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Semi-free Circle Actions:
the Multiplicative Structure

J.C.S. KiaL and C. IzEPE RODRIGUES (*)

SUMMARY. - In this paper we study the bordism groups of mani-
folds with semi-free S'-actions, denoted by SF,(S'). We study
the multiplicative structure by using a J-homomorphism map.
We also study the construction K, which gives a set of multi-
plicative generators, presenting an algebraic interpretation of this
geometric construction. As an application, we analyze the homo-
morphisms r, : SF.(SY) — SF.(Z,) from the bordism group of
semi-free S'-actions on the bordism group of Z ,-actions induced
by the restriction functors.

1. Introduction

In the early seventies equivariant bordism was a very active field of
study. It has recently regained importance, mainly due to the latest
studies done by E. Witten in which to know well the bordism of
circle actions is very important.

The module structure of bordism of semi-free circle actions was
done by F. Uchida (see [7]). The bordism groups of manifolds with
semi-free S'-actions are denoted by SF,,(S'). In Section 2 we present
some known basic results about these groups and some important
properties of the Smith homomorphism.
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In Section 3 we introduce the products in N, (S') = @0 N, (S"),
where N,,(S') is the bordism group of free S'-actions on n-dimen-
sional closed manifolds.

We study the multiplicative structure, in Section 5, by using a
J-homomorphism map (analogous to the one introduced by J.M.
Boardman in [2]), which is presented in Section 4.

We also study the construction K, which gives a set of multi-
plicative generators, and in the Section 6 we present an algebraic
interpretation of this geometric construction.

Finally, as an application, in the last section we analyze the ho-
momorphisms 7, : SF.(S') — SF.(Z,) from the bordism group of
semi-free S'-actions on the bordism group of Z,-actions induced by
the restriction functors.

2. Semi-free S'-actions

Let SF,(S') be the bordism group of semi-free S'-actions on the n-
dimensional closed manifolds, and let SF,(S') = @,>0 SF,(S*) be
the N,-module obtained. Analogously, we have the bordism groups
N, (S1) of free S'-actions on n-dimensional closed manifolds and
N.(SY) = @p>0Nu(SH).

By {[S?""!,S1]} we shall denote the sphere with the standard
circle action.

There is the Smith homomorphism

A N, (S") = N.(Sh),
which is a N,-module homomorphism with degree —2, which asso-
ciates [S?7F1 §1] to [S27 L, S (see [2]).
PROPOSITION 2.1. If AIM*"*1 T] = 0 for [M?"*1T] in Nopy1(Sh),
then there is an unique [X2"] in Nay, such that
ML T) = (X (8, 8],

PROPOSITION 2.2. Let [M?" 1 T] be a free S'-action on the closed
(2n + 1)-manifold M?"*1 and W2+t c M*"*! g regular compact
submanifold such that

W2n+1 U T(w2n+1) — M2n+l and 8w2n+1 — W2n+1 N T(w2n+1)’.
then A[M?"t1 T) = [oW? L T|ow 2+l
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Let SF,(S') ®n. N.(S') — N,(S!) be the pairing given by: if
(V™ 7] € SF,,(S') and [M™,T] € N,,(S'), then we set

Vmor M T)=[V™ x M", 7 xT]
since [V™ x M™, 7 x T] is a free St-action.

LEMMA 2.3. If v € SFy,(S') and a € Napi1(S') then A(ya) =
YA(a).

Proof. Let [M?"*1 T] be a semi-free S'-action on a closed (2n +
1)—manifold. By (2.2), if W2l ¢ M?"*! is a compact regular
submanifold such that W UTW = M and W NTW = OW then
A[M2n+1,T] — [8W2n+1,T|3w2n+1].

Since V2™ x W2+l c v2m x M2+ we have

(VxW)UT'(VxW)=(VxW)U(rV x TW)
=VxW)U(VXTW)=V x(WUTW)=V x M,

where T" = (7,T) and

OVXxW)=0@QVxW)U(V xIW)=V xIW =V x (WNTW)
=(VxW)N(VxTW)=(VxW)N TV xTW).

Therefore, we have

AV x M, xT] = [0(V x W), 7 X T|arvxw)]
= [V x oW, 1 x T|yxow] = [V, 7] [OW,T|0W],

that is, A(0a) = yA(«). O

Now let B, (S!) be the bordism group of semi-free S'-actions on
n-manifolds with boundary which are free on the boundary.

We have the N,-module homomorphisms j : SF,(S') — B,(S!)
which assigns [M™, T] to [M", T], since 9M™ = §); and 9 : B, (S') —
N,,(S1) which associates [V™,T] to [0V™, T|ayn].

THEOREM 2.4. The sequence
0 — SF,(SY) 2 Bo(SY) = Np_1(S') = 0

is exact and it splits (see [5], 8.3).
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Let M,(S!) = 69][:;/? N,, 2 (BU}) be the classifying space for the
k-dimensional bundles, and M, (S') = @,>0M,(S").

THEOREM 2.5. There is the isomorphism
F: By(8") = @Egﬁ] N2k (BU)

given by: [M™,T) is associated to Y. [v* — F"2k] where Fn—2k
is the fized point set component and v* is the normal bundle corre-
sponding.

THEOREM 2.6. M, (S') is a graded polynomial algebra on N, with

generators the classes [\ — CP(n)],n > 0, i.e., the canonic line
bundles over CP(n).

THEOREM 2.7. N,(S') is a N, module with base given by the ele-
ments {[S?" 1, S1]},>0.

REMARK. Any element in Na,,1(S') can be written in a unique way

as
n

Z[XZT][S2(TL7T)+1, Sl],

r=0
and any element in Ny, (S') can be written in a unique way as

n—1
Z [X2r+l] [52(n7r)71’ Sl]

r=0

Let i in M5(S') be a semi-free S'-action on the unitary disk given
by the scalar product, then (i) = [S!, S'] and we have the following
lemma.

LEMMA 2.8. The diagram

Moj42(Sh) 4 Nog11(Sh)

it t
Mop(SY) 3 Nop_1(SY)

18 commutative.
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3. Products in @nzg N2n+1(51)-

We define a product in ®,>0 Nopt1(S 1) the following way: suppose
that o € Nop11(SY) and B € Nopi1(Sh). Let o be in My, o(S?)
and 3 € Ma;,12(St) such that d(a’) = a and 9(8') = B. Let be
K = max(m,n) and k = min(m,n). We define

aff = AETL A/ 3') € Nyjy 1 (S1).

In case n = m, this define a ring structure with unity on Na,1(S'),
where the unity element is [S?* !, S1].

LEMMA 3.1. If n < m then aAB = af and if n > m then A(af) =
aApg.

Proof. Let us consider n < m and 3" € My, (S') with 9(8") =
AB. Then A(0(8"i) + B) = 0. By (2.1), there is a unique [V?™]
in Ny, such that 9(8"i) + 8 = [V?™] [S!,SY]. Then, 9(3"i) +
Vst 81 = g
Since (i) = [S!, S'], we have 9(8"i + [V?™]i) = 8. Thus,

Oz,B — Am+18(a’ﬁﬂi + [VZm]ali) — Am+18(a’ﬁ”7j)+

+ A™FL([V2™M]ald)
= A™I(d ") + [VIP]A™O(d)) = aAB + [V A™a.

Now, since n. < m and « € No,,1(S!), we have that A™a = 0.

If n > m, we have 9(8") = AB. Then A(9(8"i+ )) = 0. So there
is [V2™] € Ny, such that 9(8"i) + [V?™] [ST, SY] = B.

Since (i) = [S!, S'], we obtain 9(3"i + [V?™]i) = 3. Hence

A(aﬁ) — An+26(a/l3//i + [V2m]0/’i) — An+la(a/ﬁ// + [VZm]a/)

— An+18(a'ﬂ”) 4 [VQm]A”“a(a’)

= aAB + [VIm|Antlq,
Since n > m and o € No,, 1 1(S'), we have that A" la = 0.
Therefore, A(af) = aApB. O
LEMMA 3.2. For any pair a, 3 we have A(af) = AaApS.
Proof. Suppose that n < m. Then aff = «AfS by (3.1). Thus,
m — 1 >n and A(aAB) = AaAS. Therefore, A(af) = AaAp.
Finally, if n = m, A(af) = aApB and AaAf = aAB. Hence,
A(af) = AaApB. O
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LEMMA 3.3. If a, 3 and 6 € Noyy1(SY) then a(B9) = (af)é.

Proof. Choose o/, 8/ and §' € Mo, 15(S") such that (/) = o, 9(B')
= and 9(¢') = 4. Then by (3.1)

a(B8) = aA"L(F'") = aA(A"I(B'S)) = aA"I(F'Y).
Thus, successively, we obtain «(3d§) = «ad(f'd’). Hence, by defini-
tion,

aa(ﬂ'5’) — A2n+1+13(o/(,3'5’)):A2n+2A((a',8’)5')
= 9(c/B)6=A"19(c' B')6=(aB)S.

THEOREM 3.4. The product af defines a ring structure on
Dn>0Nont1(Sh).

Proof. We must show that the associative law is true in general.
Let a € N2n+1(81), 0 € N2m+1(81) and 0 € N2p+1(51).

We can suppose m < p, then, by (3.1), we have a(50) = a(BAP~™0).
Since BAP™™§ = BA(APTTLE) = BAP™5 = BA(APT™26) =
BAP~™=2§ = ... = 36, we have to consider:

Case I. If n < m, then

a(B8) = aA™ " (B5) = aA™ " (BAP-™S)
= a(AT"BAM-NAP=MS)
= a(A™MBAPNS) = (@A™ B)AP S = (afB)0.

Case II. If n > m, then

a(B0) = Aa(Bd) = (A" "a)(Bd) = (A™ ™a)(BAP™3)
= (A" MaB)AP "5 = (af)0.

REMARK. For a € No,1(S1), since
(™t = [§2m 1 S and A™HO(o/i™ ) = d(d)) = a,

we have that o[S?" 1 S = o for n < m.
If n > m, we have

a[s2m+1’ Sl] _ An+la(alim+1) — A Mg



SEMI-FREE CIRCLE ACTIONS etc. 7

In particular, Ny, 1(S') is a subring of @n20N2n+1(Sl) with unity
[§2nt1 S and

A : Nopi1(SY) = Nop_1(Sh)

is a ring homomorphism.

4. The stable bordism homomorphism

We are going to introduce the ring
invlim

R=""—7 (Nanl(Sl) é N2n+1(81))‘

An element in R is a sequence {a, }&° such that a, € Na,11(S!) and
Alay) = ap—1, Yn > 1.
We define the homomorphism J : M, (S') — R, where

M, (S") = 69192069?:0 Noy_9j(BU;j),
in the following way: let be A € My (S!), then
Tn(A) = AF9(A"TY).

Observe that J,,(A) belongs to No,y1(S'), and that the sequence
{Jn(A)}5° belongs to R, for

AT, (A) = AFFI9(ATY) = AFI(A") = T,_1(A).
Finally, we define J(A) = {J,(A)}&°.
Note that J,(A) = A*""19(A), if k > n + 1.
The homomorphism J is stable with respect to the multiplication
by i, that is, J(Ai) = J(A).

THEOREM 4.1. The stable homomorphism
J Dk>0 69;?:0 Nok_2;(BU;) — R is multiplicative.

Proof. One needs to consider only pairs A, B in My (S') and com-
ponents 0 < n < k, since .J is stable. In this case,

Tn(A)Tn(B) = AF " 1o(A) AR 19(B) = AF " 1(9(4)d(B)).
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By definition,

0(A)0(B) = A*O(AB) = A?*9(ABi¥)
= A*9(ABi"1*1) = J,._1(AB).

Therefore,

Jn(A)Jn(B) = A ""1(9(A)0(B))
= AF"=1(T,_1(AB)) = Jn(AB).

Taking the ring
M, (S") = @kzo@fzg Noj—2j(BU;j),

we are going to consider the quotient ring F' obtained factoring by the
ideal of the elements of the form A+ Ai, where A belongs to M, (S .
There is a natural induced ring homomorphism J : F' — R.

5. The structure of R

Since N,(S') is a N,-module with base given by {[S?"*! S},

we can describe the product in N, 1(St) directly.
n n

Ifa= Z [X2r] [SQ(R—T)-H, Sl] and 8 = Z [Y2r] [SQ(n—r)-H’ Sl],

r=0 r=0
n n
consider o = Z (X% "+ and B = Z [Y?]i"~"+1 then
r=0 r=0
n
0/,8, _ Z ( Z [XZT] [Y25]),L-2(n+1)7l,
r=0 r+s=I

and

n

04,8 — An—l—la(alﬂl) — Z( Z [XQT] [Y25])[52n+1—l,81]‘

r=0 r+s=I

We can use this to identify R with the ring N& (0) of formal power
o

series on the graduated ring NP We assign {a, }3° to Z[XQ’"]O’",
0
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where
n

ay, = Z [X2r] [SZ(nfr)Jrl’ Sl]
0
We have Aay,11 = «ay, and the product oy, 0, is given by the formal
power series multiplication. Thus, we have J : F — N (6).

LEMMA 5.1. The image of
SFp(S') = Moy, (S') = F — N(0)

is the ideal generated by 0™, and
J([M?™,T)) = [M?>™]0™+ terms with power bigger than m.

Proof. Let [M*™ T] be given, consider the normal bundle to the
fixed point set [¢ — F| in My, (S'). So, d([¢ — F]) = 0 in
N2m—1(‘91)a and

Ju([E = F)=Am""19(¢ - F]) =0 for 0<n<m—1.

Thus, J([¢ — F]) = A™9([¢ — FJi™*) in Noyyq(St). Conse-
quently, T (€ — F]) = 8((€ — Fli) = [S(¢ @ 1c), 5'].

Since A([S(é @ 1¢), S']) = 0, then, by (2.1), there is a unique [X 2]
such that [S(¢ ® 1¢), 8] = [X?™] [S, S1].

Next, since [CP(£ @ 1¢)] = [M?™], we have that [S(¢ @ 1¢), S =
M2 S, 1)

Thus J([¢ — F]) = [M?*™]§™+ terms with power bigger than m. [

LEMMA 5.2. Let [¢ — F| be in My, (SY). If J([¢ — F]) = BO™+
terms with power bigger than m, then there is a manifold with semi-
free St-action [M*™,T] such that (3 is in the class of M*™ and [¢ —
F) is the normal bundle to the fized point set of [M>™,T).

Proof. We have 0 = Jp,_1([¢ — F]) = A™ ™H-15([¢ — F)) =
O([¢ — F]). On the other hand, 9([¢ — F]) = [S(£), S']. Therefore,
[S(€), S'] =0.

Now, suppose that 9[V?" 1] = [S(£), S'], where [V2™, 7] is in Noy,
(SY). And consider M?™ = (D(§) UV?m)/S(¢) = OV?™ and T =
Sur.

The normal bundle to the fixed point set of [M?™, T]is ¢ — F, hence
p = [pem]. 0
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LEMMA 5.3. Let 1¢ be in My(S*). Then J(1¢) = 1.

Proof. Since Jp(lg) = Ad(1¢i") = AJ(i"+?) = A[S*"+3, S =
[S2nHL S € Nopi1(Sh), for all n > 0, we have that J(1¢) =1. O

LEMMA 5.4. Let [V?%] be in Nog and A € Mag. Then J([V#]A) =
(V25105 J(A).

Proof. We have

jn([st]A) — A5+k8([v25])Ai”+1)
= ASTRIV219( A1) = [V2]ASTRY(AinT).

Since ASTEQ(Ai"H1) is in Nopy1 24(S"), and 2(n—s) + 1 is odd, we

have
n—s

As-l—ka(Ain—l—l) _ Z[X%][S?(n—s—r)-i-l’ Sl]
r=0

Therefore,

7n([v2s]A) — [VZS]TS[XZT] [SZ(nfsfr)—H, Sl]
r=0

[X2r][v25][s2(n—s—r)-|—1’ Sl]

S

L]

Thus,
jn([VQS]A) — Z[X%][V%]gs-i-r — [VQS]QSZ[XQT]QT _ [V25]95j(A)
r=0 r=0

O

Now, we are going to define the operator K : SF,(S') — SF,(S).
Let [M™,T] be a semi-free S'-action. Consider D? x M™ and the
actions 717 and T5 defined by:

T : (t,(z,m)) — (tz,m), and
Ty : (t,(z,m)) — (tz,T(t,m)).

Restricting 77 and Ty to S* x M™, we get the induced actions [S* x
M™,Tj] and [S' x M™, Ty).
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There exists a diffeomorphism ¢ : [ST x M™, T1] — [St x M™, T}]
given by (s,z) — (s,T(s,z)). Thus, the action [S' x M™ Ty] is
equivariantly diffeomorphic to [S x M™, Ty].

Taking the disjoint union [D? x M"™, T1]U[D? x M", Ty], we can
get the closed manifold M™*? and the S'-action 7; on M™*2, using
the identification of [S! x M™, T] with [S! x M™, Ty] through . We
define

KIM™, T] = [M"*2 1.

The fixed point set of 7y is F} = Fix (T') U M™, where Fix (T) is the
fixed point set of T and the normal bundle to Fix (T) is n ® 1¢ —
Fix (T'), n being the normal bundle to the Fix (7') on M™. Moreover,
the normal bundle to M™ is the trivial complex bundle 1.

Using an inductive process, one can assign to [M", T'| a sequence
of semi-free S'-actions [V (n, k), 7%]. To do this, consider [V (n,0), 7]
= [M™,T] and [V (n,1), 7] = KIM™,T]. Now, we get [V (n,2), ]
applying the above construction to [V (n, 1), 71]. Thus, applying this
construction, successively, k times, we get [V (n,k), 7], where the
fixed point set is

F,, = Fix(T) U (Us=1V (n, §)).

Furthermore, the normal bundle n; to Fj is n & 1’5, where 7 is the
normal bundle to the Fix (T) on M", and 1%, = @515 with 1577
the trivial complex bundle over V' (n, j).

LEMMA 5.5. Ifn is the normal bundle to the fized point set of [M" T
k—1

then [V (n, k)] = [CP(n® 1&)] + Y _[CP(k — D]V (n,5)].

j=0
LEMMA 5.6. Let A, be the canonical complez line bundle over CP(n).
Then

o
J(An) =14 [V(n+1,0))e"
i=0
Proof. Let Ty be a semi free S'-action on CP(n + 1) defined by Tp:
(205 21, - - -y Zn] = [520, 21, - - - , 2n], where s belongs to S'. The normal

bundle to the fixed point set is A® I(C?H), where ) is the canonic com-

plex line bundle to CP(n) and l(gf 1 is the trivial complex bundle
to CP(0).
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Now, we are going to consider the manifolds with semi free S'-action
V(n+1,k), 7], where [V (n +1,0), 9] = [CP(n + 1), Tp).
The fixed point set of [V (n + 1, k), 7] is

v 1k = Fl+ 15 > V(n+1,0)]+
+E SV + 1L, D]+ .+ [le = V(n+ 1,k —1)],

where v — F' is the bundle
(n+1)
(177 = CP(0)) U (XA — CP(n)).
Taking k = 2, we see that the fixed point set of [V (n + 1,2), 7] is
vo1% = F1+[1Z = V(n+1,0)]+[lc = V(n+1,1)].

Since

JV(n+1,2), ]
= [V(n+1,2)]0""3 + terms with power bigger than (n + 3)

and

JV(n+1,2), 1]
=Jveli - Fl+ J14 - V(n+1,0)] + J[lc — V(n + 1,1)],

we get

[V(n+1,2)]""2 + terms with power bigger than n + 2
=Jv— F]+[V(n+1,0)]0"" + [V(n+1,1)]9"+2.

Therefore,

Jlv = F] = [V(n+1,0)]0""" + [V (n + 1,1)]0"+
+[V(n+1,2)]0" 3+
+ terms with power bigger than n + 3.

On the other hand,

Jlv — F] = JET — CP(0)] + T(\n).
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Hence,

J(An) =14 [V(n+1,0]0"" + [V(n+1,1)]0" 2+
+[V(n+1,2)]0" 3+
terms with power bigger than n + 3.

Finally, in general we have the result, that is,

_1+Z n+110n+z+1

6. Algebraic interpretation of the geometric
construction

As in [1], in this section we are going to express SF,(S') as a direct
sum of certain submodules.
Let [CP(n), Ty] be in SFy,(SY), where Ty : [0, - - - , 2n] = [$20, 21,
., 7Zn], 8 € S'. The fixed point set of this semi free S'-action
s (1 — CP(0)) U (A = CP(n — 1)). Therefore, one can write
[CP(n),To] = an + af, where o, = [CP(n — 1),\]. Thus, o, =
[CP(n),Tp] + . Since M,(S') is a polynomial algebra over N,
generated by the elements o, in My, (S!), for n > 1, we have that
the elements [C'P(n),Tp], for n > 2, together a; = i in My(S!),
constitute another system of polynomial generators for M, (S'). We
are going to denote by Q the polynomial subalgebra of SF,(S') gen-
erated by [CP(n),Ty]; and by Qg the intersection Q N SFy,,(S1).
Thus, M, (S') = Q[i]. By (5.1), SF,,(S') consists of polynomials P
in i over Q for which J(P) belongs to the ideal generated by 6.

LEMMA 6.1. Given an element y in Mo, (S'), there is an unique
polynomial F in N.[i], with no constant terms, such that y + F' be-
longs to SFyn,(S').

Proof. Since M, (S') = Q[i], we have that y = qo + q1i + q2i® +... +

Gm—11""1 + gni™, where gj 18 in Qo(m—j)-
Thus, since J(i) = 1 and J is stable, we have that

J(y) = J(qo) + J(qui) + T(q2i®) + .. 4+ T(gm-1i™ ") + T (gmi™)
= J(q0) + J(q1) + ... + T(gm—1) + J(gm).
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Since g; belongs to Q(,—jy = @ N SFy,(S1), then

T(a;) = Wy gm=i [y D2 gm—itip ™D jgmt
(W30 + terms with power bigger than m, where [W22 .(m_])] is in

J
NQ(m—j) . ThUS,

T(y) = Wi + (W] + Wi DO + -+ (Thog W) )07 +
(P W DO (S [WE ) 1)0*+ terms with power

(m—Fk) (m

bigger than m.
Let

F = [W,Jim™ + (W3] + W3, ))im™"
1

T4

- n—j — - 2(m—1)q -

W D (Y W )i
k=0 k=0

be in N,[i]. Then, we have
Jy+F) = (EZZZO[WQQ(%%)])OT”—F terms with power bigger than m,
that is, J(y+ F) is in the ideal generated by 0. Therefore, by (5.1),
y + F belongs to SFy,,(S). O

Let € : Q — N, be the aumentation homomorphism. Thus, we
have the following lemma.

LEMMA 6.2. Let q; be in S’Fz(m_j)(Sl), for 0 < j <m. Then Kg;
s in SFZ(m,jH)(S'l), where we denote by Kq; the element i(q; +

WD), and (W] = e(q).
Proof. Since i4; is in MZ(m,jH)(Sl), there is an unique element
F in N,[i], with no constant term, such that ig; + F' belongs to
So(m—j+1)(SH)-

Now, we are going to verify that F' = [W;j(m_] )]Hmfj 14 terms with
power bigger than m — j + 1.

We know that J(g;) = [W;J(mfj)]Om_j + [W22j(m7]+1)]0m_j+1+ terms
with power bigger than m — 7 + 1.

Thus, J(ig; + [W;j(m_])]i) = [W22j(m_]+1)]0m*j+1+ terms with power
bigger than m — 5 + 1.

Therefore, J(Kgq;) is in the ideal generated by ™ J+1 and this fact
imply that Kg; belongs to S’FQ(m,jH)(Sl). O
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REMARK 6.3. Denoting by K2¢; the element iKq;, by (6.2), we have
that K?g; is in SFy(,_j42)(S"). Thus, successively, K"q; = iK"g;

belongs to S’Fz(m_j_m)(Sl), and K"q; =i"q; + [ng(m_j)]i”.

LEMMA 6.4. Let g; be in S’FQ(m_j)(Sl) nNQ, j=0,....,m. If y =
qo+ qui + @i + ...+ @1+ gi™ belongs to SFyy,(SY), then
y=q+Ka+Kqp+...+ K"y and e(g;) = 0.

Proof. We can write

y=qo+Kq + K20+ ..+ K" gy + K™ g + [WE™ D]+
2(m72)] .

+ W, P Wl W,
where [W;j(m*j)] = £(qj).
Since y is in SFy,(S'), and qo, Kqi, K2qo,...,K™q,, belong to
S Fy, (S1), we must have ( ;”Zl[ng.(m_])]ij) in SFy,,(S1).
But we also have 7([W22j(m7j)]ij) = [W;j(m*j)]ﬁm_j and m —j <

m, then we conclude that W;-(m_j), j = 1,...,m, are boundary
manifolds. '

Thus, (X7, [Wai ™ )i) = 0.

Therefore, y = qo + Kq1 + K2q2 + ... + K™qy,. ]

Denoting by Q;'(m_j) = ker(Qa(m—j) — Nagm—j)), we have the
following theorems.

THEOREM 6.5. SFy,,(S') is the direct sum of Qo and ICmQ;r(min),
form >n > 0; and K" embeds Q;'( in SFyy(St).

m—n)

THEOREM 6.6. The N,- module SF,(S') is the direct sum of Q and
N,-submodules K"Q%, for n > 0; and K™ embeds QF in SF,(S'),
where Q1 = ker(Q — N,).

7. Z p-actions, p an odd prime

We denote by [M™,T] a closed manifold M™ together a p-periodic
diffeomorphism 7', p an odd prime. We have the following bordism
groups: the bordism group of free Z,-actions N,(Z,), the bordism
group of semi free Z,-actions SF,(Z,), and the bordism group of
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semi free Z,-actions on manifolds with boundary which is free on
the boundary M, (Z)).

THEOREM 7.1. We have the exact sequence

oo = NoW(Zp) — SF(Zp) 25 My(Zy) — Npy_1(Zp) — ...

where My (Zy) = ©Np—ok(BU (k1) X ... X BU(k@_1)/2)) (see [4],
38.3.)

Consider the homomorphism € : N,(Z,) — N, defined by e[M", T
= [M"/T). Let N.(Z,) be the reduced group, i.e., N.(Z,) = kerEe.

THEOREM 7.2. The sequence

0= N, 55 SF,(Z,) 5 Mo (Z,) 2 No_y(Z,) — 0
is exact. The homomorphism i, is defined by i, [M"™] = [M™ x
Zy, 1 x o], where o is the p-periodic map which permutes the el-

ements of Zp.

THEOREM 7.3. ]V*(Zp) is an N.-module generated by the elements
{[S**=1, pl}, where p = 2mi/p.

The N,-modules SF,(Z,) and M,(Z,) are graduated rings with
multiplication induced by the cartesian product

[Mo, To][M, Th] = [My x My, Ty x T1].
Denoting by I the image of i,, then I is the ideal of SF.(Z))
generated by [Z,,0], since j, is a ring homomorphism. Therefore
SF.(Zy) = SF,(Z,)/I is a ring and we have the following theorem.
THEOREM 7.4. The sequence

0— SF.(Z,) 53 M.(Z,) > N.(Z,) — 0

18 ezact.
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Consider the set {@gr 1 : k= 1,2,...} of generators of ]\~/'*(Zp),
where @or_1 = [S?*71 p] and p = exp(2mi/p). There are closed
manifolds M** k =1,2,..., where By,_, = poiog_1 + [M*ai2 5 +
[M8]aiog_g +... = 0, for k = 1,2,..., in N.(Z,). Thus, N.(Z,)
is isomorphic as a N,-module to the quotient of the N,-free mod-
ule generated by the elements @;, @3, @s,..., by the submodule

generated by £y, B3, Bs,- - --
Now, we consider the following diagram

0 = SF(SY & M(S) — N.J(SY) —0
L7y L7 Ly

0 —» SF.(%Z,) & M.(%Z,) — N.Z,) —0

where 7, is the homomorphism sending the S'-action [M, S] to the
restriction Z,- action.

Since N,(S') is an N,-free module generated by aop_; = [S?F~1,
S], where S is the S'-action on S%¥~! given by s(t, (20, ..., 22k 1)) =
(tzo,tz1,...,tzop_1), t € S'; and M,(S') is a polynomial algebra
generated by A; : [\— CP(i)], we are going to define a N,-submodule
B of M,(S') in the following way: the kernel of rp is the N,.-free
module generated by By = pagy 1 + [M*ag, 5 + [M¥agk o + ...,
where 77)(8g) = Bop 1 = 0 in N.(Z,). Let Bi, be defined by: B, =
PAE+ [MYAG 2+ MBI +. .. in M,(S"), and let B be the N,-free
module generated by i, ﬁg, 35, ..., which is a submodule of M, (S*).
Since J(By) = 1 + [M*]02 + [M®]6* + ..., where J is the Boardman
homomorphism, and denoting by z, a basic n-dimensional element
of N,, we have that

(Top 2B1) = wop 2081 4 ...
(zok_633) = Top 60" > + wap_6[M]OF ! + ...
(Z2k—1005) = Tk 100" + wop_10[M*0" 3 4 ...

SN

J(240—2) = 240% + z4[MY)0* + ...

So, any combination of the elements above has power of 8 < k — 1.
Therefore, it follows that there isn’t element in SFy;(S') with image
nozero in B. Hence, we have that j(SF,(S)) N B = (0).



18 J.C.S. KIIHL and C. IZEPE RODRIGUES

THEOREM 7.5. The homomorphism rp, : SF,(S*) — ﬁ’*Zp) is 1-1.

Proof. we have the following commutative diagram

0 — SF(SY) L M/(S') 5 @&Ni.(BU(r))
Lrp . b ir
0 — SF.(Z,) &% MJZ%Z, = ®N.BU(r)x...xBU(r))

where 7 is given by inclusion on the first factor. Therefore, ris 1 - 1.
This imply that 7, is 1 - 1,and finally 7, is 1 - 1, since rj,0 j = j. o7,
and j, j. are 1 - 1. O

REMARK 7.6. For p = 3, we have that 7“1’, is an isomorphism because
M, (SY) ~ ®N,(BU(r)), M.(Z3) ~ ®N,(BU(r))

and the map r is an isomorphism.
Thus, since B N J(SF,(S')) = (0), we have that j,(SF,(Zs)) ~
§(SF.(SY)) ® B, and SF.(Z3) ~ j(SF.(S)) & B, since j, is 1 - 1.
Therefore

SF.(Z3) ~ N, ® j(SF.(S')) @ B.

We are going to denote by (Zp)ﬁ the set of classes in the bordism
group N, which are represented by a n-manifold which is the fixed
point set of a closed (n + k)-manifold with a semi-free Z ,-action.
We have that (Z,)% is a subgroup of N,,, (%)% ~ N, and (Z,)* =
Bn>0(Z,p)k is an ideal of N..

THEOREM 7.7. We have that (Z,)? ~ N,.

Proof. Let B, = pAk + [MYNE=2 + [M3NE=* + ... be in M, (Z,).
Since 9(3;) in ]\~/'*(Zp) is a boundary, we have that (3, belongs to
the image of j,. In particular, Bl = pAg belongs to the image of j,.
Therefore [z,]pA¢ belongs to the image of j., where z, is a n-
dimensional generator, n # 2" — 1, of N,.

Thus, there is a semi free Z,-action [M"2,T| with fixed point set
[Zn] + ... + [zn] (p-times), where p is an odd prime.

Since [z,] + ... + [zn] = [z4], we have that [z,] is in (Z))2. Hence,
(Z,)2 ~ N,. O
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