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A Note on Smooth Matrices of
Constant Rank

MAURIZIO CIAMPA AND ALDO VoLpi *)

SUMMARY. - We show that, given a C" time-varying matriz A(t) of
constant rank, there exists a C" matriz H(t) such that the rows
of H(t)A(t) are an orthonormal basis of the space spanned by the
rows of A(t). We present some consequences of this result and,
in particular, we prove a version for m x n matrices of DoleZal’s
Theorem.

These results are not new, and references are given. All the proofs
of the results stated in these references, with the exception of those
based on the use of differential equations — which holds only
for h > 1 —, find suitable C" matrices defined on overlapping
subsets of the domain and then patch them together without losing
regularity and the other required properties. In our approach the
patching needs to be done only for matrices consisting of one row
and all the remaining results are obtained by usual algebraic tools.

1. Introduction

For every pair m,n of positive integers, C™*" denotes the space of
the m x n matrices whose entries are elements of C. If A € C™*",
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the symbol (A) will denote the subspace of C'*™ spanned by the
rows of A.
Let J C R be an open interval, and let h be a non negative
integer. A map
A€ CM(J,cmxm)

will be said a C" matriz on J or a C" m x n matriz on J.

Let A be a C" m x n matrix on J. If there exists an integer k
such that for every ¢t € J it is rank A(t) = k, we will say that A is a
C" m x n matrix of constant rank k on J.

In Section 2 of this paper, we prove (see Theorem 2.4) that if
A is a C" m x n matrix of constant rank k& > 1 on J, then there
exists a C" k x m matrix H on J such that for every t € J the
rows of H(t)A(t) are an orthonormal basis of (A(t)). The main tool
in the proof is a Lemma (see Lemma 2.2) which establishes that,
given elements ay, ..., a,, in C"(J, C'*") spanning, for every t € .J, a
subspace of dimension at least one, there exists a linear combination
w1aq + - -+ + Wpay, never vanishing on J with every w; € C>(J,R).

Using Theorem 2.4, in Section 3 we prove various Corollaries. In
particular we prove Corollary 3.1 — the existence of a C" matrix of
constant rank on J whose rows, for every t € J, are an orthonormal
basis of the orthogonal complement (A(t))* of (A(t)) in C*" — and
Corollary 3.2 — a version for m x n matrices of Dolezal’s Theorem.

These results are not new. The existence of €" matrices of con-
stant rank on J whose rows, for every ¢ € J, are bases of (A(t)) or
of (A(t))* has been proved by Sibuya (Theorem 6 and Remark 3 of
[13]), Kato (Chapter 2, Section 4, Paragraph 2 of [10]) and Gohberg
et al. (Corollary 13.6.5 of [7]) — see also Rheinboldt (Section 3 of
[11]), Evard (Theorem 8.2 of [4])and Evard and Jafari (Theorem 5 of
[5]) for generalizations to matrices depending on more than a single
real variable. Dolezal’s Theorem has been proved first in Dolezal [3]
and Weiss and Falb [15]; — for generalizations see Silverman and
Bucy [14], Sen and Chidambara [12] and Grasse [8].

All the proofs of the cited results, with the exception of Kato
(which finds these bases as the solution of a suitable differential equa-
tion), find suitable C" matrices defined on overlapping subset of the
domain and then patch them together without losing regularity and
the other required properties. In our approach the patching needs to
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be done only for matrices consisting of one row — see Lemma 2.2 —
and all the remaining results are obtained by usual algebraic tools.

Our approach allow us to prove that, given a " matrix A such
that rank A(t) is at least k for every t € J, there exists a €" k x m
matrix H such that, for every ¢ € J, the rows of H(t)A(t) are an
orthonormal set in (A(t)) — see Theorem 2.3. This result is somehow
complementary to those of Silverman and Bucy [14], where a n x n
matrix A such that rank A(t) is at most k for every t is considered.

Other factorizations of a C" matrix have been considered (see
Gingold and Hsieh [6], Dieci and Eirola [2] and Chern and Dieci [1]).
Even if these results have been obtained without using Dolezal’s
Theorem, such theorem may play a role in them. As an example,
in the Appendix we show how the use of Dolezal’s Theorem may
simplify the (nontrivial) proof of the existence of smooth SVD and
complete QR factorizations given by Chern and Dieci (Theorem 2.4
and Corollary 2.5 in [1]).

The authors wish to express their gratitude to M. Poletti for his
encouragements and suggestions.

2. Main theorems and their proofs

If A € C™" the symbol A* denotes the matrix A7 € C"*™. In
C™*™ we will consider the canonical hermitian product defined by
Ae B = tr(AB*). If W is a subspace of C™*" then W+ denotes the
orthogonal complement of W in C™*",

LEMMA 2.1. Let ay,...,a, € CO(J,CY*") be such that for every
t € J there existsi € {1,...,m} such that a;(t) # 0.
Then, for every ty € J there exist two sequences

et g <t <ty and to <t <ty <---
(each of them may be finite and has at least two terms) such that
(a.1) sup{to,ti,ta,...} =sup J

(a.2) inf{... t_9,t_1,tp} =inf J
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(b.1) for every £ > 0 such that there exists tyi1, there exists iy €
{1,...,m} such that
ai (1) £ 0 for cvery t € [to.tesn)

(b.2) for every ¢ < 0 such that there exists t;_1, there exists iy_1 €
{1,...,m} such that

ai, ,(t) #0 for everyt € (ty_1,1
Proof. For every 7 € J, define the real numbers 67 () and 6 (1) as

follows: for every i € {1,...,m}, let

0(i,+) (7_) _ T lf (IZ'(T) =0
sup{ o€ J: a;(t) #0 for every t€[r,0) } if a;(1) #0

and

0(7;’_) (7_) o T if a; (T) =0
| inf{o€J:a;(t) #0 for every t € (0,7} if a;(7) #0

then

By the assumptions it is: inf J < 07 (7) <7 < 61 (7) < sup J.
Consider the following two procedures.

Pt let ty € J where £ is a non-negative integer; define ty 1 :=
0% (ty); if tgy1 = supJ then stop; if ty41 < supJ then define
¢:=/{+1 and apply P to t,.

P~ : let t, € J where ¢ is a non-positive integer; define t,_;1 :=
0~ (t¢); if ty—1 = inf J then stop; if t;_; > infJ then define
£:=/¢—1 and apply P~ to t,.

Let t9 € J, and consider the two sequences tg,t1,%s,... and
to,t_1,t_2,... obtained by applying to to the procedures P and
P~ respectively. Observe that both sequences may be finite; how-
ever, at least t1 and t_; exist.
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Obviously, properties (b.1) and (b.2) hold.

To prove (a.l), assume that there exists ¢, for every integer ¢ > 0,
otherwise the statement is obvious.

Let 7 = supy>yt¢ and assume, by contradiction, 7 < supJ, so
that 7 € J. Let i € {1,...,m}; for every £ > 0 let nyy = 001 (t,) €
[te, tes1], then a;(n;e) = 0, hence limy .~ a;(n;¢) = 0; moreover, since
limy_. o mi¢ = 7 and a; is continuous, it is also limy .o a;(n;¢) = a;(7);
then a;(7) = 0. As a consequence, a;(7) = 0 for i = 1,...,m. This is
a contradiction.

Analogously we prove statement (a.2). ]

LEMMA 2.2. Let ay,...,a, € C*(J,CY™¥™) be such that
dim(ai(t),...,am(t)) #0 for everyt € J.

There exist
Wiy n Wy € GOO(J,R)
such that

iwi(t)ai(t) #0 for everyt e J.
i=1

Proof. Let tg € J, and let ... ,t_o,t_1,ty and tg,t1,to,... be the
sequences obtained applying Lemma 2.1 to aq,...,a,, and to ty. In
what follows we prove the statement assuming that there exists ¢,
for every ¢ € Z. The other cases have similar proof.

For every ¢ € Z, let a;, be as in (b.1) and (b.2) of Lemma 2.1,
and choose €, > 0 such that, defined

Up=(ty — €p,tyr1) for >0 | Up=(ty,tps1+e€) for £ <0
it is
infUp < supUp_1 < infUpy1 < sup Uy

and
a;,(t) #0 for every t € Up,.

For every ¢ € Z, choose

Cg S GOO(J, R)
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such that

C(t) #0 foreveryte U, , ((t)=0 foreveryte J\Uy

and let
ug = Cpa;, € CM(J,C*™).

Let ag = 1 € €*°(J,R); we prove by induction on ¢ that for every
integer ¢ > 1 there exist a_y, ay € C°(J,R) such that, defined

l
we= Y axuy
A=—4

it is
wy(t) #0 for every t € Uﬁz_gUA.

For ¢ = 1 : if for every t € Uy N U; there exists 5(t) € R such
that uo(t) + B(t)u1(t) = 0, then the function 8 : UyNU; — R is a
uniquely determined never vanishing C” function, so that the sign of
B(t) is constant on Uy N Uy; if B > 0, choose a; = —1 € C*(J,R), if
B < 0 choose a1 =1 € C°(J,R).

If there exists 7 € Uy N Uy such that for every § € R it is
uo(T) + Bui(r) # 0, let

o(t) = { o @®)I|/[[ux ®)]] ¢ € Uy

0 t > sup Uy
It is p € C"((inf Uy, +00), R) and
p(t)>0 te UyNnUy,

p(t) =0 t € [supUy,+0o0),
limy inp 0y p(t) = +00.
Let b : Uy N U; — R such that for every ¢t € Uy N Uy, up(t) +

b(t)ui(t) is the vector of minimum norm in the set of the vectors of
the form wug(t) + Pui(t), 5 € R. Since for every ¢t € Uy N U; we have:

uo(t) @ uy(t) + uy(t) e ug(t)
2 [Jus (t)]?

b(t) = —



A NOTE ON SMOOTH MATRICES etc. 161

then it is b € eh(Uo N Ul,R).
There exists a neighborhood (¢, d) of 7 where the function f €

C"(Uy NUL, R) defined by
f(#) = [luo(t) + b(t)us ()]|

is a not vanishing function. Therefore:

for every t € (c¢,d) and every 8 € R it is ug(t) + Suy(t) # 0.

Now we consider
m = Inin(inf U,7] p(t) » M= MaX[r sup U] p(t)
p=2M -1 : A=F+45

and the sequence (¢,), N> v € C*(R, (%,2M)) defined by

ou(t) =+ H arctan [v(t—T1)].
T
It is '
lim, oo ¢ (d) = A+ 5 =2M
lim, . ¢y(c) =A— % L

=72
as a consequence, there exists vy € N such that

Gue(t) < p(t) forinflU; <t<ec , ¢ut)>p(t) fort>d.

Assuming a1 = ¢, € €>°(J,R) we have

a1(t) >0 forteJ,
a1 (t) < p(t) fort € (inf Uy, ],
ai(t) > p(t) fort e [d,supJ).

The same argument allows us to choose a_j.
Once obtained a_y,...,ap for a £ > 1, a_(q1),apr1 may be

obtained from

4
Une—eUxs U—(041), Up 1, we, (g g1y, et
in the same way «_1, a; have been obtained from

Uo,U_1,Ur,ug,u—1,uq.
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Fori=1,...,m, let

w; = S Gy

lst. ig=1

and observe that the sum is well defined since for every t € J at
most two terms are not zero. It is immediately seen that wi,...,wm,
verify the statement. O

THEOREM 2.3. Let A be a C" m x n matriz on J, and let k > 1 be
an integer.

Ifrank A(t) > k for everyt € J, then there exists H € C"(J,Ck*™)
such that for every t € J the rows of H(t)A(t) are an orthonormal
set in (A(t)).

Proof. By induction on k.
If K =1, by Lemma 2.2 there exist wy,...,w, € C°(J,R) such
that
(wi(t),...,wm(t))A(t) #0 for every t € J.

Let
w=[|(wr,...,wm)Al]| Hwr, ... ,wp) € CMJ,C¥™).

Then H = w verifies the statement.

Assume the statement proved for an integer k£ > 1, and let
rank A(t) > k + 1 for every ¢ € J.

Let w be as above and let by = wA € CMJ,C'*") so that
[|b1(t)|| = 1 for every t € J. Observe that for every ¢ € J it is

(A1) = (1(1)) @ {a € (A(t)) : bi(t) ®a =0}
and
{a € (A@®)) : bi(t) ea =0} = (A(t) — AD)bT(D)br (1)) =
= ((I = AT ()w(t))A(2))-

Moreover (I — Abjw)A is a C" matrix on J and for every t € J
its rank is at least k. The statement for k£ + 1 is then obtained by
applying the induction to the matrix (I — Abjw)A. O

The following statement is an immediate consequence of Theo-
rem 2.3.
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THEOREM 2.4. Let A be a C" m x n matriz of constant rank k on J,
and let k > 1.

There exists H € C"(J,C**™) such that for every t € J the rows
of H(t)A(t) are an orthonormal basis of (A(t)).

Obviously, rank H(t) = k for every t € J.

3. Some Corollaries and Dolezal’s Theorem

In this Section we use Theorem 2.4 to prove some Corollaries. In par-
ticular, we give a new proof of Dolezal’s Theorem (see Corollary 3.2).

COROLLARY 3.1. Let A be a C" m x n matriz of constant rank k < n
on J. There exists a C" (n — k) x n matriz Q of constant rank n — k
on J such that for every t € J the rows of Q(t) are an orthonormal
basis of (A(t))*+.

In particular, for every t € J it is (A(t))* = (Q(t)).

Proof. If k =0, Q = I € C*(J,C™ ™) verifies the statement.
Otherwise, by Theorem 2.4 there exists B € €"(J, C**") such
that for every ¢t € J the rows of B(t) are an orthonormal basis of

(A(1)).

It is easily seen that for every ¢ € J and for every x € C'X" it is
“orthogonal projection of x on (A(t))” = xB*(t)B(t)
hence
“normal component of x with respect to (A(t))” = x(I—B*(t)B(t)).
As a consequence, for every t € J, it is
(A(1))*" = (I - B*()B(1)).

Since I — B*B is a @" matrix of constant rank n — k on J, by
Theorem 2.4 there exists H € €"(J,C™~%)*") such that for every
t € J the rows of H(t)(I — B*(t)B(t)) are an orthonormal basis of
(I~ B () B(1).

Then Q = H(I — B*B) verifies the statement. O



164 M. CIAMPA AND A. VOLPI

COROLLARY 3.2 (DOLEZAL'S THEOREM). Let A be a C* m x n ma-
trixz of constant rank k on J and let 1 < k < m.
There exist a C" m x m matrizx H and a C" k x n matriz Ay of
constant rank k on J such that for every t € J it is
. B Ai(t) |k
H(t) non singular , A(t) = H(t) [ 0 ] ok
Proof. By Theorem 2.4 there exists Hy € C"(.J, C¥*™) of constant
rank k on J such that for every ¢t € J the rows of Hi(t)A(t) are a
basis of (A(t)). Let Ay = HiA € C"(J,CF*"); A; is obviously a C"
k x n matrix of constant rank k on J.

Since A* € C"(J,C™™) and for every t € J it is rank A*(t) = k,
by Corollary 3.1 there exists Hy € €"(.J, C™~F)*™) of constant rank
m — k on J such that for every t € J it is (A*(¢))* = (Ha(2)).

Obviously

m—k
Moreover

[ Hi(t)

is non singular for every ¢ € J.
Hy(t) 1 & Y

Indeed: let t € J,zy € C¥F and zy € C*(m=k) pe such that
(z1,22)H(t) = 0; then

IL’lHl(t) = —IL’QHQ(t), .’ElHl(t)A(t) = —xQHg(t)A(t), .’ElAl(t) = 0.

Since rank A;(t) = k, it is x; = 0; since rank Hy(t) = m — k, it is
To = 0.
The matrices

verify the statement. O

COROLLARY 3.3. Let A be a C" m x n matriz of constant rank k on
J and let 1 < k <m. Then
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(a) there exist U € CMJ,C™ ™) and a C" k x n matriz M of
constant rank k on J such that for everyt € J the matriz U(t)
18 unitary and

Moreover

(b) if k < n there exist also V € €"(J,C™™) and B € C"(.J, Ck*F)
such that for every t € J the matriz V (t) is unitary, the matriz
B(t) is non singular and

Proof. By Dolezal’s Theorem applied to A, there exist a C" m x m
matrix W on J and a €" k x n matrix N of constant rank k on J
such that for every ¢t € J it is

W (t) non singular , W (t)A(t) = [ Nét) ] .

Let wy,...,w, € €"(J,C™) be the rows of W; the usual Gram-

Schmidt procedure applied to the family w,,, ..., w; allows us to find

matrices T,U € C"(J,C™*™) such that for every ¢ € J the matrix

T'(t) is upper triangular and non singular, the matrix U(t) is unitary,
and T'(t)W(t) = U(t). Hence for every t € J it is

UL)A() = T(t) l Nét) ] . l Mo(t) ] .

Obviously M is a €" k x n matrix of constant rank % on J. This
proves statement (a).

Let k < n. Statement (a) applied to M* gives a C" n x n matrix
V* and a C" k x k matrix B* such that for every t € J the matrix
V*(t) is unitary, the matrix B*(¢) is non singular and

V()M (1) = l BB“) 1 .
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Hence for every ¢t € J it is

This proves statement (b). O

COROLLARY 3.4. Let A be a C" m x n matriz of constant rank on J.
Let a € C"(J,CY*™) be such that a(t) € (A(t)) for every t € J.
Then there exists w € C*(J CY*™) such that a = wA.

Proof. If for every t € J it is rank A(t) = 0, then @ = 0 and hence
w = 0 verifies the statement. If for every ¢ € J it is rank A(t) = k >
1, by Theorem 2.4 there exists H € €"(J, C**™) such that for every
t € J the rows of H(t)A(t) are an orthonormal basis of (A(?)).
Obviously, for every ¢ € .J there exists a unique a(t) € C*** such
that a(t) = «a(t)H (t)A(t). A straightforward argument proves that
a € Ch(J,C*F), Hence it is sufficient to choose w = aH. O

COROLLARY 3.5. Let A, Ay be C* matrices of dimension mxmn,myxn
and of constant rank k,k1 on J such that

(A1(t)) C (A(t)) for every t € J,
0< k <k.

There exist C" matrices A1, Ay of dimension ky x m, (k—ky) xm
of constant rank ki,k — k1 on J such that for every t € J the rows
of A1(t)A(t) are an orthonormal basis of (A1(t)) and the rows of

are an orthonormal basis of (A(t)).
In particular, for every t € J it is

rank Aj(t)A(t) = k1, rankAo(t)A(t) = k—Fky, rank [ Ault) ] =k

and

(A1(t)) = (M1()A(2)),
(At)) = (A1(1)) ® (A2(D)A(2)).
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Proof. By Theorem 2.4 (respectively: by Theorem 2.4 and Corol-
lary 3.4) there exists a C" matrix H (respectively: H;) such that for
every t € J the rows of the matrix H (t)A(t) (respectively: Hq(t)A(t))
are an othonormal basis of (A(t)) (respectively: of (A;(t))). Let
B=HA € eMJ,C*") and B; = H A € C"(J,Ck>m),

Let A1 = Hl.

Let By = A(I — B By). It is easily seen that for every ¢t € J it is

{ac (A®) = a L{A(t)} ={a e (At)) : a L (Bi(t))} = (Ba(t))

and
(A1) = (A (t)) @ (B2(1)).

Since By is a € m x n matrix of constant rank k — k; on J, by
Theorem 2.4 and Corollary 3.4 there exists a unique C* matrix A’
such that for every ¢ € J the rows of the C" matrix B, = A'B =
A'HA are an orthonormal basis of (By(t)); let Ay = A’H.

It is easily seen that Aj, Ay verify the statement. O

COROLLARY 3.6. Let Ay, Ay be C* matrices of dimension my x n,
meo X n and of constant rank ki, ke on J.
Let

dim(A;(t)) N (Aa(t)) =k >1 for everyt € J.

Then there exist C" matrices A1, Ay of dimension k x my and
k X mo respectively such that AqA1 = AsAs and for every t € J
the rows of A1(t)A1(t) = Aa(t)Aa(t) are an orthonormal basis of

(A1(t)) N (A2(2)).

In particular, for every t € J it is
(A1(1)) N (A2(t)) = (A1() A1 (1))

and
(A1(t)) N (A2(t)) = (A2(t) A2(2)).

Proof. Since for every t € J it is

(A1(t)) N (Az(t)) = (AL (&))" + (A2() )™,
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by the assumptions, Corollary 3.1 and Theorem 2.4, there is a C"
k x n matrix € of constant rank on J such that for every ¢ € J the
rows of {(t) are an orthonormal basis of (A1 (t)) N (As(t)).

By Corollary 3.4 applied first to A; and each row of €2, and then to
As and each row of €, there exist €” matrices A and As of dimension
k x myp and k X mg respectively such that Q(t) = A(t)Ai(t) =
Aa(t) Az(t). O

4. Appendix

In this Appendix we consider the following statement proved in [1]
and used to show the existence of smooth SVD and complete QR
factorizations of a €* matrix (Theorem 2.4 and Corollary 2.5 of [1]).

THEOREM 4.1 (SEE [1], THEOREM 2.4). Let A be a C" m xn matriz
of constant rank k on R and let m > n and 1 < k <n.

Then there exist U € C*(R, C™ ™), V € C"(R,C™™") and ST €
CMR, CF**) such that for every t € J the matrices U(t) and V (t)
are unitary, the matriz ST (t) is hermitian positive definite and

U ARV (¢) = l 57 0 ] .
0 0
This statement has been proved in [1] as a nontrivial consequence
of a result by Sibuya on a block diagonalization of C* matrices. To
show that Dolezal’s Theorem may play a role in smooth SVD and
complete QR factorizations, we prove that Theorem 4.1 may be easily
obtained (through Corollary 3.3) by Dolezal’s Theorem as follows.

LEMMA 4.2. Let B be a C" k x k matriz on R such that for every
t € R the matriz B(t) is non singular.

Then there exist matrices Q,S € C*(R, C**¥), such that for ev-
ery t € R the matriz Q(t) is unitary, the matriz S(t) is hermitian
positive definite and

B(t) = Q(t)S(?).

Proof. Let H be the set of all hermitian k x k matrices, and consider
it (in the obvious way) as a normed vector space of dimension k2 on
R. Let P be the open subset of H of all hermitian positive definite
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k x k matrices. For every M € P, let v/ M be the unique element of P

such that (vVM)*vM = M. The argument of the proof of Theorem
“Derivative of the square root” on page 23 of [9] proves that the map

Ve :P—P

is a C*°-map.

For every t € R let S(t) = \/B(t)*B(t) and Q(t) = B(t)S(¢t)~ .
The above argument proves that S € C"*(R, C***), hence also Q €
Ch(R, CF**); moreover, for every t € R it is B(t) = Q(t)S(t), and
the matrix @Q(t) is unitary. O

We can now give the proof of Theorem 4.1.

Proof. There exist matrices U; € €"(R,C™*™), V € "R, C"*")
and B € C"(R, C**¥) such that for every t € R the matrices Uy (t)
and V (t) are unitary, the matrix B(t) is non singular and

(i) whenever k <n <m it is

The existence of matrices verifying (i) follows by Corollary 3.3, (ii)
follows by (a) of Corollary 3.3 and assuming V = I, and (iii) is
obvious assuming U; =V = I.

Then, the statement follows applying Lemma 4.2 to B. O



170

[1]

M. CIAMPA AND A. VOLPI

REFERENCES

J. CHERN AND L. DIECI, Smoothness and periodicity of some matriz
decompositions, SIAM J. Matrix Anal. Appl. 22 (2000), 772-792.

L. Diect AND T. EIROLA, On smooth decompositions of matrices,
STAM J. Matrix Anal. Appl. 20 (1999), 800-819.

V. DOLEZAL, The existence of a continuous basis of a certain linear
subspace of E, which depends on a parameter, Casopis pro pestovani
matematiki 89 (1964), 466-468.

J.-CL. EVARD, On the existence of bases of class C? of the kernel
and the image of a matriz function, Linear Algebra Appl. 135 (1990),
33-67.

J.-CL. EVARD AND F. JAFARI, The set of all m x n rectangular real
matrices of rank r is connected by analytic regular arcs, Proceedings
AMS 120 (1994), 413-419.

H. GincoLD AND P. HSIEH, Globally analytic triangularization of a
matriz function, Linear Algebra Appl. 169 (1992), 75-101.

I. GOHBERG, P. LANCASTER, AND L. RODMAN, Invariant Subspaces
of Matrices with Applications, Wiley, New York, 1986.

K.A. GRASSE, A wector-bundle version of a theorem of V. Dolezal,
Linear Algebra Appl. 392 (2004), 45-59.

M.E. GURTIN, An Introduction to Continuum Mechanics, Academic
Press, New York, 1981.

T. KATO, Perturbation Theory for Linear Operators, Springer-Verlag,
Berlin, 1976.

W.C. RHEINBOLDT, On the computation of multi-dimensional solu-
tion manifolds of parametrized equations, Numer. Math. 53 (1988),
165-181.

P. SEN AND M.R. CHIDAMBARA, Dolezal’s theorem revisited, Math.
Systems Theory 13 (1979), 67-79.

Y. SiBUYA, Some global properties of matrices of functions of one
variable, Math. Annalen 161 (1965), 67-77.

L.M. SiLvERMAN AND R.S. Bucy, Generalizations of a theorem of
Dolezal, Math. Systems Theory 4 (1970), 334-339.

L. WEiss AND P.L. FALB, Dolezal’s theorem, linear algebra with
continuously parametrized elements, and time varying systems, Math.
Systems Theory 3 (1969), 67-75.

Received September 27, 2004.



