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ABSTRACT. Consider the Oldroyd-B system on exterior domains with
nonzero external forces f. It is shown that this system admits under
smallness assumptions on f a bounded, global solution (u,T), which is
stable in the sense that any other global solution to this system start-
ing in a sufficiently small neighborhood of (u(0),7(0)) is tending to
(u, 7). In addition, if the outer force is T-periodic and small enough,
the Oldroyd-B system admits a T-periodic solution. Note that no small-
ness condition on the coupling coefficient is assumed.
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1. Introduction

In this note we consider stability and periodicity questions related to viscoelas-
tic fluids of Oldroyd-B type with non vanishing external forces on exterior
domains. This type of fluids are described by the following set of equations

Re(ui+(u- V)u) — (1—a)Au+ Vp =divr+f

V-u =0
We(r: + (u- V)T + go(1, Vu)) + 7 = 2aD(u)
u =0
u(0) =g
7(0) =19

in © x (0,00),

in © x (0,00),

in © x (0,00), (1)
on 90 x (0, 00),

in Q,

in Q.

Here 2 C R? denotes a domain with smooth boundary 9, u the velocity
of the fluid, and the tensor 7 represents the elastic part of the stress tensor.
Furthermore, Re and We denote the Reynolds and Weissenberg number of the
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fluid, respectively. The term g, is given by
9o (7, Vu) := W (u) — W(u)T — a(D(u)T + 7D(u)) (2)

for some a € [—1,1] and D(u) = 2(Vu + (Vu)T) and W (u) = 3(Vu — (Vu)7)
denote the deformation and vorticity tensors, respectively. The constant a €
(0,1) is the coupling coefficient between the two equations and represents in
particular the strengthness of the coupling between the parabolic fluid type
equation for u and the hyperbolic transport type equation for 7.

This set of equations has been introduced first by J.G. Oldroyd [24] and the
analysis of this set of equations for viscoelastic fluids gained a lot of attention
since then.

If Q@ ¢ R?is a bounded domain with smooth boundary, Guillopé and
Saut [13] proved the existence and uniqueness and exponential stability of small
solutions to (1) in the case of small coupling parameters . They further proved
the existence of periodic and stationary solutions to (1) by adapting Serrin’s
method to this situation. For extensions of this results to the LP-setting we
refer to the work of Fernandez-Cara et al [9]. Molinet and Talhouk [23] ex-
tended the result of Guillopé and Saut [13] to the case of non small coupling
parameters o € (0,1). For results concerning the critical LP-framework, we
refer to the work of Zi, Fang, and Zhang [25].

For the case Q = R3, Lions and Masmoudi [21] proved the existence of
global weak solutions provided ¢ = 0. For further results in this direction
we refer to the works [4] and [19]. Blow-up criteria for Oldroyd-B type fluids
were developed by Kupfermann, Mangoubi and Titi [18] in the case where the
Navier-Stokes equation is replaced by the stationary Stokes system and in the
general case by Lei, Masmoudi and Zhou [20] as well as by Feng, Zhu and
Zi [8]. For global regularity results in the two dimensional setting, we refer to
the work of Constantin and Kriegl [5].

If Q@ c R? is an exterior domain, existence and uniqueness of solutions
to (1) for small data were proved by Hieber, Naito and Shibata in [14] for small
coupling parameter « and by Fang, Hieber and Zi in [7] for any « € (0,1). For
optimal decay rates for the case Q = R3, see [16].

For recent results on ill-posedness of these equations within the L>°-setting
we refer to the work of Elgindi and Masmoudi [6].

In this article we are interested in the global existence, stability and pe-
riodicity of solutions to the Oldroyd-B equations in exterior domains in the
presence of external forces f of the form f = div F' for certain F. One might
think of applying the method developed in [11] to the given situation, how-
ever, it is unclear whether the Oldroyd semigroup constructed in [10] satisfies
suitable decay estimates.

Note that the methods for obtaining results on stability, bifurcation and
periodicity of solutions for viscoelastic fluids are quite different from the ones
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often used in the theory of second order parabolic equations, where comparison
principles allow to develop a very rich and powerful theory. For beautiful results
in this direction, we refer to the work of Julian Lopez-Gomez and mention here
only his book [22] as well as the recent articles [2] and [1].

2. Existence of Bounded Solutions

We consider the Oldroyd-B equation with an external force f of the form f =
div F'

us+(u-V)u— (1—a)Au+ Vp =divr +divF in Q x (0,00),
V-u =0 in Q x (0,00),
Tt 4+ (u- V)T + go(7, Vu) + 7 = 2aD(u) in © x (0,00), (3)
u =0 on 09 x (0,00),
u(0) =g in Q,
7(0) =70 in Q,
where Q C R3 is an exterior domain with boundary of class C3. Let A := —PA

be the Stokes operator in the solenoidal space LZ(Q) with domain D(A) =
H2(Q)NHYQ)NL2(Q) and set V := HE(Q) N L2(Q). For fixed T > 0 we put

Ey(T) := L*(0, T3 H()) N L>(0, T; D(A)),
Eo(T) := L*(0,T; V) N L>=(0,T; L2()),
G1(T) := L*>(0,T; H*(Q)),

Go(T) = L>(0,T; H'(2)).

Our first result concerns the local existence of a unique, strong solution
to (3) under certain conditions on F.

PROPOSITION 2.1 (Local Existence). Let  be an exterior domain with C3-
boundary and let ug € D(A) and 79 € H?(QY). Then there exist T, > 0
and M > 0 such that for F € Gy(Ty) and F' € Go(T.) with ||F||g,(r.) +
IF' |G 1.y < M, equation (3) has a unique solutions (u,p,T) on (0,T.) with

u € Ey(T.) N C([0,T.], D(4)),

u' € E;NC([0, T3], D(A))),

p € L*0,T,; HE(Q)) with Vp € L*(0,Ty; H'(Q)),
7€ C([0,T.]; H*(Q)) with 7" € C([0,T.]; H*(2)).

In order to prove Proposition 2.1 we make use of the following version of
Banach’s fixed point theorem, see [17].
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LEMMA 2.2 ([17]). Let X be either reflexive Banach space or have a separable
pre-dual. Let K be a convex, closed and bounded subset of X and assume that
X is continuously embedded into a Banach space Y. Let ® : X — X maps K
into K and assume there is 0 < g < 1 such that

12(2) = 2(y)lly < gllz—ylly foralzyec K.

Then there exists a unique fized point of ® in K.

Proof of Proposition 2.1. The proof follows the strategy described in [7, Prop.
3.1], however with a forcing term of the form f = divF. For the reader’s
convenience we give here a short outline of the proof. For real numbers By, By >
0 we set

K(T) :={(v,0) € E1(T) x G1(T) : v € E5(T),0" € Go(T),v(0) = ug, 0(0) = 79
and [[0]|%, ¢y + 1V 15,0y < B 10llcy ) < Bu, 10l gory < Bz}

Then, for (v,0) € K(T') we define the mapping
O(v,0) = (u, 1),

where (u, T) is the unique solution of the linearized problem of (3), i.e.,

us + (1—a)Au = —Pdiv (v ® v) + Pdiv + Pdiv F in Q x (0, 00),
T+ (u-V)T+7 =2aD(v) — go(7, Vv)) in Q x (0,00),
u =0 on 02 x (0,00), (4)
u(0) =wy in Q,
T(O) =170 in Q.

Regularity results for the Stokes and the transport equation imply the existence
of a constant C' > 0 such that
||u||%2(H3)mL°°(D(A)) + Hu,”%2(v)ﬂL°°(Lg°)
< CllluollFrz + 10(0) 132 + 101122z + 10l pow oy 0]l 22 a3y

+ 10+ Fllpoc(rrzy + 10" + F'|| oo (1)

and

2a
||THLoc(H2) + ||T/||LOQ(H1) < [2 + CHU”Loo(HQ)](”THQ + 6) eXpCH’UHLl(H?,).

Hence, choosing Bj, By and T} appropriately, we see that ® maps K(7}) into
K(Ty).
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Next, similarly as in [7], for two solutions (u;,7;) corresponding to given
(v, 0;) for i = 1,2 we verify that

T
[ur = ua||Fee 2y + 1 = T2l 7o (12 +/0 (IVur = Vugll7z + [Im1 — 72l7)dt
1
< 5 (Ilor = vall e 2y + 162 = 2l 12

T
+ [ 10 = Tl + 61— 6alf )
0

. L . [ 1 11—« 3 —
provided T < T, := min {Tl7 17257 Br* 10(142B,)(112C exp(20)) with 0 :=
e
I8Cexp(2C)

Therefore, the mapping ® is a contraction from
Y(T,) = {(v,0) € L=(0,T; L*(Q))?, Vv € L>(0,T; L*()) }

into itself and the assertion of Proposition 2.1 follows from Lemma 2.2. O

Our global existence result to (3) in the presence of outer forces f of the
form f = div F reads as follows.

THEOREM 2.3 (Global Existence). Let F € L>(0,00; H?(Q)) such that F' €
L%°(0,00; HY(2)). Then there exists g > 0 such that if

luollpeay + 70l 2 < €0 and
max{||F||L°°(H2)7 ||FI||L<><>(H1)} < min{ep, 1 — a},

then equation (3) admits a unique, global strong solution (u,p,7) on (0,00)
satisfying

u € Cy([0,00); D(A)) with Vu € L*([0,00); H*(Q)) and
u' € L*([0,00); Hy () N L2(R)),
Vp € L2([0,00), H(€)) N L=([0, 00), H'(2)),
7 € Cy([0,00); H*(2)) N L2([0,00); H2(Q)) and 7' € L*([0,00); L*(2)).

Proof. The proof of Theorem 2.3 follows essentially the lines of the proof of
Theorem 1.1 in [7], but we need to take into account the contributins due to
the external force div F'. For the convenience of the reader, we sketch the main
ideas of the proof here. Let (u, ) be the local solution of (3) constructed in
Proposition 2.1. Our aim is to to derive a priori estimates for u,7,u’ and 7’.
Since the norms of F' are assumed to be small, our strategy is to absorb these
terms into the left-hand sides of the equations thanks to energy-type estimates.
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Since the equation (3)2 for 7 does not contain external forces, estimates
(4.1) and (4.2) of [7] yield

d C
Il + 75 < Co?(Vullfe + 7l

Applying the Helmholtz projection P to the second line of (3) gives
us +P(u- V)u+ (1 — a)Au = Pdiv 7 + Pdiv F. (5)

Similarly as in [7] we obtain

IVull3e < C (1 Aule + [ Vull3e + |V |22 + VPdiv 7|3

1 1
o) i—a)
1

H !

. 1 1
[VEdiv Flfs + =5 Mullis + =5 1V ulis).

Next, taking the inner product of (5) with u yields

1d . .
2L a2 + (1 - o)Vl = (@ivr ) + (div F | w).
Similarly as in [7] we arrive at

1

7l

1
(Il + S 7132) + (1= o = [ Fllge) IVall22 +

1
< g Il + o=l F
(1-a)a 2

and obtain the differential inequality

d
Ly + v <crmV @),
where
— : 2 . 2 Ke + 1 2
U(t) :=(1 — a)(kaCo + 1)(||Pdiv 7|72 + || curldiv 7||72) + - llu]|72
ke +1 1
+ mHT”QL? + 1717 + §||F||L2
k1 +1)(3—a—|F|2,
ks + 1 2 ks + 1 2
S e + 2
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k1 +1
V(t) :Zﬁ”ut”%z + ||AUH%2 + ”TH%I? + ||Vu||?12 + ||Vut||%2
ks + 1 '
mIInH%z + (| Vul2a + [|7]|22 + |[Pdiv |22

+ | curl div 7{|7. + || FIZ:,
H(t) =lluelZe + 1Aulfe + I7l7e + 17l Ze + 1VullZs + [Vull7.

Following (4.28) in [7], there is a constant My = M («) > 0 such that

H(t) < M (U@)+U@t)*+U(t)*), t=>0. (6)

Arguing as in (4.28) in [7] we see that for §p > 0 with § + 6% +6° < 554 and
for €9 > such that C(ej + €5) < dp we have

I
sup U(t) + 7/ V(s)ds < do.
0

0<t< T, 2

Hence,

sup (u()|Ba) + 1w @72 + I7OlF + 17 (®)1I72)

0<t< T
1 [T
+ 5/0 (IVu@®lEz + IVe' @OlIL: + 7@l + 17 (@)]1Z:)dt < C,
and the local solution (u,p, ) can be extended to all ¢ > 0. O

3. Stability of the Oldroyd-B Equations with Small
External Forces

In this section we consider the stability of bounded solutions to the system (3).
Applying the Helmholtz projection to (3) we obtain

us+ (u-Viu+ (1 — a)Au = Pdivr + Pdiv F,
T+ (u- V)T + go(7, Vu) + 7 = 2aD(u),
(7)
u(0) = up,
7(0) = 7o,
In the following we will prove that the bounded global solution (u,7) to (7)
obtained in Theorem 2.3 is stable in the sense that any other global solution

to (3) starting in a sufficiently small neighborhood of (u(0),7(0)) is tending to
(u, 7). To this end, we introduce the spaces

Wy = H*(Q) N Hy (Q) N LA(Q), Wy = H*(Q)
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and set W := W; x W,. Moreover, for r > 0 and (z1,z2) € W we set

B(ay,x2,7) = {(y1,52) € W : [(y1,92) — (w1, 22)llw <1}
The following stability result is the first main result of this article.
THEOREM 3.1. There exist constants §p, A, R > 0 such that for a solution (u,T)
to equation (7) with ||(u(0),7(0))|lw < do and any solution (v,p) to equation

(7) with o < A and initial data (v(0), x(0)) € B(u(0),7(0),r) for r < R, the
equality

Jim [o(t) —u(®)]|z = Jim [lu(t) — ()] 2 = 0
holds.

In order to prove Theorem 3.1 we make use of Holder’s and Young’s inequal-
ity in weak LP-spaces. For proofs, see e.g., Section 1 of [12]. More specifically,
for 1 < p < oo we denote by LP := LP (R) the space of all measurable functions
f on R with norm

41
Hf”p,w = sup |E| A /E |f|ds < 00, (8)

0<|E|<o0

where |E| denotes the Lebesgue measure of a measurable set F C R.

LEMMA 3.2 ([12], Section 1). Let p € [1,00), g,r € (1,00). Then the following
assertins hold.

a) If fe LP g€ LY and}%—l—%:%, then fg € Ll and

Ifg

|r,w < OHf”p,w”g”q,w

for some constant C depending only on p and q.

b) If f € L2, g € LY and%—i—% =1+%, then f+g € L, and there is a
constant C, depending only on p and q, such that

I[f * gl

rw S OHf“p,ng |q7u1'

c) If f € L2, g € L', then f * g € LP, and there is a constant C, depending
only on p, such that

1f * gllpw < Cllfllp,wllgllz,-
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Proof of Theorem 3.1. The strategy of our proof follows to a certain extent the
one of Theorem 3.2 in [10]. In the present case, we need to deal, however, with
two non trivial solutions to (7).

Let (u,7) and (v, ) be two solutions to (7) as in Theorem 3.1. Setting
U:=v—uand 7 := pu — 7, we obtain from (7)

4+ (@ -V)i+ (u-V)i+ (@ V)u+ (1 — o)At = PdivT,
T4 (@ V)74 (i V)T + (u- V)7 + go(7, Vi)
+9a(F, V) + go (1, V@) + 7 = 2aD(@1), (9)
a(0) =v(0) —u(0),
7(0) = u(0) —7(0)

We first estimate 7 by the second equation of system (9). Denote by || - || the
norm of L?(Q2). Taking the scalar product in the second equation of (9) with
7 we obtain

LI +24(8- V) 7) +2{ga(F, V), %) + 2 {gu(7, V), 7)
+2 <ga(7_7 Vﬁ)v’ﬂ + 2||7~_H2 = 4o <D(ﬂ’)a7~_> , t2>0.

Integrating we obtain by Gronwall’s lemma

FOI < e 7 +2 [ e (Jigu(7(s), V). 7))
0
+ [(ga(7(s), V(). 7(D)] + {ga((5), V(). 7(5)]
(@~ V)7 7)) + 20 [(D(@a(s)), 7)) )ds, 0.

For ||lullw, < r we thus obtain
I7@))1* < e *||7(0)[|* + 8rC(lal + 1) /Ot e 27| 7(s)||Pds
+ Cr(4fal +5) /Ot e 2|7 (s) |7 () | ds
+ 4o /Ot e 2= D (u(s))[|[|7(s)|ds
<O+ 8rCal +1) [ XD (o) s
Ol +5) [ G+ 1)

+ 204/0 eI (ID(u(s) P + I17(9)]*)ds,  t =0,
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where C' denotes the constant in Sobolev’s embedding. Therefore,

4 t
FIP < e o)+ 2D [ omaaa2a,
0

! —2(t—s 2 CT(4|(1|+5) 2
+ / 27 (20 D(u(s) |2 + =5 7(s)|)ds, ¢ > 0.

4—4a—8rC(6la|+7)
2

Choosing r so small that K := > 0, Gronwall’s inequality

yields for t > 0

[0 < KT FO) 2
+ [ o0 (aappuien) + EUEE D ) ae. a0

0

In a second step we take the inner product of the first equation in (9) with
4 and obtain

Q%H a(t)|? + (1 - )| Va®)|? = (Pdivr(t), u(t)) - ((
= (Pdiv 7(t), u(t)) + {(

ISSEE !
a4
& g
£ £

Integrating from s to t yields

a2 +2( 1—a/||w )2t
H2+2/ IOV de+/ (@€ - D)a(©)lllu(e)lde
< lla(s)|? +2 / IO NIVae)lde
20 [ N oIV o s e
<fats)I*+2 [ el e
+2C / VO IITa(©) 2Vl u(e) e
<lats)I* +2 [ NI lde + 2] ulo, / i) 3 de

W)+ [ IFOPdr+ 1+ 2Cule) [ Va5 de
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where C and C' are the constants arising in Gagliardo-Nirenberg and Sobolev
inequalities and |lul|c, := [|ullc, (j0,00),22)- Summing up, we obtain

a0l < a1+ ([ 1r@ras) i) ([ Vi),

and integrating with respect to s € (0,¢) yields

N 1t 2\1/2
a0l < 7 [ Nalds+ (3) " IFlze e

+ (1 + 2C||uHCb

/2
) V20,0 (11)

Theorem 2.3 yields ||| 12(0,00;2) < 00 as well as || V|| 12 (0,00, 12) < 00. Hence,
the second and third term on the right-hand side of (11) tend to 0 as t — oco.

We now turn our attention to the first term on the right hand side of (11)
and aim to show that

1t
Jim [ lats)lds <o (12)

To this end, we multiply the first line of equation (9) with ¢ € C(R, H}(Q) N
L2(2)) N CHRy, L2(2)) and integrate from s to ¢ to obtain

(alt), (1)) + / (1 0) (Va, V6) + (@ V)i, é) + (@ V)u, ¢)
T {(u- V)i, ¢))de
— (a(s), $(s)) + / (@, &) + (Pdiv 7, ) de. (13)

Substituting ¢(¢) = e~ =94y with ¢ € C§5,(Q) into (13) and setting s = 0

we arrive at

t
+ [ < a0t > ae
0
t
+ a/ < Va(€), Ve =94y > de¢
0

t
+/ < 7€), Ve~ =94 > qg.
0
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We next note the following estimates for the Stokes semigroup on exterior
domains (see e.g. [3], [15])

le™ (w - V)ol| < Ct2([lw[lo]) 4|V Vo ]))*4,
t>0,w,v € HY(Q)NL2(Q),
Ve 49| < CE 2|l and  [[Ve | < Oy,
t> 0,9 € Cyy,,

as well as the Gagliardo-Nirenberg inequality

IVa(s)|l s < CIVa(s)|2[|V2a(s)|F < Cl[Va(s)|| s
L

Taking the supremum over all ¢ € C§%, with [[1[| <1 yields
la(t)|| < lle"*4a()|| + C / t— )74 (lats) 13 vacs))
+2(as) [u(s))F (IVas) [ Vu(s) ) )ds
t t
C — 5" 1| Vi vds+C | (t—s)"1 vd
+ /0“ 4 Va(s) | arads + /0< )4 [1r(s) g s
t
< [le”*a(0)]| + Cr* / (t—s)"%|Va(s)| 2 ds (15)
0
t
+2(rJule,) / (t— s) "2 (|Va(s)|[[|Vu(s)]) Tds

+c/0 (t—S)*%HVﬂ(S)HmdSﬂLC/O (t— )" 3||7(s) || s
=: |le=*Au(0)|| + I(t) + II(t) + ITI(t) + IV (t).

By Theorem 2.3, Vi € L2(R+, H?(Q)) and hence || Va(-)||>/2 € LY3(Ry). Set-
ting h(t) ==t~ 172 and g (¢ fo t—s)||Va(s)|>/%ds, we see by Lemma 3.2b)
that

lgillzs i) < Cllhllzz @) IVl L2 r, 2 )
Therefore, by (8)

I Cct3/4 Ch
E/O gl(s)ds< 7 ||gl||Lﬁ)(R+):W, t > 0.

for suitable constants C,C; > 0. Next, since |Vu(-)|| and ||a(-)|| belong
to L?(R,), Holder’s inequality implies |[Vu(-)|||a(-)]| € Ll(RJr) and hence
(IVaO)[IVu()I)F € LY73(Ry). Setting h(t) == t7/2 and ga(t) =[5 h(
$)(IVa(s)|||Vu(s)|) & ds we see that go € L4 (Ry) and satisfies

lg2llzs (ry) < CllAllLz & IVl L2®, L2 @) VUl L2 Ry 22 (0)-
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Thus, again by (8)

Ct3/4 Cs

1
; ||92||L§1U(R+):ma t>0.

t
7/ g2(s)ds <
0

t

Theorem 2.3 implies |Va(-)||g: € L?(R) and hence for hz and g3 given by
ha(t) :=t=3/% and g3(t) := fot hs(t — s)||Vu(s)|| g1 ds we obtain

1931l sy < Cllhall Loz g IVl L2 @y 0)-
This yields

I ct3/4 Cs
2 [ astors < Fmlaslgnn = g5 >0

Similarly, for IV (¢) in (15), we have ||7(-)|| g2 € L?*(R. ). Therefore the function
g4 given by g4(t) := fot(tfs)*?’/‘lHVﬂ(s)HHl ds belongs to L} (R, ) and satisfies

19allLs @y < Cllhsll pas g T2 @y (@)

As above

1/t Ct3/4 Cy
?/0 g4(8)d8< 7 ||g4||L%)(]R+) :W’ t > 0.

Summing up we see that

1 [t 1 C
i) Hu(s)”dséz ; lle u(0)||d8+m, t>0. (16)

Since the Stokes semigroup on exterior domain is strongly stable in the sense
that
. —tA~ _
Tim [l (0)] =0,

it follows that lim;_,oc + fot la(s)]|ds = 0. Combining this with estimate (11)
we finally obtain

lim ||a@(t)|| = 0.

t—o0

Finally, we prove that lim; o ||7(t)|| = 0. To this end, assume that f, f’ €
L?(0,00); L%(Q)). Then the inequality

i <t +2( [ 1) ([ o) an

yields that || f(t)||2 — 0 as ¢ — oo provided (¢,) C (0,00) is an unbounded
sequence satisfying || f(¢,)|l2 — 0 as (t,) — co. By Theorem 2.3, the function 7

satisfies (17) and we thus obtain ||7(¢)||2 — 0 as t — oo. The proof is complete.
O
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REMARK 3.3: Taking into account that @(0) € D(A) C H}(Q) C Rg(Az) we
see that 1 fg le=547(0)||ds satisfies a decay rate of the form

L[ Lt 1/t C
2 e tao)lds =5 [ jare = Aw—ulds < ; [ “plloo-uallds = -
t Jo t Jo tJo s2 t2

for t > 0. In a similar way we obtain a decay rate for 7 of the form

- C C
1701 < (575 + 77 I7(0) = kO], > 0.

Let us also note that combining Theorem 3.1 on the stability of (u, 7) with
respect to the || - [|2-norm with Theorem 2.3 and with the estimate (17) yields
a stability result for equation (7) with respect to the || - ||,-norm for ¢ € (2, 6].
More precisely, the following holds true.

COROLLARY 3.4. Let q € (2,6]. Then there exist constants A, R > 0 such that
any solution (u,T) to equation (7) with o < A and with initial data (ug, o) €
B(0,0,r) with r < R satisfies

Jim [fu(t)][zo = lim [[7(1)]| 0 = 0.

Proof. Due to Gagliardo-Nirenberg inequality we have

3(3-1), 23
lully < el Fally* ™ Julli* for2 < g <.

By Theorem 2.3, Vu, Vu, € L?((0,00); L?(2)) and hence ||[Vu(t)||2 — 0 as t —
oo by estimate (17). Since u € L>((0,00); L?(R2)), the assertion for u follows.
The assertion for 7 follows similarly by noting that 7 € L°°((0,00); HY(Q)). O

4. Periodic Solutions

In this section we show that the above stability result, Theorem 3.1, implies
also the existence of periodic solutions to (3). More precisely, the following
assertion holds.

THEOREM 4.1. Assume in addition to the assumptions in Theorem 2.8 and 3.1
the function F is time T-periodic for some T > 0. Then, if ||F| g2y and
| F' || Lo (r1) are small enough, there exists a T-periodic solution to (3) and this
T-periodic solution is stable in the sense of Theorem 3.1.

Proof. Due to Theorem 2.3, we consider a bounded and small solution

(u,7) € Cy([0, 00); D(A)) x Cy([0, 00); H*(12))



STABILITY AND PERIODICITY FOR OLDROYD-B FLUIDS 15

of equation (3). In the following, we prove that (u(nT), T(nT))nEN
sequence in the space X := Cy([0,00); L2(Q)) x Cp([0, 00); L2(Q)).
To this end, for m,n € N with m > n we set

(w(t), u(t)) == (u(t + (m = n)T), 7(t + (m —n)T).

The periodicity of F' implies that (w(t), u(t)) is again a solution to (3) with
the initial data (w(0), x(0)) = (u((m — n)T),7((m — n)T). Theorem 3.1 and
Remark 3.3 imply

is a Cauchy

Ju(t) — (B + ) = (0] < S5 + 22 e 0

Hence, by taking t := nT in the above inequality we obtain
Ch Cy
+ .
(nT)'/2 " (nT)1/4

[u(mT) — w(nT)|| + [|p(mT) — (nT)]|| <

Therefore, (u(nT),r(nT )))n cn 18 a Cauchy sequence in X with limit

(uw*,7*) := lim (u(nT),7(nT)) in X.

n—oo

Choosing (u*, 7*) as initial data, we claim that the solution (4(t), 7(¢)) of equa-
tion (3) with (4(0),7(0)) = (u*,7*) is T-periodic. To this end, for (u,7) as
above and n € N we set

(v(t),n(t)) := (u(t +nT),7(t +nT))

The periodicity of F implies that (v(¢),n(t)) is a solution of (3) with
(v(0),7(0)) = (u(nT), 7(nT)). We further see that

la(t) = (@) + 17(2) = ()|
Cl 02 ~ CB C4 ~
<=+ = — -+ = - .
< (57 + 53 1) = e )l + (5 + 5 ) 17(0) =n(0)]
for t > 0. Taking ¢t = T in the above inequality yields

14(T) — u((n + )T + 17(T) = 7((n + D)l
Cg 04)

< (5 + ) at0) - wtor)l + (2 + 74

for all n € N. Letting n — oo and using the fact that lim,,_, o (u(nT), 7(nT)) =
(u*,7*) = (4(0),7(0)) in X, we obtain

(@(T), 7(T)) = (a(0), 7(0)).

Hence, (4(t),7(t)) is T—periodic and the proof is complete. O

[7(0) = r(nT)]|
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