then all conditions are satisfied. Note, that the corresponding approach due to
Reissig-Smith allows only sin(logt) terms.

EXAMPLE 5. We can come closer to sin(t) by using u(t) and

o(t) = p(t)sin(t/ log(e + t)).
Note, that o(t) has no influence on the decay rates, only on appearing

constants. o (t) can not be seen as a small perturbation of w(t); it might be
arbitrary large.

_ 1
= (14¢) log(e+t)

5. Equations with effective dissipation

Following the classification of [26], [28], we speak of effective dissipation if the
lower order term 2b(t)u; changes the large time asymptotics of solutions to
(25) in an essential way. For precise conditions we refer to (40) below, main
assumption for effectivity of the dissipation term is tb(t) — oo.

5.1.
The damped wave or telegraph equation
Uy — Au+up = 0, w(0,-) =uy, u(0,-) = ug (35)

was studied by Matsumura in [10]. He investigated semilinear perturbations of
this equation based on

THEOREM 8 (Matsumura, [10]). The solutions to the damped wave equation
(35) satisfy the a-priori estimates

n

|00 u(t,z)| 2 < O(1+8) 5 % ([ resiar =+ [luz]l o

+ lurllr + [luzllz)  (36a)
0F O u(t, )| Lo < C(L+1)7> *7 5 (Jua |l grrsnsiar + [fuall grsssior—s

+ lurllzr 4 [luzllz)  (36b)
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with r > 5.

The estimates are different in structure compared to the Strichartz type
estimates for the free wave equation and the related estimates discussed so
far. While the used regularity is related to Sobolev embedding (and therefore
hyperbolic in nature) the decay rates correspond to estimates for the heat
equation (as, e.g., used by Ponce in [16]). This parabolic structure becomes
even more apparent in the diffusion phenomenon due to Nishihara, [13], [14],
and Yang-Milani, [31] or the estimates of Narazaki, [12].

THEOREM 9 (Nishihara, [14]). Let u(t,x) be a solution to (35) in R, x R3,
w(t,z) the corresponding solution to

wy = Aw, w(0,-) = ug + uz (37)

and
v(t,x) = (% + %)Stul + 0;Stut + Sius (38)

for Syvg the solution to the Cauchy problem vy = Av, v(0,:) = 0 and v¢(0,-) =
Vo-
Then the LP-L? estimate

[ult, ) —w(t,-) — e 2o(t, )|za < CA+)7 2D (Jug|| o + [ual| o) (39)
holds true for all 1 < p < q < 0.

The decay rate is by one order better than expected for both ||u(¢,-)| L
and ||w(t, )|« (while the regularity of the data on the right hand side is not
sufficient to obtain these decay estimates—singularities are eliminated by the
free wave v(t, z)).

For both statements it is essential that small frequencies determine the
asymptotic behaviour of solutions. If we localise to high frequencies (or to a
hyperbolic part of the phase space), we obtain exponential decay rather than
the polynomial decay given in the theorems.

5.2.

In [28] the author discussed variable coefficient versions of these results; we
quote a slightly simplified version (c.f. [18] or [26] for this formulation). Let
b(t) be subject to

b(t) >0, b(t) #0, Jim th(t) = oo, (40a)
dk 1"
’dtkb(t)‘ < Crb(t) (1+t) , k=1,2. (40b)

Then the following decay estimate holds true:
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THEOREM 10 (Wirth, [26]). Assume b € C?(R) satisfies (40). Then the solu-
tion to (25) satisfies the a priori estimate

t ds —2G9) . .
[ut, )e < Cpgr 1+/ T (D)™ us | Lo + [[KD)* Mg 1v)
o b(s)
(41a)
ds

—5(p=9)~z »
b(s)> (KDY g || Lo + [|(D) P usl|Lr)

(41b)

t
19t o < G (14 [
0

t ds —%(5 5)—1 . i,
et e < Crar (1 “f b()) (DYt + (D) ] )
(41c)

for1<p<2<g<ooandr,>n(l/p—1/q).

The proof of this statement is constructive in the sense that the main terms
in the representation of solutions are given explicitly. The assumption tb(t) —
oo guarantees that the high frequency part decays faster than the low frequency
part and is essential for the parabolic type estimates. Under slightly more
restrictive assumptions the diffusion phenomenon can be obtained. We refer to
[28] for the details.

5.3.

We conclude the overview with some remarks concerning periodic dissipation
terms. In contrast to periodic propagation speed this does not destroy Mat-
sumura’s decay estimates nor the diffusion phenomenon. The following two
statements are based on [29].

THEOREM 11 (Wirth, [29]). Assume b € AC|o(R) is absolutely continuous,
positive a.e. and periodic. Then the solution to (25) satisfies the a priori esti-
mate

u(t, Mpe < Chyp(1+ )" FG=D (DY us || 1o + (D) tuz|lrs)  (42a)
IVult, Y po < Chyp(1+ )" 2G=0 73 ((DY» g || 1o + [|(D) Pus|1r) (42D)

et Nze < Cpge (L4~ EG=D (D) M |10 | (D) Puzlze)  (42¢)

pqr
for1<p<2<qg<ooandr,=n(l/p—1/q).

OPEN PROBLEM 3. Close the gap between 5.2 and 5.3, i.e., develop energy
estimates based on less reqularity (and/or less improvement per derivative).
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THEOREM 12 (Wirth, [29]). Assume b € AC),:(R) is absolutely continuous,
positive a.e. and periodic. Then there exist constants o and B depending only
on the coefficient function b such that the solution to (25) and the corresponding

solution to
wy = aAw, w(0,-) = u1 + Pu (43)

satisfies
lu(t, ) = w(t, )2 < CA+ ) (urlla + uzllz2)- (44)

The constants o and /3 are explicit and given in [29]. A similar estimate
holds true if we replace the L?-norm on the right hand side by an L9-norm,
q > 2, or measure spatial derivatives of the difference.

Both theorems are essentially based on the idea that small frequencies de-
termine the asymptotic behaviour. Although the periodic coefficient leads to a
variant of Hill’s equation after partial Fourier transform and a change of vari-
ables, we only need to understand the neighbourhood of ¢ = 0. It can be shown
that away from this exceptional frequency, solutions decay exponentially, while
nearby (which is inside an instability interval) the structure of the fundamen-
tal solution is known explicitly due to Floquet’s theory (cf., [9] or [24, Chapter
IXX]).

6. Concluding remarks

We focussed on the influence of variable speed and variable dissipation. There
are further results on the treatment of variable mass terms, see e.g. the treat-
ment of Bohme-Reissig, [1], of scale invariant mass or [5] on interactions be-
tween variable mass and variable speed. Similar to the situation for dissipation
terms, mass terms can be non-effective or effective.

There is a fundamental difference between oscillations in the principal part
and oscillations in lower order terms; mainly due to asymptotic relations to
problems of different type. While in the first case sharp results are available
(within certain symbol-like classes of coefficients), the example of effective dis-
sipation shows an essential gap of understanding between [28] and [29], which
needs to be closed in the future.
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