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Two classes of real numbers and formal
power series: quasi algebraic objects
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Abstract. Motivated by the endeavour to extend to the algebraic irra-
tionals the notion of best rational approximation to a given real number,
we define the concept of quasi algebraic number and prove some results
related to it. We apply these results to the study of the Schröder func-
tional equation with quasi algebraic parameter. The main definitions
can be transposed to the field of formal Laurent series over a finite field.
In this respect we prove that every badly approximable series is quasi
algebraic.
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1. Introduction

The present work originates from the purpose to extend the concept of best
approximation r to a given real number ξ (which is defined for rational r) to
the algebraic irrationals. In the literature there are two different notions of
best approximations, namely the best approximations of the first and of the
second kind [6], which are also referred to respectively as fair and good ap-
proximations [10]. A good approximation is also a fair one, while an analogous
implication for algebraic approximations of higher degree does not hold: if P (x)
and Q(x) are polynomials of degree n > 1, P (ξ) 6= 0, Q(ξ) 6= 0, |P (ξ)| < |Q(ξ)|,
H(Q) ≤ H(P ) (see the definition of height), it does not follow that P (x) has
a root which is closer to ξ than any root of Q(x). Therefore we will be con-
cerned with the extension of the notion of best approximation of the first kind
which is more directly related with the distance between ξ and its approxima-
tion. For any irrational number ξ the sequence of its convergents is a uniquely
determined sequence of rationals of best approximation. We have considered
the problem of determining a sequence {αn} of irrational algebraic numbers
of bounded degree and of best approximation in a sense that we are going to
define. The existence of such a sequence is not assured in general, as in many
cases (like the Liouville numbers) the rationals outdo the algebraic numbers of
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higher degree in their approximation power.
There is a large literature concerning approximations by algebraic numbers

(see [3], especially Chapter 2 and 3). The peculiar features of our approach
are just these notions: after giving the appropriate definitions, the necessity of
providing a suitable context for the existence of irrational algebraic numbers
of best approximation has led us to considering a new class of irrational num-
bers, which we have called quasi algebraic. This class contains almost every
real number in the sense of Lebesgue measure and has dense and uncountable
complement in the set of real numbers. We prove some diophantine properties
of quasi algebraic numbers which apply to the study of the Schröder func-
tional equation. Our main definitions (quasi algebraic irrational numbers and
irrational algebraic numbers of best approximation) can be transposed verba-
tim, mutatis mutandis, to the field K

((
X−1

))
of formal Laurent series with

coefficients in a field K. We focus on the case K is a finite field.
We thank the referee for the valuable hints which have led to a substantial

improvement of Theorem 3.1.

2. Notation and terminology

Let a0, a1, . . . , an be positive real numbers. Let’s pose

[a0, a1, . . . , an] = a0 +
1

a1 +
1

a2 + · · · · · · · · · · · ·

an−1 +
1

an

In particular, if the ai are integers, if we set

p−2 = 0 , p−1 = 1 , q−2 = 1 , q−1 = 0 ,

and define inductively

pi = aipi−1 + pi−2 , qi = aiqi−1 + qi−2 , (i ≥ 0) ,

we have

pn
qn

= [a0, . . . , an] and pn−1qn − pnqn−1 = (−1)n .

Every real number ξ can be developed in continued fraction

ξ = [a0, a1, . . . , an, . . . ] = lim
n→+∞

pn
qn
.
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The fractions pn/qn are called the convergents of ξ. The development is finite
if ξ is rational, infinite if ξ irrational, ultimately periodic if ξ is quadratic. The
following identity holds:

ξ = [a0, a1, . . . , an, An+1],

where An+1 = [an+1, an+2, . . . ]. The ai are called the partial quotients of ξ
and the Ai the complete quotients. If sn−1 = pn−1/qn−1, sn = pn/qn, n > −1
are two successive convergents and an+1 > 1, a fraction of the form

sn,k =
kpn + pn−1

kqn + qn−1
=
pn,k
qn,k

, with 1 ≤ k < an+1

is called secondary convergent. An irrational number ξ is said to be badly
approximable or of constant type if there is a constant C > 0 such that∣∣∣∣ξ − p

q

∣∣∣∣ ≥ C

q2
,

for every p/q ∈ Q; ξ is of constant type if and only if the sequence of its partial
quotients is bounded.

Given a polynomial with real coefficients

P (x) = anx
n + · · ·+ a0,

we define the height
H(P ) := max

i≤n
|ai| ,

and the length

L(P ) :=
∑
i≤n

|ai| .

Given an algebraic number α, we indicate with H(α) and L(α) the height and
the length of its minimal polynomial over Z. We denote by d(α) its degree.

Let n be a positive integer and ξ any real number. We say that an algebraic
α of degree n is of best approximation for ξ if the following condition holds:

for any algebraic β with 1 ≤ d(β) ≤ n and H(β) ≤ H(α), we have
|α− ξ| ≤ |β − ξ|.

We say that an irrational number ξ is quasi algebraic if there is an integer
m ≥ 2 such that the following condition C is fulfilled:

C: for almost every rational r (i.e. except at most a finite number) there is
an algebraic irrational α(r) such that d

(
α(r)

)
≤ m, H

(
α(r)

)
≤ H(r) and∣∣ξ − α(r)

∣∣ ≤ |ξ − r|.
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If ξ is quasi algebraic and s is the least integer m for which the condition above
holds, we say that s is the degree of ξ as a quasi algebraic number and write
s = ∂(ξ).

Two real numbers α, β are said to be equivalent if α =
mβ + p

nβ + q
with

m,n, p, q ∈ Z and |mq − np| = 1.
If α is a real number, we denote by 〈α〉 the distance between α and the set

Z of integers.

3. Main results for real numbers

We take into account the set of all quasi algebraic numbers whose degree does
not exceed 3 in order to investigate its metric properties as well as its relation-
ship with the algebraic irrationals and with the numbers of constant type.

Theorem 3.1. 1. Almost every real number in the sense of Lebesgue measure,
including the algebraic irrationals, is quasi algebraic of degree 2.

2. If ξ̄ is of constant type, there exists at least one quasi algebraic ξ with ∂(ξ) ≤
3 such that ξ and ξ̄ are equivalent.

Proof. 1. Recall the definition of the function wn(ξ), for ξ real and n a posi-
tive integer: wn(ξ) is the supremum of the set of real numbers w with the
property that there are infinitely many polynomials P (x) of degree ≤ n with
integer coefficients such that

0 < |P (ξ)| ≤ H(P )−w .

It is known that w1(ξ) = 1 for almost all real numbers. Let us define the
set B1,2 of the real numbers ξ with the properties that w1(ξ) = 1 and there
is H0(ξ) > 0 such that the following holds: for every H ≥ H0 there is a
quadratic α with

H0.9 ≤ H(α) ≤ H and |ξ − α| ≤ H(α)−2.9 .

It follows from Corollaire 1 of [2], with d = 2 and ε = 0, 1, that B1,2 contains
almost every real number. Furthermore, as w2(ξ) = 2, w1(ξ) = 1 for all
algebraic numbers of degree ≥ 3 (see [3, p.45]), from Théorème 1 of [2],
taking λ = 1 and ε = 0.1 we obtain that every such algebraic belongs to
B1,2. Now we are going to show that every number in B1,2 is quasi algebraic
of degree 2. Let ξ ∈ B1,2. Consider the interval Iξ = (ξ − ε1, ξ + ε1) where
ε1 is chosen in the following way:

a. if |ξ| < 1, then −1 < ξ − ε1 < ξ + ε1 < 1;

b. if ξ > 1, then 1 < ξ − ε1;
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c. if ξ < −1, then ξ + ε1 < −1.

Observe that, if p/q ∈ Iξ, there is a constant Cξ such that q−1>H (p/q)
−1
Cξ;

in fact, take Cξ respectively equal 1, ξ− ε1, |ξ + ε1| in the cases a, b, c. Fix
two quadratics α1, α2 ∈ Iξ, α1 < ξ, α2 > ξ with H(α1) = H1, H(α2) = H2.
Since w1(ξ) = 1, there is a finite number of rationals ri = pi/qi, i ≤ k, such
that

|qiξ − pi| ≤ H(ri)
−1.1 (*)

Let H3 = maxi≤kH(ri). From the defining condition of B1,2, consider the

H0 associated with ξ and H4 = max
{
H0, H1, H2, H3, C

−10
ξ

}
. We are going

to prove that our Condition C in the definition of quasi algebraic numbers
is fulfilled, for m = 2. Take a rational r, H(r) > H4. If r 6∈ Iξ, then
|ξ − α1| < |ξ − r| if r < ξ, |ξ − α2| < |ξ − r| if r > ξ, H1, H2 < H(r). If
r = p/q ∈ Iξ, then it follows:

|ξ − r| > q−1H(r)−1.1 > CξH(r)−2.1 > H(r)−2.2 .

On the other hand, there is a quadratic α(r), with H(r)0.9 ≤ H
(
α(r)

)
≤

H(r) and ∣∣ξ − α(r)

∣∣ ≤ H (α(r)

)−2.9 ≤ H(r)−2.61 .

This completes the proof of part 1, as quadratic numbers are trivially quasi
algebraic of degree 2, taking α(r) = ξ for H(r) ≥ H(ξ).

2. Let ξ̄ be a number of constant type. For what we proved in 1, we can suppose
that ξ̄ is a transcendental. Denote by ξ = [a0, a1, . . . , an, . . . ] any complete
quotient of ξ̄ associated with a maximal partial quotient. Therefore ξ and ξ̄
are equivalent and a0 ≥ ai, i ≥ 1. Besides a0 ≥ 2 as ξ̄ is not quadratic. We
are going to prove that ξ is quasi algebraic with ∂(ξ) ≤ 3. Divide the proof
in three steps.

i. Given a convergent sn = pn/qn of ξ, we prove that there is a cubic αn
satisfying the condition C, with r = sn. Observe that ξ2 > An+1 =
[an+1, . . . ], because a0 ≥ 2 by hypothesis. Consider

x̄(t) =
tpn + pn−1

tqn + qn−1
, ȳ(t) =

√
t .

Suppose at first that sn > sn−1, namely x̄(t) monotonically increasing.
As x̄(An+1) = ξ and ξ2 > An+1, we have x̄(ξ2) > x̄(An+1) = ξ = ȳ(ξ2).
As ȳ(s2

n) = sn > x̄(s2
n), there is t0, ξ2 < t0 < s2

n, such that x̄(t0) = ȳ(t0).
Then t0 = x2

0, ξ < x0 < sn. In the case sn < sn−1 and x̄(t) decreasing,
we come, with symmetric arguments, to the inequality sn < x0 < ξ,
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while the equality ȳ(t0) = x̄(t0) holds with s2
n < t0 < ξ2. In both cases

it follows:

x̄(t0) = x̄(x2
0) =

x2
0pn + pn−1

x2
0qn + qn−1

= ȳ(t0) = x0 .

Then x0 is a solution of the cubic equation

qnx
3 − pnx2 + qn−1x− pn−1 = 0 (1)

and |ξ − x0| < |ξ − sn|. It remains to show that the Equation (1) is
irreducible in Z, in order to conclude that H(x0) ≤ H(sn); this check
is necessary, as the height of the product of two polynomials can be
strictly less than the height of one of the factors. The first member
of (1) is primitive, being the convergents reduced fractions. Moreover,
it does not admit negative root, as pn, qn, pn−1 and qn−1 are positive.
As the Equation (1) is equivalent to

x =
x2pn + pn−1

x2qn + qn−1
,

α is a root of (1) if and only if x̄(α2) = α = ȳ(α2), i.e. if and only if α2

is a zero of the function z(t) = x̄(t)− ȳ(t). But z′(t) 6= 0 for t > 0; thus
the only zero of z(t) is x2

0. Consequently, x0 is the only real root of (1).
If (1) were not irreducible over Z, there would exist a factorization of
the type:

qnx
3 − pnx2 + qn−1x− pn−1 = (bx− a)(lx2 +mx+ n)

with a, b, l, m, n in Z. For what we have just proved above, x0 = a/b
with b > qn since x0 belongs to the interval of two successive convergents
sn−1, sn. Equating terms yields qn = lb, which is absurd. Therefore (1)
is the minimal polynomial of x0 and H(x0) ≤ H(sn).

ii. Given a secondary convergent of ξ, namely of the form

sn,k =
pn,k
qn,k

=
kpn + pn−1

kqn + qn−1
, 1 ≤ k < an+1 , n ≥ −1

(existing if an+1 > 1), we prove that there is a quadratic αn,k which

satisfies the condition C. Let’s pose αn,k =
[
a0, . . . , an, k

]
if n ≥ 0,

αn,k =
[
k
]

if n = −1. We observe that αn,k is the positive root of the

equation:

qn,kx
2 + (qn − pn,k)x− pn = 0 ,
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being the fixed point of x̃(t) =
tpn,k + pn
tqn,k + qn

, as |pnqn,k − pn,kqn| = 1.

Obviously αn,k is quadratic and H(αn,k) ≤ H(sn,k). As in step 2i, one
can verify that αn,k belongs to the interval of extremes ξ and sn,k; thus
|ξ − αn,k| < |ξ − sn,k|.

iii. Consider now any rational r; set h̄ = H(r). Let r∗ be the rational
(possibly coinciding with r) which attains the least distance with ξ
among all the rationals of height less or equal to h̄. It can be easily
checked that r∗ is either a convergent or a secondary convergent of
ξ. In both cases, for what we have shown in 2i and 2ii, there is an
algebraic α(r) of degree 2 or 3 satisfying condition C with respect to r∗

and therefore a fortiori with respect to r. This completes the proof.

The following proposition shows that there are numbers of constant type
which are quasi algebraic of degree 2.

Lemma 3.2. Let m, n, p, q be positive integers, with (m,n) = (p, q) = 1 and
|mq − np| = 1. Further, let k be a positive real number. Then:∣∣∣∣km+ p

kn+ q
− km+ 2p

kn+ 2q

∣∣∣∣ < ∣∣∣∣km+ p

kn+ q
− m

n

∣∣∣∣
Proof. Let A =

m

n
, B =

km+ p

kn+ q
, C =

km+ 2p

kn+ 2q
, we have C < B < A or

A < B < C according to whether mq − np equals 1 or −1. As A+ C − 2B =

(A − B) − (B − C) =
2q(mq − np)

n(kn+ q)(kn+ 2q)
, which is positive in the first case

and negative in the second, our claim is proved.

Proposition 3.3. Let ξ = [a0, a1, . . . , an, . . . ] be transcendental of constant
type, m0 = min

ai 6=0
{ai}, M0 = max

i≥0
{ai}. If M0/m0 ≤ 2, then ∂(ξ) = 2, i.e. ξ is

quasi quadratic.

Proof. Suppose firstly a0 ≥ 1. Pose α1 =
[
m0,M0

]
, α2 =

[
M0,m0

]
. Ob-

serve that α1 and α2 are respectively the minimum and the maximum of all
irrationals whose partial quotients are included between m0 and M0; moreover
α2/α1 = M0/m0. Then α1 < ξ < α2. To prove that ∂(ξ) = 2, owing to
the results of Theorem 3.1, we need only to consider the convergents of ξ as
the quadratic associated with a secondary convergent can be constructed ex-
actly in the same way as in step 2ii of it. In the notations of the theorem, let
sN = pN/qN , N ≥ 0 and x̄(t) the related map. Define α(N) = [a0, a1, . . . , aN ].
Of course α1 ≤ α(N) ≤ α2 and α1 < AN+1 < α2. We distinguish two cases,
since AN+1 6= α(N), as AN+1 is transcendental.
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1. AN+1 < α(N). As x̄(α(N)) = α(N), x̄(AN+1) = ξ, lim
t→+∞

x̄(t) = sN and

x̄(t) is monotone, α(N) belongs to the interval between ξ and sN , and thus
|ξ − α(N)| < |ξ − sN |.

2. AN+1 > α(N). As α2/α1 = M0/m0 ≤ 2 and AN+1 < α2, it follows
AN+1/2 < α(N) from α1 ≤ α(N). If in Lemma 3.2 we pose m = pN , n = qN ,
p = pN−1, q = qN−1, k = AN+1, we have A = sN , B = ξ = x̄(AN+1),
C = x̄(k/2). From already known facts about x̄(t) and the inequality
AN+1/2 < α(N), it follows that α(N) lies between B and C; therefore we
have |ξ − α(N)| < |ξ −C|. Since from Lemma 3.2 follows |ξ −C| < |ξ − sN |
and H(α(N)) ≤ H(sN ), because the minimal polynomial of α(N) is

qNx
2 + (qN−1 − pN )x− pN−1 ,

the proof is complete in the case a0 ≥ 1.

If a0 = 0, put α(N) = [0, a1, . . . , aN ] and ᾱ(N) = [a1, . . . , aN ]; proceed like
before considering the two cases AN+1 > ᾱ(N) and AN+1 < ᾱ(N) and taking

into account the fact that now x̄
(
ᾱ(N)

)
= α(N).

In [3, p.39] it is observed that the Thue-Morse word on {1, 2} (see [11])
“is too well approximable by quadratic numbers to be algebraic, but we do
not know precisely how well it is approximable”. As a matter of fact, it fol-
lows directly from Proposition 3.3 that this number is quasi quadratic. There-
fore the above question about the Thue-Morse word con be considered in the
more general framework of quasi quadratic numbers. The following proposition
quantifies the goodness of the approximation of a quasi quadratic number by
quadratics.

Proposition 3.4. Let ξ be a quasi quadratic transcendental number. There
is a uniquely determined sequence of quadratics of best approximation {αn},
n ∈ N, converging to ξ and such that |ξ − αn| = O (H(αn))

−2
.

Proof. We are going to define inductively an integer rn and a quadratic αn.
Let r1 be the least integer such that the defining condition C of quasi algebraic
numbers holds (for m = 2) for every convergent pi/qi of ξ, with i ≥ r1. Let
h1 = h (pr1/qr1). Among all quadratics of height equal or less h1, let α1 be the
nearest to ξ; it is unique for the transcendence of ξ. Suppose we have defined
rn and αn; let rn+1 be the least integer i such that |ξ − pi/qi| < |ξ − αn| and
let hn+1 = h

(
prn+1/qrn+1

)
. Among all quadratics whose height is less or equal

hn+1, let αn+1 be the nearest to ξ. As hn < (|ξ|+ 1) qrn , from the hypotheses
on ξ it follows:

|ξ − αn| <
∣∣∣∣ξ − prn

qrn

∣∣∣∣ < 1

q2
rn

<
(|ξ|+ 1)

2

h2
n

<
(|ξ|+ 1)

2

[H(αn)]
2 .
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It is easily checked that αn are of best approximation. Besides, the construction
determines them univocally.

Remark 3.5. Observe that the convergents sn of a real number ξ are rationals
of best approximation such that |ξ − sn| = O (H(sn))

−2
, namely the same prop-

erties which characterize the quadratics αn with respect to the quasi quadratic
ξ. Roughly speaking, a quasi quadratic number admits a sequence of quadratic
convergents; they approximate ξ better than the rational convergents sn, for
less or equal height.

Furthermore, if ξ satisfies the hypotheses of Proposition 3.3, the integer r1

in Proposition 3.4 can be taken equal zero. Consequently, for every ration r
there is a quadratic of best approximation αr with H(αr) ≤ H(r) and |αr−ξ| <
|r − ξ|.

Now we are going to prove a diophantine property of quasi algebraic num-
bers. It will enable us to demonstrate the existence of uncountably many real
numbers which are not quasi algebraic. Moreover it ensures the existence of a
solution for the Schröder functional equation with quasi algebraic parameter.

Theorem 3.6. Let ξ be a transcendental quasi algebraic number in the unit
interval, ∂(ξ) = s. Then the following hold:

i. there is a real positive constant K depending only on ξ such that, for any
p, q ∈ Z, q ≥ 1,

|qξ − p| > Kq−s ;

ii. for any ε > 0 the series ∑
h≥1

h−(s+ε)〈hξ〉−1

converges and its sum S(ε) is O (ζ ′(1 + ε)) for ε → 0+, where ζ ′ is the
derivative of the Riemann ζ function.

Proof. i. For n ≥ n0, to every convergent sn of ξ can be associated an alge-
braic irrational α(sn) = αn with d(αn) = rn ≤ s, H(αn) ≤ H(sn) (follow-
ing our definition of quasi algebraic number which excludes possibly a finite
number of rationals for Condition C) and |αn− ξ| < |sn− ξ|. We are going
to apply Güting’s Theorem to αn and the polynomial Pn(x) = qnx − pn.
From [5] follows, for n ≥ n0:

|qnαn − pn| ≥
1

L(αn) (qn + |pn|)rn−1 .

As L(αn) ≤ H(αn) (rn + 1) we get, dividing by qn:

|αn − sn| ≥
1

H(αn) (rn+1) (1 + |sn|)rn−1
qrnn

.
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Since H(αn) ≤ H(sn) ≤ qn (|ξ|+ 1) and rn ≤ s we obtain:

|αn − sn| ≥
1

qs+1
n (s+ 1) (|ξ|+ 1) (|ξ|+ 2)

s−1 .

If we put C =
1

(s+ 1) (|ξ|+ 1) (|ξ|+ 2)
s−1 , we get:

|αn − sn| ≥
C

qs+1
n

, ∀n ≥ n0 . (2)

As |ξ − sn| <
1

an+1q2
n

and |ξ − αn| < |ξ − sn|, this yields:

|αn − sn| ≤ |αn − ξ|+ |ξ − sn| <
2

an+1q2
n

. (3)

From (2) and (3) we have

an+1 <
2

C
qs−1
n , ∀n ≥ n0 .

Determine now constants C1, . . . , Cn0
such that:

a1 < C1q
s−1
0 , . . . , an0

< Cn0
qs−1
n0−1 .

If D = sup
(
C1, . . . , Cn0

, 2
C

)
we get:

an+1 < Dqs−1
n , n ≥ 0. (4)

From the equation:

|αqn − pn| =
1

An+1qn + qn−1
, (5)

as An+1 < an+1 + 1, we get eventually from (4):

|αqn − pn| > (D + 2)−1q−sn .

As ξ ∈ [0, 1], for any p, q ∈ Z, q ≥ 1, there is a convergent pn/qn, n ≥

0, such that

∣∣∣∣ξ − p

q

∣∣∣∣ ≥ ∣∣∣∣ξ − pn
qn

∣∣∣∣, qn ≤ q. We get eventually |qξ − p| =

q

∣∣∣∣ξ − p

q

∣∣∣∣ ≥ q ∣∣∣∣ξ − pn
qn

∣∣∣∣ ≥ |qnξ − pn| > Kq−sn > Kq−s, K = (D + 2)−1.
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ii. From (4) and Theorem 2 of [7], it follows that

N∑
h

h−s〈hξ〉−1 = O(logN) , N ≥ 2 .

Define vh = h−s〈hξ〉−1, uh = h−ε, h > 1. Then, as {vh} and {uh} are
both positive and {uh} is decreasing, summation by parts can be applied,
namely (see [7, p.231]):

N∑
h=1

uhvh =

N−1∑
h=1

(uh − uh+1)

h∑
j=1

vj + uN

N∑
j=1

vj .

Consequently, there is M̃ > 0 such that

N∑
h=1

h−(s+ε)〈hξ〉−1 ≤

≤ 〈ξ〉−1
(
1− 2−ε

)
+ M̃

N−1∑
2

(h+ 1)ε − hε

h2ε
log h+ M̃N−ε logN ≤

≤ 〈ξ〉−1
(
1− 2−ε

)
+ M̃

N−1∑
2

h−(1+ε) log h+ M̃N−ε logN .

Thus
∑
h≥1 h

−(s+ε)〈hξ〉−1 converges for any ε > 0; moreover, for ε suffi-
ciently small,

S(ε) <
(
M̃ + 1

)
|ζ ′(1 + ε)| .

Corollary 3.7. The set of quasi algebraic numbers has dense and uncountable
complement in R.

Proof. Set α = [a0, . . . , an, . . . ] any real number such that an+1 > qnn , n ≥ n0.
Clearly the set of such α is dense because n0 and the first n0 + 1 partial
quotients are quite arbitrary; moreover, for every n ≥ n0, there are countably
many ways to choose an+1; then the α are uncountably many. Let s be a
positive real number. For any convergent pn/qn of α we have, from (5):

〈qnα〉 = |qnα− pn| <
1

an+1qn
<

1

qn+1
n

.

Thus q−sn 〈qnα〉−1 > qn−s+1
n . For n > s the terms tend to infinity; consequently

the series diverges for any s > 0 and α cannot be quasi algebraic for i.
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4. The Schröder functional equation

Let f(z) = λz+a2z
2+· · ·+anzn+. . . , ai ∈ C, λ = e2πiα, α ∈ [0, 1] be analytical

in a neighborhood of zero. The problem of the existence of an analytic solution
φ(z) = z+ b2z

2 + · · ·+ bnz
n + . . . (called Königs function of f) of the Schröder

functional equation
φ(λz) = f(φ(z)) (6)

is closely related with the diophantine properties of α. Let

Γ =
{
α ∈ [0, 1] : ∃ε, µ > 0 such that |qα− p| > εq−µ for any p, q ∈ Z, q ≥ 1

}
.

Siegel [14, 15] proved that the analytical solution of (6) exists if α ∈ Γ. In
the paper [16] the author tackled the problem of approximating a given Königs
function with a sequence of “quadratic Königs functions” (namely deriving
from an α quadratic). Now we want to give an improved version of the result
in [16] and apply it to the case in which α is a quasi algebraic.

Property 1. Let f(z) = λz+a2z
2+· · ·+anzn+. . . analytical in a neighborhood

of zero, λ = e2πiα, α ∈ Γ, α ∈ [0, 1] and {λn}n∈N, λn = e2πiαn , αn ∈ Γ any
sequence such that limn→∞ αn = α and αn, α have the same constants ε, µ
as elements of Γ. Let fn(z) = f(z) + (λn − λ)z and denote by φ(z), φn(z) the
Königs functions of f(z), fn(z). Then φ(z) = limn→∞ φn(z) uniformly in a
neighborhood of zero.

Proof. If φk(z) = z +
∑
n≥2 bn,kz

n, φ(z) = z +
∑
n≥2 bnz

n, write Sn0,k(z) =
z +

∑
n≤n0

bn,kz
n, Sn0(z) = z +

∑
n≤n0

bnz
n, Rn0,k(z) = φk(z) − Sn0,k(z),

Rn0(z) = φ(z) − Sn0(z). In [16, p.54] we observe that the functions φ, φk are
analytic in an open disc whose radius r depends only on ε and µ. Let r′ < r.
Obviously the maps φ, φk converge absolutely in the closed disc of radius
r′. From [14] follows the existence of a series of constants

∑
i≥1 b̄i (b̄i > 0)

whose coefficients depend on r′, ε, µ (majoring series) such that |bnzn| < b̄n,
|bn,kzn| < b̄n, n ≥ 1, k ≥ 1, |z| ≤ r′. (See also [15, p.124] for the series

ψ =
∑
n≥2

ak
λk − λ

zn which is the first step of the iteration process). Remark

that the coefficients bn of φ, which are deduced inductively from the Schröder
functional equation (6), have the form

bn =
Pn(λ, a2, . . . , an)

λn−1(λ− 1)r1(λ2 − 1)r2 . . . (λn−1 − 1)rn−1
,

where the Pk are polynomial with integer coefficients in λ, a2, . . . , an and the ri
are positive integers. Therefore the bn are continuous functions of α, for α ∈ Γ
and λ = e2πiα, as the denominators never vanish. Given now η > 0, determine
n0 such that

∑
n>n0

b̄n < η/2; then |Rn0,k(z)| < η/2, |Rn0(z)| < η/2, for any
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k ∈ N, |r| ≤ r′. For the continuity of bn on the set Γ, there is an integer

k0 such that |bn − bn,k| <
η

2(n0 + 1)(r′)n0
, k ≥ k0 and 2 ≤ n ≤ n0. Thus

|φ(z)− φn(z)| < η, k > k0 and |z| ≤ r′ and the sequence {φn(z)} converges to
φ(z).

Remark 4.1. The quoted result in [16] relied on the existence of a converging
subsequence of {φn} (i.e. on the existence of a subsequence of the sequence of
quadratics previously constructed in the lemma). Our property shows that any
sequence {αn} converging to α yields the convergence of {φn}, provided that
the αn and α have the same constants ε and µ as elements of Γ.

Property 2. Let f(z) = λz+a2z
2+· · ·+anzn+. . . analytical in a neighborhood

of zero, λ = e2πiα, α quasi algebraic. Then the Schröder functional equation (6)
has an analytic solution; moreover there is a sequence of quadratics {αn}n∈N
such that the Königs functions φn(z)of the maps fn(z) defined as in Property 1
converge uniformly to φ(z) in a neighborhood of zero.

Proof. From i. of Theorem 3.6, it follows that α ∈ Γ with constants ε = K,
µ = s = ∂(α). Therefore the analytical φ exists for the quoted Siegel theorem.
If α = [a0, a1, . . . , an, . . . ] and a0 = 0, define αk = [a0,k, a1,k, . . . , an,k, . . . ]
where an,k = an if n ≤ k, while an,k = 1 if n > k, k > 1. In [16, Lemma, p.52]
it is shown that the ak have the same constants ε, µ of α, if α ∈ Γ. Therefore
the statement follows from Property 1.

5. Formal Laurent series on a finite field

Let K be a finite field. Denote by K [X] the ring of polynomials, by K (X)
the field of rational functions and by K

((
X−1

))
the field of formal Laurent

series with coefficients in K. If f ∈ K
((
X−1

))
, f =

∑
n≤n0

fnX
n, n0 ∈ Z,

fn0 6= 0, n0 = deg(f), an absolute value is defined by setting |0| = 0, |f | = en0

for f 6= 0. The resulting structure of complete metric space on K
((
X−1

))
is

the completion of the non Archimedean valuation on K (X) defined by |f/g| =
edeg(f)−deg(g) (see [4]). Every f ∈ K

((
X−1

))
can be uniquely developed in

continued fraction (see [12]): f = [a0(x), a1(x), . . . , an(x), . . . ] where the partial
quotients ai(x) ∈ K [X], i ≥ 0 and |ai(x)| > 1 for i > 0. We indicate by
sn(x) = pn(x)/qn(x), pi(x), qi(x) ∈ K [X], i ≥ 0, the convergents of f and by
Ai(x) the complete quotients. If P (y) = pn(x)yn + pn−1(x)yn−1 + · · ·+ p0(x)
is a polynomial with coefficients pi(x) ∈ K [X], the height H(P ) is defined
as the maximum of the absolute values of the pi(x), 0 ≤ i ≤ n. An α ∈
K
((
X−1

))
is algebraic if it is a root of a polynomial P (y) ∈ K [X] [Y ]; the

degree d(α)is the degree of its minimal polynomial, while the height H(α) is
the above defined height of the same minimal polynomial. If we replace rational
numbers with rational functions and the absolute value of a real number with
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the absolute value of a formal Laurent series in the definition of quasi algebraic
irrationals, we obtain the corresponding definition for f ∈ K

((
X−1

))
, and the

same has been done (see [8, p.208]) in the literature for the notion of badly
approximable element of K

((
X−1

))
; also the concept of algebraic irrational of

best approximation can be extended this way to K
((
X−1

))
.

We are going to prove the

Theorem 5.1. Let ξ ∈ K
((
X−1

))
, ξ 6∈ K (X) and badly approximable. Then

it is quasi algebraic.

Proof. Let ξ =
∑
n≤kξ ξnX

n, kξ ∈ Z, ξn ∈ K. Consider its development in

continued fraction, ξ = [a0(x), a1(x), . . . , an(x), . . . ], ai(x) ∈ K [X]. Suppose
first |ξ| > 1; obviously we can assume without loss of generality that it is
transcendental. As it is badly approximable, there is a constant C > 0 such
that, for every n ≥ 0: ∣∣∣∣ξ − pn(x)

qn(x)

∣∣∣∣ ≥ C

|qn(x)|2
.

As (see [4, p.71]): ∣∣∣∣ξ − pn(x)

qn(x)

∣∣∣∣ =
1

|an+1(x)| |qn(x)|2
, (7)

then |an+1(x)| ≤ 1/C, ∀n ≥ 0.
Since|ξ| > 1 we have |a0(x)| > 1. Therefore, if p = char (K), there is h = pm0 ,
m0 nonnegative integer such that, for every n ≥ 0

|a0(x)|h ≥ |an(x)| . (8)

Set m = h + 1. Given any non-constant rational function r ∈ K (X), r 6∈ K,
r =

∑
n≤kr rnX

n, kr ∈ Z, rn ∈ K, we are going to prove the existence of

α(r) ∈ K
((
X−1

))
, α(r) algebraic irrational, d(α(r)) ≤ m, H(α(r)) ≤ H(r) and∣∣α(r) − ξ

∣∣ ≤ |r− ξ|. We distinguish various cases according to the development
of r in continued fraction:

1) r is a convergent of ξ, namely there is a N ≥ 0 such that

r = [a0(x), a1(x), . . . , aN (x)] = sN (x).

Let’s pose

α(r) =
[
a0(x), . . . , aN (x), aH0 (x), . . . , ahN (x), ah

2

0 (x), . . . , ah
2

N (x), . . .
]
.

Obviously α(r) is irrational; since h is a power of the characteristic p of the
field K, we get:

αh(r) =
[
ah0 (x), . . . , ahN (x), ah

2

0 (x), . . . , ah
2

N (x), . . .
]
.
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Besides, from the formula which connects the elements of K
((
X−1

))
with

their complete quotients (see [4, p.71]) we obtain, as αh(r) is a complete
quotient of α(r):

α(r) =
pN (x)αh(r) + pN−1(x)

qN (x)αh(r) + qN−1(x)
. (9)

Therefore α(r) is a root of the equation:

qn(x)ym − pN (x)ym−1 + qN−1(x)y − pN−1(x) = 0 .

Unlike what happens for polynomial with coefficients in Z (cfr. Theo-
rem 3.1), the height of the product of two polynomials with coefficients
in K[X] equals the product of the two heights; the verification is routine.
Then:

H(α(r)) ≤ max {|qN (x)| , |pN (x)| , |qN−1(x)| , |pN−1(x)|}
= |pN (x)| = H(sN (x))

and 2 ≤ d(α(r)) ≤ m. It remains to be checked that
∣∣α(r) − ξ

∣∣ ≤ |r − ξ|.
Consider the Laurent development of α(r), namely α(r) =

∑
n≤kα αnX

n,
kα ∈ Z, αn ∈ K. From (7) we obtain

|ξ − r| = e−t0 , t0 = 2

N∑
i=1

deg [ai(x)] + deg [aN+1(x)] ,

∣∣α(r) − r
∣∣ = e−t1 , t1 = 2

N∑
i=1

deg [ai(x)] + deg
[
ah0 (x)

]
.

(10)

From (8) it follows t0 ≤ t1. From the Laurent development of ξ, r, α(r),
and (10) we have:

ξn = rn for n > −t0 , ξ−t0 6= r−t0 ,

αn = rn for n > −t1 , α−t1 6= r−t1 .
(11)

Then, for n > −t0 ≥ −t1 we have ξn = αn and consequently
∣∣ξ − α(r)

∣∣ ≤
|ξ − r|, namely what we wanted to prove. Observe that, if t0 6= t1, from (11)
it follows that: ∣∣ξ − α(r)

∣∣ = max
{
|ξ − r| ,

∣∣α(r) − r
∣∣} .

More generally, arguing as above, the following fact can be stated, apply-
ing (10) and (11):



196 M. CITTERIO AND R. TALAMO

Remark 5.2. If ξ, ξ′ are elements of K
((
X−1

))
having the same convergent

s, then:

|ξ − s| 6= |ξ′ − s| implies |ξ − ξ′| = max {|ξ − s| , |ξ′ − s|} ,
|ξ − s| = |ξ′ − s| implies |ξ − ξ′| ≤ |ξ − s| = |ξ′ − s| .

2) r = [b0(x), b1(x), . . . , bk(x)], k > N ≥ 0 with ai(x) = bi(x) for 0 ≤ i ≤ N
and aN+1(x) 6= bN+1(x). In other words, r is not a convergent of ξ, but r
and ξ have in common the convergent sN (x).

2A) |aN+1(x)| 6= |bN+1(x)|.
Define α(r) as in point 1). As sN (x) is at the same time a convergent
of r, ξ and α(r), a repeated application of the above Remark 5.2 yields:

|ξ − r| = max {|ξ − sN (x)| , |r − sN (x)|} ,

as |aN+1(x)| 6= |bN+1(x)| by the hypothesis and
∣∣ξ − α(r)

∣∣≤|ξ − sN (x)|
from (8). Thus

∣∣ξ − α(r)

∣∣ ≤ |ξ − r|. Of course degree and height of α(r)

are like in 1).

2B) |aN+1(x)| = |bN+1(x)|.
Consider the following rational functions, together with their Laurent
developments:

r̄ = [a0(x), . . . , aN (x), aN+1(x)] =
pN+1

qN+1
=
∑
n≤kr̄

r̄nx
n ,

r̃ = [a0(x), . . . , aN (x), bN+1(x)] =
p̃N+1

q̃N+1
=
∑
n≤kr̃

r̃nx
n ,

r̄n, r̃n ∈ K, kr̄, kr̃ ∈ Z.
Let’s prove the following two inequalities (12) and (13):

|r̄ − ξ| < |r̃ − ξ| . (12)

As the hypothesis |aN+1(x)| = |bN+1(x)|, then |qN+1(x)| = |q̃N+1(x)|.
Consequently

|r̄ − ξ| = 1

|aN+2(x)| |qN+1(x)|2
<

1

|q̃N+1(x)|2
.

If it were, by contradiction, |r̄ − ξ| ≥ |r̃ − ξ|, this would imply |r̃ − ξ| <
1

|q̃N+1(x)|2
. But (see [12, p.140]) from this inequality it follows that r̃

is a convergent of ξ. This is a contradiction, as aN+1(x) 6= bN+1(x).
In exactly the same way one proves the inequality:

|r̃ − r| < |r̄ − r| . (13)
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Now we prove:
|r̄ − ξ| < |r − ξ| . (14)

Taking into account the coefficients of the Laurent development for ξ,
r, r̃, r̄ (see above), from (12) we have:

r̄n = ξn for n > −t̄1 ,
r̃n = ξn for n > −t̄0 > −t̄1 ,

(15)

with t̄0, t̄1 positive integers. This yields r̃−t̄0 6= ξ−t̄0 , r̄−t̄0 = ξ−t̄0 . Now
if we had r−t̄0 = ξ−t̄0 , this would imply r−t̄0 = r̄−t̄0 and r−t̄0 6= r̃−t̄0
from (15) contradicting what we have shown in (13). Thus r−t̄0 6= ξ−t̄0
proving (14).
If we pose:

α(r) =
[
a0(x), . . . , aN+1(x), ah0 (x), . . .

. . . , ahN+1(x), ah
2

0 (x), . . . , ah
2

N+1(x), . . .
]
,

as r is both a convergent of α(r) and of ξ, from (8) and Remark 5.2

at the end of point 1), it follows that
∣∣α(r) − ξ

∣∣ ≤ |r̄ − ξ|, and finally∣∣α(r) − ξ
∣∣ < |r − ξ| from (14). The conditions H(α(r)) ≤ H(r) and

d(α(r)) ≤ m are fulfilled while α(r) is a root of the equation:

qN+1(x)ym − pN+1(x)ym−1 + qN (x)y − pN (x) = 0 ,

following the analogous (with respect to sN+1(x) and sN (x)) of for-
mula (9).

3) r = [b0(x), . . . , bk(x)], k ≥ 0 and b0(x) 6= a0(x).
In this case the quadratics suffice to outdo the rationals.

3A) |a0(x)| ≤ |b0(x)|.
We set α(r) =

[
a0(x)

]
and then |ξ − r| = edeg[a0(x)−b0(x)] ≥ 1, while∣∣α(r) − ξ

∣∣ < 1. Moreover, as the minimal polynomial of α(r) is:

y2 − a0(x)y − 1 = 0 ,

we have:

H(α(r)) = edeg[a0(x)] ≤ edeg[b0(x)+···+bk(x)] = H(r) ,

and d(α(r)) = 2 ≤ m.

3B) |a0(x)| > |b0(x)| > 1.

We pose α(r) =
[
b0(x)

]
and proceed as in 3A).
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3C) |b0(x)| ≤ 1.
As we have supposed r 6∈ K, we have b0(x) = b ∈ K and |b1(x)| > 1.

Pose α(r) =
[
b, b1(x)

]
. In this case (as in 3B))

∣∣α(r) − ξ
∣∣ = |r − ξ|; it

can be checked that α(r) is a root of the equation:

y2 − (2 b− b1(x)) y − b b1(x) + b2 − 1 = 0 .

Therefore H(α(r)) ≤ |b1(x)| ≤ H(r) and d(α(r)) = 2 ≤ m.

As we have considered all the possible cases for r ∈ K(x), leaving out only
the constant functions which are finitely many, our proof is complete, under
the initial hypothesis |ξ| > 1. Before to tackle the conclusive part of the
demonstration, we need to point out the following two facts:

(A) Let f = fnX
n + fn−1X

n−1 + . . . and g = gnX
n + gn−1X

n−1 + . . . be two
non null elements of K

((
X−1

))
with the same leading coefficient fn = gn;

f̄ = 1/f = f̄−nX
−n + . . . , ḡ = 1/g = ḡ−nX

−n + . . . their inverses, and
k ≥ 0 an integer. Then:

fn = gn, fn−1 = gn−1, . . . , fn−k = gn−k, fn−(k+1) 6= gn−(k+1)

imply

f̄−n = ḡ−n, f̄−n−1 = ḡ−n−1, . . . , f̄−n−k = ḡ−n−k, f̄−n−(k+1) 6= ḡ−n−(k+1)

By induction on k; the property is trivially true for k = 0; suppose it holds
for all integers h with 0 ≤ h ≤ k − 1; then, as −n + i − k > −n − k for
i = 1, . . . , k, by the inductive hypothesis we get:

f̄−n−k = −

k∑
i=1

fn−i f̄−n+i−k

fn
= −

k∑
i=1

gn−i ḡ−n+i−k

gn
= ḡ−n−k .

Reversing the roles of the coefficients fj and f̄j in the preceding formula
yields f̄−n−(k+1) 6= ḡ−n−(k+1).

(B) If α ∈ K
((
X−1

))
is algebraic and a ∈ K, then 1/α and (α+a) are algebraic

of the same degree and height as α.

If α is a root of the equation:

pn(x)yn + pn−1(x)yn−1 + · · ·+ p0(x) = 0 ,

then 1/α satisfies:

p0(x)yn + p1(x)yn−1 + · · ·+ pn(x) = 0 ,



QUASI ALGEBRAIC OBJECTS 199

and (a+ α) satisfies:

pn(x)(a− y)n − pn−1(x)(a− y)n−1 + · · ·+ (−1)np0(x) = 0 .

This prove our assertion. (Note incidentally that, if F is a number field,
α ∈ F is algebraic over Q and a is an integer, then the height of (a + α)
depends on a).

Suppose now |ξ| ≤ 1. Then a0(x) = a ∈ K. Consider the complete quo-
tient ξ′ = A1(x). Clearly it is badly approximable and |ξ′| > 1; thus it is
quasi algebraic for the first part of this theorem. Let ∂(ξ′) = m′. Given
r = [b0(x), . . . , bk(x)], r ∈ K(x), r 6∈ K, k ≥ 0 we are going to define α(r) as

follows: if b0(x) 6= a put α(r) =
[
b0(x)

]
for |b0(x)| > 1, α(r) =

[
a′, b1(x)

]
for b0(x) = a′ 6= a. Trivially

∣∣α(r) − ξ
∣∣ = |r − ξ|, H(α(r)) ≤ H(r) and

d(α(r)) = 2 ≤ m′. Suppose then r = [a, b1(x), . . . , bk(x)], k ≥ 1 as r 6= K.
Define r′ = B1(x):

• If r′ pertains to cases 1) or 2) (with respect to ξ′) of the first part of the
theorem, define α(r′) accordingly and set α(r) =

[
a, α(r′)

]
. As ξ′, r′, α(r′)

have the same leading term (the leading term of b1(x) = a1(x)), applying

(A) we have that
∣∣α(r′) − ξ′

∣∣ ≤ |r′ − ξ′| implies

∣∣∣∣ 1

α(r′)
− 1

ξ′

∣∣∣∣ ≤ ∣∣∣∣ 1

r′
− 1

ξ′

∣∣∣∣.
Thus

∣∣α(r) − ξ
∣∣ =

∣∣∣∣ 1

α(r′)
− 1

ξ′

∣∣∣∣ ≤ ∣∣∣∣ 1

r′
− 1

ξ′

∣∣∣∣ = |r − ξ|. From (B) it follows

H(α(r)) = H(r).

• r′ is in the cases 3A) or 3B) (the case 3C) cannot occur as |b1(x)| > 1).

Then define α(r) =
[
a, a1(x)

]
if |a1(x)| ≤ |b1(x)| or α(r) =

[
a, b1(x)

]
if |a1(x)| > |b1(x)| and everything runs as before. This completes the
proof.

The following corollary and the successive example confirm that the results
for K

((
X−1

))
are slightly stronger than the corresponding ones for number

fields (cfr. Theorem 3.1).

Corollary 5.3. In the hypotheses of Theorem 5.1, let ξ=[a0(x), . . . , an(x), . . . ]
such that |ai(x)| ≤ |a0(x)| for any i ≥ 0. Then ξ is quasi quadratic.

Proof. In formula (8) of the theorem, h can be taken equal 1, then ∂(ξ) = 2.

In [1] it is shown the example of a badly approximable cubic α ∈ Z2

((
X−1

))
.

Let ai(x) be any partial quotient of maximal degree of α. Then Ai(x) is obvi-
ously cubic; moreover it is quasi quadratic from the preceding corollary. Then
the quasi algebraic degree of α is strictly smaller than its algebraic degree.
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6. Concluding remarks

Apart from metrical properties, the only effective examples of transcendental
quasi quadratic numbers that we know at the present time are those which
satisfy the hypotheses of Proposition 3.3. Among other possible examples, it
would be nice to know whether some of the classical numbers (like e, π, etc.)
enjoy this property; however, our main question remains the following:

is every badly approximable real number quasi algebraic?
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[11] M. Queffélec, Transcendance des fractions continues de Thue-Morse, J. Num-
ber Theory 73 (1998), 201–211.

[12] W.M. Schmidt, On continued fractions and Diophantine approximation in
power series fields, Acta Arith. 95 (2000), 139–166.

[13] J. Shallit, Real numbers with bounded partial quotients: a survey, Enseign.
Math. (2) 38 (1992), 151–187.

[14] C.L. Siegel, Iteration of analytic functions, Ann. of Math. (2) 43 (1942), 607–
612.

[15] C.L. Siegel and J.K. Moser, Lectures on celestial mechanics, Springer-Verlag,
New York, 1971, Translation by Charles I. Kalme, Die Grundlehren der mathe-
matischen Wissenschaften, Band 187.



QUASI ALGEBRAIC OBJECTS 201

[16] R. Talamo, Quadratic irrational numbers and Koenigs functions, Rend. Istit.
Mat. Univ. Trieste 21 (1989), 51–57.

Authors’ addresses:

Maurizio Citterio
Dipartimento di Matematica
Politecnico di Milano
via Bonardi, 9
20133 Milano; Italia
E-mail: maurizio.citterio@polimi.it

Rodolfo Talamo
Dipartimento di Matematica
Politecnico di Milano
via Bonardi, 9
20133 Milano; Italia
E-mail: rodolfo.talamo@polimi.it

Received September 26, 2013
Revised September 12, 2014


