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Chapter 1

Introduction

The development of Digital Signal Processing during the last thirty years
is comparable only with the development of high-speed computers, micro-
electronics and fabrication technologies for integrated circuits. Indeed,
the rapid development of Digital Signal Processing has parallelled in time
the development of all those electronic technologies that have made phys-
ically realizable the algorithms of signal treatment. At the same time,
the necessity for implementing more and more complex and powerful sig-
nal processing algorithms has been one of the most important stimuli for
the development of those technologies.

The concept of signal is extremely general. A signal is any physical
quantity that is a function of one or more independent variables such
as time, distance, temperature or pressure. A signal is the voice, the
music, a single image or a video, is the pression, temperature or the
cardiac rhythm of a body, are the electrical impulses of brain, is the level
of a tide or the flux of a ocean current, is a seismic waveform or the
spectrum of a star, is the oscillation or vibration of a ship, a car, an
airplane or any other engine, is the electromagnetic waveform by which
data are transferred both on a wired or wireless transmission system, is
the magnetic or optical or mechanical pattern by which data are storaged
in any physical medium, is the N-tupla of electric signals that comes
from an array of antennas or microphones, is the text of a book or of an
handwritten sentence, etc. All these signals are the object of interest of
Digital Signal Processing. Signal processing algorithms operate on these
signals in order to extract information, to enhance some characteristics
of the signal, to equalize the signal by compensating for both linear
and nonlinear distortions, to compress data by removing redundancy, to
regenerate the signal after its acquisition, to cite but a few applications.

For several years linear filters have played a crucial role in the de-
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velopment of digital signal processing techniques. The success of linear
filters is due to their inherent simplicity. Design, analysis and imple-
mentations of these filters are relatively straightforward in many applica-
tions. However, there are several situations in which linear filters perform
poorly. In fact many real world systems present nonlinear characteris-
tics. In order to cope with nonlinear systems different nonlinear filters
have been developed. The most important nonlinear filters families are
homomorphic filters, morphological filters, nonlinear mean filters, order
statistics filters and polynomial (or Volterra) filters. The class of poly-
nomial filters in particular has focused the attention of researchers for
its simplicity. Volterra filter input-output relationship derives from the
truncation of the discrete Volterra series. A brief review of the Volterra
filter theory is presented in Appendix 1.A. Several researchers have used
the Volterra series representation of nonlinear systems in order to cope
with the nonlinearities that are present in digital satellite links {10, 11},
in high density magnetic recordings [16], in voiceband data transmission
systems [13], in high density optical systems {1], in biological phenom-
ena [63, 74], in semiconductor devices [64, 99, 100], in image processing
[112], in drift oscillations in random seas [71], in human voice [96] and in
loudspeakers [49, 53, 69].

One of the most active research areas of Signal Processing is that of
Adaptive Filtering. Adaptive filters have the remarkable ability of opti-
mizing their own performances through recursive modification of internal
parameters. This characteristic is particularly advantageous when the
application environment in which they operate is not accurately known
a priori by the designer. Moreover, this self adjustment capability allows
the adaptive filters to operate optimally also in presence of signals with
time varying statistics. As a matter of fact adaptive filters have found ap-
plications in areas as diverse as voiceband data modems, antenna arrays,
radar, sonar, digital satellite transmission, mobile telephony, speech com-
pression, voice echo cancellation and spectral estimation, to name but a
few. In Figure 1.1 the typical structure of an adaptive filter is repre-
sented. The adaptive filter coefficients are adapted at each time in order
to minimize a cost function of the error e(n) between the output of the
adaptive filter and a desired signal d(n).

This is the scenario where the research work of this thesis takes place.
The Ph.D. candidate has made research on two main fields of Digital
Signal Processing: on linear and nonlinear adaptive filtering and on the
emerging problem of nonlinear channel equalization or linearization by
means of both recursive and non recursive polynomial filters. The re-
search work was started by the development of some novel fast and nu-
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Figure 1.1: The adaptive filter.

merically stable square root RLS algorithms for linear filters. A very
common and fast converging approach to adaptive filtering is the Recur-
sive Least Square (RLS) technique. In this technique at each time the
following exponentially windowed cost function is minimized

T = 3 APHd(R) — da (k) (1)
k=0

where A is an exponential weight called “forgetting factor” that controls
the rate of tracking time varying signals, d(k) is the desired adaptive filter
output and d, (k) is the adaptive filter output at time k. In particular in
the case of linear adaptive filters we have

dn(k) = wlx; (1.2)

where x;, is the input data vector and w,, is the optimal vector coefficient
at time n. The classical solution of the RLS problem requires an order
N? of multiplications (where N is the linear filter memory length) and
suffers long term numerical instability in a limited precision environment.
Several algorithms have appeared in literature in order to solve the RLS
problem in a fast manner (i.e. with computational complexity of order
N). Many of these algorithms suffer severe numerical stability problems
[29, 29, 41, 60, 134]. The most successful fast and numerically stable
classes of algorithms are the Stabilized Fast Transversal Filter [135], the
Lattice RLS [60] and Fast Lattice QR algorithms [110, 111, 115, 121].
In particular, the latter class has focused the interest of researchers in
recent years for its numerical robustness. The student has developed
some novel fast and numerically stable RLS algorithms based on two
different square root factorizations of the inverse autocorrelation matrix.
The novel algorithms belong to the class of Fast Lattice QR algorithms,
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but the derivation of the algorithms is algebraic, rather than geometrical
as in most of Fast QR algorithms.

Successively, the student has involved himself in extending these al-
gorithms to the general class of Volterra filters. In particular, a novel
algebra called V-vector Algebra has been developed. This is a formal
basis that allows the development of Volterra adaptive filter algorithms
as an extension of linear adaptive techniques. Particularly, the vectors of
linear algebra are here substituted by a novel entity, the V-vector, which
can be viewed as a non rectangular matrix. Despite V-vector algebra was
initially derived in order to develop Volterra adaptive filters, it can be
applied also for the development of multichannel linear adaptive filters
with channels of different memory lengths.

Another field of adaptive filtering that was studied by the candidate is
the adaptive infinite impulse response (IIR) filtering. Adaptive IR filters
have been the subject of active research for several years. In spite of the
large amount of work that has been done some open issues still remain.
One of these issues is that of ensuring the stability of the time-varying
IIR filter that results from the identification process. The candidate has
contributed to this research area by developing a sufficient time-varying
bound on the maximum variation of the coefficients of an exponentially
stable time-varying direct-form homogeneous linear recursive filter. The
stability bound is less conservative than all previously derived bounds
for time-varying IIR systems. The bound is then applied to control the
step size of output-error adaptive IIR filters to achieve bounded-input
bounded-output stability of the adaptive filter.

The second part of the doctorate research work was devoted to the
emerging problem of nonlinear equalization or linearization. This re-
search started with the development of some theorems for the exact in-
version and pth order inversion of a large class of nonlinear filters. This
class includes most causal polynomial systems with finite order as well
as many nonlinear filters with nonpolynomial input-output relationship.
In particular, it was proved that the inverse of many Volterra filters
is a recursive polynomial filter. Recursive polynomial filters are inher-
ently unstable in the sense that it is always possible to find bounded
input signals which drive the filter to instability. Indeed, the stability
of many polynomial filters is input dependent: if the linear part of the
filter is stable and the input signal is sufficiently small the filter is stable
[21, 68, 75, 84, 86, 87, 88, 97, 98]. A first sufficient stability condition
for recursive quadratic filters was derived by the student at the time of
the Laurea thesis. During the Ph.D. studies, this condition has been ex-
tended to the most general case of recursive Volterra filters of any finite
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order.

By exploiting the expression of the exact inverse of recursive or non-
recursive polynomial filters that was recently derived, a theory for the
exact and pth order equalization or linearization of nonlinear systems
with known recursive or nonrecursive polynomial input-output relation-
ship was developed. The theory is an extension of the standard equal-
ization technique for linear systems. Moreover, the proposed pth order
linearizers/equalizers can be implemented by cascading modular and sta-
ble components. Thus, these filters can be easily realized using VLSI
circuits. By using the above mentioned theory of pth order equaliza-
tion/linearization a subband pth order prelinearizer for loudspeakers was
designed and successfully tested in a synthetic environment.

The dissertation is organized as follows. In Chapter 2, the novel fast
square-root RLS adaptive filtering algorithms for linear filters are pre-
sented. In Chapter 3 the extension by means of V-vector algebra of linear
adaptive filters to Volterra and linear multichannel filters is discussed.
The sufficient stability bounds for slowly-varying direct-form recursive
linear filters and their applications in adaptive IIR filters are presented
in Chapter 4. The stability of discrete time recursive polynomial filter is
discussed in Chapter 5. In Chapter 6, the theorems we mentioned ear-
lier about the inversion of a wide class of nonlinear systems are derived.
Chapter 7 presents the theory for the equalization and linearization of
nonlinear systems. Final conclusions and recommendations for future
work are made in Chapter 8.
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1.A Discrete Volterra Filters

A single input single output discrete system can be defined as an operator
that maps input sequences z(n) of R! or C into output sequences y(n)
of R or C, where the discrete index n belongs to Z or A/, such that

y(n) = Sle(n)). (1.3)

It is well known that time-invariant (TI) systems are characterized by
the property
y(n+ m) = S[z(n + m)) (1.4)

and that the output of a linear time-invariant system (LTI) is given by
the convolutional sum

yn)= S h(m)a(n—m), (1.5)

m=—0o0

where h(m) is the impulse response of the discrete system and completely
characterizes the LTI system.

A system is defined causal if the output at any given time does not
depend on the future values of the input. An LTI system is causal if and
only if

h(m)=0 VYm<DO. (1.6)

In a very similar manner, a discrete nonlinear time invariant system
(NTI), with certain restrictions, can be represented with the following
input-output relationship called Volterra series.

y(n) = ho+ -1-2020 hi(mi)z(n —mq) +

m3p=—00

N, Z,R,C represent the sets of natural, integer, real, complex numbers,
respectively
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+o00 400

Do D ha(my,my)z(n —my)z(n —ma) +... +

M]==—00 M2=—00

+o0 +o00
Yoo Y hy(my,...,mp)z(n—mi)...x(n—my) +...
mi=—oco mp==—00

(1.7)
Another way of expressing the input-output relationship in (1.7) is
y(n) = Ho[z(n)] + Hi[z(n)] + Hz[z(n)] + ...+ Hp[z(n)] + ... (1.8)

in which

and
+o00 +o0
H,[z(n)] = ; Z; hp(ma,...,mp)z(n —my)...z(n —my).
B T (1.10)

Note the analogy with linear filters: the input-output relationship in
(1.7) is a sum of convolutional series of different order and the term of
order 1 is the input-output relation of a discrete linear filter. The terms
hy(mq,ms, ..., m,) are called Volterra kernels and fully characterize the
nonlinear system response. In particular we can always assume these
kernels symmetric, i.e. by considering any permutation (71,1z,...,2,) of
the indexes (my, ms,...,m,) we can always assume

hp(il,i27...,ip) :hp(ml,mg,...,mp). (111)

In fact, if the Volterra kernel hy,(mq,m,, ..., mp) is not symmetric we can
compute the kernel

1
ol Z hP(nl)n‘27~"7np)- (112)

all possible
permutations of
(my,..., mp)

h,(m1,ma,...,m,) =

By substitution in (1.10) it is trivial to prove that h,(m,...,m;) and
hy(mi,...,mp) define the same operator.
A nonlinear time-invariant system is causal if and only if

hy(mi,mg,...,my) =0 Ym; <0 i=1,...,p and Vp. (1.13)

The causal operator H,[z(n)] can also be written as

+o0 +o0 400
H,[z(n)] = Z_:O Z ; hp(my,...,mp)x(n—mq)...z(n—my)

(1.14)
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where we have summed together all the terms hy(my,...,m;,) that differ
only for an index permutation.

The Volterra series is a power series with memory. This can be seen
by changing the input by a gain factor a such that the new input is az(n).
The output y(n) is then

+o0 +o00
n) =Y Hylaz(n)] =Y a"Hy[z(n)]. (1.15)
p=0 p=0
Indeed the Volterra series is considered as a Taylor series with memory.
As a consequence of this power series character, convergence difficulties
arise when nonlinear systems including saturating elements are modelled.
In fact, the same problem exists also for the Taylor series representation
of strongly nonlinear functions.

Discrete Volterra filters are originated from the discrete Volterra se-
ries with a double truncation. They are obtained by limiting the mem-
ory of the Volterra series to a memory length N (time truncation) and
by limiting the maximum order of the nonlinearity (order truncation).
The input-output relationship of a Volterra filter of order p and memory
length N is given by

N-1
y(n) = ho+zh1 z(n —mq) +
mi3=0
N-1 N-1
> hy(mi,ma)z(n —my)z(n —msz) +...+

mi1=0 my=0

-1 N-1

hy(my,...,my)z(n —my)...z(n —my)
m1=0 mp=0
(1.16)

It is costume to drop the constant term ho from the expression (1.16).
Thus, in the next chapters we will not consider anymore this term.

Volterra filters can be represented by means of multidimensional lin-
ear transforms. In fact, it is possible to consider for example the relation
that defines the second order homogeneous Volterra filter

N-1 N-1

= > > ha(mi,m2)z(n — my)z(n — my) (1.17)

mi1=0mo=0
as a particular form of 2-D filtering

N-1 N-1
w(nq,ng) Z Z ha(mq, ma)v(ny — mq,ne — my) (1.18)

m1=0me=0
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where v(n; — my,n; — my) = z(ny — my)z(ny — my) and ny = ny = n,
such that y(n) = w(n,n). In order to characterize the quadratic kernel
it is possible to use the 2-D z-transform of hz(my, m2)

N-1 N-1
H2(21,22)= Z Z h2(m1,m2)zl—mlz;m2 (119)

m1=0myo=0

or its Fourier transform. We can deal in a similar manner also with
higher order homogeneous Volterra filters.

Another interesting interpretation of Volterra filters is that of consid-
ering the Volterra filter as a linear multichannel filter bank with channels
of different memory length and input given by a product of samples. Let
us consider for instance the second order homogeneous filter in (1.17).
This is also given by

N-1
y(n) = 3 Lie(m)a(n — ) (1.20)
where the linear filter L; is
N-1-i
Li[u(n)] = Z: ha(3, 5 + t)u(n — j). (1.21)

This interpretation of Volterra filters has inspired the development of the
V-vector Algebra presented in Chapter 3.



Chapter 2

Fast Square-Root RLS
Adaptive Filtering
Algorithms

2.1 Introduction

Many real-time signal processing problems, such as adaptive filtering and
prediction as well as system identification, can be solved by means of re-
cursive least squares (RLS) algorithms [12, 60]. However, sometimes RLS
algorithms exhibit unacceptable numerical performances in limited pre-
cision environments. Numerical problems during recursion can be partic-
ularly experienced in ‘fast’ RLS algorithms. Fast RLS algorithms require
a complexity that grows linearly with the filter order. A number of al-
gorithms which overcome the numerical instability problem of fast RLS
algorithms have appeared in the literature [89, 90, 110, 111, 115, 135].
Popular fast and stable RLS algorithms such as the numerically stable
fast transversal filter (SFTF) [135] and the fast lattice QR decomposi-
tion algorithms [110, 111, 115, 121] reduce the computational complexity
to O(N) operations per time instant. Other stable algorithms, such as
the QR decomposition based algorithms [4, 51] or the square-root Schur
RLS adaptive filters [143, 144] require, for their fast implementation, a
systolic array of processing elements.

Part of the content of this chapter was presented in
Alberto Carini, “A Novel Givens Rotation Based Fast SQR-RLS Algorithm,” Proc.
of EUSIPCOQ-96, VIII European Signal Processing Conference, Trieste, Italy, Septem-
ber 10-13 1996, pp. 1235-1238
Alberto Carini and Enzo Mumolo, “Fast square-root RLS Adaptive Filtering Algo-
rithms,” Signal Processing, Vol. 57, No. 3, Mar. 1997, pp. 233-250
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In this chapter we present some novel fast and numerically stable
RLS algorithms. These algorithms are based on the derivation of two
different Cholesky or UDUT square-root factorizations of the autocor-
relation matrix §2,. Actually, in classical RLS algorithms, numerical
instabilities arise because, due to the finite precision of processors and
to error propagation, the autocorrelation matrix looses its properties,
namely symmetry and positive definitiveness. In fast RLS algorithms,
instabilities may appear because the Kalman Gain vector, directly de-
rived from §2,, at a certain point cannot be associated to any positive
definite autocorrelation matrix. In square-root algorithms, however, this
problem is avoided by directly updating a square-root factor of £2,, or a
quantity related to this factor. In this way, in fact, we implicitly impose
the symmetry and positive definitiveness of the autocorrelation matrix.
However, the square-root technique by itself is not sufficient to achieve
the numerical stability of the algorithm, which depends also on the nu-
merically robust computation of each parameter of the algorithm. Ex-
tensive experimentation has shown that the proposed algorithms exhibit
excellent robustness in limited precision environments, and adaptive fil-
tering with the mantissa rounded to 4 bits have been performed for over 4
million samples without any instability. Furthermore, a comparison with
the SFTF adaptive algorithm shows a much better numerical behaviour
in low precision environments.

The proposed algorithms are closely connected with the classical Fast
QR and Lattice QR algorithms [4, 9, 31, 51, 60, 89, 90, 110, 111, 115,
121, 149]). Like these algorithms, they are based on the exploitation
of a Cholesky or UDUT factor of the autocorrelation matrix and this
fact leads to the coincidence of the joint process part, which estimates
the desired signal. Unlike Fast QR and Lattice filters, however, their
derivation is not geometrical but rather algebraic and it is based on
the identity between two Cholesky or UDUT factorization forms of the
autocorrelation matrix.

It is worth stressing that the proposed algorithms do not determine
the filter coefficients of a transversal filter but the coefficients of a lattice
realization. Thus, the algorithms can be applied to system identification
as well as to adaptive filtering and prediction applications.

Finally, a direct-dependency of the prediction error from the input
signal makes these algorithms suitable for ADPCM applications in signal
coding.

The outline of this chapter is the following. In Section 2.2 we review
the RLS adaptive problem and we recall some quantities which are very
important for the development of fast algorithms and which are also
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used in our algorithms. In Section 2.3, different forms of upper triangular
square-root factorizations of the autocorrelation matrix, which constitute
the base of the proposed algorithms, are derived. Section 2.4 is devoted
to the description of the fast, O(N), RLS algorithms and in Section 2.5
some experimental results, including a comparison with the algorithm
reported in [135], will be given. Finally, in Section 2.6, some concluding
remarks are reported.

2.2 Review of RLS Adaptive Filtering

The output of a time-varying FIR filter of order N is given by

do(k) = wlxy, (2.1)
where
wl = wo(n),wy(n),...,wy_1(n) ] (2.2)
is the impulse response at time instant n and
xI =1 z(k),z(k=1),...,z(k— N +1) ] (2.3)

is the input vector at time instant k. Let d(k) be the desired response
signal. The objective is to compute the coefficient vector w, in such a
way that the filter output is as close as possible to the desired response
signal. This leads to a minimization of the exponentially weighted cost
function

Jo= 3 X Hd(k) — wh? (2.4)
k=0

at each time instant n, where A is a forgetting factor that controls the
speed of tracking time-varying signals. The solution of the minimization
problem is given by

Wn = nr_;lpna (2.5)

where
n n

2,= MFxxi, and p.=) A"k, d(k) (2.6)
k=0 k=0

are the autocorrelation and crosscorrelation matrices respectively. The
problem is to develop a recursive version of (2.5) such that the number
of operations per time instant is minimum and such that the recursion
is numerically stable. For notational convenience, let us define ry_; =
z(k — N) and v = z(k). One can note that the input vector at time £,
Xk, can be formed discarding the rx_; element contained in the vector
Xk—1 and adding the new v element.
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The forward predictor a,, is defined as the filter which estimates v,
from x,,—;. Similarly, the backward predictor b, estimates r,_; from x,,.
The forward and backward prediction errors are respectively given by

fa(k) = v + al x4 1, (2.7)

bo(k) = rr_y + bIxy. (2.8)

The Kalman gain vector ¢, plays a fundamental role in the develop-
ment of classical fast algorithms [60]. The definition of the Kalman gain
vector is the following

c, = 2;'x,. (2.9)

From (2.5), the gain vector can be viewed as a predictor which esti-
mates the pinning sequence from x; [60]. The corresponding prediction
error, called likelihood variable, is reported in (2.10):

Yo =1—clxy. (2.10)

The likelihood variable assumes a great importance in all Fast Transver-
sal Filter algorithms. In fact it monitors the numerical stability of the
algorithm itself. According to [60], 7, is a real value bounded by zero
and one, 0 < v, < 1, and instability arises when +,, exceeds these bounds
due to finite precision of processors and to error propagation.

It is worth recalling that the forward and backward predictors can
be recursively estimated as:

Ap = ap_1 — Cn—lfn—l ('fl), (211)

b, = ba_i — Cabn_i(n). (2.12)

The terms v; and rx_; are used in the definition of the augmented
(extended) input vector Xj where

X = [XZ’; } - { rffl ] . (2.13)

Finally, the autocorrelation of the forward and backward prediction
errors are given by:

an = Zn: A F £2(k), Bn = zn: AMRB2 (k). (2.14)
k=0 k=0

Fast RLS algorithms are usually based on the exploitation of the
relationships between the quantities described above.
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2.3 Preliminary Results

In this section we first derive some basic relations that involve the quan-
tities defined in the previous paragraph. These relations are then used
to develop different factorizations of the autocorrelation matrix. A brief
review of the Givens rotations follows at the end of the section.

2.3.1 Some Useful Relations

Proposition 2.3.1 Let f,(k), b.(k) and xx_1 be the forward, backward
errors and input vector respectively, as defined in (2.7), (2.8) and (2.8).
Then the following two relations hold:

ST A1 fa(k) =0 (2.15)
k=0
and .
ST AT xiba(k) = 0. 1 (2.16)
k=0

Proof First, using (2.5), let us give the following formulation of the
forward predictor coefficient vector:

n -1 n
a, = — (Z A"'kxk_le_l) (Z )\”'kxk_lvk) . (2.17)
k=0 k=0

Let us now consider the term
al > A Fxyy fa(k), (2.18)
k=0

which, using (2.17), becomes

n n -1 n
- (Z A"-kxf_lvk) (Z /\"'kxk_le_l) (Z A" Xk fn(k)> .
k=0 k=0 k=0
(2.19)
Substituting vi from (2.7) in (2.19) it follows that

(Zn: A"""X?f_lfn(k)> ;1 (Xn: P\l fn(k)) = 0. (2.20)

k=0 k=0

Since §27', is positive definite, the first equation claimed in this
Proposition follows immediately from (2.20). The derivation of the sec-
ond equation can be readily obtained in the same way. ]
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Alternatively, equations (2.15) and (2.16) can also be proved by
means of the principle of orthogonality that states the following [60]:

“The necessary and sufficient condition for the cost func-
tion J, to attain its minimum value is that the corresponding
value of the estimation error is orthogonal to each input sam-
ple that enters into the estimation of the desired response at
time n.”

Proposition 2.3.2 Let £2,, be the autocorrelation matriz, o, B, be the
autocorrelations of the forward and backward prediction errors and a,,
b, the corresponding predictors, as defined in Section 2.2. Then the
following two relations hold:

n

SNl = o, + 8l 2,12, (2.21)
k=0

and
Z /\n_k Th—1 = ﬂ'n + bfnnbn (222)

Proof Let us prove the first expression. Using (2.7), we obtain
> Akl = Sk (fn(k) — aka—l)z =
k=0 k=0

= Z)\”"kff +aTZ/\" * XX jan — 2aTZ)\” * (k) Xpo1.
k=0 k=0

From Proposition 2.3.1 and using (2.14), the first expression claimed

in this Proposition follows immediately. The second expression is proved

very similarly. [

Proposition 2.3.3 Let §2,,, x; and a,,, b, be the autocorrelation matriz,
the input vector and the forward, backward predictors respectively, as
defined in Section 2.2. Then the following two relations hold:

n

Z )\n—ka_l'Uk = —.Qn_lan (223)
k=0

and .
S oA FxTrpy = —bl2,. (2.24)

k=0
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Proof Using (2.7), substitute vy in the first term of the first expression.
Then the following relation is obtained:

SN = SN fu(k)xp-1 — (Z )\"_kxk—lka—l) An.

k=0 : k=0 k=0

Therefore, using Proposition 2.3.1 the first relation is proved. The
second expression can be derived in a similar way . ]

2.3.2 Factorizations of the Autocorrelation Matrix

The fast algorithms described in this chapter are based on the develop-
ment of different factorization forms of the augmented autocorrelation
matrix §2,, where

2, =Y \"FRx; (2.25)
k=0
and Xj is defined in (2.13). In this section, we will describe different
types of factorization, which will lead to different developments.

Square-Root factorization

It is worth recalling that, if a matrix can be factorized as follows

2 =5,8" (2.26)

then S, is said a square-root of ﬁ;l. Similarly
271 =8,87, (2.27)

where S, is the square-root of §27'. The algorithms we propose are based
on the derivation of two factorizations of the inverse autocorrelation ma-
trix. Note that these square-root matrices of 2" coincide only if they
are both upper (or lower) triangular with positive diagonal (Cholesky
factorization). If this condition is not met the square-root matrices differ
for a rotation matrix Q (QQ” = I). It is important to point out that,
in this chapter, we always assume S,, an upper triangular with positive
diagonal matrix in order to ensure the uniqueness of the square-root
factorization. The following Lemma describes a possible form for the
extended square-root matrices.
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Lemma 2.3.1 Let us consider the square-root factorization of the in-
verse augmented autocorrelation matriz described in (2.26). Then S,

o =1
and its inverse S, can be computed as

1
_ —32
5, = [Sn B " (2.28)

OT ,By 2
and

(2.29)

— Sl —y, ]
R

0 o
where 0 is a vector with N zero elements, b,, B, are defined in Section
2.2, S, is the square-root of 27! as reported in (2.27) and y, = S;'b,.

Proof From (2.25) and (2.13) it turns out that

A EIE RS

k=0
Theo A TEXITer Theo VTR
Using (2.27) and Propositions 2.3.2-2.3.3, (2.30) can be written as !:
= S, TS 1 -S;7S; b,
nn - [ _bZS;TS;I ﬂn + bZS;TS;Ibn } ’ (2'31)

Let us now consider the following partitioned form of the §;l matrix:

5 = [ o ] , (232)

where @ is N by N, 8 and v are column vectors of N elements and ¢ is
a scalar. Therefore, from (2.26) and (2.32), we have

—  =-Te-1 7D + pypT BTO + ¢
= = . 2.3
Q'n Sn Sn [ OTQS + {’l,bT 0T0 + 62 ( 33)
Equating (2.31) and (2.33) we obtain:
&T® + YT =S;7S?, (2.34)

INote that S~7 indicates the inverse transposed of matrix S.
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&7 + ¢t = -S;7S b, (2.35)
676 +¢* = B, +blS; 7S 'b,,. (2.36)

If we impose @ = 0, (2.32) becomes upper triangular. Its elements are
readily obtained as:

& =571, (2.37)
8 = —-S;'b, = —y,, (2.38)
£ = pi. (2.39)

This proves equation (2.29). The partitioned matrix (2.29) can be easily
inverted, since one of the submatrices is zero. Equation (2.28) comes by
inverting (2.29).

In the following Lemma, two non upper-triangular square-root ma-
trices for the autocorrelation and inverse autocorrelation augmented ma-
trices are obtained.

Lemma 2.3.2 Let us consider a factorization of the inverse augmented
autocorrelation matriz, that is ?7;1 = S,ST. Then, a possible form of
the S, matriz is the following:

5 -4 T
snzl an® 0 } (2.40)

On 2 an Sn..l

and the corresponding inverse matriz S is:

n -1
—Zn n—1

1
~ 3 T
§-1 = [ an 0 ] . (2.41)
where o, is the autocorrelation of the forward prediction error, a, is the
forward predictor, S, is described in (2.27) and z, = S;1 a,.

Proof Similarly to Lemma 2.3.1, we can write

T)nzixn—k[ vk ][Uk xFy | =
k=0

Xk-1
_ [ en+als IS lia, —alS I ScL
- |: _S—T S;llan S—Tls—l ) (242)

n—1
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where Propositions 2.3.2-2.3.3 have been used. From (2.42), it turns out
that S;! can be partitioned as follows:

S;'= [i %: ] : (2.43)

where £, 8, © and @ are sized as in Lemma 2.3.1. By computing the
product S;TSn we have:

= [e+yTy 6T +47d
Q"—{£0+¢T¢ 007 + &7 |- (2.44)

Hence, setting @ = 0 and equating (2.42) with (2.44), we obtain:

§1 = [ ) i 07 ] (2.45)

-1 -1
n—lan Sn—l

This proves equation (2.41). By inverting (2.41) we obtain immediately
(2.40). ]

Till now, two different factorizations of the autocorrelation matrix
have been derived. In the following Lemma, we will describe another
form of the upper triangular square-root factorization for §2, ! which,
due to the uniqueness of the upper triangular with positive diagonal
factorization, can be equated to that derived in Lemma 2.3.1.

Lemma 2.3.3 Let us consider the square-root factorization of the in-
verse extended autocorrelation matriz given in (2.26). Then, the upper
triangular square-root matriz S,, is the following:

oyl az! T
S, = 1+an 202n 1+a;1zZznZnL" ] , (2.46)
0 Sn—an

where z,, s defined as:
Zp = S;‘ilan (2.47)

and Ly, is the following upper triangular factorization matriz:
(I+ a;'2,27) = L,LY. (2.48)

Proof Using the factorization derived in Lemma 2.3.2, we obtain the
following expression of the inverse autocorrelation matrix:

-1 -1,7T
2. = [ o O 8n r } : (2.49)

-1 T -1
n onta, Sp.1S,_ 1 + o, ana;
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Consider now (2.26), and assume that the square-root matrix is upper
triangular:

§n=[g 9;}. (2.50)

From (2.26) and (2.50), we obtain

[ ¢+ 679 ersT ] ' 251)
Hence, equating (2.49) and (2.51):
24670 = o, (2.52)
&0 = o 'a,, (2.53)
6T =S,_;ST_ | +ala,al. (2.54)
It is easy to show that, using (2.47), (2.54) can be written as
87 =S, (1+0;'2.2]) ST (2.55)
From (2.55) and (2.48), & can be represented as:
&=S5,_,L, (2.56)
and, from (2.53), (2.56) and (2.47), we get:
0 =o;'L;'z,. (2.57)

Moreover, pre-multiplying the right term of (2.57) by LIL-7T and using
(2.48), the @ matrix can be represented as:

6 = o7 LT (1+ a;'2azT) 2a. (2.58)

On the other hand, using the matrix inversion lemma, we obtain

-1
In Z,7). (2.59)

(I+ Q;Iang)_l =1- m

Therefore, the final form of 8 is:

S S— (2.60)
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By computing 876 and using (2.52), finally, the scalar term ¢ can be
computed. Using (2.60) and (2.48) we obtain:

T
079 = o2 — ZnZn
—tn -1,T, °
1+ a;'z,2,

Hence, from (2.52) it follows that

a
E=ogl—070= 1+ aglzZzn
Therefore:
-1
= 1—_}_—01;”7—2—?;;. (2.61)
Thus, equations (2.61), (2.60) and (2.56) complete the proof. ]

UD-factorization

Let us now consider another type of square-root factorization, the so
called UD-factorization [12, 60]. According to the UD-factorization, the
standard and extended inverse autocorrelation matrices can be factorized
as follows:

'Qr_zl = UnDnUZ? ﬁ’r—ll = Unﬁnﬁ:’ (2.62)

with U,, U, upper triangular with unit diagonal and D,, D, posi-
tive diagonal matrices. Clearly, the UD-factorization is itself a form of
square-root factorization but, due to its structure, square-roots free fast
algorithms will be obtained. We now derive different forms of the U,
and D,, matrices.

Lemma 2.3.4 Let us consider the UD-factorization of the augmented
autocorrelation matriz described in (2.62). Then, the U, and D, matri-
ces are given by:

— [U, b, — [D, o
U"=[0T 1 ] Dnz[oT ﬂ_l], (2.63)
the _U:;l and ﬁ;l matrices are
— Ul —n, —— D' o
Unl = [ 021‘:1 1 } ’ Dnl = |: OT ﬁn jl ’ (264)

where 0 is a vector of N zero elements, (3, is the autocorrelation of the
backward prediction error, b, is the backward prediction filter and n, =

U 'b,.
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Proof We start observing that

2, = I =
k=0
U;TD;1U! ~U;TD;'U b,
bTU‘TD'lU -1 B,+bIU;TD;'U b,
where (2.13), (2.6), (2.62) and Proposition 2.3.2-2.3.3 have been used.

Due to their internal structure, the U,  and D, matrices in (2.62) can
be partitioned as follows:

e A R D

(2.65)

where the N by N sized ¢ matrix is upper triangular with unit diagonal
and % is a column vector. Moreover, @ is a N by N positive diagonal
matrix and £ is a scalar. Hence:

_ [ng@qs 7Oy } (2.67)

= yTes yToy e

The matrices reported in (2.64) can be readily derived by realizing
that, by equating (2.65) and (2.67), one can obtain:

QZU;I, ¢:_U;1bna @:D;I’ é-:ﬂn

Thus, the derivation of (2.64) is concluded. The matrices in (2.63) can
be found by inverting (2.64). ]

Lemma 2.3.5 A non upper triangular UDUt factorzzatzon of the ex-
tended autocorrelation matriz £2,, = U‘TD lU s given by:

— 1 oT — a, 0T
U= 2, Dl=|% 7 _ ] 2.68
[—mn Un;] n [0 D, (2.68)

where 0 is a vector of N zero elements, a, is the autocorrelation of the
forward prediction error and m, = U}, a,.

Proof From (2.13), (2.6) and Proposition 2.3.2-2.3.3 we have

2, =Y x| =

k=0
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o, +aTU; T D1 U a, —alU;L, DL UL
= Tt 3-1 DT -1 -1 . (2-69)
—Un-—an—lUn—lan Un—an—lUn—l
We are looking for a factorization §2, = U 7D;1U;! with
-1 _ | 1 o” D-1 — (§ 0
U'n - [ ¢ b3 ’ Dn - OT e | (270)

where the N by N sized @ matrix is upper triangular with unit diagonal,
1 is a column vector of N elements, ® is a N by N positive diagonal
matrix and ¢ is a scalar. Hence:

= _[v'ov+¢ v'od
2, = [QST@¢ s |- (2.71)
By equating equations (2.71) and (2.69) we obtain:

&=0U;"', P =-U1a,, © =D, £ = ay,.

This concludes the proof. 1]

A different derivation of the U, and D, matrices given in Lemma
2.3.4 and of their inverses can however be obtained, as shown in the
following lemma.

Lemma 2.3.6 Let us consider the UDUT factorization of the inverse
extended autocorrelation matriz given in (2.62). The upper triangular
factorization is described as follows

-1

U = 1 1+a;’me;ilmanD;llL"
" 0 Un—an | ,
op! oT i
D, = [ 1+a:1m£0D:i1mn w. | (2.72)

where m, = UL a,. Moreover, L, is an upper triangular with unit diag-
onal matriz and W, is a positive diagonal matriz such that L,W,LI =
D,_1 + o;'m,mZI

Proof Using (2.49) and (2.62) we can write:

—_ -1 -1,T
7] l(n) _ cv,lt o a,

a; an a;lanaf + Un—an—1U£—1 ‘ (273)
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Let us define now the following partitioning of the UD factorization ma-

trices: T T

U"nz“)g ] ‘D‘,;[é%}. (2.74)
From (2.73) and (2.74) it turns out that

£+ 9Oy =, POY = o 'a,,
and

0P" = o;'azal + U, 1D, UL = U, ;(Dnoy + oy 'm,mI)UT_ |

where m, = U;l,a,. Hence, introducing the factorization D,_; +

a;lmnmz: = LanLZ we immediately obtain
®@=W,, ®=U,_L,
and, by the matrix inversion lemma, we finally obtain

— A Wl 1l — 17T -1 V-1 _
Y=a, W_'L'm,=0a, L, (D1 +a, m,m;) 'm, =

-1

Qn -1
1+ a;'mID;! m, LaDiym,
and
a !
C=T% o-'mID; 1, m,
which concludes the derivation of (2.72). ]

2.3.3 Review of Givens Rotations

Givens rotations are widely used in QR-RLS and Fast QR-RLS algo-
rithms. Their success is due to the simplicity and the numerical robust-
ness of the computations they perform.

We want to find a matrix rotation Q such that

& €Nt
I 0 .

Q| . |=| . |- (2.75)
. 0

where QQT = 1, ¢ty = /N, 2? + € and we assume without any

restriction that &; > 0.
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Proposition 2.3.4 The matriz Q of equation (2.75) can be decomposed
into N Givens rotation matrices Q;. That is Q = QNQnN-—1...Q1, where

[60]

G Si — row 1
1 0
Q: = 1 (2.76)
' —8; C; —rowN+2—1
1
0
e 1 -4
and
o = S (2.77)
ir1
s INH1-E (2.78)
i1
biy1 = /€ + 2% s (2.79)
Proof The passage from the vector x = [}, z1,...,zn]T to the pin-
ning vector [n41,0,...,0]7 is obtained iteratively. At each iteration we

annihilate an element z; of x against the first element (the “pivot”) of
the same vector. On the :-th iteration the Givens rotation matrix Q; has

to perform the rotation:

¢ 8

That 1s

¢

The Proposition is proved by solving (2.81) for ¢; and s;.

S
C;

I

&
TN41—:

& [ iy ]
I A
Ti-1 | _ | Ti—1
2 = 0 (2.80)
0 0
0 | 0]
[ & ]
= [ 0 . (2.81)
]
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The Givens rotations are used in particular for matrix triangulariza-
tion. Note, for instance, that we can triangulize the matrix in (2.40) by

means of N Givens rotations. If we chose a}: as pivot and we annihilate
the elements of —z, from the last to the first against the pivot, we can
set to zero all off-diagonal elements of the first column preserving the
upper triangular structure of the remaining columns. For the uniqueness
of the upper triangular factorization, the resulting matrix coincides with
that of equation (2.28).

A similar procedure can be followed also to pass from the non upper
triangular UDUT factorization of the autocorrelation matrix in equation
(2.68) to the upper triangular U DUT factorization of equation (2.46). In
this case we want to triangulize the matrix U. and, at the same time,
we want to compute the diagonal matrix D,. Again we can proceed
iteratively by means of the Givens rotations. At each iteration we have
to find the rotation matrix Q; and the diagonal matrix D = diag[Do, D;]

such that 2
[ Do 0 1 0] _[Do 017 [1 -
oWl LT sl loa] e

Alternatively, in order to avoid square-roots we can directly derive the
matrix D and the pseudo-rotation matrix Q; such that

Q[;?]z[él} (2.83)

~ _[Do 0] D, o
Qf=[0° D,-] -Qi-[o‘) ] (2.84)

W=

and
D;
where Q; is a rotation matrix, i.e. Q;Qf =1

Proposition 2.3.5 The matriz ai that solves the problem of equations
(2.83) and (2.84) is

- Dy Diz;
Qi = ﬁg Dyg ’ (285)
—Z; 1
where L

2The - element is a don’t care element.
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and o
= Dol (2.87)

~ 7 1 z
Q= D Dy (2.88)
Do Dy
Proof Let us consider
c s
Q; = [ s . ] . (2.89)

Form (2.84) and from the norm preserving property of square-root ma-
trices we prove immediately equation (2.86) and we derive

D; = ¢*D. (2.90)
From Proposition 2.3.4 it is
c= s (2.91)
Dg
and
s = D iy (2.92)

D2
By substituting the expression in (2.91) in equation (2.90) we obtain
The expressions of the matrix Q, and Q, can be

equation (2.87).
derived by directly computing the products

=~ [Do 0]% [ec s] [Do 0]°
o[ [L T ] ew
and
_ 1— peh
e N A0 RS Py crY)
0 Diz s C 0 Di2

This completes the proof.
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2.4 Fast Square-Root RLS Algorithms

The use of a square-root factorization of the autocorrelation matrix is a
classical approach to improve the numerical behaviour of RLS algorithms
[60]. The inverse autocorrelation matrix, in this case, is factorized as
described in (2.27). If the recursive equations are expressed in terms of
the S, matrix the positive definiteness of 27! is guaranteed. Let us now
consider the vector

d, = STx,, (2.95)

where x,, is the input vector. Clearly, the positive definiteness of §2;' is
implicitly ensured if we recursively update d,,. As suggested above, such
updating relations can be easily obtained using the factorizations derived
in Lemma 2.3.1 and Lemma 2.3.3 or Lemma 2.3.1 and Lemma 2.3.2.

2.4.1 Fast RLS Based upon Square-Root Factor-
ization

We are now ready to derive some algorithms for performing fast and
numerically stable RLS prediction and filtering.

Fast SQR-RLS Based on Identity

Theorem 2.4.1 Given the linear filter described in (2.1), a numerically
stable algorithm to perform the recursive minimization of (2.4) in O(N)
operations, is described in the following table, where the operation count
s also shown

ref. equation X + |/
A.1 fac1(n) = vn +dX_ (VAT 2 Z0) 6N | 2N| N
A2 fn(n) = 7n—1fn—l(n)
A.3 Zn = VAT 20y — dny fao1(n) N
A4 an = /\an—l + fn(n)fn—l(n)
A.5 Opn = Aop_q + 02
1
A.6 EF[ e ]:[ Un0n * 5N | 2N| N
Brn2bu(n) ] LI (va0; 2y +dnot)

A7 7n=7n—1—a;1f1%(n)+ﬂ;1b721(n)
A.8 en(n) = Ynen-1(n)
A.9 en1(n) = d(n) — dZ (VAT h,_,) /N | N
A.10 h, = VAT 'h,_; +d,en_1(n) N

- total 17N | 5N | 2N
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In this table T, indicates an upper triangular matriz with positive diag-
onal such that

TIT, =1-d,d7, (2.96)

and L,, is an upper triangular matriz such that

LT =14 o;'z,27 (2.97)

n* -

Proof Equations (A.2), (A.4) and (A.8) can be found in several refer-
ences, for example in [60].

Let us start with (A.1). Using the definition of §2,, given in (2.6) and
the factorization (2.27), the following relation can be derived:

;TS = 2877871 4 xxf. (2.98)

Let us now introduce the following factorization
I-d,df =TIT, (2.99)

with T, upper triangular. It is worth noting that, by inverting (2.99)
and applying the matrix inversion lemma, we can write

I++;'d,df = T;'T;7.

In other words, a form similar to (2.99) is obtained for the inverse fac-
torization. Some issues concerning these forms of factorizations are de-
scribed in Section 2.4.3, where efficient algorithms are also given.

Using (2.95) and (2.99), equation (2.98) becomes

As;fst =s TTIT,S (2.100)
From this last equation, we can state that
VAS;L, =TS, (2.101)
which leads to the following expression:
S-1 = VAT, 1S, (2.102)
Moreover, from (2.7) we have
frc1(n) = v +x7_La,1. (2.103)

Pre-multiplying a,—; by S,—;S;; and using (2.95), (2.102) and (2.47),
the equation referenced to as (A.1) is obtained.
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Since, from (2.11), a, = ap—; — Sp_1dn_y fu-1(n), the z, vector can
be expressed as
Z, = S;lan_l - dn_lfn_l(n) (2104)

and, using (2.102), this last equation becomes (A.3).
Using the definition of d,, and using Lemma 2.3.1 and (2.8) we obtain

R

By the way, from this last equation, we can see that d, is the “normalized
a posteriort backward prediction error vector” [60] whose elements are
the normalized backward errors for different filter orders.

However, using Lemma 2.3.3, the d,, vector can also be expressed as

follows:
- =T Un Un V 1+a{1-sz
d, = Sn x = r s n Snfn . (2106)
-l Ln (1+a;1Z%ann + dn—l)

Due to the uniqueness of the upper triangular square-root factorization,
(2.105) and (2.106) are equal.

Equation (2.106) can be simplified by realizing that the first coefhi-
cient of d,, is the normalized backward prediction error of a zero-th order
predictor or, in other words, the sample v, itself divided by the backward
error energy /o, where

n
on =3 A"*ol = Aoy + vl
k=0

which is reported in (A.5). Therefore, with (2.106) we can now state that

-1
n

n -1,T, °
1+ a;lz;z,

Un a
=
n

(of

1
Therefore, the update relation (A.6) for d, and Ba 2b,(n) is immediately
obtained.
As regards the likelihood variable, moreover, from (2.10), (2.9) and
(2.95) we obtain:

m=1-clx, =1-xT02'x, =1 —dXd,. (2.107)

Hence: e
¥, =1-d,d,. (2.108)
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Using (2.105), expression (2.108) can be written as follows:

To=1—did, — B,0%(n). (2.109)
and, combining (2.107) and (2.109), it turns out that
T =T+ B b (n) (2.110)

Thus, since §,, = yn-1 — ;' fZ(n) as reported, for instance, in [60], we
get (A.7). It is important to note that (A.7) might not be sufficient
to achieve numerical stability especially in particular conditions such as
limited precision environment or long input sequences (in the latter case
we can refer to a long term instability problem). The problem arises from
a slow error accumulation effect that (A.7) introduces. One approach to
overcome this problem is to monitor the value of 7,, which must lay in
the [0-1] range, and to recompute its value using relation (2.107) which
is not recursive and therefore doesn’t lead to the long term instability
problem.

However, the error accumulation effect becomes relevant only on a
long term scale; therefore, in another approach we can correct every L
samples the value of 4, by means of (2.107). In this way, the additional
computational burden is reduced to L/N multiplications per input sam-
ple. For example, since (2.107) requires N multiplications per input
sample, a reasonable choice can be L = N, such that the correction of
the error accumulation effect requires only 1 multiplication for sample.
However, computer simulations have shown that, on the average, the
former approach is the best one. More on this topic is given in Section
2.5.

Equations (A.1) to (A.7) describe the prediction part of the algo-
rithm. Let us now derive the filtering part, which pertains to the recon-
struction error defined as

en(k) = d(k) — dy (k) = d(k) — wix;. (2.111)
It can be easily shown that
Wy = Wp_1 + Spdren—1(n) (2.112)
and
en—1(n) = d(n) —wl_x, =d(n) —dIS'w,_;. (2.113)
By defining
h, = S:'w, (2.114)

and using (2.102) and (2.26), from (2.113) we can obtain (A.9). Using
(2.114) and (2.112), finally, we obtain (A.10). ]
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Fast SQR-RLS Based on Givens Rotations

Theorem 2.4.2 Given the linear filter described in (2.1), a numerically
stable algorithm to perform the recursive minimization of (2.4) in O(N)
operations, is described in the following table, where the operation count
is also shown

ref. equation X + |
B.1 | famr(n) =v, +dT_ (VAT 1200) | 6N [ 2N| N
B.2 fn(n) = 7n—1fn—1(n)
B3 | 2n=VAT; 1201 —duoifaoa(n) | N
B.4 Qn = Aap-1 + fn(n)fn—l(n)
0 ol
B.5 | TLQ:: : =HiQi[ ; ] N |2N| N
|0

B.6 1d" |- L Q: [ a;;—fn(”) } 4N

T BaTba(n) ] T das
B.7 | Y= m-1— o7 fi(n) + B 05 (n)
B.8 en(n) = Ynen—1(n)
B.9 | en1(n)=d(n) —dI(vVAT;'h,q) | 4N | N
B.10| h,=+vAT;'h,_; +d.e,_1(n) N

- total 17N | 5N | 2N

In this table T, indicates an upper triangular matriz with positive diag-
onal such that
TIT, =1-d,dI. (2.115)

Proof This algorithm differs from the previous one only in equations
(B.5) and (B.6). The basis for these equations comes from the observa-

tion that the two matrices _S_;l and S-! in equations (2.29) and (2.41)
differ only for a rotation matrix Q. This rotation matrix can be de-
composed in N Givens rotation matrices Q; as shown in Section 2.3.3.
Moreover, the identification of these rotation matrices requires only the

knowledge of the first column of matrix SZ!, i.e. of [aZ,—2T]T. This
justifies equation (B.5).
Since it is N
S, =T[Q:S;%, (2.116)
then it is also

ST = 157 (2.117)
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and _ _
d, = 5.%, = [[ Q:S7%.. (2.118)

By substituting equations (2.13), (2.28), (2.40) in equation (2.118) we
immediately derive (B.6). This completes the proof of the theorem. []

The following remarks apply to both the algorithms of this subsec-
tion.

Remark 2.4.1 The number of additions of the algorithms is comparable
to the number of multiplications and, hence, it has not been included in
the operations count.

Remark 2.4.2 The algorithms can be initialized as follows: the vectors
h and d are set to zero, v = 1, a can be set to a small positive constant
and o = 0.

Remark 2.4.3 It is important to note that the h, vector is the same
vector computed by QR and Lattice algorithms based on the normalized
a posteriori prediction error vector [60]. Moreover, it is the vector used
in the joint process for the estimation of the desired signal.

Remark 2.4.4 As explained in the proof of Theorem 2.4.1, the equation
referred to as (A.7) or (B.7) for the computation of the likelihood variable
can lead to a long term instability which can be avoided by computing
the likelihood variable as 74, = 1 — dId,, when it becomes necessary.
Furthermore, this correction becomes particularly necessary when the
algorithm is implemented in a limited precision environment. Therefore,
the step (A.7)-(B.7) of the algorithm introduced in Theorems 2.4.1 and
2.4.2 can be viewed as suitable for a standard floating point precision
environment.

Remark 2.4.5 Equation (A.1)-(B.1) shows that the predicted signal is
the first signal computed by the algorithm. The reader should note the
direct dependency of the prediction error from the input signal v,. Thus,
equations (A.1)-(B.1) to (A.7)-(B.7) can be used in applications which
require the computation of the predicted signal, such as ADPCM-like
coding algorithms.

Remark 2.4.6 It is important to note that the recursive relations of
Theorems 2.4.1 and 2.4.2 use many upper triangular matrix factoriza-
tions - such as the ones referred to as relations (2.48) and (2.99) - and
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that the total operation count greatly depend upon these factorizations.
Therefore, efficient factorization algorithms have been derived and are
reported in Section 2.4.3. In fact, the operation count of (A.1)-(B.1),
(A.3)-(B.3) and (A.6) reported in Theorems 2.4.1 and 2.4.2 takes into
account the complexity of the factorization algorithms described in Sec-
tion 2.4.3.

2.4.2 Fast RLS Based upon UD-Factorization

In this Subsection, a derivation of the fast RLS recursive relations on the
basis of the UD-factorization is described. In this case, we consider the
recursive updating of the

g = Uix, (2.119)

vector which takes the place of (2.95). The UD-RLS equations are some-
how similar to the SQR-RLS ones described in Theorems 2.4.1 and 2.4.2,
the main difference being the absence of square-root operations.

Fast UD-RLS Based on Identity

Theorem 2.4.3 Given the linear filter described in (2.1), a square-roots
free and numerically stable algorithm to perform the recursive minimiza-
tion of (2.4) in O(N) operations, is described in the following table, where
the operation count is also shown

ref. equation X | +
C.1 fn_l(n) =v, + gg_l(T,ﬂlmn_l) oSN SN
C.2 fn(n) = ’Yn—-lfn—-l(n)
03 my = T-,_lllmn—l - Dn—lgn—lfn—l(n) N
04 Qn = /\an—l + fn(n)fn—l(n)
C.5 Opn = Aop_y + V2
8n Un
C.6 [ ba(n) ] = lLZ 'UnO';ID;:llmn-l"gn_]) } 7N | 2N
D, O 0;1 oT
c7 [OT Bt =[ 0 W,
C.8 T = Yoo — 0" fA(n) + B10%(n)
C.9 eq(n) = '7nen_1(n)
C.10 en-1(n) =d(n) — (T_lkn_ ) 3N
C.11 k, =T 'k,_; + Dngnen 1(n) N

- total 17N | 5N
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In this table T, is an upper triangular with unit diagonal matriz such
that
TIV,T, = D! — g.g7 (2.120)

and V,, is a positive diagonal matriz. Moreover, L, is an upper triangular
with unit diagonal matriz and W, is a diagonal matriz such that

L,W,LT =D, ; + o;'m,mZ. (2.121)
Proof First, we will prove (C.1). From (2.7) and (2.119), we have

fam1(n) = va + o Uzl a0, (2.122)
The UD counterpart of (2.101) is

AUZLDIL U, = U TDIIU — xxT =

= U;T(D;" - gng8,)U; " (2.123)
The expression between brackets can be factorized as
TIV,T, =D;! - g,g7, (2.124)

where T, is an upper triangular with unit diagonal matrix and V,, is a
positive diagonal matrix. From (2.123) it evinces that U,!; = T,U;?
and AD;!, = V,. Hence

Ul =T;'U7L,. (2.125)

Combining (2.125) and (2.122) we obtain (C.1).

This last equation leads to the problem of computing the factorization
matrix T;1. This problem, which is similar to the one introduced in
Theorem 2.4.1 with relation (2.99), is addressed in the next section. For
now, let us just note that, using the matrix inversion lemma, the inversion
of (2.124) leads to

T'VIITT =Dy + 77 (Drgn) (8, Da)- (2.126)
1

Equation (C.3) can be easily obtained considering that m,, = U__,a,
and recalling that, from (2.11), (2.9) and (2.62):

a, =ap_1 — U1 D1 UL %1 fai(n). (2.127)

As in Theorem 2.4.1, the updating equations for the g, vector is
obtained by equating the factorization forms derived in Lemma 2.3.4
and Lemma 2.3.6. In fact, from Lemma 2.3.4 we have that

Po = [ IbJZT ! ] l:r:jl ] = [ b3 b o ] = [ o) ] - (2128)
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On the other hand, from (2.13) and Lemma 2.3.6 we obtain:

P, =

1 o -
a;l L,J: D;llm,, Ty 1T =
Ln Un—l Xn-1

= =1
l1+onp mID; . m,

Un
= oz_l'un -1 n . 2.129
[T

l4an'mID; 1 m

From (2.128) we have that g, is the backward prediction error vector.
Moreover from Lemma 2.3.4 and Lemma 2.3.6 we have:

-1

— D, O =25 o’
Dn = n _ = 1+ap InnDn— mn . 2.130
[ OT ﬂnl ] l: 0 ! ‘N’n ( )

It is worth recalling from Lemma 2.3.5 that
D, ; +o'm,m? =L, W,LL. (2.131)
The above expressions can be simplified if we realize that the diagonal

of D! is the backward error energy and then

-1
a -1

n =071, (2.132)

1T 1

where o, is the signal energy computed with (C.5).

By the uniqueness of the UD-factorization, the extended vectors in
(2.128) and (2.129) are equal. From this equality, and with (2.130), we
obtain the updating relations for D,,, g, and b,(n) reported in (C.6) and
(C.7).

Clearly, the same error accumulation problem introduced by (C.8)
takes place in this algorithm. Also in this case we can monitor the
likelihood variable and recompute its value, if necessary, with the UD-
counterpart of (2.107) which is v, = 1 — g D,g,-

The filtering error, finally, can be computed as e,(n) = vyp.en_1(n)
where

en1(n) = d(n) = xTwn_1 = d(n) — gt U 'w,_;. (2.133)
By defining k, = U,'w,, (2.133) reduces to (C.10). On the other

hand, since

Wn = Wn_1 + U,D, UTx,e,_1(n), (2.134)
equation (C.11) is immediately obtained. L]
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Fast UD-RLS based on Givens rotations

Theorem 2.4.4 Given the linear filter described in (2.1), a square-roots
free and numerically stable algorithm to perform the recursive minimiza-
tion of (2.4) in O(N) operations, is described in the following table, where
the operation count is also shown

ref. equation X +
D.1 fn_l(n) = v, + g,{_l(T;llmn_l) SN 3N
D.2 fn( ) = 7n—1fn—l(n)
D3 T—llmn 1 Dn—lgn—lfn—l(n) N
D.4 = )‘a_n—l_‘l' fn(n)fn—l(n)
—~ 0 — 1
D5 | MWQ: |, |=MG [ . ] oN | 2N
[ 0]
a7l 07 ] D, O
D.6 [ 0 D, = | of g1 ] N
D.7 8n — 11.0-! fn(n) aN
[ bn(n) ] I—L Ql [ gn-1
D.8 Yn = Yn—1 _arjlf?z(n)‘}'ﬂglbvzm(n)
D.9 en(n) = Ynen-1(n)
D.10 en1(n) = d(n) — gl (T kn-1) 3N
D.11 k, = T;'k,—1 + Dpgren_1(n) N
- total 16N | 5N

In this table T, is an upper triangular with unit diagonal matriz such
that

TV, T, =D;! — g.gt (2.135)

and V. is a positive diagonal matriz.

Proof This algorithm differs from the previous one only in equations
(D.5)—(D.7).

Note that both the matrices _ﬁ;,%ﬁ]_vl and ﬁ]—v%ﬁ]_vl provide a square-
root factorization of the extended autocorrelation matrix. This means
that D_;fﬁ;vl and Dy? UR! differ for a rotation matrix Q. For the partic-
ular structure of this matrices, the rotation matrix Q can be decomposed
in N Givens rotation matrices. As we proved in Subsection 2.3.3 with
simple mampulatlons and with the mtroductlon of the pseudo rotation
matrices Q; we can easily compute DN and UN from Dy' and UN

without the use of square-roots. Moreover, the computation of Dy ! and
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U;,l requires the knowledge of the diagonal matrix ﬁ}(,l and of the only
first column of Uy, i.e. [1,—mZ]7. This justifies the computations of
equations (D.5) and (D.6). Furthermore, since it is

U, =[[Q:U;, (2.136)
we have that ~
U =[[Q;7UZ (2.137)
and also o
g, =U.%, = [[Q;TU’x, (2.138)

?

By substituting equations (2.13), (2.64), (2.68) in (2.138) we obtain
(D.7). )

The following remark apply to both the algorithms of this subsection.

Remark 2.4.7 Basically, the same observations already remarked at the
end of Theorems 2.4.1 and 2.4.2 can be repeated at this point. First,
also in this case, the joint process coincides with that of QR and Lattice
algorithms based on a posteriori backward prediction error vector.

Moreover, it is worth noting that also in this case the efficient algo-
rithms described in Section 2.4.3 play a fundamental role in limiting the
operation count.

Finally, we can note that the recursive algorithms described in The-
orems 2.4.3 and 2.4.4 require a number of multiplications and division
that is equal or lower than that of the algorithms of Theorems 2.4.1 and
2.4.2. However they do not require square-root operations at all.

2.4.3 Efficient Factorization Algorithms

As it has been shown in the previous sections, n X n matrices of the form
I, =1+ cd,dZ, (2.139)

where c is a positive constant and d,, is a n-dimensional vector, are widely
used in the adaptive filtering algorithms. Thus, the determination of
square-root factorization matrices of IT,, namely I, = I‘nI‘Z with I'
upper triangular, plays a fundamental role. In order to avoid confusion,
the reader should note that, in this section, the subscripts ‘n’ indicate
the matrix (or vector) dimension.
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As shown in (A.1)-(B.1)-(C.1)-(D.1), (A.6)-(C.6) and (A.9)-(B.9)-
(C.10)-(D.10), rather than the computation of I', we need to compute
the I'"x and I'x products, where x is a given vector.

According to the Agee-Turner algorithm [12, 60], consider the quadratic
form xTIT,x. The following relation can thus be obtained:

xfI’I’Txn = xf(In -+ cndndf)xn =

= y2 + X (Tact + cacrdnrdl_y ) X1, (2.140)
where I, is a n X n identity matrix, x,, and d,, are n-dimensional vectors:
xI=[z 23 ... ),
df =[dy dy ... d, ],

and ¢, = ¢, ¢ = gf: where e, = 1 + ¢,d2. Moreover
Yn = e;% [mn + cpdn ixid,] . (2.141)
i=1

Therefore, if we recursively apply (2.140), we obtain that
Xa DT %0 = yh +yny + .-+

where y; is given by (2.141). If we define v= I''x = [v1v2 ... vy], hence,
from (2.140) we have v; = y;.

As regards the I'x product it can be noted from (2.141) that the I
matrix is given by the sum of a upper triangular matrix, whose generic
element is given by T'(¢,7) = didjcje;5 and a diagonal matrix whose
diagonal elements are

_1 1 -1
2 2 2
[ 81 82 e .. en ] *

Therefore, the product u= I'x = [ujus ... u,] is given by:

-1 n 1
ui =e€; ‘x; + d; chdkek 2zk.
k=1

The above results can be summarized in the following two algorithms.

Algorithm 2.4.1 Let us consider the following square-root factoriza-
tion: PTT =14 ¢dd” where I' is upper triangular, ¢ a positive constant
and d is a given N dimensional vector, whose generic element is d;.
Furthermore, let x be a given N dimensional vector, and z; its generic
element. An efficient algorithm for the v= I''x product which requires
AN multiplications, 2N divisions and N square-roots, is the following:
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Initialize cy = ¢ and z9 = 0;
Fori=1to N
zi = zi—1 + z;d;
End For;
For i=N Downto 1

v; = e; *[z;i + (cid;)zi);

Algorithm 2.4.2 In the same conditions as the previous Lemma, the
u= I'x product can be computed using 4N multiplications, 2N divisions
and N square-roots, with the following algorithm:

zny1 =0, ey =¢;
For i=N Downto !
e; =1+ (adi)d;;

Z; = (cid;)(:cie:

N

)+ zig1;
Ci—1 = E’;;

it
u; = zie; ° + dizi;

End For;

Let us now extend the last results to the U D factorization
& + cdd? = rer7, (2.142)

where I' is an upper triangular matrix with unit diagonal, ® and &
are diagonal matrices, d is a vector and ¢ is a positive number. Using
similar developments as above, one can derive the results described in
the following two Algorithms.

Algorithm 2.4.3 The efficient computation (6N multiplications and N
divisions) of @ and of the product v= I'"x, where I' and @ are the UD
factorization matrices shown in (2.142) and d, x are given vectors, can
be performed as follows:

Initialize cy = ¢ and 2o = 0;
Fori=1to N

zi = zi—1 + xid;
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End For;

For i=N Downto 1
€ = ¢; + (cidi)d;;
vi =z + gdizi
Ci-1 = %¢i;

End For

Algorithm 2.4.4 The efficient computation (3N multiplications and 3N
divisions) of the product u= I'x on its own, where I' is the UD factoriza-
tion matriz described in (2.142) and d, x are given vectors, is described
by the following pseudocode:

Initialize ey = ¢ and zy41 = 0;
For i=N Downto 1
o; = % + d?,

.
ag;’

zi = Tig: t zig1;
u; = z; + dizip
End For

Ci-1 =

Remark 2.4.8 In this section, we have described eflicient algorithms
for the determination of upper-triangular factorization of matrices of the
form I+ cdd7 inspired to the Agee-Turner factorization algorithm [12].
With respect to the Agee-Turner algorithm, however, the ¢ constant is
always positive, thus leading to more stable factorization algorithms.

Remark 2.4.9 It is worth noting that rearranging the expressions of
the algorithms described in this section, we can somehow trade divisions
with multiplications. Since the operation count of the fast adaptive algo-
rithms heavily depends on the operations required by these factorization
algorithms, we can simply obtain slightly different derivations with a dif-
ferent number of products and divisions. This can be very useful from
an implementation point of view.

2.5 Computer Simulations

The algorithms described above have been implemented and widely tested
in different experimental conditions. In order to assess their numerical
performances, some results are described in this section. The simulations
reported here were performed using the same conditions as described in
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[111]. Namely, we performed an identification of a 3rd-order FIR filter
described by the following difference equation:

z(n) = 2z(n) + z(n — 1) — 0.5z(n — 2), (2.143)

where the input z(n) was a non-white noise sequence generated by means
of the equation

z(n) =0.9z(n — 1) + u(n), (2.144)

where u(n) is a white unit-variance Gaussian noise. An error signal
which was a white unit variance Gaussian noise was also added. All
the simulations presented in this section were performed using limited
precision floating point arithmetic, which was implemented, as in [110,
111], by performing each arithmetic operation to the natural 32 bits
floating point precision of the computer (sign + 24 bit mantissa + 8
bit exponent) and then immediately rounding the mantissa value of the
result to reflect the required simulated precision. Only the number of
bits in the mantissa are affected in the experiments, and the number of
bits in the exponent is fixed at eight.

Figure 2.1 illustrates the initial convergence behaviour of the two fast
algorithms described in Theorem 2.4.1 and Theorem 2.4.3 at different
wordlengths, namely with 4, 8 and 16 bits. The two algorithms appear
to perform quite similarly. The results shown in Figure 2.1 are ensem-
ble averages taken over 1000 independent realizations of the experiment.
Figure 2.2 illustrates the initial convergence behaviour of the two fast
algorithms, described in Theorem 2.4.2 and Theorem 2.4.4, in the same
experimental conditions. By comparing Figures 2.1 and 2.2 we see that
the Fast SQR-RLS or UD-RLS algorithms of Theorems 2.4.1 and 2.4.3
are computationally more robust than the algorithms of Theorems 2.4.2
and 2.4.4 in a low mantissa precision environment. The two couples of
algorithms differ only in the update of vector d,, or g,. Thus, the vector
d. (g.) update based on the identity of two square-root autocorrelation
matrices is more robust than the update based on the passage between
two square-root factorizations of the autocorrelation matrix realized by
means of Givens rotations. However, even with a 4 bit mantissa precision
all four algorithms are long term numerically stable.

In Figure 2.3 we describe the long term (0.5 million samples) a pri-
ori standard deviation of the identification error obtained with the UD
algorithms described in Theorem 2.4.3 and plotted for two quantization
levels, namely 4 and 16 bits. These two levels were chosen for the fol-
lowing reasons: at 16 bit mantissa the results are comparable to floating
point while at 4 bit the possible error accumulation effects appear sooner.
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Figure 2.1: Initial convergence behaviour of the algorithms of Theorems
2.4.1 and 2.4.3 using 4, 8 and 16 bit mantissa. The square-root and UD
algorithms are represented by solid and dotted lines respectively.
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Figure 2.2: Initial convergence behaviour of the algorithms of Theorems
2.4.2 and 2.4.4 using 4, 8 and 16 bit mantissa. The square-root and UD
algorithms are represented by solid and dotted lines respectively.
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Figure 2.3: Long term (0.5 million samples) a priori standard deviation
of the identification error for the UD algorithm described in Theorem
2.4.3.
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Figure 2.4: Long term (0.5 million samples) a priori standard deviation
of the identification error for the SFTF algorithm reported in [135].

In Figure 2.4, the long term behaviour of the SFTF algorithm [135]
is shown for comparison. The results shown in Figure 2.3 and Figure
2.4 are ensemble averages taken over 10 independent realizations of the
experiment. The standard deviation was computed over blocks of 100
samples.

The first general observation is that, as it can be seen from Figure 2.3
and Figure 2.4, reducing the wordlength from 16 to 4 bits the variance of
the identification error is increased, obviously because the roundoff noise
propagation increases. Moreover, at 16 bits the behaviour of the two
algorithms is identical. However, the UD-based fast algorithm described
in Figure 2.4 is much more robust and much less biased than STFT at
4 bit precision, as the mean and variance are smaller. Therefore, the
algorithms described in Theorems 2.4.1 and 2.4.3 appear suitable for a
limited precision environment.
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2.6 Final Remarks and Conclusions

Some fast square-root type algorithms which can be used in system iden-
tification applications as well as for adaptive prediction and filtering have
been described in this dissertation These algorithms compute the filter
coefficients in the form of a lattice filter based on the normalized or un-
normalized a posteriori backward prediction error. The dual algorithms
based on the a priori backward prediction error vector have been derived
and they have computational and numerical properties that are very sim-
ilar to those of the algorithms presented in this chapter. For this reasons
they have not been included in the thesis.

The computational complexity of the algorithms presented in this
chapter is O(NN), where N is the filter order. The fast RLS algorithms
are numerically robust, and over 4 million samples long sequences have
been analyzed with 4 bit mantissa without noticing any instability while
maintaining notable accuracy. The algorithms have similar performances
and a slight difference in computational complexity. A comparison with
the algorithm described in [135] has been performed and a better ac-
curacy in very low precision environment has been shown. Moreover,
the numerical performances of the algorithms have been experimentally
verified for several types of different signals such as speech and noise
data. An application of the algorithm described in Theorem 2.4.2 for
ADPCM coding of speech with RLS prediction has been developed on a
DSP processor. These algorithms are particularly suited for such appli-
cation because of the direct dependency of the forward prediction error
from the input data v,. To the authors knowledge, the only other RLS
numerically stable algorithm that presents this property is the SFTF fil-

“ter of [135]. Unfortunately this algorithm is numerically stable only for
stationary input data. Input signals with fast changing statistic, like the
human voice, can easily drive the adaptive SFTF filter into instability.
On the contrary, the algorithms presented in this thesis maintains the
numerical stability even in the presence of highly unstationary signals
like the human voice.



Chapter 3

V-vector Algebra and its
Application to Volterra
Adaptive Filtering

3.1 Introduction

Adaptive Volterra filters are gaining importance both in signal processing
theory and applications [92, 127, 132]. However, in spite of the numerous
recent literature available on this topic several issues, such as the devel-
opment of fast and numerically stable adaptive algorithms, need further
research results.

Generally, adaptive algorithms for Volterra filters are obtained by
extending classical algorithms for linear filters with a multichannel ap-
proach {85, 92, 121, 147, 146]. In the multichannel approach, the Volterra
filter is realized by means of a linear filter bank, where each filter pro-
cesses a product of samples of the input signal. The extension of the
techniques for linear filters is straightforward in most of “slow” adaptive
algorithms: we do refer to classical RLS, SQR-RLS, QR and Inverse QR
algorithms [4, 60, 91] where the extension is achieved by simply substi-
tuting the linear filter input data vector with the corresponding Volterra
filter input data vector. However, fast adaptive algorithms such as Fast

RLS, FTF, Lattice RLS, Lattice QR, etc. [9, 23, 29, 31, 60, 89, 90,

Part of the content of this chapter was presented in
Alberto Carini and Enzo Mumolo, “A Novel Algebraic Formulation for the Develop-
ment of Adaptive Volterra Filtering Algorithms,” Proceedings of 1995 IEEE Work-
shop on Nonlinear Signal and Image Processing, June 20-22 1995, Neos Marmaras,
Halkidiki, Greece, pp. 943-946 ,
and submitted to IEEE Trans. on Circuits and Systems II in 1996
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110, 115, 135, 149], use ad hoc studied derivations in order to achieve
a fast implementation; these derivations generally can not be trivially
extended to the Volterra filter. For example, Fast RLS and FTF make
use of the concept of extended input data vector, which in the linear case
is unique. However, in the non-linear case two different augmented input
data vectors have to be defined [85]. Moreover, linear lattice algorithms
use a filter order recursion for fast updating but with the multichan-
nel Volterra formulation a contemporary filter order and channel order
recursion has to be considered [147].

What makes it difficult to extend to the Volterra case the algorithms
for linear filters is the loss of the time shift property in the input data
vector. In the linear case, in order to pass form the input data vector
at time n to that for time n + 1 we have to discard the last element of
the vector and we have to add the novel input at the beginning of the
vector. This property does not apply to the input data vector of Volterra
filters, which is constituted by different products of input samples. In
this chapter we propose a novel approach that preserves the time shift
property of linear data vectors. We derive a novel algebraic structure,
called V-vector algebra. The V-vector algebra is a simple formalism which
is suitable for the development of Volterra adaptive filter algorithms as
an extension of linear adaptive techniques. In particular, the vectors
of linear algebra are here substituted by a novel entity, the V-vector,
which can be viewed as a non rectangular matrix. By the use of the V-
vector formalism fast and numerically stable adaptive Volterra filtering
algorithms can be easily derived from the known linear theory. Moreover,
V-vector algebra can be applied also to the development of multichannel
linear adaptive filters with channels of different memory lengths.

The novel algebra described in this chapter opens to new results and
developments in the area of nonlinear adaptive filtering. In order to
illustrate the merits of such a formalism, we first use V-vector algebra
to reformulate the Lee-Mathews Fast RLS algorithm described in [85].
Thereafter, a new fast and stable Givens Rotation Based Square-Root
RLS algorithm is worked out. This algorithm is the extension to the
Volterra filter of the algorithm described in Theorem 2.4.2. The Fast
RLS algorithm in [85] has a rather low computational complexity (in
case of a second order homogeneous Volterra filter it requires O(6 N2 Nt)
multiplications per sample, where N, is the memory length of the filter
and N7 is the global number of coefficients of Volterra filter) but stability
problems may occur. On the contrary, the fast SQR algorithm presented
in this chapter shows very good stability properties, even with a modest
word length precision, at the expense of a slightly higher computational
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complexity ((10 + 3)N;Nr multiplications, (3 4+ £) N, Ny divisions, (1 +
%)N2NT square-roots).

In Section 3.2, after illustrating the motivations for the development
of this novel algebraic structure, the V-vector algebra itself is presented
with regard to a second order homogeneous Volterra filter: we first in-
troduce the concepts of V-vector and V-matrix (which are the equivalent
of the vector and the matrix of linear algebra), then the basic operations
between V-vectors and V-matrices are defined; finally the linear algebra
concepts of the inverse, transposed and triangular matrices are adapted
to the V-vector algebra. In Section 3.3, the V-vectors for Volterra fil-
ters of any order and for multichannel linear filters are presented and, in
particular, a recursive rule for the development of an N-th order homo-
geneous input data V-vector is given. In Section 3.4, the reformulation
of the Lee-Mathews Fast RLS algorithm is worked out, while in Section
3.5 the novel Fast SQR RLS algorithm is developed. Conclusions follow
in Section 3.6.

3.2 The V-vector Algebra

Let us first introduce the notation used in this chapter and some basic
definitions. Vectors and V-vectors will be indicated with bold lower case
letters, while matrices and V-matrices will be labelled with bold capital
letters. A linear filter is defined by a N-th order coefficient vector w.
The input data vector of a linear filter is defined as a vector:

xn:[m(n), z(n-1), ..., x(n—N—i—l)]T (3.1)

such that the filter output signal is y(n) = wix,. Note the time shift
property of the input data vector for linear filters: at the time n the
element z(n) is added to the input data vector x,_; while the element
z(n—N) is discarded. Many fast RLS adaptive algorithms use the notion
of augmented or extended data vectors [29, 60, 85, 135]. The extended
input data vector X,, is defined as the vector obtained adding z(n) to the
top of X,_; or adding z(n — N) to the bottom of x,:

Xn = [ ifff ] = [ o V) ] ' (32)

On the contrary, in the case of Volterra filtering the identity (3.2) is
not valid. For simplicity, we will refer here to a second order homogeneous
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Volterra filter given by

Ny~1N;-1

y(n)= > Y cjz(n—iz(n—j), (3.3)

1=0 j=1

where N, is the filter memory length. The extension to the most general
Nth order Volterra filter will be discussed in Session 3.
The Volterra filter input data vector is defined by :

Xn = [xz(n), oozt (n = Ny +1),z(n)z(n — 1),...,
z(n— Ny +2)z(n— Ny +1),...,z(n)z(n — Ny + 1)), (3.4)

which does not satisfy the time shift property.
In this case, at the time n, the N, elements contained in the vector

T

Fno1 = [1102(71 — No),z(n — Ny + 1z(n — Np),...,z(n —1)z(n — Ng)]
(3.5)

are discarded from x,_; and the N, elements contained in the vector

Va = [22(n),2(n)e(n = 1),...,a()a(n - N +1)]  (3.6)

are added to the remaining elements [85]. Two extended input vectors
are now defined at the time n: the first vector X, is obtained by adding
v, to the top of x,_; while the second one X,, is obtained by adding r,_;
to the bottom of x,:

~ [ Van

X, = | X ] (3.7)
and -

- | Xa

Xn = | o ] : (3.8)

The two extended vectors, due to the presence of different products
in the input data vector, do not coincide nor it is possible to make them
coincide by an appropriate element arrangement of x,, v, and r,,_;. How-
ever, the augmented vectors contain the same elements and differ only by
a permutation. The necessity for this permutation is due to the loss of
the time shift property. In [85] a standard fast RLS adaptive algorithm
has been extended to the Volterra case by taking into account the above
mentioned permutation. The algorithm described in [85] is fast but it is
not numerically stable. Fast and numerically stable algorithms can be
obtained in the linear case by means of triangular matrices, ¢.e. we may

refer to the Fast QR algorithms [9, 31, 90, 149] or QRD-based Lattice
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a) The left columns b) The right columns
Figure 3.1: Definition of the left and right columns

algorithms [89, 110, 115]. If we have an adaptive algorithm which em-
ploys both the concepts of extended input data vector and of triangular
matrix, as in our Fast SQR algorithm, then the extension to the Volterra
case, by taking into account the upper mentioned permutation, becomes
very difficult: in fact this permutation leads to the loss of the triangular
structure of the matrices involved. In order to preserve the time shift
property and to avoid permutations we can arrange the input data in a
non-rectangular matrix, called V-vector:

z?(n) z¥(n—1) . ?(n — Ny + 1)
z(n)z(n—1) ... z(n—Ny+2)z(n—Ny+1)

z(n)z(n — Ny + 1) (3.9)
where the diagonal brackets emphasise the non rectangular structure of
the matrix.

For the non rectangular matrix in (3.9) we can define left and right
columns as shown in Figure 3.1. It is clear that the first left column of
X, 1s formed by the elements which have been added going from x,_;
to x, while the last right column of x,, is formed by the elements which
will be discarded in the transition from x, to X,+1. Let us define the
extended input V-vector as obtained by adding v, to X,-; as the first
left column or by adding r,_; to x, as the last right column. Thus, it
turns out that the two definitions of the extended input data V-vector
are equal and therefore permutations can be avoided :

X, = \Vn \ xn_l/ =X, = \xn / rn_l/ (3.10)
Note the difference of notation between \a \ b/ and \c / d/; in the
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first case a indicates the first left column and b the remaining columns of
the V-vector while in the second case d stands for the last right column
and c for the rest of columns. In what follows, for simplicity, the first
left column and the last right column will be called first column and last
column, respectively. For example, the extended input data V-vector for
the second order homogeneous Volterra filter is given by

z%(n) i (n—1) z?(n — N,)
z(n)z(n —1) SH z(n — Ny + 1)z(n — Na)

z(n)z(n — Ny +1) z(n—1)z(n — Ny) (3.11)

In a more general context we can define a V-vector as a non-rectangu-
lar matrix in which the number of elements in each row does not increase
going from the top to the bottom of the matrix. Even if some algorithms
like Fast RLS, FTF are indifferent to V-vector rows arrangement, the V
descendent structure becomes fundamental for the extension of adaptive
algorithms like the lattice algorithms and the algorithms which use both
the concepts of triangular matrix and of augmented data vector as shown
in Section 3.4.

By varying the number of rows and the number of elements in each
row we obtain V-vectors of different type. The type of a V-vector is the
m-tupla of integers that defines the number of rows (m) and the number
of elements in each row of the V-vector. For example, the type of the
V-vector in (3.9) is the N,-tupla (N2, N2 —1,...,1). In the following, the
type of a V-vector for simplicity will be designated with a capital letter.

After defining V-vectors, which replace the vectors, we can introduce
the entity which replace the matrix of classical linear algebra. A V-matriz
M x N is a V-vector of a certain type M whose elements are again V-
vectors (subV-vectors) of a generally different type N. A V-matrix is
depicted in Figure 3.2.

The elements of a V-vector \a,-j / can be identified by a couple of
indexes: the first index indicates the row while the second indicates the
column. Analogously the elements of a V-matrix \\\Aijlm // are identified
by two couple of indexes, the first couple ¢j indicates the subV-vector
while the second couple Im identifies the element in the subV-vector.
Note that, when it is necessary, V-matrices are identified with double
diagonal brackets.

In order to complete the definition of the novel algebraic structure we
have to define the basic operations between V-vectors and V-matrices.

e Let a and b indicate two V-vectors of the same type, then the sum
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xllll ‘7"1112 .T1113 $1211 1'1212 $1213 1:1311 .'1:1312 .'1,'1313
x1121 xll22 $1221 1:1222 x1321 .'L']_322
T113 L1234 L1354

T21y; T2y T2y T229y L2215 T22;3
L2159 T215 T2291 L2299
.'1,'2131 .'1,'2231
I3177 T3179 T31y3
L3197 L3199
I314,

Figure 3.2: A V-matrix

of these two entities is a V-vector of the same type whose elements
are given by :

cij = aij + byj.

e Let A and B indicate two V-matrices M x N, then the sum between
these two V-matrices is a V-matrix M x N whose elements are given

by :
Cijlm = Aijlm + Bijlm'

o Let a and b indicate two V-vectors of the same type, then the inner
product between these two entities is a scalar given by :

a-b= Zai]‘b,‘j.
iy
e Let A indicate a V-matrix M x N, and let B indicate a V-matrix

N x R then the product A - B is a V-matrix M x R whose elements

are given by :
Cllt, = Z Aijy By, -
hk

o Let A indicate a V-matrix M x N and b indicate a V-vector of type
N then the product A - b is a V-vector of type M whose elements

are given by :
pij = D Aij, bhk.
hk
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Moreover, in order to derive Volterra or multichannel linear adaptive
RLS algorithms, we have to extend the linear algebra concepts of Trans-
posed matrix, Identity matrix, Inverse matrix and Triangular matrix.
These concepts are redefined as follows.

e The Transposed V-matriz of an M x N V-matrix A = \\a,’jlm// is a

N x M V-matrix AT with AT = \\almij//' That is, the transposed

V-matrix has each subV-vector constituted by the elements of A
which occupy in the different subV-vectors the same positions of
the subV-vector in AT; furthermore each element is arranged with
the same order of the corresponding subV-vector of A.

There is an analogy between matrices and V-matrices: we may note
that subV-vectors correspond to the rows of matrices. Unfortunately
the “columns” of a V-matrix are more difficult to be visualised, however
columns can be easily identified as the subV-vectors of the transposed
V-matrix.

o The Identity V-matrizis an M x M V-matrix \\I{jlm// with all null

elements except for the unit elements which present the couple of
indexes ¢ equal to Im.

The definition of Inverse V-matrix is the same of linear algebra:

e The Inverse V-matriz of an M x M V-matrix A is the M x M
V-matrix which pre- or post-multiplied by A gives the identity V-
matrix.

It is straightforward to verify that, in case V-matrices or V-vectors
reduce to matrices or vectors respectively, all these definitions coincide
with those of linear algebra.

A class of V-matrices of particular interest is formed by triangular

V-matrices. The great freedom in arranging the null elements allows the
introduction of twelve different canonical triangular V-matrices:
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Right Upper Triangular I  RUT I
Right Lower Triangular I =~ RLT' I
Left Upper Triangular I LUT I
Left Lower Triangular I LLT I
Right Upper Triangular I RUT II
Right Lower Triangular II RLT II
Left Upper Triangular II LUT II
Left Lower Triangular II LLT II
Right Upper Triangular III RUT III
Right Lower Triangular III RLT III
Left Upper Triangular III  LUT III
Left Lower Triangular III ~ LLT III

Let us start defining triangular V-matrices of kind I. A V-matrix
\\Aijlm // is:

e Right Upper Triangular I when all elements are null if
m<j
l<iwhenm =j.
e Right Lower Triangular I when all elements are null if
m < j
[ >:whenm = j.
o Left Upper Triangular I when all elements are null if
m> j
!l <t whenm = j.
o Left Lower Triangular I when all elements are null if
m> j
[ >1whenm = j.

With regard to the triangular V-matrices of kind II they are obtained
from V-matrices of kind I by rotation around a vertical axis. Particularly
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RUT II comes from LUT I
RLT II comes from LLT I
LUT II comes from RUT I
LLT II comes from RLT I

For triangular V-matrices of kind III we have that a V-matrix \\Aijlm//

is

e Right Upper Triangular III when all elements are null if

<
m < j when [ = 1.

e Right Lower Triangular III when all elements are null if

[>:
m < j when [ = 1.

o Left Upper Triangular III when all elements are null if

<
m > j when [ = 1.

e Left Lower Triangular III when all elements are null if

[ >
m > j when [ = ¢.

The rotation around a vertical axis of a triangular V-matrix of kind
III produces again a triangular V-matrix of kind III.

In Fig. 3.3-3.5 three cases of triangular V-matrices of different kind
are graphically represented. As we may see from these figures, in trian-
gular V-matrices of kind I and II we follow a routing order by columns
while in triangular V-matrices of kind III we have a routing order by
rows. Moreover we named Left (Right) Triangular V-matrices because
the non-null elements tend to take place on the left (right) part of each
subV-vector. Finally, we named Upper (Lower) Triangular V-matrix be-
cause:

e in V-matrices of kind I the matrix whose rows are equal to the first
columns of subV-vectors of the first column is an upper (lower)
triangular matrix;



58

3.2 The V-vector Algebra

0 00O

o O

8 8 8

0 00O

o O O

[ e e T 1

Figure 3.3: A Left Upper Triangular I V-matrix



59

3.2 The V-vector Algebra

8 8 8

8 8

o 8 8
8 8

o O O 8

8 8 8

Figure 3.4: A Left Upper Triangular II V-matrix
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z 0 0 0 z z 00 z z z 0 T T T
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0 00O 0 00O 0 00O
z 0 0 z z 0 T T
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z T
0000
0 00
00
z

Figure 3.5: A Left Upper Triangular III V-matrix

e in V-matrices of kind II the matrix whose rows are equal to the
last columns of subV-vectors of the last column is an upper (lower)
triangular matrix;

e in V-matrices of kind III the matrix whose rows are equal to the
first columns of subV-vectors of the first column and the matrix
whose rows are equal to the last columns of subV-vectors of the
last column are upper (lower) triangular matrices.

In right (left) strictly decreasing V-matrices of kind I the matrix
whose rows are equal to the last columns of subV-vectors of the last
column is lower (upper) triangular.

In right (left) strictly decreasing V-matrices of kind II the matrix
whose rows are equal to the first columns of subV-vectors of the first
column is upper (lower) triangular.

Moreover we can see that :

o the transposed of a right (left) triangular V-matrix is a left (right)
triangular V-matrix;

e the transposed of an upper (lower) triangular V-matrix is a lower
(upper) triangular V-matrix;
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e the transposed of a triangular V-matrix of kind I (II) (III) is a
triangular V-matrix of kind I (II) (III).

It is straightforward to demonstrate the validity of these two impor-
tant properties that derive from linear algebra.

e The product between two triangular V-matrices with the same tri-
angular structure is still a V-matrix with the same triangular struc-
ture.

e The inverse of a triangular V-matrix is a V-matrix with the same
triangular structure.

The above mentioned V-matrices are not the unique triangular struc-
tures which satisfy these properties: in general any element routing order
in a V-vector of type M will define a triangular structure for V-matrices
M x M. In particular for the following discussions it is important to
define triangular V-matrices “row ¥ MOD L” where L is the number of
rows of the V-matrix. These triangular V-matrices are obtained by con-
sidering a routing order which starts from row k, instead of row 1, and
scans columns in a cyclic manner.

For instance we define \\a,'jlm // a “row k MOD L” Left Upper Tri-
angular III V-matrix when all elements are null if

{ modz({ —k+1) <modp(: — k+1)

m > 7 when [ = 1.

Note that the transposed of a “row £ MOD L” triangular V-matrix
1s still a “row £ MOD L” triangular V-matrix.

3.3 V-vectors for Volterra and Linear Mul-
tichannel Filters

The V-vector formalism can be applied to Volterra filters of arbitrary
order. The problem we address now is the arrangement of the input
data products of a k-th order homogeneous Volterra operator in a V
decreasing structure, i.e. we want to derive the k-th order input data
V-vector. This arrangement may be done in a simple manner by the use
of a filter order/memory length recursion. We can demonstrate, in fact,
this proposition :
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Proposition 3.3.1 In order to pass from a (k — 1)-th memory length,
t-th order input data V-vector to a k-th memory length, i-th order input
data V-vector we have:

1. to add to the (k — 1)-th V-vector a right column of products with
the same building rule of the rows of our V-vector but translated of
one unit in time;

2. to add to the bottom of the (k — 1)-th V-vector the vector

or the vector
vIHE-Dg(n — &+ 1), (3.13)

where r16=1) indicates the last right column of the k-th memory
length, (i — 1)-th order V-vector and v{HG=1) the first left column
of the same V-vector.

Note that rl¥((-1)z(n) has the same elements of vI¥(i-1z(n—k+1). With
the rule of Proposition 3.3.1 it is trivial to build the i-th order input data
V-vector from the knowledge of the (¢ — 1)-th V-vector. Note that the
i-th order V-vector with memory length 1 is equal to \z‘(n)/.

Let us proof the validity of the proposition.

Proof The products of our k-th memory length Volterra operator can
be divided into three different classes :

1. products which belong to the (k — 1)-th memory length V-vector;

2. products constituted in the same manner of the rows of the (k—1)-
th memory length V-vector but translated one unit in time;

3. products which do not belong to the previous classes and that, for
this reason, must present both the input data z(n) and z(n—k+1).

The proposed recursive procedure simply translates this class divi-
sion into an element arranging rule. In this way we have only to demon-
strate that the third class coincides with the collection of elements of
z(n)rfl=1) and z(n — k 4+ 1)vIH6E-1D An element of this vectors can-
not appear in the first two classes because in every product are present
both z(n) and z(n — k + 1); moreover if we consider a product ¢ of this

third class then 7%1—) is an (¢ — 1)-th order product with z(n — k + 1)
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z3(n) z3(n - 1) z3(n - 2) z3(n — 3)
?(n)z(n—1) X (n-1z(n-2) 2%(n-2)z(n-3)
z(n)z¥(n—1) z(n-1)2%(n-2) z(n-2)z*(n-3)
z?(n)z(n - 2) z2(n — 1)z(n - 3)
z(n)z(n—1z(n—-2) z(n-1)z(n-2)z(n-3)
z(n)z?(n—2)  z(n - 1)z’(n - 3)
z?(n)z(n — 3)
z(n)z(n — 1)z(n — 3)
z(n)z(n — 2)z(n — 3)
z(n)z%(n - 3)

Figure 3.6: Input data V-vector of an order 3, memory length 4, homo-
geneous Volterra Filter.

as a factor, and for this reason it belongs to rl¥li-1) while E_(?z_—gm

analogously has z(n) as factor and so it belongs to vi¥(i-1), ]

In Figure 3.6 is presented an example of memory length 4, order 3
in[p]ut data V-vector built up with the previous arranging rule based on
vIHG),

Obviously the possible use of vector rl¥l()) instead of v[I(¥) leads to a
different formulation of input data V-vector. The two V-vectors differ by
a permutation of equal length rows, but this permutation does not have
any influence on the algorithm development.

In most cases, we are not interested in a homogeneous Volterra op-
erator but in a complete Nth memory length Kth order Volterra filter
given by the following input-output relation

-

K N N N
y(n) = Z Z Z - Z hiy,..ixx(n —121)...x(n — ). (3.14)

k=1t1=111=19 Te=tp_1

V-vector algebra can be applied also to the filter class of equation (3.14).
We can derive the input data V-vector of the filter in (3.14) by first
building the input data V-vector of each homogeneous Volterra operator
of the filter in (3.14) and then by arranging all the rows of these V-
vectors in a unique V descendant structure. In Figure 3.7 is depicted the
V-vector of a 3-rd order, memory length 3 Volterra filter.

It is worth noting that the V-vector algebra can be used also to deal
with multichannel linear filters with channels of different memory length.
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z(n—1) z(n —2)
z?(n—1) z?(n — 2)
z3(n) 3(n — 1) z3(n —2)
z(n)z(n — 1) z(n —1)z(n —2)

¥ (n)z(n—1) z*(n—1)z(n —2)
z(n)z*(n — 1) z(n —1)z%(n — 2)
z(n)z(n — 2)
z(n)z(n — 1)z(n — 2)

Figure 3.7: Input data V-vector of an order 3, memory length 3 Volterra
filter.

The input data V-vector of the linear multichannel filter can be trivially
obtained by arranging the input data vectors of the different channels in
a unique V descendant structure.

3.4 A Reformulation of the Lee-Mathews’
Adaptive Fast RLS Algorithm

The algorithms presented in this section and in Section 3.5 apply to any
filter whose output is a linear function of an input data V-vector that
satisfy the time shift property. This filter class includes both the Volterra
and the linear multichannel filters.

Again we want to find at each time n a fast recursive solution for the
exponentially windowed cost function :

- kz_: N |d(k) = dn(F)[?, (3.15)

where )\ is an exponential weight called “forgetting factor” that controls
the rate of tracking time-varying signals, d(k) is the desired adaptive
filter output, and d,(k) is the adaptive filter output at time k:

d, (k) = wIx;. | (3.16)

Note that in d,(k) the subscript n indicate that the output signal is
evaluated from the optimal coefficient vector at time n. Moreover, x; is
the input data V-vector and w,, is the optimal filter coefficient V-vector.

The algorithm proposed in [85] is based on the relationship between
the forward prediction filter, which estimates v, from x,_;, and the
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backward prediction filter, which estimates r,_; from x,. The sets of
optimal coefficients of the forward and backward prediction filters will
be indicated by A, and B, respectively. In [85] A, and B,, are matrices;
on the contrary in this context they will be V-vectors of vectors, i.e. V-
matrices whose subV-vectors are made up of a unique row.

The corresponding prediction error vectors at time k, denoted as

f.(k) and b,(k), are then defined as
fn(k) = Vi + AZX}C_I (317)

and

b, (k) = re1 + BIx,. (3.18)

A crucial role in the development of the coefficient update equations
is played by the Kalman Gain c,, defined as

cn = 2%, (3.19)

where 2, is the autocorrelation V-matrix

2, = Z /\”"kxkx{. (3.20)

k=0

The Kalman gain is now a V-vector and it may be viewed as the
optimal coefficient V-vector of a transversal filter that estimates the pin-
ning sequence. The corresponding estimation error 4, , which is usually
called “likelihood variable”, is given by

Yo =1—cIx,. (3.21)

n

The likelihood variable assumes a great importance in all Fast Trans-
versal Filter algorithms. In fact it monitors the numerical stability of the
algorithm itself. According to [60], v, is a real value bounded by zero
and one, 0 < 74, < 1, and instability arises when 7+, exceeds these bounds
due to finite precision of processors and to error propagation.

The coefficients update can be immediately obtained from the knowl-
edge of the Kalman gain V-vector and of the prediction or estimation
errors :

A=A, —c,1fL (n), (3.22)
B, =B,_; — c,bl_,(n), (3.23)
W, = W,_1+ cnen_l(n), (324)

where the estimation error e,(k) is given by

en(k) = d(k) — wlx;. (3.25)
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In order to update the gain V-vector c, let us introduce the extended
Kalman gain V-vector €, that is the least square (LS) estimate for the
pinning sequence using the extended input data V-vector. Two different
derivations of €, may be obtained using the two definitions of X, given

in (3.10):
G=\ o7'a(n) \ Anaiu(n) +ecanr /, (3.26)
€=\ e+ BoB;'ba(n) / B7'ba(n) /, (3.27)

where o, and 3, are the autocorrelation matrices of, respectively, the
forward and the backward prediction errors!:

n

a, = > AL ()L (K), (3.28)
B, =3 X b, (B)bI(R), (3.29)

Let us first demonstrate expression (3.26). Remember that

n

2, =3 ) (3.30)
k=0
and
. = 2. %, (3.31)
then
2,¢, = X,. (3.32)

By considering
X, = \Vn\Xn_l/ (3.33)
and
€. = \a\b/ (3.34)

we have

2.2 = Y N\vi\xe/ \vi\xisr /T T =
k=0

= ). A"_k\"k \ Xk—l/ -(via+x{_;b) =

k=0

= > )\”"k\vk(vfa + x{_lb)\xk_l(v{a +x7_,b) /.(3.35)

k=0

1 Please note that we use small bold letters to indicate the autocorrelation matrices
of the prediction errors in order to maintain the same symbols used in [85].



3.4 A Reformulation of the Lee-Mathews’ ... 67

From (3.32) with simple manipulations we obtain

YN Fvivia+ Y A Fvix]_ b = v, (3.36)
k=0 k=0
and .
Z )\"—kxk_lvfa + Z /\n_ka_IX{_lb = Xp-1- (337)
k=0 k=0

Following the derivations of Section 2.3, it is straightforward to demon-
strate that,

n

SN rtvivi = o, + AR, 1A, (3.38)
k=0
Z )\""kxk_lvf = ——.Qn_lAn, (339)
k=0
SN TEx Xt = 2,0, (3.40)
k=0

By substituting (3.38), (3.39) and (3.40) in (3.36) and (3.37), the follow-

ing equations are derived

a = a;'f,(n), (3.41)
b = c,_1 + An(a;'f,(n)), (3.42)

which correspond to (3.26). In the same way from X, = \xn/rn_l/ we
can demonstrate expression (3.27).

Note that the two expressions (3.26) and (3.27) do not differ for a
permutation as in [85] and therefore they can be immediately equated as
it happens in the case of linear filters.

Let p, and m, indicate respectively the last right column and the
remaining first columns of €,:

\mn / l‘l’n/ = Cp, (343)

then it is possible to demonstrate (see [85]) that

1

o= (1-bl_,(n)p,)  [m,—Ba_1p,] (3.44)

and .
3= (1= b)) ' 7, (3.45)
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where 7, is the "extended” likelihood variable:
Tn=1-— Egiﬂ = Tn-1— fg(n)a;:lf.n(n), (3.46)

In Table 3.1 the complete Volterra Fast RLS algorithm is summa-
rized. The number of multiplications involved in each expression is also
reported. We indicate with L the number of rows of the input data
V-vector, i.e. the number of “channels” of the Volterra or multichannel
linear filter, and with Nr the total number of coefficients. For exam-
ple, in case of an homogeneous second order Volterra filter L = N, and
NT = Nz(Nz + 1)/2

As we can see, this algorithm is identical to that derived by Lee and
Mathews [85], with the same computational complexity and the same
stability properties. Practically, the principal difference with the use of
V-vectors is that now permutations are avoided; the algorithm itself is
really similar to that of linear filters because all derivations are identical.
Furthermore the V-vector formalism is completely independent from the
order of a Volterra filter or from the channels’ number of a multichannel
linear filter. Therefore from these viewpoints V-vectors appear as one
of the most natural way to deal with Volterra and multichannel linear
filters in order to develop adaptive algorithms.

3.5 A Volterra Givens Rotation Based Fast
SQR RLS Filter

The Fast RLS algorithm requires a limited number of multiplications per
sample (6LNt), but it is unstable on the long term when implemented
with a finite precision arithmetic. In order to obtain numerically stable
algorithms many expedients have been devised [60]. As we remarked in
the previous chapter, one of the most successful approaches is the Square
Root (SQR) technique, in which the autocorrelation matrix is factorized
as

2, =RIR.. (3.47)

This factorization is not unique: every QR matrix with Q orthog-
onal (or rotation) matrix (QQT = I) fulfils the same relationship. In
order to univocally identify the factor R,, we can choose to work with
positive diagonal triangular matrices and in this case the factorization
above mentioned is called Cholesky Factorization.

In this paragraph, we propose a new algorithm for adaptive Volterra
prediction and filtering. The algorithm, which presents excellent numeri-
cal properties and belongs to the class of QR algorithms, is the extension
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Algorithm X
fn_l(n) =V, + Ag_lxn_l LNT
£2(n) = YarFas () |

a1yt [m1 O (T (o 2
anl =21 a,_1— ,\’y;lll.}.fr{_ll(n)a;ll n—l(n)] 2L
T = Ya-1 — £ () (n)

An = An—-l - cn_lf;{'__l(n) LNT

T, = \a;lfn(n)\Ana;Ifn(n) + Cn—l/ = \mn/un/ LNzt

bn—l(n) =Trp-1+ Bz_lx'n LNT
-1

cn = (1=bli(m)u,)” [mn—Boip,] LNy
-1

Tn = (1 - bZ—l(n)u’n) _’Yn

B, =B,_; —c,bl_,(n) LNrp

en-1(n) =d(n) — wl_ x, Nr

en(n) = '7nen—l(n)

Wy = Wn_1 + Cpéen_1(n) Nt

TOTAL 6L Nt

Table 3.1: Algorithm for the computation of the Lee-Mathews Fast RLS,
V-vector version. In the second column is reported the main term of each
operation cost in multiplications.
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to Volterra filters of the algorithm of Theorem 2.4.2. Asin QR algorithms
we do have a Q Givens rotation matrix and an R triangular matrix, which
is the Cholesky factor of the autocorrelation matrix?; but differently from
QR algorithms, the derivation of the filter is an algebraic one, based on
the relationship between two different square-root factorizations of the
extended autocorrelation matrix.

In order to obtain a fast algorithm, with LNz operations per sam-
ple, the L rows of input data V-vector (the “channels” of the Volterra
or multichannel linear filter) are updated in a sequential manner [146].
Practically, the filter update is divided into L steps and at each step a
different channel is taken under consideration and updated.

Let us introduce first some new notations:

\a\;b/ means that a is an element placed before the first element of the
-th row of V-vector b;

\a/ b/ means that b is an element placed after the last element of the
t-th row of V-vector a;

T
\ \ b // means that ¢ is a V-vector (a column in the matrix

analogy) whose elements are placed before the first elements of the
i-th rows of the corresponding subV-vectors of D and \a\ib / is a
subV-vector placed before the first subV-vector of the :-th row of

V-matrix \c\iD//

\\ / // means that b is a V-vector (a column in the matrix

analogy) whose elements are placed after the last elements of the
t-th rows of the corresponding subV-vectors of A and \\c/z d / is a
subV-vector placed before the first subV-vector of the i-th row of

V-matrix \\AL b//

Moreover, let us indicate with x,; the input data subV-vector in which
only the first ¢-th rows/channels have been updated at time instant n;
for e = L it is X1, = X, and for i = 0 it is X, 0 = Xp-1.

All quantities with subscript 7 are referred to the i-th step and thus
to the input data V-vector x,,;. The extended input data V-vector X, ;

2In this chapter we prefer, for convenience, to deal with the square root matrix of
2, te. Rﬂ instead of the square root matrix of £2°, i.e. S,,. Note however that it
is R7!

n 3
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is obtained by placing v,; (i.e. the 7-th element of vector v,) in the left
of the ¢-th row of x, ;-1 or placing r,_1; in the right of the ¢-th row of
Xn,i-

The autocorrelation V-matrix, the Kalman gain V-vector, the for-
ward prediction error, the forward prediction filter V-vector, the LS au-
tocorrelation of forward prediction error, the backward prediction error
and the backward prediction filter V-vector all at time instant n, step ¢
are given respectively by:

n

2. = > /\"'kxn’ixz;i, (3.48)
k=0

Cni = .Q_lxn i (3.49)
fri(k) = vei+ an,ixk,i-l, (3.50)
Ani = Ap-14— Cn,i—lfn—l,i(n), (3-51)
Qni = Aopo1i+ fro1,i(n) fri(n), (3.52)
bi(k) = rio1i+ bl Xk (3.53)
ba; = bu_1i— Cnibuo1,i(n). (3.54)

This fast SQR algorithm is based on two different factorizations of
the extended autocorrelation V-matrix 3:

nn,i = ﬁz;iﬁn,i = ﬁz’,’ﬁn,i, (355)

1/2
\_R " \ R, ., // (3.56)
*m:\ of / R’i}?”' // (3.57)

CAT\EES
R, \ﬁ}}/;TT / —1/2// (3.59)

We prove first equation (3.56).* The extended autocorrelation matrix
is given by

where

2

such that

n T
> )\n—k\vk,i\ixk,i—l/ . \'Uk,i\,‘xk,i—l/
k=0

3In the following we indicate with R~7 the transposed of the inverse of R.
“See Appendix 3.A for the fundamental operations on the above V-matrices.
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n 2
Z /\n—k Uk Uk 1xk z— (3 60
k=0 Xk,z—lvk,z : xk 11— ].Xk 1—1

Following the derivations of Section 2.3, it is straightforward to demon-
strate that

n

Yo AR = o +al 2nio1an; (3.61)
k=0
> A X i1k = — 2180, (3.62)
k=0
YA TFx Xt = 2 (3.63)
k=0

Thus, it is

-  _ Opi + afy,-ﬂn,,-_lanyi _ag,inn,i—l
Qn,i - \ _Qn,i—l a'n,,i \‘i Qn,i-—l // (3.64)

It is trivial to verify that a SQR factorization of the extended autocor-
relation V-matrix .Qn i = R Rni is given by

\\ nt/jan,\ R, 1// (3.65)

In the same way we can demonstrate (3.57).
The role played in Fast RLS by both the Kalman Gain vector and
the input data vector is taken here by the V-vector d, defined as

d. = R;7x,. (3.66)

Obviously two different extended V-vectors d can be defined in correspon-
dence to the V-matrices (3.58) and (3.59), as described in (3.67)-(3.68).

dni = BT - \vni\ Xnic1/ = \0nt* fai(n)\ dnsica /) (3.67)
s = B \stws/ ot/ = \dus/ B busw) - (368)

From (3.68) we have that d, is the normalized backward prediction
error V-vector and that the identified filter is the same of a normalized
lattice RLS algorithm [60].

All the above relations are proved to be correct whatever is the type
M of the M x M V-matrix R. In the rest of this paragraph however
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RI.isa row (i+1) MOD L Left Upper Triangular II V-matriz such that
starting form a row 1 MOD L LUT II V-matrix after L iterations we
obtain again a row 1 MOD L LUT II V-matrix.

The V-matrices Rn ; and R, ; do not coincide but dlffer by a rotation
V-matrix Q; (Q;Q7F = I) and even the couples Rn,i , Rn,i and d,;, d,;
differ by the same V-matrix. If we determine Q; that allows the passage
from (3.56) to (3.57) then it is trivial to update d,; from d,;—;. This
rotation matrix will be decomposed into Givens rotations. Since the
product Q; R,,“ is a row X column product we have to proceed on the

columns of Rn, i.e. the rows (subV-vectors) of RT

\\ Rn,zbm / ﬂ‘”//
AT \\ 1/2\ / oF (3.69)

In particular we have to annihilate some elements of subV-vector

\erli\, = Ruiran;/ (3.70)

preserving the row ¢ MOD L LUT II structure of the remaining part of

RI, determined by RT For this purpose we use as pivot element

a,ll{i and we have to rotate on this pivot all the elements at its right

scanning V-vector (3.70) by right columns from right to left and (in a
cyclic manner) from i-th row up to (¢ + L — 1) MOD L row (note that
we stop scanning when we encounter the pivot).

n,i—1°

After applying the Givens rotations, if we discard from ﬁ:ﬂ. the -
th row, last column subV-vector, and from every subV-vector the z-th
row, last column element we obtain RZ; which is a row (¢ + 1) MOD
L LUT IT V-matrix. Furthermore we can see that the update of d,;
requires only the knowledge of the Q; V-matrix, i.e. of V-vector (3.70)
without building up RZ;

From the knowledge of d,; we can update all others parameters of
the algorithm. The a priori forward prediction error can be written as:

T _T
fﬂ—l,i(n) = Ui + an 1 1Rn1 1y, 1Xn,i-1
T
= Un,: + (Rn,i—lan—l,i) dn,i—l-

Let us call
Zn; = Rn,i—lan,i, (371)
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then we can show that _
R.is1ap_1; = \/_):Tn,i-l Zn-1,is (3.72)
where TZ;_, is the row : MOD L LUT II Cholesky factor of
| Y M 1dn i1 = Tn,i—-lTrI:,i—l' (3.73)
In fact, by omitting for simplicity the subscript (¢ — 1), we have

RIR, = MRZ_ R, ;+x.xZ,
AR, _Rni = Rp(I-d.d)R.=

= RITTT 'R,
VAR.., = T.'R,,
R, = VAT,R..:.
Being
v =1-dId, (3.74)
and
(I-d,dl)™" =1+4+;'d,d (3.75)

we obtain immediately (3.73).

A computationally efficient procedure for the computation of (3.72)
has been developed and is presented in Table 3.2. The derivation of this
procedure is similar to that of the algorithms presented in Section 2.4.3.
From (3.51) we immediately derive

Zni = \/XTn,i—lzn—l,i - dn,i—lfn—l,i(n)- (376)

The update of +,; is critical for the numerical stability of the algo-
rithm. We have

Voi = d idni=1-dIl dn; — B0 :(n) =

nz TLQ

= 1- dT dni=1- dl;_ydnicy — i f2(n),
and we can update v, ; according to the following equation

Yri = Ynim1 + Brpbhi(n) — ani fri(n). (3.77)

But if v, ; is evaluated with (3.77) an error accumulation on the likelihood
variable determines a long term numerical instability of the algorithm.
This error accumulation can be interrupted recomputing =, after a cer-
tain amount of steps (for instance after L steps) as in equation (3.74).
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z=0

From the last column of V-vector to the first
From the i-th row to the (¢ + L — 1) MOD L
Compute:
thk

Ik =1+ (cdpk)dre

1/2
L

i/ T
2= 2+ (cdue)(@m/1f)
c= c/lhk
1/2
Ynk = (Tpe/ L) + dpez

Table 3.2: Algorithm for the computation of the y = Tx product, with
TT? =1+ cdd” and TT a row ¢ MOD L LUT II V-matrix.

The use of this accommodation technique gives a numerically stable
algorithm.

The desired signal estimation is produced by a joint process which act
only after a complete update cycle of the prediction scheme. Proceeding
with the same developments as for z,;, the a priori estimation error is
now given by

en-1(n) = d(n) — d% VAT, thay (3.78)

where
hn = Rn,Lwn (379)

is the filter which estimate d(n) from the normalized prediction errors,
and it is

hn = \/XTn,Lhn—l + dn,Len—l(n) (380)

Furthermore, as d,, is the normalized backward prediction error filter,
the joint process part coincides with that of normalized Lattice RLS
and Fast QR algorithms [115]. So even if the filter coefficient vector
is not directly evaluated, we can still apply this algorithm for system
identification as well as prediction and filtering. In particular a direct
dependency of the forward a priori prediction error at time n from the
input sample at the same time makes the algorithm suitable for the
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ADPCM application in signal coding [96], even if this direct dependency
is payed with a not pipelineable structure due to the presence of sums of
products.

For what regards the initialization of the algorithm we can choose

dio=0
Zo,; = 0
hy =

M0 =1

ap; =6 with § << 1.

This choice leads to a limited memory of initial conditions during the
transitory convergence period, but even to sharply varying parameters
in the same period, which can overflow the computational precision of
processors especially in presence of limited wordlength. This problem
can be avoided by taking

op; =A with A>>1;

this initialization, in fact, gives slowly varying parameters during the
transitory convergence period, which however is extended proportionally
to A.

The final algorithm and operation count of all the equations is pre-
sented in Table 3.3. The computational burden of the algorithm in case
of a strictly decreasing V descendant data vector is (10+ 1) L Nz multipli-
cations, (34 3)LNr divisions and (1+ ) LNT square-roots. The addition
count is comparable to the multiplication count. By the use of an array
of processors, however, filter adaptation can be performed in a limited
O(LN7) number of machine cycles. The computational complexity of
the algorithm presented in this section is similar to or lower than the
computational complexity of the algorithms described in [146] and [121]
as reported in Table 3.4.

A different formulation of the algorithm which does not require any
square-root has been developed and it is the extension to Volterra filters
of the algorithm reported in Theorem 2.4.2.

The numerical stability. of the algorithm has been verified by sev-
eral experiments with different types of data signals. A finite precision
arithmetic was simulated as in [110] by implementing a floating point
arithmetic with a mantissa of 16, 8 and 4 bits, respectively. The longest
simulation performed with a 4 bits mantissa had more than 4 millions
samples and in no one of all the considered simulations any instability
has been observed.
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Algorithm X < i
dn,O = dn-—l,L
Yn,0 = Yn-1,L
For i=1 to L Compute
VAT, i 1Zn_1, 5LNy | 2LNy | LNy

fn—l,i(n) = Un, + (\/XTn,i—lzn—lyi)Td‘nyi—l LNT
fn,i(n) = 'Yn,i—lfn—l,i(n)
Zni = VATni1Zn_1i — dpi_1 fa1.4(n) LNt
ani = )\an 1,2 + fn 1 z( )fn,i(n)

from \al{f\i - zn,,-/ ZLNr 2L Ny
\dm/ﬁ'm niln)/ =
= Qi \oni" fas(n)\ dnsiza/ SLNr | 4LNy

Tri = Yn,i-1 + (ﬂnl/2 nt(n))2+
~(oni fai(w)’

End For
YnL =1— dZ,Ldn,L Nt
\/XTn,Lhn—l 3NT Nt
en1(n) = d(n) — (VATshaoq) das Ny
h, = VAT, tha g +d, reni(n) Nr

en(n) = Yn,Len-1(n)

TOTAL LNy | LNy | $LNy

Table 3.3: Algorithm for the computation of the Givens Rotation Based
Fast SQR-RLS. In the second, the third and the fourth column is reported
the main term of each operation cost in multiplications, divisions and
square-roots,
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X = Vv

[146] 12L Nyt (34 2)LNgot | (14 2)LN¢,

[121] | (10 + 1) LNt | (3+ ) LNt | (1 + 2) LN

NEW | (10 + 2)LNiot | (3 + 3)LNsot | (1 + 2)LNpoy

Table 3.4: Comparison of the computational complexity of the algo-
rithms in [146] and [121] with the computational complexity of the new
algorithm.

8

MSE
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0 100 200 300 400 500 600 700 800 900 1000
Time

Figure 3.8: Arithmetic mean of the a priori forward prediction mean
square error as a function of time. The arithmetic mean is evaluated on
twenty different non-white-Gaussian noise signals while the mean square
error is computed on data segments of 10 samples.
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In Figure 3.8 is represented, as a function of time, the arithmetic
mean of the a priori forward prediction mean square error. The arith-
metic mean is evaluated on twenty different non-white-Gaussian noise
signals while the mean square error is computed on data segments of 10
samples. All noise signals are obtained by filtering a zero mean, unit
variance white Gaussian noise N(n) with the cascade of two linear filters
given by

z(n) = N(n)+0.9z(n —1), (3.81)
y(n) = 2z(n)+z(n—1)—0.5z(n —2). (3.82)

The different plots refers to different mantissa precision of the processor.
Figure 3.8 illustrates how the wordlength affects the performances of the
algorithm and shows the good convergence properties even with a low
mantissa precision. The same performance can be obtained both from
an 8 bit mantissa wordlength and the standard floating point precision.

3.6 Conclusions

A novel algebraic structure based on non-rectangular matrices has been
developed. All fundamental objects and basic operations of this algebra
have been presented in this chapter. The V-vector algebra has revealed
a powerful tool to cope with adaptation algorithms for Volterra filters.
With this algebra, in fact, Volterra filters are treated exactly in the same
way as classical linear filters. Furthermore V-vector algebra, even though
initially developed for Volterra filters, can be applied also to linear mul-
tichannel systems with different memory length in the various channels.

As a matter of fact, it is worth noting that the RLS algorithms devel-
oped taking into account the permutation between the vectors in (3.7)-
(3.8) coincide with the RLS algorithms developed with the V-vector al-
gebra. However, the permutation in (3.7)-(3.8) has to be designed ad hoc
for each one of the considered filters. On the contrary, the developments
of the V-vector formalism are the same whichever the Volterra or linear
multichannel adaptive filters may be.

These considerations make it possible to devise, in addition to the
easy extension of adaptive algorithms already known for linear filters, the
derivation of new powerful adaptation techniques for Volterra or linear
multichannel filters.



A ppendices

3.A The Fundamental Operations between
V-Matrices

The aim of this appendix is to show how to compute the principal op-
erations between the V-matrix structures defined in Section 3.5. First
of all it is straightforward to show by the definition of the transposed

V-matrix that\z\i . //i ) \\a\ o // )
\ALLNEf] o

Then the product between two V-matrices is given by

VeV B /N e\ E/-\wihe\ @inn /

W LANE [N )

This is a row per column product: if we make the product between
every subV-vector of the first factor and of the transposed of the second
factor we obtain immediately (3.85) and (3.86). Finally, the inverse V-
matrices are obtained by solving the following systems

VB AN/ - N\ T/ e
\%/3//\\3/V// B \OIT/?/ (3.88)



Chapter 4

Sufficient Stability Bounds
for Slowly-Varying
Direct-Form Recursive
Linear Filters and Their
Applications in Adaptive IIR
Filters

4.1 Introduction

Another interesting area in adaptive signal processing is represented by
adaptive IIR filtering. Adaptive IIR filters have been the subject of active
research over the last three decades [67, 91, 102, 119, 130]. Despite a large
amount of work that has been done, some open issues still remain. One
of these issues is that of ensuring the stability of the time-varying IIR
filter that results from the identification process.

Researchers have attempted to derive adaptive IIR filters that oper-
ate in a stable manner in several different ways. One class of algorithms
is obtained by means of the equation-error technique. In the equation-
error technique, the IIR filter is identified by the use of a two-channel

Part of the content of this chapter was presented in
Alberto Carini, V. John Mathews e Giovanni L. Sicuranza, “Sufficient Stability
Bounds for Slowly Varying Discrete-Time Recursive Linear Filters,” Proceedings of
ICASSP 97, April 21-24 1997, Munich, Germany
and submitted to IEEE Trans. Signal Processing in 1996
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adaptive FIR filter that operates on samples of the input and the desired
response signals. Since the system model employed in equation-error
methods is not recursive, the adaptive filter can operate in a stable man-
ner when the step size is properly selected. However, this fact does not
ensure the stability of the resulting IIR filter. Moreover, it is well-known
that equation-error adaptive algorithms glve biased solutlons when the
desired response signal is corrupted by noise.

Output error algorithms have become popular in adaptive IIR filter-
ing research in recent years. In output error techniques, the adaptive
filter operates in a recursive manner on the input signal to provide an
estimate of the desired response signal. A class of such methods requires
a certain system transfer function to be strictly positive real (SPR) in
order to avoid problems with instability and to ensure the convergence of
the algorithm. This class of algorithms includes the pseudo-linear regres-
sion algorithm (PRA) [45], also known as Feintuch’s algorithm, Landau’s
algorithm [77], the hyperstable adaptive recursive filter (HARF') [65] and
the simplified HARF (SHARF) [80]. An SPR condition is not easy to
guarantee in practice. In the PRA, the SPR condition limits the range of
the location of the poles of the unknown system for which convergence is
guaranteed. This problem is avoided in HARF and SHARF algorithms.
However, some a priori knowledge of the underlying system model is
required in order to meet the SPR condition. Moreover, if the system
consists of two or more parallel sections, the SPR condition is not suffi-
cient to guarantee stability [156]. A second class of adaptive output-error
direct-form filters employ stability monitoring by checking the location
of the instantaneous poles of the system and projecting the coefficients
back to a region for which the instantaneous poles are within the unit cir-
cle [91]. Unfortunately, time-varying filters may be unstable even when
the instantaneous poles are within the unit circle. A simple example is
given by the time-varying recursive linear system with two coincident
poles located at (—1)F~10.5 at time k with input-output relationship

y(k) = (=1)FYy(k — 1) — 0.25y(k — 2) + z(k). (4.1)

Even though the instantaneous poles are always bounded by one and
far from the unit circle itself, it is straightforward to show that the re-
sponse of this system to a unit impulse signal diverges exponentially.
Consequently, even though projection-based techniques that force the
instantaneous poles of the system to stay within the unit circle work
well in a large number of situations, they are not guaranteed to operate
in a stable manner in all situations. A third class of output-error algo-
rithms employs lattice structures [93, 119]. Normalized lattice filters are
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guaranteed to be stable if the reflection coefficients are bounded by one.
Similar conditions can be established also for other filter structures such
as power wave digital filters [76] and normal forms [119]. However, direct
form filters are particularly suited for the multiply-accumulate architec-
tures found in most digital signal processors, and for this reason are often
preferred to the above-mentioned filter structures.

In this chapter, we present a method for controlling the adaptation
step size to guarantee bounded-input bounded-output stability of output-
error adaptive IIR filters. It is well-known [6, 35, 119, 122, 123] that a
recursive time-varying homogeneous linear system is exponentially sta-
ble if its instantaneous poles are always inside the unit circle and if they
are sufficiently slowly-varying. We first derive a new upperbound on the
maximum allowable coefficient variation for the stability of a direct-form
linear recursive filter, and then apply the results to control the step size
of an adaptive IIR filter to ensure stable operation. Experimental results
demonstrating the good convergence characteristics of the adaptive fil-
ter so derived as well as comparing our stability bound with previously
available results are also included in the chapter.

4.2 Sufficient Conditions for the Stability
of Slowly-Varying Direct-Form Recur-
sive Systems

We consider a time-varying recursive linear system with input-output
relationship given by

N-1 N-1
y(k) = ZO bi(k)z(k —1) + Zj ai(k)y(k — 7). (4.2)

Let

O(k) = [bo(k), br(k),...,bn_1(k),ar(k), az(k),... san—1(K)]T (4.3)

denote the coefficient vector and let the evolution of the coefficients be
of the form

Ok + 1) = 0(k) + up (), (4.4)

where y; is a time-varying scalar sequence. Our objective is to find
a sufficient bound on the squared-norm of the increment vector ug(k)
given by u297 (k)1 (k) such that the time-varying system of (4.2) is stable
in the bounded-input, bounded-output (BIBO) sense. From such a result,
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we then find a bound on g for guaranteeing the stability of the system.
An adaptive filter with coefficient update as in (4.4) will be BIBO stable
if p1 is chosen smaller than or equal to such a bound. The basis for our
work is the following theorem proved in [123]:

Theorem 4.2.1 The linear state equation
x(k+1) = A(k)x(k), =x(ko)=Xo (4.5)

is uniformly exponentially stable if and only if there exists an N x N
matriz sequence Q(k) that is symmetric for all k and such that

I < Q(k) < pI (4.6)

and

AT(k+1)Q(k + 1)A(k +1) - Q(k) < —4L, (4.7)

where 0, p and ¢ are finite positive constants.

The condition “matrix Q < pI” in the theorem implies that xTQx <
pxTx for all vectors x. Exponential stability of the homogeneous system
implies BIBO stability of the more general system in (4.2) provided that
the coeflicients of the non-recursive part are bounded [119].

Theorem 4.2.1 is expressed in terms of the state transition matrix
A(k) while we are interested in the direct form realization. However, it
is trivial to transform the direct form representation in (4.2) to the state
space representation by considering the state vector

x(k) = [y(k = 1),y(k=2),...,y(k = N)I (4.8)
and the corresponding state transition matrix

al(k) ag(k) e aN_l(k) aN(k)
1 0o ... 0 0
Ay =] . : : Rk (4.9)

0 0o ... 1 0
Finite and bounded choices of the feedforward coefficients b;(k) do
not affect the stability of the system. Consequently, ignoring these coef-
ficients in the rest of the analysis does not result in any loss of generality.
In the derivations that follow, we find a sequence of candidate matrices
Q(k) that meets the Lyapunov conditions given by (4.6) and (4.7) for

slowly-varying recursive linear filters. We assume that the instantaneous
poles of the recursive system are always inside the unit circle.
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4.2.1 The Lyapunov Candidate Sequence

Since the poles of the system (4.2) are by hypothesis always inside the
unit circle, we can consider as Lyapunov candidate the unique, symmetric
and positive definite solution of the discrete-time Lyapunov equation

AT(k)QVk(k)A(k) - Quk(k) = _VkIN7 (410)

where v is a bounded positive sequence with vx € [Vmin,Vmaez] and
[Vmins Vmaz) 18 an arbitrary interval of the positive real axis.

Following the derivations in [35, 123], it can be shown that Q,, (k) is
given by

Qu(k) = 1 3 [AT(RFATGE). (4.11)

=0
The closed form solution for Q,, (k) is given by

vec[Q,, (k)] = —ui [AT (k) @ AT (k) — In2] " vecIn], (4.12)

where @ indicates the Kronecker product and “vec[Q]” is a vector oper-
ator that stores the columns of Q in a predetermined order.

Since vg is bounded by the positive and finite values vy,;, and vpes
and the eigenvalues of A(k) are in the open set (0,1), it can be shown
that the Lyapunov conditions in (4.6) are always satisfied. This result
can be proved easily by following the derivations in [35, 123]. As for the
condition in (4.7), let us consider (4.10) at time k+1 and add Q,,,, (k +
1) — Q., (k) to both sides of the expression. It follows trivially that the
condition of (4.7) can be rewritten as

AT(k+1)Qu,, (k+ 1Ak +1) - Q,, (k) =

= Ql/k+1 (k + 1) - Ql/k(k) - Vk+lIN S —¢IN' (4'13)
This condition is met if
||QVk+1 (k + 1) - ka(k)“ S §Vk+1' (414)

where £ is a real positive constant, £ < 1 and ||(-)|| is the induced L,
norm of the matrix (-). Dividing both sides of (4.14) by vkt1, (4.14)
becomes

[Qu(k+1) =gy Qu (k)| <€ <1, (4.15)
for all k£, where Q;(k) is given by

400

Qu(k) = 3 _[AT(K)A(K). (4.16)

1=0
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The above condition can be used to enable BIBO stable operation of
an adaptive IIR filter equipped with a projection technique. Any projec-
tion technique that can move the coefficients back to a space that satisfies
the condition in (4.15) can be used for this purpose. However, since most
projection techniques have unpredictable computational complexity, and
since they may result in coefficient stalling, we now derive a closed-form
bound for u; when the parameter v = 1, under the assumption that the
coefficient vary slowly. In this case the inequality in (4.15) reduces to

1Qu(k+1) — (k)| £ <1 (4.17)

for all k. Since vy is fixed, we drop the subscript on Q such that Q(k) =
Qi (k) from now onwards.
To derive the result, we note that

1Q(k + 1) — Q(K)|| < [|vec[Q(k + 1)] — vec[Q(k)]]- (4.18)

Combining (4.17) and (4.18), we derive a sufficient condition for the
exponential stability of the system in (4.5) to be

[vec]Q(k +1)] — vec[Q(K)J|| <€ <1, (4.19)

for all k. In the hypothesis of slowly-varying coefficients, the following
approximation can be applied:

vec[Q(k + 1)] — vec[Q(k)] = Vgvec[Q(k)] - AB(k), (4.20)

where Vg indicates the gradient vector operator with respect to the
coefficient vector 8 and AG(k) = 6(k + 1) — 6(k). Recall from (4.4) that
A@(k) = uryp(k). Substituting the approximation of (4.20) in (4.19) and
manipulating the resulting expression gives an explicit condition on g
for the stability of (4.5) to be

£
< .
e S W gved @O BT 2
for all k.

The stability conditions of (4.15) and (4.17) are derived without re-
sorting to any approximation. However, these conditions can be em-
ployed in adaptive recursive filtering applications only with the help of
projection techniques. Even though the derivation of (4.21) employs an
approximation that is based on slow variations in the coefficients, this
condition has the advantage of being useful in directly controlling the
step size of adaptation.
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The Second-Order Case

The stability conditions derived in the previous subsection hold for any
filter order. Computationally simple expressions that relate the filter
coeflicients to the stability bound can be derived for the second-order
case. Therefore, the implementation of the stability conditions is simplest
- when the adaptive filter is realized as a cascade or parallel connection
of second-order sections. Since the non-recursive part does not affect
the stability of the resulting system provided that the coefficients are
bounded, we consider the following second-order filter:

y(k) = ax(R)y(k — 1) + ax(k)y(k —2) +2(k).  (4.22)

For the instantaneous poles of this system to be inside the unit circle,
the coeflicients must satisfy the inequalities

la1(k)| + az(k) < 1 (4.23)

and
az(k) > —1. (4.24)
The candidate Lyapunov matrix Q(k) in (4.16) can be shown to be

given by
2(12!]:!—1 _2(11“:(’2;”:)

b) = 2
Q(]") 2al(f()lt:§(k) %%3 Y (4 5)

where

r(k) = —a3(k) + a3(k) + ai(k)az(k) + ax(k) +ai(k) =1 (4.26)

s(k) = a3(k) — a3(k) + a?(k)ay(k) + aq(k) + a?(k) — 1. (4.27)
Substituting (4.25) into (4.21) results in the following bound for u; for
the second-order system:

k S 2 () )
’ 4 () alk) — (aa(F) 1) v
+8((ar(k) ¥2(k) + az(k) ¥y (k)) - r(k) — ax(k

+(r(k) - w(k) —v(k) - s(k))

(4.28)
where
w(k) = (3a3(k) + a3(k) — 2az(k) + 1) (k) + 2a1 (k) (az(k) + 1) 4, (k)
(4.29)
and

v(k) = (= 3a3(k) + 2a2(k) + af(k) + 1), (k) + 2a1(k)(az(k) + 1), (k).
(4.30)



4.3 Stabilized Output Error Adaptive IIR Filters 88

4.3 Stabilized Output Error Adaptive ITR
Filters

In this section, we apply the stability condition derived in Section 4.2 to
the stabilization of output-error adaptive IIR filters. Even though the
ideas presented here are applicable to almost all adaptive IIR filters, we
describe our approach using the Gauss-Newton output error adaptation
algorithm [91]. Furthermore, since the implementation of the stability
condition is simplest when the adaptive filter is realized as a cascade or
parallel connection of second-order sections, we have considered adaptive
IIR filters employing parallel second-order sections.
Each second-order section is of the form

y,-(k) = al,-(k)yi(k — 1) +a2,~(k)yz-(k —2) + bo,u(k) + bl,-u(k - 1) + bg,'u(k - 2).

(4.31)
where u(k) denotes the input to the section. Let the data vector and the
coefficient vector of the i-th section be given by!

Xa(k) = [u(k),ulk — 1), u(k - 2), (k- D,ulk -2 (4.32)
and
0i(k) = [boi(k), bri(k), bai(k), ari(k), azi(k)]", (4.33)

respectively. We define the data and coefficient vectors for the overall
structure to be

X (k) = [XT(k), XT(k),.... XT(k)" (4.34)

and

(k) = [0 (k),0%(k),...,0L(k)", (4.35)

respectively, where L denotes the number of parallel sections.
The coefficients are updated in this method as

O(k+1)=0(k)+ p(k)R™(k + 1)p(k)e(k) (4.36)
where p(k) is a time-varying step size matrix of the adaptive filter defined
as

”’(k) = diag[ﬂl(k)’ NZ(k)) s 5N5L(k)]a (4'37)

e(k) is the a priori estimation error defined as

L
e(k) = d(k) — 3_wi(k), (4-38)

=1

INote the exception in our notation. We use the capital letter X to indicate the
data vector because x was used in Section 4.2 in order to indicate the state vector.
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and
T
(k) = [ (k), %3 (k), ..., 1 (R)] (4.39)
is the information vector whose i-th vector element 4,(k) is
1
P, (k) = X (k). (4.40)

1 — a1i(k)g~! — agi(k)g2

In the above expression, the notation ¢! refers to a unit delay operator.
The matrix R(k) is an estimate of the autocorrelation matrix of the
information vector and it is recursively computed as

R(k) = AR(k — 1) + (1 — N)ap(k)ypT (k), (4.41)

where 0 € A < 1 is a parameter that controls the convergence and
tracking speed of the estimation of the autocorrelation matrix. Its inverse
may be evaluated recursively using the matrix inversion lemma as

» 1L R (k)9 (k)" (k)R™!(k)
R7(k+1) =3 (R (k) — ﬁ+¢T(k)R’1(k)1,b(k))' (4.42)

The BIBO stability of the above adaptive filter can be achieved by
constraining the step sizes associated with the recursive component of
each section to meet the conditions specified by (4.28). We point out
again that the instantaneous poles must always lie within the unit circle
and that the coefficients of the feedforward part must be bounded. In
all our experiments, we have also limited the maximum step size value.
Doing so has two advantages: (%) it allows the designer to control the
steady-state behaviour of the adaptive filter independently of the char-
acteristics of the adaptive filter coefficients, and (77) it ensures that the
coeflicients vary slowly so that the approximations in the derivation are
valid.

The computational complexity of calculating the step size bound in
(4.28) correspond to 16 multiplications, one square-root operation and
one division per second-order section. Consequently, the complexity of
implementing the stability bounds for a cascade or parallel adaptive fil-
ter is linearly proportional to the order of the filter. Furthermore, this
complexity is comparable to or smaller than the complexity of adapting
the coefficients in many adaptive IIR filtering algorithms.

4.4 Experimental Results

In the first set of results presented below, the adaptive filters were em-
ployed to identify an unknown, fourth-order IIR filter with transfer func-
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tion
B 1 N 2
T 1-—1.862"14+0.86982"2 1 —2"1+40.52"2

H(z) (4.43)
using measurements of the input and output signals. The poles of the
above system are located at [0.93 £ 0.075] and [0.5 £ 0.55]. The adap-
tive filters employed a parallel connection of two second-order systems
and were adapted using the Gauss-Newton algorithm. The input of the
unknown system is a coloured Gaussian signal with zero mean value ob-
tained by filtering a white Gaussian signal with zero mean value and unit
variance with the FIR filter of transfer function given by

W(z) =1+0.52"" (4.44)

The desired response signal was generated by processing this signal with
the unknown system and then corrupting the output with an additive,
zero-mean and white Gaussian noise sequence that is statistically inde-
pendent of the input signal. The variance of the measurement noise was
such that the output signal-to-noise ratio was 30 dB. The adaptive filter
employed a different step size sequence for each second-order section and
for the recursive and non-recursive part of each section. The step size of
the recursive part was selected to be the minimum of 0.001 or the bound
suggested by our conditions, while that of the moving average part was
fixed at 0.0005. The forgetting factor in the evaluation of the inverse of
the autocorrelation matrix was chosen to be 0.9999. Almost all output
error adaptive recursive filters are susceptible to converging to the wrong
local minima of the squared estimation error surface. In the results pre-
sented here, all the experiments that resulted in convergence to wrong
local minima were eliminated from the calculation of the ensemble av-
erages. In this way, we are able to observe the speed of convergence of
the adaptive filter when it converged to the true solution. The results
displayed in the figures are averages of the first fifty experiments in which
the coeflicients converged to the correct solution.

In addition to constraining the step size to values below the stability
bound at each time, we must also verify that the instantaneous poles
of the updated filter are within the unit circle. In the experiments de-
scribed below the updates for a particular iteration was simply skipped
whenever one or more poles crossed the unit circle. In order to ensure
the BIBO stability of the adaptive filter feedforward part, we also im-
posed an upper bound on the absolute value of feedforward coeflicients.
The upper bound chosen was 1000, and in no experiment the feedforward
coefficients reached this bound. The algorithm was initialized with the
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Figure 4.1: Evolution of the feedback coefficients of one of the parallel
sections of the stabilized adaptive IIR filters.
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Figure 4.2: Evolution of the mean-square estimation error in the stabi-
lized adaptive IIR filters.

coefficients of the feedforward parts equal to 0.5 and the poles of the
recursive part equal to [0.1 £ 0.1¢] and [—0.1 £ 0.17] respectively for each
second-order section.

Figure 4.1 shows the ensemble averaged behaviour of the coefficients
of the parallel section that correspond to the coefficients 1.86 and 0.8698
(corresponding to the poles located at [0.93 4 0.075]) of the unknown
system. Figure 4.2 shows the ensemble averaged, squared estimation
error at the output of the adaptive filters. The horizontal line in the figure
represents the noise floor. Figure 4.3 displays the ensemble averaged step
size sequence for the parallel section tracking the poles of the unknown
system at [0.93 £ 0.07j]. The results indicate that step size selection
using the closed form conditions in (4.28) results in stable operation of
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Figure 4.3: Evolution of the step size sequence of the stabilized adaptive
IIR filters.

the adaptive filter. The initial values of the step size are small in this
example because the initial estimation error is large. Combined with the
large error, the initial values of the step size produced the largest changes
possible that still maintained the exponential stability of the system.

We now compare the performance of the stabilized adaptive IIR filter
with that of the SHARF algorithm. In order to make the comparisons
as fair as possible, we used a single second order system for identifying
an unknown second-order system with transfer function

1
1 —1.927140.9052-%"

We used the same experimental conditions as in the previous example,
with the difference that we employed the same step size sequence for
adapting the moving average and the recursive coefficients of the system.
The coeflicient update in the SHARF algorithm was implemented as
in [130] in the following manner:

H(z) = (4.45)

O(k+1) =0(k) + uR™1(k+1)X(k)es(k), (4.46)
where
. 1(._, R (k)X (k)XT (k)R (k
R 1) = (R - BLOEBRWRIG)
e(k) = d(k) — 8T (k)X (k), (4.48)
and

es(k) = D c(m)e(k — m). (4.49)

m=0
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Figure 4.4: Comparison of the stabilized adaptive filter of this chapter
and the SHARF algorithm.

The input vector X(k) is defined in this case as [z(k),y(k—1),y(k— M.
In order to obtain satisfactory convergence of the SHARF algorithm, the
FIR filter with transfer function C'(z) that gives the filtered estimation
error es(k), must be such that C(z) ~ A(z), where A(z) is the denomi-
nator of the transfer function of the unknown filter. In our case we have
considered the optimal choice of C(z) = A(z).

Both the algorithms were initialized with the coefficient of the feed-
forward part equal to 0.5 and with the two poles at the origin.

The step size p was selected to be 0.00008 for the SHARF algorithm
so that the steady-state excess mean-square error was identical to that
of the stabilized adaptive IIR filter of this chapter. We note that the
coefficient update equations (4.46) and (4.47) have the form of a Gauss-
Newton update. The similarity of this set of update equations to those
in (4.36)-(4.42) and the choices of the step sizes so that the steady-state
errors are almost identical make it possible to make fair comparisons of
the performance of the two algorithms.

Figure 4.4 plots the evolution of the mean-squared estimation error
for the two algorithms. We can see from this figure that the SHARF
algorithm converges much slower than the method introduced in this
chapter. Note that the time scales used in the two plots are different
from each other. In general, when the instantaneous poles are initialized
to be sufficiently removed from the unit circle, we have observed that our
method converges significantly faster than the SHARF. However, it is
possible to slow the initial convergence rate of our method by initializing
the instantaneous poles to be very close to the unit circle. Such an
initialization will force the initial values of the step size to be very small,
and therefore will result in slow convergence.

We also studied the convergence behaviour of the Gauss-Newton out-
put error algorithm with fixed step size using the same experimental
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Figure 4.5: Comparison of the bound in (4.28) with that derived in [6]
and [35].

conditions. Without pole projection inside the unit circle, the algorithm
became unstable in all 50 experiments we performed with a step size
equal to 6 - 10~*, which was lower than the maximum step size value we
allowed for the stabilized adaptive filter. With pole projection and a step
size equal to 8-107*, the instantaneous poles moved to locations outside
the unit circle so often that the overall speed of convergence was much
slower than that of the stabilized algorithm. Furthermore, the evolution
of the coefficients toward their steady-state values was very erratic for
the method employing only pole projection. In our experiments with the
adaptive filter employing the new step size bound, only in one of the
fifty-one experiments did the coefficients of the system not converge to
the correct coefficient values after 20,000 samples. With the fixed step
size, the coeflicients in sixteen of sixty-six experiments did not converge
to the correct values during the same time span.

Finally, we compare the bounds given by (4.28) with the bounds
derived in [6] and [35] for the maximum allowable variations in the coef-
ficients of an exponentially stable, second-order linear system with time-
varying coeflicients. The stability bounds in [6] and [35] are expressed in
terms of the state transition matrix. In order to make the comparison as
fair as possible we derived the maximum allowable coefficient variation
for the state transition matrix defined in (4.9). Figure 4.5 displays the
three bounds as a function of the magnitude of the complex instantaneous
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poles of the system. The curve a refers to the bound given by (4.28) while
the curves b and c refers to the stability bounds derived in [6] and [35],
respectively.

The bounds were obtained for the case when the complex conjugate
pole pair moved along straight lines located at +£45 degrees to the real
axis. The coefficients were assumed to change as in (4.4), and the vector
(k) was assumed to have unit magnitude at each time. The bounds are
for the scaling factor px in the coefficient evolution equation (4.4). It is
clear from the results of Figure 4.5 that all three stability bounds converge
to zero as the instantaneous poles approach the unit circle. However, the
rate at which p(k) in (4.28) approaches zero when the poles tend to the
unit circle is several orders of magnitude slower than the bound derived
in [35]. Furthermore, the bound for u(k) given by (4.28) is much greater
than the bound in [6]. This result is an additional demonstration of the
usefulness of the sufficient stability bounds derived in this thesis.

4.5 Concluding Remarks

This chapter presented a novel stability condition for time-varying direct-
form recursive linear systems. This condition was successfully applied
for designing bounded-input, bounded-output stable adaptive IIR filters.
The experimental results not only confirmed the reliability of the derived
bound, but also demonstrated the better convergence characteristics of
the stabilized algorithm when compared with other stable adaptive IIR
filters. The time-varying bound derived in this thesis may be incorpo-
rated into any practical adaptive IIR filter. It is well-known that certain
adaptive IIR filtering algorithms such as Feintuch’s method diverge for
all choices of the step size for certain input signals [156]. Experimental
results as well as theoretical considerations indicate that the step size
bound derived in this chapter eventually goes to zero in such situations,
thus preserving the BIBO stability of the adaptive filter.



Chapter 5

Sufficient Stability
Conditions for Discrete-Time
Recursive Polynomial Filters

5.1 Introduction

In Chapter 1 we have introduced the Volterra filters, which are polyno-
mial filters originated from the truncation of the Volterra series expan-
sion. One drawback of these polynomial filters is that they require a large
number of coeflicients to characterize a nonlinear process. This problem
can be alleviated by using recursive polynomial structures. In fact many
real-world nonlinear systems have an infinite memory for the input sig-
nal history. In this situation, system modelling by means of recursive
polynomial structures requires a much lower number of coefficients than
the non-recursive counterpart. Moreover, as shown in Chapter 6, re-
cursive polynomial structures are also obtained from the exact inversion
of Volterra filters. However, recursive polynomial filters are inherently
unstable, in the sense that it is always possible to find bounded input

Part of the content of this chapter was presented in
Enzo Mumolo e Alberto Carini, “A Stability Condition for Adaptive Recursive Sec-
ond Order Volterra Filters,” Signal Processing, Elsevier, Vol.54, No. 1, Oct. 1996,
pp- 85-90
Alberto Carini e Enzo Mumolo, “Adaptive Stabilization of Recursive Second Order
Polynomial Filters by Means of a Stability Test,” Proceedings of 1995 IEEE Work-
shop on Nonlinear Signal and I'mage Processing, June 20-22 1995, Neos Marmaras,
Halkidiki, Greece, pp. 939-942
Enzo Mumolo e Alberto Carini, “Recursive Volterra Filters with Stability Monitor-
ing,” Proceedings of EUSIPCO 96, September 10-13 1996, Trieste, Italia
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signals which drive the nonlinear filter to instability. As a matter of fact,
the stability of recursive polynomial filters depends not only on the filter
coeflicients as it happens in linear systems, but also on the input sig-
nal which must belong to a certain class to produce a bounded and well
behaved filter output. This subset of input signals depends only from
the recursive filter structure. Lee and Mathews introduced the notion
of input-dependent stability for nonlinear recursive filters; some results
concerning the bilinear systems are described in [84, 86, 87, 88]. Bi-
linear systems are the simplest form of recursive nonlinear model [92].
In [84, 86, 87] input dependent sufficient stability conditions have been
reported; in [88] the conditions of [86] have been used to monitor the
stability of a bilinear system model in a system identification task.

In [75], sufficient conditions for certain classes of discrete time nonlin-
ear systems, where the output is computed from past input and output
values plus mixed product of input and outputs, have been described.
The conditions can be applied to any polynomial recursive system; how-
ever, a direct derivation of the output of the filter as a series of product
of the input and past output samples is required. Generally, it is not easy
to derive this series of products nor it is simple to verify the conditions
given in [75)].

In [68] other stability conditions for bilinear and quadratic filters are
presented. In particular, conditions are given under which asymptotically
periodic inputs produce asymptotically periodic outputs with the same
period.

In this chapter we derive input-dependent stability conditions for
recursive polynomial filters. In Section 5.2, we first describe a simple
sufficient stability condition for recursive second order polynomial filters
given by the following difference equation:

M M, M,
Z:al(i)m(n —1)+ §Z_:a2(i,j):c(n —1)z(n —j) +
N N

Zhl )y(n —1) +Zthzj (n—2y(n—7). (5.1)

=1 5=t

In Section 5.3 a similar stability condition is derived for the more general
recursive polynomial filter described by the difference equation

M, M, M,
y(n) = 'Zo ai(t)z(n — 1) + Z Z az(i1, t2)z(n —i1)z(n — i3) +

-+ Z Z ap(tt, -+, ip)z(n — i) --z(n —1p) +

11=0 ip=0
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N Ny N,
+ 2 ha(i)y(n — 1) + Z_: Z_ ha(t1,%2)y(n — 41)y(n — 43) +
1= N, N, i1=14x=
e Y D k(i iy — ) y(n—dg).  (5:2)

11=1 1g=1

The system described in (5.1) and (5.2) are also referred to as “re-
cursive Volterra filters”. It will be shown in Section 5.2 and 5.3 that,
provided that the stability of the linear part is guaranteed, the output of
the filters in (5.1) and (5.2) is bounded for every n if the input signal is
bounded by a certain value which can be very efficiently computed from
the filter coefficients. No requirement is imposed on the filter coefficients.

5.2 Sufficient Stability Conditions for Re-
cursive Quadratic Filters

For simplicity, let us introduce the time-invariant operator ¢~ such that

Ny Ny '
2 hy(n—i) = (Z hi(2)g™" | y(n)
1=1 =1
Moreover, let us call p; the zeros of the polynomial
Ny _
(1 -3 m(z‘)q-’) o (5.3)
1=1

and introduce the following terms:

N1 Ml
a=TI[A~Ipl), A= la(i)],
i=1 =0

N2 N, M, M,
7222“"2(7".7)!? 6=ZZ_:IQ2(7‘7-7)| (54)

We now prove the following preliminary result, which is a sufficient
- stability condition for the recursive system

N2 N,

Ny
y(n) = €&(n) + ; ha(@)y(n— i)+ 3> ko, §)y(n — 1)y(n — 7). (5.5)

=1 j=1
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Theorem 5.2.1 If

1t is [{(n)] < M and |y(n)| < M,y for every n < 0, where M =
2?_; and Myzﬁ,

il the zeros p; are inside the unit circle, Vi =1... Ny,

iii the input signal &(n) is bounded by M; for every n > 0.

then the output signal y(n) of the recursive polynomial filter described in
(5.5) is bounded by M, for every n.

Proof With the ¢~* operator described above, the recursive quadratic
system reported in (5.5) can be rewritten in the following way:

N ‘ N, N,
(1 -2 hl(l’)(l") y(n) =¢(n) + Z Z ha(2,5)y(n —4)y(n —j) (5.6)
and, by defining
N, N,
B() =€) + 23 balisiy(n = yn=3) (5.7

one can write
N
(1 - Z: hl(i)q"‘) y(n) = k(n) (5.8)

or
N

y(n) = {H (1 —pfq‘l)_l} k(n). (5.9)

=1

By induction on the order of the system, one can easily show [84] that
this last expression can also be written as follows:

N; oo
o) = { TS o (510

In fact, considering a first order system, with N; = 1, we have

-1

y(n) = (1 —piq"l) k(n) (5.11)
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or, by successive substitutions,

{Zp’ "} (5.12)

In other words, (5.10) holds for N; = 1. Suppose now that (5.10) is true
for all the system orders from 1 to (N; — 1) and let us see if (5.10) holds
for all the system orders. The N;-th order system can be viewed as the
cascade of a first order system with a pole pn, and a (N; — 1)-th order
system with poles p; - -+ pn,—;. Hence

o Ni-1 o© Ny oo
~(E {1 St oo = [T St
=0 =1 [=0 1=11=0
(5.13)
Substituting (5.7) in (5.10), it follows that

N o N1 o Ny N,
y(n) = {HIZPI "} {HZP’ "}Zzhzzy —1)y(n—73)
- o - (5.14)
and, from (5.14)

y(n)| < {ﬁilpzlq } n)| +

=1 =0

N1 o Ny N
{H“lezl‘ -’}ggm(i,j)ny(n—z‘)uy(n—j)l
(5.15)

Let us now suppose that |{(n)| < M, for every n. By hypothesis, |y(n)| <
M, for n < 0. Furthermore, let us suppose that |y(n —1)| < M, for each
¢ 2> 1. Then, also the current output sample y(n) is bounded by M,. In
fact, from (5.15):

{]jlih’ill} M +
ST bos sUNCRTNETS

=1 j=i

Since |p;| < 1, we have 2, |pi|' = (1 — |p:|)™" and, by substituting into
(10) and using (3) and (5), we obtain

1 07 (o
ly(m)l < S Me+ — M) =

o (5.17)
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In conclusion, if the input signal {(n) is bounded by M, for every n, by
induction the output signal y(n) is bounded by M, for every n.

If, in particular, the linear recursive part in (5.5) is missing, the input
and output bounds are given by the following Corollary.

Corollary 5.2.1 With the hypothesis that |{(n)| < 117 and |y(n)| <

%,7 for every n < 0, the output signal y(n) of the following recursive
nonlinear filter:

M, M,

y(n) = €(n) + 33 ka3, 5)y(n — D)y(n — j) (5.18)

=1 j=1t

is bounded by ?% for every n > 0 if the input signal £(n) is bounded by
% for every n > 0.

Proof From (5.18) it follows that

My M,

ly(r)l < 1€+ D23 1ha(i, 5)lly(n — 1)y (n = 5)] (5-19)

i=1 j=i

As in Theorem 5.2.1, this corollary can easily be proved by induction.[]

Remark 5.2.1 The stability condition can be shown not to be necessary
for stability by showing that there exist stable recursive polynomial filters
that do not satisfy the input bound. For example, consider the system
y(n) = z(n) + y*(n — 1). According to Corollary 5.2.1, the input bound
for stability is 1/4. However, if we consider the impulse response of
this system, it can be readily shown that the system is stable for input
amplitudes less than or equal to 1.

A sufficient condition for the stability of (5.1) is, finally, given in the
following theorem.

Theorem 5.2.2 If

i for everyn <0 it is |z(n)| < M, and |y(n)| < M,, where

g ot B a
A LI A VA
@ T T M T
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il the zeros p; are inside the unit circle, Vi=1... Ny,
ili the input signal z(n) is bounded by M, for every n > 0.
then the output of the system in (5.1), is bounded by M, for everyn > 0.

Proof The recursive equation described in (5.1) is obtained using (5.5)

where £(n) is defined as follows:

M, M,

Zal (n—1) +22a2z3 (n —)z(n —j) (5.20)

=0 1=0 =1

2
By Theorem 5.2.1, if £(n) is bounded by M, = % for every n the output

signal y(n) of the system in (5.1) is bounded by M,. Thus, we find a
bound of z(n), M., which assures that the output signal {(n) of (5.20)
is bounded by M,. From (5.20)

|€(n)] < BM, + 6 M2 Vn. (5.21)
The bound we are looking for is the maximum M, such that
BM, + M2 < M. (5.22)
This is equal to the positive root of SM, + §M?2 — M, = 0 which is

_ (B M _ B
MI‘J(25)+5 2%

Substituting M, in this last expression, we finally obtain

]

5.3 Sufficient Stability Conditions for Gen-
eral Order Recursive Volterra Filters

Let us call p; the zeros of the polynomial

N .
(1 N (i)q—’) s (5.23)

i=1
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Moreover let us call
N,

m =11 -

=1
and introduce the absolute summation of the Volterra kernels as follows:
722_22”"2(2'1’7:2)" sy 7P=_ZZ|hq(lla’zq)l
5 2 0 ip
With these quantities, let us introduce the following polynomial

q

Pi(z) =Y iy, (5.24)

1=1

which for the Descartes’ rule has a unique real positive zero. Let us call
M, the unique positive zero of (5.24) and, with it, compute the following
value:

q .
=1
Finally, let us define the following quantities:
50:—M£7 61 :Zlal(il)la
11

62:EZIO‘2(i1’i2)|: ERER 6P=Z"'Z|ap(il,"'aip)l

i i i

and, with such quantities, let us introduce the polynomial

p .
Py(z) =) 62" (5.26)
1=0
Again, for the Descartes’ rule the polynomial in (5.26) has a unique
positive zero which will be called M,.
The system described in (5.2) can be written also as follows:

y(n) = A{z(n)} + H{y(n)} (5.27)
where
M, My M,
A{z(n)} = Z_:O ai(t1)z(n — 1) + 2_: 2_: as(iy,tz)z(n — i1)z(n — i2)

M, M,
+ot Y s Y oty tp)(n — i) - a(n — i)

11=0 1p=0

(5.28)
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and
N N, N,
H{y(n)} = Z hi(71)y(n — 1) + Z Z ha(i1,22)y(n — t1)y(n — 22)
-+ Z Z hy(t1,- Yy(n —i1) -+ y(n — 1,).

11=1 ig=1

(5.29)
Using the above definitions, we now prove the following results.

Theorem 5.3.1 The output of the system

y(n) =¢{(n) + H{y(n)} (5.30)
s bounded for every n if

it is |€(n)] < M and |y(n)| < M, for every n < 0, where M, is the
unique positive root of the polynomial in (5.24) and M, is defined
in (5.25),

i1 the zeros p; are inside the unit circle, Vi=1... Ny,
iil the input signal {(n) is bounded by M, for every n > 0.

Moreover, in these conditions the output of the system in (5.30) is bounded
by M, for every n > 0.

Proof The proof is similar to that of Theorem 5.2.1. Using (5.29), (5.30)

we have that

M N, No
(1— 2 ”1@'1)(1"’) y(n) = €M)+ S haliy, in)y(n—ir)y(n—iz)+---+

11=11=1

S* 3 by in)y(nmin) - y(n—ia).

11--1 tq—l
(5.31)
By defining
N, N,
k(n) = &)+ 32 > ha(in,in)y(n —ir)y(n—dz) + -~ +
il_l ip=1

Z Z ho(iv, -+ ig)y(n —i1) -+ y(n —1q) (5.32)

11—1 lq—l
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and, introducing the p;’s defined above,
Ny .
y(n) =TI (1=pa™) " | k(). (5.33)
i=1

Since the poles p; are inside the unit circle, by induction on the order
of the system, one can easily show that this last expression can also be
written as follows:

1=11[=0

N1 oo
y(n) = {Hzpf-Q"} k(n). (5.34)

Substituting the expression of k(n) in (5.34), it follows that

N1 oo
y(n) = {HZpiq"}ﬁ(nH

i=110=0

Ny o N, N
1Y pia } 35 37 ha(in,iz)y(n — i1 )y(n — iz) + -+ -+
i=11=0 11=1 15=1

N1 o Ng Ny
{Hzpi"f'} Z Z he(i1, -+ 5 ig)y(n — 1) -+ -y(n — ig)

1=1 /=0 11=1 ig=1
(5.35)
and, from (5.35)

k2

i
s I[]e

v < { lpfllq"}IE(n)H

ipillg! g"‘: % i . .
pil'q |h2(i1, 02)||y(n — i)lly(n — d2)| + - - -+

i1=112=1

——
=
—
i
o

N1 oo Ny Ng
{Hzqu-'} S o 3 lhglin, - iglly(n—in)| - lu(ni)l

i=1 =0 i1=1 iqg=1
(5.36)
Let us now suppose that a bound M exists such that |{(n)| < M, for
every n and let us look for a bound of y(n). We proceed by induction
on the sample number. We suppose |y(n)| < M, Vn < 0. Assume that
ly(n —1)] < M, for each i > 1. We will show that, in these hypothesis, a
bound M, that holds for any output sample y(n) can be found. In fact,

from (5.36):
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N,
<

=1
+ {

Since |p;| < 1, we have obviously 3332, |pi|' = (1 — |p:i[)™". Thus, by
substituting this last expression into (5.37), we obtain

NE

N o Ny N,
lpill}Mg + {Hlez-l’} SN |ha(in, i2)| M2+ +

=1 [=0 11=1 =1

-
I
o

z

i’

11=0 11=1 ig=1

il }Zq: Zlh (11, -, 1q) | M. (5.37)

1 Y2 4 42 Yq
n)| < —Mg—-—=M; —--. — =M1 5.38
Iy( )l =y 13 - v - Y ( )

Thus, the system output y(n) is always bounded if the right term of
(5.38) is bounded by M,. By imposing this condition, from (5.38) we
get

q .
M <D wM,, (5.39)
t=1

The output of the system (5.30) is bounded for every choice of M¢,
M, that satisfy (5.39). In particular, we are interested in the maximum
value of M, that meets condition (5.39), which is given by the M, that
maximizes the following function

9
F = E")’,‘M; (540)
=1

This M, can be found by setting to zero the first derivative of F. That
1s,

d q

d/\{; ZZ%M’ =0 (5.41)

According to the definitions given above, the unique positive solution of
(5.41) is called M,. The corresponding extrema of F is the upper bound
on {(n) we are looking for, and it is given by M; as defined in (5.25). [

Theorem 5.3.2 The output of the system

y(n) = A{e(n)} + H{y(n)} (5.42)

is bounded for every n if
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it is |z(n)] < M, and |y(n)| < M, for every n < 0, where M, and
M, are the unique positive roots of the polynomials in (5.24) and
(5.26), respectively,

11 the zeros p; are inside the unit circle, Vi=1... Ny,
iil the input signal z(n) is bounded by M, for every n > 0.

Moreover, in these conditions the output of the system in (5.42) is bounded
by M, for every n > 0.

Proof By using the result in Theorem 5.3.1, we find the maximum bound
of the input to the system

é(n) = A{z(n)) (5.43)

such that its output £(n) is bounded by M. Therefore, assuming that
|z(n)| < M, for each n, from (5.28), it comes out that

M, M, M;
1£(n)| < Z |1 (41)| Mz + Z Z laz(il,i2)|Mi +---+
t1=0 11=01,=0
M, M,
+ 3 Y eplin, oo, 8) | M2 (5.44)
11=0 ip=0
or .
E(n)] < 3 8iM,. (5.45)

=1
If we impose that the right term of (5.45) is bounded by M, we make

sure that |{(n)| < M for every n. Hence, using the definition of § given
above, the following condition must hold:

p .
S ML <0 (5.46)
1=0

The maximum value of M, that satisfies (5.46) is the unique positive

zero of Py(z) described in (5.26). ]

Remark 5.3.1 The conditions of Theorems 5.3.1 and 5.3.2 are not nec-
essary for the stability of the systems (5.30) and (5.42), respectively.
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Remark 5.3.2 The bounds are based on the computation of the roots
of polynomials (5.24) and (5.26), respectively. The coefficients of these
polynomials present just one change of the sign and therefore, for the
Descartes rule of sign, the real and positive roots are unique. Accordingly,
the zeros of the polynomials P, and P, can be computed very efficiently
by numerical methods.

5.4 Final Remarks and Conclusion

Simple stability conditions for recursive polynomial filters have been de-
scribed in this chapter. The sufficient conditions proved in Section 5.2
are expressed in a closed form, while those in Section 5.3 require the
computation of the real positive zero of two polynomials. However, for
the particular form of that polynomials, the real positive zero can be
computed very efliciently by numerical methods.

As it will be pointed out in Chapter 6, the theorems presented in
this chapter can be used to find conditions for the stability of the exact
inverse of a truncated Volterra filter.



Chapter 6

The Inverse of Certain
Nonlinear Systems

6.1 Introduction

The equalization and linearization of nonlinear system is a subject of
exploding interest in Signal Processing. In Chapter 7 we will present a
theory for the equalization and linearization of a wide class of nonlinear
systems. In this chapter, instead, we present some theorems for the inver-
sion of certain nonlinear systems; these theorems constitute the starting
point for the development of the equalization and linearization theory
introduced in Chapter 7. In particular, we present some results for the
exact inversion of the nonlinear systems described by the input-output
relationship

y(n) = glz(n)lh[z(n - 1),y(n = 1)] + flz(n - 1),y(n = 1), (6.1)

where g¢[], h[-,-] and f[-,:] are causal, discrete-time and nonlinear oper-
ators, and the inverse function g='[-] exists. We also present expressions
for the pth order inverses of systems of the form

y(n) = glz(n)] + flz(n - 1),y(n - 1)]. (6.2)

The second result is useful in situations where the exact inverse system
does not exist, or is not stable. Even when the exact inverse does not

Part of the content of this chapter was presented in
Alberto Carini, Giovanni L. Sicuranza and V. John Mathews “On the Inversion of
Certain Nonlinear Systems,” IEEE Signal Processing Letters, Dec. 97
Alberto Carini, Giovanni L. Sicuranza and V. John Mathews “On the Exact Inverse
and the pth Order Inverse of Certain Nonlinear Systems,” Proceedings of NSIP 97,
September 7-11 1997, Michigan, USA
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exist, the class of filters in (6.2) admits efficient realizations of their pth
order inverses.

6.2 The Inverse of Certain Nonlinear Sys-
tems

In all of our discussions, we assume causal signals, i.e., all the signals are
identically zero for time indices less than zero. The following theorem
shows how to evaluate the exact inverse of (6.1).

Theorem 6.2.1 Let g[-], h[-,:] and f[-,-] be causal nonlinear discrete
operators and let the inverse operator g '[-] exist. Then, the exact inverse
of the system in (6.1) is described by the input-output relationship

1 (u(n) = flz(n = 1), u(n — 1)]
hlz(n —1),u(n — 1)] ’ (63)

2(n) =g

where u(n) and z(n) are the input signal and output signal, respectively,
of the system.

Proof We demonstrate first that the system in (6.3) is the post-inverse
of (6.1), i.e., a cascade interconnection of the system in (6.1) followed.
by the system in (6.3) results in an identity system. We proceed by
mathematical induction. Let z(n) and y(n) represent the input and
output signals, respectively, of the system in (6.1). To prove the theorem
using induction, we assume that

zin—i)==z(n—1) Vi>0. (6.4)
We must now show using (6.4) that
z(n) = z(n) (6.5)
when u(k) = y(k) for k£ < n. Now,

A(n) = gt [9(n) = flz(n = 1), y(n — 1)]
L Alx(n = 1), y(n - 1)]
{glz(n)lhfz(n — 1), y(n - 1)]+ (6.6)
= g1 flz(n = 1),y(n— 1] = flz(n = 1), y(n — 1]}
hlz(n = 1),y(n - 1)]
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By substituting z(n — 1) = z(n — 1) from (6.4) into (6.6), it follows in
a straightforward manner that z(n) = z(n). We can prove in a similar
manner that the system in (6.3) is also the pre-inverse of the system
in (6.1), i.e. a cascade interconnection of the system in (6.3) followed

by the system in (6.1) results in an identity system. This completes the
proof. ]

Remark 6.2.1 The inverse of the system in (6.1) may not exist or may
not be stable. For example, if

hlz(n —1),u(n —1)] =0 (6.7)

at any time for some specific input signal, the inverse system of (6.1) is
unstable.

Example 6.2.1 We wish to find the inverse of the bilinear system

o) = a(m) + X aeln— i)+ X byl —i) 4

N-1N-1

> 2 cz(n—iy(n—Jj). (6.8)

=0 ;=1

Let us define f, h and ¢ to be

flato =30 =D] = X aaln—i)+ 3 bl i)+
> Y o), (69)
blotn — 1oy~ 1] = 1+ 3 coln—J) (6.10)
and _
glz(n)] = z(n), (6.11)

respectively. Then, we can utilize Theorem 6.2.1 to find the inverse of
the bilinear system to be

{u(n) > biu(n — 1) — ; a;z(n —1)+
_ ._ ‘_1 cijz(n —1)u(n — ])}
2(n) = - : (6.12)
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A simpler expression can be found for the inverse filter of the sys-
tem in (6.2). The following corollary can be immediately derived from
Theorem 6.2.1.

Corollary 6.2.1 Let g[-| and f[-,-] be causal nonlinear discrete operators
and let the inverse operator g~'[-] ezist. Then, the causal discrete nonlin-
ear system described in (6.2) has the inverse system whose input-output
relationship is given by

2(n) = g7 u(n) — flz(n — 1), u(n — 1)]]. (6.13)

Example 6.2.2 The inverse of the bilinear system

N-1 N-1
y(n) = z(n)+ > az(n—i)+ > by(n—1)+
=1 i=1
N-1N-1 )
cijz(n — )y(n — j) (6.14)
i=1 j=1
is the bilinear system
N-1 N-1
z(n) = u(n)—= > bu(n—1i)— > aiz(n—1i)+
=1 =1
N-1N-1
- cijz(n —)u(n — 7). (6.15)

Note that the double summation in (6.14) is slightly different from the
double summation in (6.8), and this difference contributes to the simpler
inverse system in (6.15).

6.3 pth Order Inverses

Not all nonlinear systems possess an inverse and many nonlinear sys-
tems admit an inverse only for a certain subset of input signals. For
these reasons, Schetzen developed the theory of the pth order inverse of
a nonlinear system whose input-output relation can be represented using
a Volterra series expansion [126, 127]. The pth order inverse of a non-
linear system H is defined in [126, 127] as the pth order system which,
connected in cascade with H, results in a system whose linear kernel is
the identity system and whose Volterra kernels from the second up to the
pth order are zero. A pth order system is one in which all the Volterra
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kernels of order greater than p are zero. The definition of the pth order
inverse was relaxed in [125] by allowing the inverse system to possess
non-zero Volterra operators of order greater than p. These operators do
not affect the first p Volterra operators of the cascade system. This re-
laxed definition of the pth order inverse was employed in [125] to derive
simpler and computationally more efficient expressions for the inverse
system. However, because of the presence of higher order components,
the definition of the pth order inverse in [125] does not result in a unique
inverse system.

The following theorem presents an efficient method of computing a
pth order inverse of the system in (6.2). Note that this system is a special
case of the system in (6.1) when A[-, ] = 1.

Theorem 6.3.1 Let g[-] and f[-,-] be causal, discrete-time nonlinear op-
erators with convergent Volterra series expansions with respect to all the
arguments. Moreover, let the pth order inverse g;'[] of the system g[-]
exist. Then a pth order inverse of the causal, discrete-time nonlinear sys-
tem described in (6.2) is given by the following input-output relationship:

z(n) = g;* [u(n) — flz(n = 1),u(n — 1)]] (6.16)

Proof As was the case for the Theorem 6.2.1, we first show that the
system in (6.16) is the pth order post-inverse of the system in (6.2). Using
the same variables as in the derivation of Theorem 6.2.1, we express z(n)
as

2(n) = g;'[y(n) — fla(n —1),y(n - 1)]]
= ;' [gle(m)] + fle(n = 1),y(n - 1)] +
—flz(n — 1), y(n — 1)]]. (6.17)

We proceed by mathematical induction. We assume that, for any :
greater than zero, the output z(n — ¢) differs from z(n — ¢) only by
Tp(n —7), a term whose Volterra series expansion in z(n) contains only
kernels of order larger than p, i.e.,

ziln—i)=z(n—1)+Tp(n—-17) Vi>0. (6.18)

We have to prove that the Volterra series expansion of z(n) — z(n) have
zero kernels of order up to p. Since f[,-] admits a convergent Volterra
series expansion, we have from (6.18) that the Volterra series expansion
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of the difference flz(n—1),y(n—1)]— flz(n—1),y(n —1)] contains only
kernels of order greater than p, i.e.,

fla(n=1),y(n = )] = flz(n = 1),y(n —1)] = 04 T(n),  (6.19)

where the Volterra kernels of T} (n) up to order p are zero. Substitut-
ing (6.19) in (6.17), we get

2(n) = g;* [gla(n)] + Ty(n)]. (6.20)

The pth order inverse of the operator g[-] derived in [126] is given by
a pth order truncated Volterra series whose kernels depend only on the
first p kernels of the Volterra series expansion of g[-]. The pth order
inverse derived in [125] may have Volterra kernels of order greater than
p. However, the inverse still has a Volterra series expansion with finite
order of nonlinearity, and it depends only on the first p kernels of the
Volterra series expansion of g[-]. Consequently, it immediately follows
from (6.20) that

z(n) = z(n) + T,(n) (6.21)

and that the system in (6.16) is the pth order post-inverse of the system
n (6.2). We can prove in a similar manner that it is also a pre-inverse of
the system in (6.2). L]

Remark 6.3.1 Due to the rational structure of the system in (6.3), a
similar expression for the pth order inverse of the system in (6.1) does
not exist.

Example 6.3.1 We wish to derive a pth order inverse for the second-
order Volterra filter given by the following expression:

N-1 N-1N-1

y(n) = EO aix(n — 1)+ Z Z bijz(n —i)z(n — j). (6.22)

Let
glz(n)] = apz(n Z bojz(n — 7) (6.23)

and
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According to the Theorem 6.3.1, a pth order inverse of (6.22), is

N-1 N-1N-1
z(n) = g;! [u(n) - 2 a;z(n—1) — Z > bijz(n —1)z(n — ])} .

(6.25)
The pth order inverse g;'[] can be computed iteratively as in [125] and
1s given by

g7 [u(n)] = =g [gp [g521 [u(n)]] — u(n)] (6.26)
where g7 [] is the inverse of the first Volterra operator of g[-] (i.e., 3" in
our case) and gp[] is the truncated Volterra series expansion of the system
g[-] that contains only the second through pth order Volterra kernels.

While it is possible to compute the pth order inverse of the system
of (6.22) as in [125], using the structure in [125] for inverting a smaller
subsystem and then using Theorem 6.3.1, as we have done here, is a more
efficient procedure in most situations.

The computational cost for the evaluation of (6.25) is 2(NV — 1) +
iN—_zlﬂ + (N + 2)(p — 1) multiplications per time instant. The corre-
sponding computational cost for directly computing the pth order inverse
of (6.22) as in (6.26) is N+ (2N + W) (p—1) multiplications per time
instant. Implementing (6.25) has a computational cost of O(N? + pN)
multiplications per time instant while for the method in [125] the compu-
tational cost is O(N%p). The methodology suggested by Theorem 6.3.1
is more efficient for evaluating the pth order inverse of a Volterra filter of
order ¢ when p is greater than g. On the other hand, when p < ¢, only
the first p Volterra operators are significant for the evaluation of the pth
order inverse. In this situation, both methods of inversion require almost
the same number of multiplications per sample.

6.4 An Experimental Result

We consider the pth order inversion of the second order Volterra filter
with input-output relationship

y(n) = z(n)—z(n—-1)—-0.125z(n — 2) +
0.3125z(n — 3) + z%(n) — 0.3z(n)z(n — 1) +
0.2z(n)z(n — 2) — 0.5z(n)z(n — 3) +
0.5z%(n — 1) — 0.3z(n — 1)z(n — 2) +
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—0.6z(n — 1)z(n — 3) — 0.62%(n — 2) +
0.5z(n — 2)z(n — 3) — 0.1z%(n — 3). (6.27)

The pth order inverse derived applying Theorem 6.3.1, where g;[] is
computed as in equation (6.26), is compared with the pth order inverse
obtained by directly using the method in [125]. In Figure 6.1 the points
identified with o refer to the pth order inverse of the Theorem 6.3.1, while
the points indicated with + refer to the pth order inverse of [125]. The
plots in Figure 6.1a compare the computational cost in multiplications
for different orders p of the inversion. The computational efficiency of the
pth order inverse of Theorem 6.3.1 over the inverse suggested in [125] can
be clearly seen in this figure. Figures 6.1b and 6.1c displays the mean-
squared error (MSE) between the input signal of the system in (6.27)
and the output of its pth order inverse when connected in cascade to
the system. The input signal was white and Gaussian-distributed with
zero mean value. Figure 6.1b presents the MSE in the reconstruction
of the input for different values of the inverse filter order p when the
standard deviation of the input signal was 0.05. Figure 6.1c shows the
mean-square error values for different standard deviations of the input
signal for a fifth-order inverse system. All the results presented are time
averages of 1,000 samples of the ensemble averages computed over fifty
independent experiments. Values of the standard deviations for which a
corresponding MSE value is absent correspond to instability situations.
We can see that our approach give the similar or better performances
as the method in [125] till instability arises in the inverse system. In
such situations, the performance of the pth order inverse of [125] are also
unacceptable.

6.5 Concluding Remarks

This chapter presented expressions for the exact inverse and the pth order
inverse of a wide class of discrete-time nonlinear systems. This class in-
cludes most causal polynomial systems with finite order as well as many
nonlinear filters with nonpolynomial input-output relationships. In par-
ticular, Theorem 6.2.1 allows the inversion of all recursive polynomial
systems whose dependence on the input sample z(n) can be character-
ized using an invertible component g[z(n)]. The computational cost of
the exact inverse filter coincides with the cost of implementing the direct
system and the operator g~![-]. Theorem 6.3.1 applies to all recursive
polynomial systems with the same characteristic as described above, as
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Figure 6.1: Experimental Results.
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well as many other nonlinear systems. In this case also, the cost of im-
plementing the inverse filter is that of implementing the direct system
and the pth order inverse of g[-]. All the inverse filters presented in this
chapter are recursive and therefore may possess poor stability properties.
Consequently, the stability of such systems must be tested after the in-
version of the filter. Stability of recursive nonlinear systems is a topic
of active research. Some useful stability results for recursive polynomial

filters can be found in [19, 75, 86, 87, 133] and in Chapter 5.



Chapter 7

Equalization and
Linearization of Nonlinear
Systems

7.1 Introduction

Equalization of linear systems has been studied for several years [94].
Many real channels, however, possess non-negligible nonlinearities that
make it impossible for linear equalization procedures to provide accept-
able results. Examples of real world systems in which nonlinear effects
are present include satellite communication channels [10, 11], voiceband
data transmission systems [13], high density magnetic recordings [16],
high density optical systems [1] and loudspeaker systems [49, 53, 69],
drift oscillations in random seas [71], semiconductor devices [64, 99, 100]
and biological phenomena [63, 74], to name but a few.

The need to compensate for such nonlinearities in these and other ap-
plications has made the problem of nonlinear equalization one of the most
active research areas of digital signal processing. This chapter presents
a theory for the exact and the pth order equalization or linearization
of nonlinear systems with known recursive or nonrecursive polynomial
input-output relationship. Extension to more general nonlinear system
models such as those considered in [26] is possible. However such exten-

Part of the content of this chapter was presented in
Alberto Carini, Giovanni L. Sicuranza and V. John Mathews “Equalization and Lin-
earization of Nonlinear Systems,” Proceedings of ICASSP-98, International Confer-
ence on Acoustics Speech and Signal Processing, May 12-15 1998, Seattle, Washington,
USA.
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sions are not presented here. The theory we present is an extension of
the standard equalization technique for linear systems.

Definition 7.1.1 A nonlinear equalizer is a filter which, when connected
in cascade before or after a nonlinear system, results in an overall system
whose characteristics correspond to those of an identity system in the
band of frequencies and in the range of input signal amplitudes of interest.

Unlike the linear case, we impose a limit on the range of input amplitudes
because of the nonlinear nature of the problem. Nonlinear systems, are
often amplitude dependent. Some nonlinear systems may be stable for
a certain range of input signal amplitudes, but their outputs may not
be defined or they may be unstable outside that range of amplitudes
(68, 75, 86, 87, 97].

Definition 7.1.2 A linearizer is a filter which, when connected in cas-
cade before or after the unknown system, results in an overall system
whose characteristics correspond to those of a linear system in the fre-
quency band and in the range of input signal amplitudes of interest.

When a equalizer (linearizer) is connected before the unknown system
it is called a pre-equalizer (pre-linearizer). When it is connected after a
nonlinear system, it is called a post-equalizer (post-linearizer).

Several equalization/linearization procedures are available in the lit-
erature {11, 13, 16, 49, 53, 56]. Many such techniques start from the
identification of a model which describes the input-output relationship
of the unknown system. One exception to this framework is the work
of Giannakis and Serpedin [56]. In [56] a method for the blind equaliza-
tion of truncated Volterra channels by means of a bank of linear filters
is presented. The technique of [56] equalizes the system channel using
only its output signal. We note, however that the method in [56] cannot
be used for pre-equalization or pre-linearization of nonlinear systems. In
addition, our method is useful for a much larger class of channel models.

One of the first attempts of nonlinear equalization was performed in
digital communication channels. Two different techniques were derived.
One method performs equalization by designing a truncated Volterra fil-
ter which minimizes the mean square error between the decision device
input and the correct symbol value [11]. The second technique per-
forms a cancellation of the estimated linear and nonlinear intersymbol
interferences obtained from preliminary decision performed after linear
equalization [13, 16].
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A nonlinear equalization/linearization technique that is popular with
many researchers is described in [49] and [53]. First, the unknown system
is identified by means of a truncated Volterra system model. Then an
approximate equalizer or linearizer is derived by means of the pth order
inverse [126, 127] of the estimated forward system. We note here that
the system in [53] uses a second-order inverse, even though [53] does not
explicitly state so. A pth order system is one in which all the Volterra
kernels of order greater than p are zero. The pth order inverse is an
approximation of the true inverse of the nonlinear model. The pth order
inverse of a nonlinear system H is defined as the pth order truncated
Volterra system, which when connected in cascade with H results in a
system whose Volterra kernels from the second up to the pth order are
zero. A generalized pth order inverse that allows the inverse filter to
have kernels of order greater than p has also been derived [125]. The
higher-order kernels do not affect the first p kernels of the cascade of
the pth order inverse and the unknown system. The computation of the
pth order inverse requires the inversion of the linear component of the
unknown system model. This linear inverse filter is typically determined
by approximating the desired transfer function with an FIR filter [49, 53].
Both amplitude and phase errors highly degrade the performances of the
resulting linearizer.

This chapter introduces methods for equalizing and linearizing a class
of nonlinear systems whose input-output relationship is given by

N N
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where we consider only a mixed product term for ease of presentation. We
first present exact equalizers and linearizers for such systems. Such sys-
tems may not always be realizable, and even the realizable systems may
not be stable. Consequently, we introduce the concepts of the p-th order
equalization and linearization, and present algorithms for developing re-
alizable and stable pth order equalizers and linearizers. We assumes that
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the characteristics of the nonlinear system to be equalized (linearized)
are completely known. Adaptive algorithms that estimate the parame-
ters of the system online are under investigation and will be the content
of a future paper.

The rest of the chapter is organized as follows. The theory of exact
equalization and linearization for nonrecursive polynomial system models
1s presented in Section 7.2. Section 7.3 derives the pth order equaliza-
tion (linearization) technique from a power series expansion of the exact
equalization (linearization) method. In Section 7.4, we extend the exact
and pth order equalization and linearization theory to recursive polyno-
mial filters. Section 7.5 presents an experimental result that illustrates

the capabilities of our techniques. Concluding remarks are given in Sec-
tion 7.6.

7.2 Ideal equalization and linearization

In Chapter 6, it was shown that the inverse of the system
y(n) = Glz(n)]|H[z(n - 1),y(n = 1)] + Fla(n —1),y(n = 1)],  (7.2)

where G[-], H[-,-] and F[-,-] are causal, discrete-time and nonlinear op-
erators and the inverse function G7[-] exists, always exists and is given

by

_1 |u(n) = Flw(n — 1), u(n — 1)]
@ Hotn=1,u(n-1)] | (7:3)

We restrict ourselves to the nonrecursive system model with input-
output relationship

Zam n-—1 +ZZC,JJ: (n—d)z(n—73)+..

w(n) =

=1 j=1
N N
+ Z Z e Z Riyiy.ipz(n —t1)z(n —13) - ... x(n —1ir).
i1=1142=1; A

(7.4)

in this section. Extension of the results to more general system models
are considered in Section 7.4.

According to (7.3), the inverse of the system in (7.4) always exists
and is given by

w(n) = Zawn—z ZZC,J (n —dw(n—7j)—

=1 i=1 3=t
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N N N
- Z Z e Z Riyiy.ipw(n —i)w(n —22) ... - w(n —ig) |,
(7.5)

where u(n) and w(n) are the input and output signal, respectively. The
inverse filter in (7.5) is usually computationally less expensive than the
pth order inverse of (7.4), especially when p takes high values. While
the pth order inverse always introduces new harmonic components of
order greater than p, the exact inverse of (7.5) does not give rise to such
harmonics. However, the recursive system of (7.5) may not be stable.
This issue will be discussed later in the chapter. An explicit expression
for the output of the inverse system as in (7.5) is possible because the
system model does not depend on the input sample z(n) in a nonlinear
manner.
An implicit expression for the inverse of the more general system

N N N
doaiz(n—1)+ Y. cjz(n—t)z(n—j7) +...

i=0 i=0 j=i

N N N
+Z Z Z Rijip.ipz(n —i1)z(n — i) - ... 2(n — 1)

11=01p=1 “'L’—'lL 1

(7.6)

if it exists, is given by

w(n) = ann—z ZZ% (n —w(n —j) —

1=0 j=1

N

N N
- Z Z ‘o Z hiliz---iLw(n - il)w(n - Zz) el ” w(n - ZL)

11=01i2=t; ip=ip_)

In what follows, we employ a compact expression given by

y(n) = A(g)z(n) + Nz(n)] (7.8)

to represent the systems in (7.4) and (7.6). In the above equation, ¢!
is the delay operator, z(n) and y(n) are the input and output signals,
respectively,

N .
= aiq” (7.9)
=0
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Figure 7.1: The ideal equalizer.

represents the linear component of the nonlinear system, and

N N
Nlz(n)] = Ezc,—j:c(n—i):c(n—j)—i—...%—

N

N N
E E e Z Riip.ip@(n —i1)z(n — i) - ... - z(n — i)

f1=rig=t; {p=ip_,

(7.10)

is the component of the nonlinear system obtained by removing the effects
of the linear component from the output signal. If r is equal to 1, (7.10)
corresponds to the system in (7.4), and if r is equal to 0, the expression
corresponds to the system in (7.6). Using the above notation, we can

express the input-output relationship of the inverse of the system in (7.8)
as

Algyw(n) = u(n) - Nw(n). (7.11)
We can also express the output signal explicitly as
w(n) = A7 (q)u(n) — A~ (g)N fw(n)]. (7.12)

Figure 7.1 shows a block diagram for the recursive polynomial filter
in (7.12). We note that the overall system can be described as a feed-
back system in which the feedback loop contains a nonlinear operator
and the feedforward loop contains the inverse of the linear component
of the quadratic filter. The inverse system in (7.12) will not be stable
unless the linear part of the system model in (7.8) has minimum phase
characteristics. When A(q) represents a minimum phase system, the sys-
tem in (7.12) can be shown to operate in a stable manner whenever the
input signal is sufficiently small. The bound on the input signal depends
on the zeros of A(q) and on the coefficients of AV[-] [68, 86, 87, 97]. Thus,
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our inverse system will equalize the above nonlinear system only on the
range of amplitudes for which it is stable.

In many applications, we are interested in equalizing the unknown
system only on a certain band of frequencies. For example it may be
known that the input signal is band-limited. Such an equalizer may
be designed by replacing A~!(g) in Figure 7.1 with another linear filter
such that the overall system response corresponds to that of an identity
system in the band of interest and possibly to zero outside the band.
The following two theorems characterize the structure of the post and
pre-equalizers for a specific range of frequencies.

Theorem 7.2.1 Let the input signal z(n) of the system in (7.8) be band-
limited with spectrum inside a certain frequency band B and let u(n) be
its output. Let A=(q) be the linear equalizer of the system A(q) in the
band B with zero response outside the band B. A post-equalizer for the
system of (7.8) in the band B is given by

w(n) = A7 (g)u(n) - A ()N w(n)]. (7.13)

Proof We consider the post-equalization of the nonlinear system in (7.8)
in the band B and the elimination of all other frequencies at the output.
For this purpose, we first cascade the system in (7.8) with the linear filter
A~1(q) and then equalize the resulting nonlinear system. Cascading (7.8)
with the linear system /i'l(q) eliminates all frequencies outside the band
B. The resulting system has input-output relationship

2(n) = A7 (q) A(9)z(n) + A7 (¢)N [z (n)]. (7.14)

Since z(n) has frequency components only on B, the above system is
equivalent to

z(n) = z(n) + A7 (q)N]z(n)], (7.15)

whose post-inverse system is given by
w(n) = 2(n) — A~ ()N [w(n)) (7.16)

Since z(n) is band-limited to the band B, the output of the system
in (7.16) is also band-limited to the band B. Thus, the cascade of z(n) =
A~Y(q)u(n) (where we assume u(n) = y(n)) and the system in (7.16) is
an exact post-equalizer for the system in (7.8) in the band B. It is trivial
to prove that this system is identical to (7.13). ]
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When the input signal is not band-limited to the frequency band B,
the filter in (7.13) is only an approximate post-equalizer for the system
in (7.8). The equalization, in particular, is affected by the frequency
components of the input signal outside the band B since the output of
the nonlinear filter (7.8) in the frequency band B is affected by the input
signal components outside the band. If the contribution of the out-of-
band is negligible, the system in (7.13) will still provide good equalization
of the system in (7.8).

Theorem 7.2.2 Let A~(q) be the linear equalizer of the system A(q) in
the band B with zero response outside the band B. A pre-equalizer in the
frequency band B for the system of (7.8) is given by

w(n) = A7 (q)u(n) — A7 (@)Nw(n)]. (7.17)

The proof is similar to that of Theorem 7.2.1. Since the pre-equalizer
operates directly on the input signal, there is no need to assume that it
is band-limited to achieve an exact equalization. The pre-equalizer will
directly eliminate the frequency components of the input signal that fall
outside the band B. However, the pre-equalizer is unable to eliminate
the frequency components of y(n) that fall outside the band B. Both
amplitudes and phase errors between the linear equalizer A~1(¢) and
the linear part of the true inverse filter A7!(gq) affect the quality of the
nonlinear equalization. Consequently, it is important to design the linear
system A~1(q) with particular care.

7.2.1 The ideal pre- and post-linearizers

There are many situations in which we do not have to perfectly equalize
the nonlinear system, but desire only to compensate for the nonlinearities
introduced by the unknown system. As we defined earlier, a pre-linearizer
(post-linearizer) is a filter, which when connected before (after) a nonlin-
ear system, results in an overall system whose characteristics corresponds
to those of a linear filter in the frequency band and in the range of in-
put signal amplitudes of interest. In this chapter, the linear system that
results from the linearization process will always have transfer function
equal to the linear part of the nonlinear system that is linearized.

Definition 7.2.1 The ideal pre-linearizer (post-linearizer) is the filter
that pre-linearizes (post-linearizes) the nonlinear system in all of the fre-
quency domain.
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v(n) + o w(n)

Figure 7.2: The ideal pre-linearizer.
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The ideal pre-linearizing filter for the system in (7.8) is given by the
following expression:

w(n) = v(n) — A7 (g)Nw(n)], (7.18)

where v(n) and w(n) are the input and the output signal, respectively,
of the prelinearizer.
Proof Consider a cascade of a linear system

u(n) = Alg)v(n) (7.19)

followed by an identity system obtained by the cascade connection of the
pre-equalizer of (7.8) with the system in (7.8). Obviously, the overall sys-
tem characteristic is also given by (7.19). Thus, the cascade connection
of the linear system in (7.19) and the ideal pre-equalizer given by (7.11)
is an ideal pre-linearizer for the nonlinear system in (7.8). The overall
input-output relationship of this pre-linearizer is given by

A(g)w(n) = A(g)v(n) — Nfw(n)] (7.20)
which is identical to the system of (7.18). (I

In the same way we can prove that the ideal post-linearizing filter for
(7.8) is given by

w(n) = v(n) - NA™ (@w(n)]. (7.21)

Figures 7.2 and 7.3 illustrate the block diagrams of the ideal pre- and
post-linearizer for the system in (7.8).

We now consider the problem of designing pre- and post-linearizers
when the input signal is known to be bandlimited. The following re-

sults can be proved in a manner similar to that employed for proving
Theorem 7.2.1.
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Figure 7.3: The ideal post-linearizer.
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Theorem 7.2.3 Let the input signal z(n) of the system in (7.8) be band-
limited with spectrum inside a certain frequency band B and let v(n) be its
output. Let A=1(q) be the linear equalizer of the system A(q) in the band
B with zero response outside the band B. A post-linearizing filter in the
band B for the system of (7.8) is given by the system with input-output
relationship

w(n) = v(n) — N4 (ghw(n)] (7.22)

Theorem 7.2.4 Let the input signal v(n) be band-limited to a certain
frequency band B. Let A™'(q) be the linear equalizer of the system A(q)
in the band B with zero response outside the band B. A pre-linearizing
filter in the band B for the system of (7.8) is given by the system with
input-output relationship ’

w(n) = v(n) — A~ (@) M w(n)) (7.23)

If the input signal of the nonlinear system in (7.8) is not band-limited,
the filter in (7.22) is only an approximation to the post-linearizer of the
system in (7.8). If the input signal v(n) of (7.23) is not band-limited
in the band B, the output w(n) of the linearizer is not band-limited.
However, the system in (7.23) is still a pre-linearizer for the nonlinear
system in (7.8) in the band B. In any case, the output y(n) of the
cascade of the system in (7.23) followed by (7.8) has non null frequency
components outside the band B.

7.3 pth Order Equalizers and Linearizers

In the previous section, we introduced some filters for the exact equaliza-
tion or linearization of a certain class of nonlinear systems. These filters
may not always be realizable. For example, when r = 0 in (7.8), the
equalizers and linearizers do not have explicit input-output relationship.
In this situation the filters of Figures 7.1, 7.2 and 7.3 are not realiz-
able because the feedback loop depends on output samples that have
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not yet been computed. Furthermore, because of the recursive struc-
ture of the equalizers/linearizers, these filters, if they exist, may also be
unstable. In what follows, we present a theory for the pth order equaliza-
tion/linearization of nonlinear systems [126, 127]. By means of pth order
equalization/linearization we derive filters that are always realizable and
are bounded input bounded output stable.

Definition 7.3.1 A pth order equalizer is a filter which, when connected
in cascade before or after a nonlinear system, results in an overall system
whose characteristics, in the band of frequencies and in the range of the
input signal amplitudes of interest, correspond to those of a parallel con-
nection of an identity system and a nonlinear component whose Volterra
kernels of order smaller than or equal to p are all zero.

Definition 7.3.2 A pth order linearizer is a filter which, when connected
in cascade before or after a nonlinear system, results in an overall sys-
tem whose characteristics, in the band of frequencies and in the range of
the input signal amplitudes of interest, correspond to those of a parallel
connection of a linear system and a nonlinear component whose Volterra
kernels of order smaller than or equal to p are all zero.

When a pth order equalizer (linearizer) is connected before the non-
linear system in (7.8) it is called a pth order pre-equalizer (pth order pre-
linearizer). When it is connected after the nonlinear system, it is called
a pth order post-equalizer (pth order post-linearizer). We now present
several theorems that are the counterparts of the results in the previous
section to the case of the pth order equalizer and linearizer.

Theorem 7.3.1 Let the linear inverse filter A~'(q) be bounded input
bounded output stable. The sequence of systems defined by

= A7 (q)u(n), (7.24)
wp(n) = A7Nqu(n) — AT(gN[wp—a(n)l; p>1  (7.25)

converges to the system in (7.12) when the input signal is bounded by
some finite constant 7 > 0. Moreover, the system in (7.25) is a gener-
alized pth order inverse of the system in (7.8) in the sense of Sarti and
Pupolin [125].

Recall that the generalized pth order inverse may have Volterra ker-
nels of order larger than p. A cascade connection of a nonlinear system
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and its (generalized) pth order inverse results in a nonlinear system that
1s an identity system plus a residual nonlinearity whose Volterra kernels
of order 0 through p are zero.

Proof of Theorem 7.3.1 We prove by induction that (7.25) is the
p-th order inverse of (7.8). Let us process the output of the system
of (7.8) with the system defined by (7.24) and (7.25). By considering
u(n) = y(n), for p = 1 we obtain the following input-output relationship:

wi(n) = z(n)+ A7 (g)N]z(n)],
= z(n) + T1(n), (7.26)

where Tj(n) is a Volterra operator of order greater than 1. This proves
that wy(n) is the output of a first order inverse in the sense of Sarti and
Pupolin. Let us suppose that w,(n) is the output of a pth order inverse,
i.e.,

wp(n) = z(n) + Tp(n), (7.27)

where T),(n) is a Volterra operator of order greater than p. We want to
prove that the system defined by

wpi1(n) = A7 (q)u(n) — A7 (N [wp(n)] (7.28)

is a (p+ 1)th order inverse of (7.8). By substituting y(n) in (7.8) for u(n)
and (7.27) for w,(n) in (7.28), we have

wpy1(n) = z(n)+ A_l(Q)N[x(n)] - A—I(Q)N[x(n) + Tp(n))
= z(n) + A (9N [z(n)] = A" QN[ (n)] + Tpia(n),
(7.29)

where Ty is an operator of order greater than p + 1 and we have taken
into account the fact that A[] is an operator of order greater than 1.
Thus, we have shown that the sequence of systems defined by (7.24)-
(7.25) define pth order inverses of (7.8). If A™'(g) is stable, the sequence
of systems (7.24)-(7.25) will converge to (7.11) at least in an amplitude in-
terval around zero. In order to prove convergence we have simply to prove
that ||Tp+1(n)|| tends to zero when the input signal z(n) is bounded by
some finite constant 7 > 0, i.e. when ||z(n)||c < 7. Note that if A~'(q)
is stable and [|z(n)]|e < 1, it is?

IT2(n)leo < Fallz(n)llc (7.30)

!These inequalities can be easily proved following the derivations in [86] or [98].
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for some positive constant k; and, if we suppose also ||T,(n)||e < 1,

ITo+1(n)llee = A7 (N z(n)] — A7 (N 2(n) + Tp(n)]lleo
= |G[z(n), Tp(n)]lleo
< kelle(0)llool|To(n) oo + ks To(n) 1o, (7.31)

where k; and k3 are some positive constants and G[z(n),Tp(n)] is a finite
order polynomial with no constant or linear term and with each term
containing at least a factor T,(n). Let k be a positive constant less

.than 1 and let [|z(n)[lo < 7 = max(5:, kz_ik—a,-’l); it is easy to prove by
induction that ||T,(n)]|e < 1 for every p and

1Tp+1(n)llee < £7||z(n)]|oo- (7.32)
Thus, ||Tp+1(n)||le converges to zero when ||z(n)|le < 7. ]

The sequence (7.24)-(7.25) corresponds to a systolic cascade of cells
as shown in Figure 7.4. Thus the pth order inverse can be easily imple-
mented using VLSI circuits. Furthermore, each cell is always realizable
while we recall that the ideal equalizer is not always realizable for the
system in (7.8).

The following theorems deal with the pth order inverses and lineariz-
ers for systems with band-limited input signals, and can be proved in a
manner similar to the derivations for Theorem 7.3.1.

Theorem 7.3.2 Let the input signal z(n) to the system in (7.8) be band-
limited to a certain frequency band B and let u(n) be its output. Let
A~1(q) be the linear equalizer of the system A(q) in the band B with zero
response outside B. If /i'l(q) is stable, the sequence of systems defined

by
wi(n) = A7(Qu(n), (7.33)
wp(n) = A7(Qu(n) — AT (QN[wpa(n)); p>1  (7.34)
converges to the system (7.13) when u(n) is bounded by some finite con-

stant T > 0. Moreover, the system in (7.34) is a pth order post-equalizer
for the system in (7.8).

Theorem 7.3.3 Let A~1(q) be the linear equalizer of the system A(q) in

the band B with zero response outside B. If A~'(q) is stable, the sequence

of systems defined by
wi(n) =

wy(n) =

Ju(n), (7.35)

A7 (q)u )
AT @u(n) + AN [wp-1(n)];  p>1  (7.36)
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Figure 7.4: The pth order inverse implemented as a cascade connection
of systolic cells.
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converges to the system in (7.17) when u(n) is bounded by some finite
constant 7 > 0. Moreover, the system in (7.36) is a pth order pre-
equalizer of the system in (7.8).

The block-diagrams of the pth order pre- and post- equalizers are
identical to that in Figure 7.4 with the difference that the system A~*(q)
is now substituted by the linear equalizer A~*(q).

Theorem 7.3.4 Let the input signal z(n) to the system in (7.8) be band-
limited to a certain frequency band B and let v(n) be its output. Let
A71(q) be the linear equalizer of the system A(q) in the frequency band B

with zero response outside B. If A~1(q) is stable, the sequence of systems
defined by

wi(n) = wv(n), ) | (7.37)

wi(n) = v(n) - NA (Qupn(m)]; p>1  (7.38)

converges to the system in (7.22) when v(n) is bounded by some finite
constant T > 0. Moreover, the system in (7.38) is a pth order post-
linearizer of the system in (7.8).

Theorem 7.3.5 Let the input signal v(n) be band-limited. Let A~1(q) be
the linear equalizer of the system A(q) in the band B with zero response
outside B. If A™1(q) is stable, the sequence of systems defined by

wi(n) = v(n), ) (7.39)
wp(n) = v(n) = AT (QN[wpa(n); p>1 (7.40)

converges to the system in (7.23) when v(n) is bounded by some finite
constant T > 0. Moreover, the system in (7.40) is a pth order pre-
linearizer of the system in (7.8).

In a similar manner we can define the pth order pre- and post- lin-
earizers. The structure of the pre-linearizer is the same as in Figure 7.4,
with the difference that the initial linear block A='(¢) is now absent. A
block diagram of the post-linearizer is shown in Figure 7.5.

The pth order equalizers/linearizers of Figures 7.4 and 7.5 are quite
attractive because of their systolic structure which allows for modularity
as well as cell reuse in hardware realizations. However, if we are interested
only on a pth order inversion/equalization, the structure of Figures 7.4
and 7.5 is slightly redundant.
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Figure 7.6: The delayed cell.

Remark 7.3.1 Let us number the nonlinear cells in Figure 7.4 from the
left to the right from 1 to (p —1). We can drop all the Volterra kernels
of N'[w;(n)] of order greater than i+ 1 from the ith cell and still obtain a
generalized pth order inverse in the sense of Sarti and Pupolin. This is
a direct consequence of the fact that the Volterra kernels of order larger
than i+ 1 in the ith cell generates no nonlinear component of order lower
than p+ 1 at the output.

The pth order equalizers and linearizers discussed in this section
presents some disadvantages when compared with the ideal equalizers
and linearizers, but exhibit several characteristics that may make them
more useful in practical applications. The pth order inverses are com-
putationally more expensive than the ideal inverses. The computational
cost is almost p times larger for pth order systems. They also do not
perfectly compensate for the distortions introduced by the nonlinearities
since they do not attempt to reduce distortions of order larger than p.
The advantage of the pth order equalizers and linearizers is that we can
guarantee their stability in many practical situations. One other advan-
tage of the pth order systems is that it is possible to delay the response of
the linear equalizer in order to simplify its design. In the case of the ideal
equalizers the response of the linear equalizer cannot be delayed because
the linear equalizer appears in the feedback loop and the introduction of
a delay would completely modify the response of the system. Figure 7.6
presents a cell with delayed equalizer. This cell may be used to replace
each of the cells shown in Figure 7.4. Note that the delay ¢~T of the
upper branch is used to compensate for the delay added to the linear
equalizer.
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7.4 Equalization and Linearization of Re-
cursive Polynomial Systems

In this section, we briefly extend the results of Sections 7.2 and 7.3 to the
case of recursive polynomial systems. We consider the following system
model:

N N
y(n) = Za,’m(n—i) D by(n—1i)+

1=0 =1

N N N
Z Z Z e Z hijiy..ir2(n —i1)z(n —12) - ... - z(n — k)
k=211=112=103 =t —1

N N N
- Z Z Z e Z Tiig.ir¥(n —21)y(n —12) - ... - y(n — 1x)

+3 > ciz(n = d)y(n - j), (7.41)

where we consider only a mixed product term for ease of presentation.
According to equation (7.3) the inverse of the system always exists and
is given by

N
w(n) = ai u(n) + > biu(n —1) Za, (n—1)
0 i=1
L N N N
Z Z Z Z Tiyip..i U —zl)u(n—zg)u(n—zk)
k=211=112=1t1 ik=‘lk—1
N N
S Y Y hapaw(n—i)w(n—i3) ... w(n — i)
k=21,=1 tg=tgp—1
N N
=33 ajw(n —du(n —j)| . (7.42)
=1 j3=1

An implicit expression for the inverse of the more general model

N N
Z aiz(n—1i) =Y by(n—1i)+

i"l
L N N
ZZZ Z h1112 ix T n—zl) (n_i2)""'z(n_ik)
k=21;=012=13 =1tk _1
L N N N

-2 Z Z coo D0 Tapuay(n —t)y(n —i2) - y(n — i)

k=211=11=1y T =lp—1
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N N
+_ 2 cz(n—dy(n—j), (7.43)

1=0j5=1

if it exists, 1s given by

N N
w(n) = ;1— u(n) + ) bu(n —1i) = a;w(n — i)+
0 i=1 1=1
L N N N
Z Z Z Z Tiyigiy(n — t)u(n — i) - ... - u(n — i)
k=211=11=1; Te=tg_1

=22 cw(n = iu(n —j)| . (7.44)

In what follows, we employ the compact expression given by

B(q)y(n) = A(g)z(n) + Nz(n),y(n)] (7.45)
to represent the system in (7.41) and (7.43). In the above expression,

N .
Ag) = Z aig™, (7.46)
N -
B(q)=1+ Z big™ (7.47)

+20 > cz(n —dy(n — j). (7.48)

When 7 is equal to 1, (7.45) corresponds to the system in (7.41), and
when r is equal to 0, the expression corresponds to the system in (7.43).
Using the above notation we can express the input-output relationship
of the inverse of the system in (7.45) as

Algu(n) = B(g)u(n) — Nw(n), u(n)], (7.49)
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where u(n) and w(n) are the input and output signals respectively of the
inverse system. We can also express the output signal as

w(n) = A7 (g)B(q)u(n) — A7 ()N [w(n), u(n)]. (7.50)

The following result holds for the post-equalizer of the system in
(7.45). |

Theorem 7.4.1 Let the input signal z(n) of the system in (7.45) be
band-limited to a certain frequency band B and let u(n) be its output.
Let A™'(q) be the linear equalizer of the system A(q) in the band B with
zero response outside B. The system defined by

w(n) = A7Y(q)B(q)u(n) — A7} (¢) N w(n), u(n)], (7.51)
is a post-equalizer in the band B for the system of (7.45).
A similar theorem holds for the pre-equalizer.
We are also interested in deriving a pre- or post-linearizing filter.

In this part also, the linear system that results from the linearization
process will have transfer function equal to the linear part of the nonlinear

system that is linearized, i.e., equal to —g,iﬂ Following the derivations

in Section 7.2, it can be easily verified that the ideal pre-linearizing filter
is given by the system with the following input-output relationship:

w(n) = v() - AV @N ), 5o, (72)

where v(n) and w(n) are the input and the output signal, respectively.
Similarly, the ideal post-linearizing filter is given by

w(n) = v(n) - B QN L w(n), o(n)]. (7.53)
Alg)
We can easily extend the results of Theorems 7.2.3 and 7.2.4 to the case
of recursive nonlinear systems using (7.52) and (7.53).
Finally, the following theorem holds for the pth order inversion of a
recursive nonlinear system.

Theorem 7.4.2 Let the linear inverse filter A™'(q) be bounded input
bounded output stable. The sequence of systems defined by

wi(n) = B;(Qu(n), (7.54)

A(q)
wy(n) = wi(n) = A7 ()N [wp-1(n), u(n)] (7.55)
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converges to the system in (7.50) when u(n) is bounded by some finite
constant T > 0. Moreover, the system in (7.55) is a generalized pth order
inverse of the system of (7.45) in the sense of Sarti and Pupolin [125].

Similar theorems can be derived for the pth order equalizers and
linearizers also.

7.5 An application in Linearization of Loud-
speakers

Harmonic distortion caused by non-ideal behaviour of loudspeakers can
significantly affect the perceptual quality of audio signals reproduced
by the loudspeaker. In this example, we consider the linearization of
the nonlinearities associated with a synthetic loudspeaker using the pth
order pre-linearizer of Figure 7.4. Previous work [69] has shown that
loudspeaker nonlinearities can be efficiently modeled with good accuracy
using low-order, truncated Volterra systems. Many linearization proce-
dures for loudspeakers that have been proposed in literature use pth order
linearization [49, 53]. The main causes of harmonic distortions in loud-
speakers are the nonuniform flux density of the permanent magnet and
the nonlinearity of the suspensions. Such distortions can be controlled
by a careful design that imposes expensive constraints or by limiting the
output power. Another approach that is less expensive and also does not
limit the output power is to use digital linearization techniques.
Typically, a single loudspeaker is modeled with the help of a good
microphone or a laser vibrometer. Such an approach does not consider
the true environment in which the loudspeakers operate. In general we
do not have a single loudspeaker but at least two or more often three
loudspeakers that cover the acoustic band. The signal that comes from
the power amplifier is separated by a crossover filter in the two/three
components that are fed to the corresponding loudspeakers. Since it is
much easier to design a low distortion mid frequency (midrange) and high
frequency (tweeter) loudspeakers than woofers, problems with harmonic
distortions are usually more dominant at low frequencies. It is there-
fore not unusual to compensate only for the distortions caused by the
woofer. However, the woofer will not only generate audio frequency com-
ponents in its passband, but also in the passband of the mid-frequency
loudspeaker due to the harmonic distortion. Such distortions cannot be
compensated by the woofer, and must be corrected by the midrange loud-
speaker. For this reason, the most reasonable way to operate is not to
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Figure 7.7: Loudspeaker modeling.

model the woofer response alone, but the complete frequency response of
the bank of loudspeakers by means of a good quality microphone. In this
way the crossover filter and the particular configuration of loudspeakers
will be completely transparent to the modeling process. After determin-
ing the range of frequencies in which the distortions are severe and have
to be compensated, it is convenient to model the loudspeaker system in
this band only. To reduce the computational complexity associated with
the modeling and linearization process, we have chosen to work with
a lower-rate signal obtained by decimating an appropriately bandpass
filtered version of the microphone output.

Figure 7.7 displays the block diagram of an experimental set-up. The
two lowpass filters of Figure 7.7 used for modeling the loudspeaker sys-
tem must meet stringent amplitude and linear phase characteristics in
the passband in order to avoid large errors in the estimated nonlinear
model, which in turn would highly degrade the quality of the lineariza-
tion. After the loudspeaker is modeled in the range of frequencies where
the distortions has to be compensated, the digital circuit of Figure 7.8 is
used for the linearization.

The block marked L.P.1 and H.P.1 in Figure 7.8 are complementary
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filters with lowpass and highpass characteristics, respectively. L.P.1 se-
lects the frequency band in which the system attempts to compensate for
the distortions. The signal then is subsampled with the same decimation
factor employed for modeling the loudspeaker and processed by the lin-
earizer that corresponds to the estimated loudspeaker model. By further
interpolation and addition of the high frequency component, we obtain
the predistorted signal. For the linearization the filter requirements on
L.P.1and H.P.1 are not severe. The amplitude and phase distortions of
these filters affect the audio signal but not the linearization process. On
the other hand, the filter L.P.2 must meet stringent constant amplitude
and a linear phase requirements to provide a good linearization perfor-
mance. The delay ¢~V of the lower branch compensate for the delay
introduced in the upper branch.

The linearization procedure was simulated with a synthetic loud-
speaker system. The loudspeaker was modeled using a second-order
truncated Volterra filter with memory lengths 101 and 40 samples for
the linear and quadratic parts, respectively. The second-order harmonic
distortion of the system is shown in Figure 7.9. Since the distortions were
primarily in the range [0, fv/3] Hz., where fy denotes the Nyquist fre-
quency, the band [0, fv /3] was selected by means of a lowpass filter. We
employed a PCAS filter [83] for this purpose. The PCAS filter consists
of two parallel allpass filters. In our system, the first allpass filter was
a simple delay of 100 samples while the the second one was an allpass
filter of memory length 99 samples that is used to obtain the desired
amplitude and phase characteristics of the overall response. In order
to select the high band [fn/3, fn] we used the complementary filter for
the above lowpass system, which is a PCAS filter also. The output of
the lowpass filter was subsampled by a factor of three. The parameters
of the loudspeaker were estimated using a quadratic filter with memory
length equal to 51 samples for the linear component and 40 samples for
the second-order nonlinearity from the subsampled versions of the input
to the loudspeaker and its output in the presence of uncorrelated, 30 dB
measurement noise. Experiments were conducted with several other val-
ues of memory lengths of the linear and quadratic components of the
model, and the above values gave the best results for loudspeaker identi-
fication. The estimated model was then used to pre-linearize the system
using second, third, fourth and fifth order linearizers. The linear equal-
izer was realized by means of a PCAS filter constituted by two allpass
filters with memory lengths 81 samples each.

Figure 7.9 also shows the second-order harmonic distortion measured
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at the output of the linearized systems. The second-order distortion is
the smallest in the case of the second-order linearizer. This linearizer
is sufficient to correct for the second-order distortions and it produces
the most compact spectrum for the predistorted signal. The third-order
linearizer exhibits a higher second-order distortion in this experiment.
This is due to model mismatch, our approximations and the wider band
of the predistorted signal whose intermodulation contributions alter the
amplitude of the fundamental frequency components. The higher-order
linearizers exhibit comparable second-order distortions to the second-
order linearizer. The improvement due to the use of the linearizer is
evident from all the experimental results.

7.6 Concluding Remarks

This chapter presented a theory for the exact and the pth order equaliza-
tion or linearization of nonlinear systems with known polynomial input-
output relationships. An attractive aspect of the results in the chapter
is that the equalizers and linearizers can be implemented by cascading
modular and stable components. Thus, the pth order equalizers and lin-
earizers can be easily implemented using VLSI circuits. This chapter
also included the application of the theory developed in a problem in-
volving linearization to compensate for harmonic distortions introduced
by loudspeakers. Adaptive algorithms for equalization and linearization



7.6 Concluding Remarks 144

are under investigation and will be the content of a future paper.



Chapter 8

Conclusions

8.1 Summary

Several contributions to the research areas of Adaptive Filtering and
Nonlinear Filtering have been presented in this dissertation.

The candidate has first developed some novel fast and stable RLS
algorithms for adaptive linear filtering. The algorithms present a very
robust numerical stability combined with an efficient computational com-
plexity. Some of these algorithms have been extended to adaptive Volterra
filtering by means of V-vector algebra. This is a novel formalism that al-
lows the development of Volterra and linear multichannel adaptive filter
algorithms as an extension of linear adaptive techniques. Successively,
contributions have been given to the field of adaptive IIR filtering. In
particular, the candidate has developed a sufficient time-varying bound
on the maximum variation of the coefficients of an exponentially sta-
ble time-varying direct-form homogeneous linear recursive filter. This
bound was then applied to control the step size of output error adaptive
IIR filters to achieve bounded input bounded output stability of adaptive
filters.

Maybe the most important contributions of this dissertation are in
the area of nonlinear equalization. The candidate has first derived some
theorems for the exact and pth order inversion of a wide class of nonlinear
systems. This class includes most causal polynomial systems with finite
order as well as many nonlinear filters with nonpolynomial input-output
relationship. In particular, it was proved that Volterra filters possess
an inverse that in many cases is a recursive polynomial filter. The sta-
bility of many polynomial filters is input dependent: if the linear part
of the filter is stable and the input signal is sufficiently small the non-
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linear filter is stable. In this dissertation we have also presented some
theorems that quantify “how much small” the input signal should be in
order to guarantee the stability of recursive Volterra filters. Eventually,
by exploiting the expression of the exact inverse of recursive or nonrecur-
sive polynomial filters that was recently derived, a theory for the exact
and pth order equalization and linearization of nonlinear systems with
known recursive or nonrecursive polynomial input-output relationship
was developed. The theory is an extension of the standard equalization
technique for linear systems. Moreover, the proposed pth order lineariz-
ers and equalizers can be implemented by cascading modular and stable
components that can be easily realized using VLSI circuits.

8.2 Suggestions for Future Research

All the areas the student has coped with are still very active. Industry
needs fast converging stable adaptive linear and nonlinear filters with low
computational complexity. The greatest limitation of the class of Lattice
QR algorithms is the O(/N) number of divisions (where N is the linear
filter memory length) which are needed for the adaptation. Divisions
are not suited to the architecture found in most digital signal processors.
The SFTF algorithm of [135] is a fast RLS algorithm that employs only
multiplications but unfortunately stability is ensured only with station-
ary signals. A very promising class of adaptive filters is that of the Affine
Projection Algorithm (APA) [107] and its fast implementations (FAPA)
[8, 95]. These algorithms are an extension of the Normalized Least Mean
Square (NLMS) algorithm. They require only an order O(N) + O(P) of
multiplications (where P is the order of the algorithm, P = 1 for the
NLMS algorithm) and, when the order P of the algorithm is sufficiently
high, they have a speed of convergence that is comparable with that of
RLS adaptive filters.

The main limitation of Volterra filters is that their computational
complexity increases exponentially with the filter order. In [48] and [49]
a very interesting approximation of Volterra filters was presented. In
case of a second order Volterra filter, the filter structure of [48, 49] is
constituted only of three linear filters with memory length equal to that
of the Volterra filter which is approximated. A very interesting research
area is the development of adaptive algorithms for this filter structures.

Despite the large amount of work that has been done for adaptive
IIR filters, in most cases the performances of the algorithms that have
been derived are still unsatisfactory. Due to the high nonlinearity of
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the optimization problem, researchers have to cope with problems of
biased solution, of local minima, of instability of the filter that results
from the identification process. To the author experience one of the
most well performing algorithms is that in [116]. The above mentioned
problems are avoided in [116], but still the speed of convergence can be
unsatisfactory, especially in situations when the filter we want to identify
has poles very close to the unit circle. Consequently, much work has still
to be done in the area of adaptive IIR filtering,.

The stability of recursive polynomial filters is a very interesting sub-
ject especially for the implications with nonlinear equalization. Several
contributions have been presented in literature (21, 68, 75, 84, 86, 87, 88,
97, 98], but these results in most cases are over conservative, in the sense
that the input signal stability region that is identified is much smaller
than the real one. Further research has to be done in this area.

Inversion, equalization and linearization on nonlinear systems is a
subject of exploding interest in Signal Processing. Novel applications of
nonlinear equalization are currently investigated. The theory we have
presented allows the exact and pth order equalization and linearization
of most recursive polynomial systems with known input-output relation-
ship. The proposed technique applies a linear filter design procedure
with combined amplitude and phase specifications in order to design a
linear equalizer. Novel and more efficient linear filter design techniques
with these characteristics should be developed. The extension of the
equalization/linearization theory to adaptive filters is currently under
investigation and is another interesting research field.
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