Rend. Istit. Mat. Univ. Trieste
Vol. XXXIX, 301-309 (2007)

Sequential Order
of Compact Sequential Spaces
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Dedicated to the memory of our friend Fabio Rossi

SUMMARY. - The problem of finding compact Hausdorff sequential
spaces of sequential order o < wi is important and highly non-
trivial. A solution has been searched in ZFC, but unsuccessfully
up to now. Classically it was solved under CH, and more recently
under MA up to order four. We present here a construction of a
space of order three that appears simpler than previous construc-
tions.

1. Introduction and basic definitions

A topological space X is sequential if for any non-closed subset A C
X there is a sequence (z,,) with z,, € A and a point z € A\ A such
that x,, — z. Equivalently, we can define the sequential closure of
any subset A C X as A = {r € X : z is a limit of a sequence of
elements in A}. For any ordinal «, if « is a limit ordinal Al@) =

U5<afl(ﬁ); if « = v+ 1, then A@ = AM; and A® = A. The
sequential order of a sequential space X, denoted o(X), is the least
ordinal A such that AATD = AN = 4 for any A C X. As is well
known A < w; in any sequential space [6, 13].

Arhangel’skii and Franklin [2] have produced for any a < wq
examples of countable zero-dimensional sequential spaces K, such
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that the sequential order o(K,) = a. Their space S, is a sequential,
zero-dimensional, homogeneous Hausdorff space with o(S,) = w;.
All these spaces are countable but are not compact.

As concerns compact examples of sequential order > 1, one is
known to exist in ZFC. It is the one-point compactification of a -
space of Isbell-Mrowka, which has sequential order 2.

Other examples of compact sequential spaces have been con-
structed under additional assumption of the theory of sets. Baskirov
[5] and Kannan [11] have produced examples under CH and Dow
[7, 8] has constructed, under MA, examples of compact Hausdorff
spaces of sequentiality order three and four. Till now, it was not
possible to extend the construction of compact sequential spaces to
a sequentiality order greater than four, under MA.

The problem of finding compact Hausdorff spaces of sequential
order « for any o < w; turned out to be a highly non-trivial problem;
its importance depends also on the fact that Balogh [4] has proven
that under PFA every Hausdorff compact space of countable tight-
ness is sequential. Since PFA implies MA + ¢ = wo, if there is a finite
upper limit to the order of sequentiality under PFA (or consequences
of it) it would mean that under this assumption compact sequential
spaces are only few steps away from being Fréchet-Urysohn.

We want to present here a construction of a compact Hausdorff
sequential space of sequential order three that seems to be easier
than previous constructions (see [7], and the results to which alludes
Basikirov [5], note (5)).

2. Construction of a compact sequential space of
sequential order three, under MA

It is known that MA implies b = ¢. The following construction is
done under this last hypothesis. Observe that since we have

w<p<t<b<ac<c

then b = ¢ implies a = ¢, where a = min{|A| : A is an infinite and
mad family of subsets of w}.

So if A is an almost disjoint family and |A] = k < a then A
is not maximal. This fact will be used several times, but also b =



SEQUENTIAL ORDER OF COMAPCT etc. 303

¢ will be used essentially. We want to construct an example of a
compact Hausdorff sequential space of sequentiality order 3, with
some modifications to the construction given by Alan Dow in [7].

The set w of natural numbers is the set of 0.th level elements.
We want to add to this set two families of subsets of w, the family
A = {aq : a < ¢} corresponding to elements of the first level and
the family B = {b, : a < ¢} corresponding to elements of the second
level. All this will be completed with a point co which will be the
element of sequential order 3. In order to obtain this result we need
that the families A and B satisfy the following requirements:

1. Two different elements of the first level meet in a compact
subset of elements of the 0.th level, which means in a finite
subset of w.

2. An element of the first level and an element of the second level
meet in a finite subset of w or the element a € A is almost
contained in an element b € B.

3. Two elements of the second level must meet in a compact sub-
set obtained by a finite union of elements of w or of A.

4. Any sequence of elements of w has a convergent subsequence
to an element of A, and any sequence of elements of A has a
subsequence converging to an element of B.

5. Finally any sequence in B must converge to the point co.

In order to achieve this purpose we introduce two auxiliary fam-
ilies of sets X = {zq : @ < ¢} = [w]Y and U = {uq : ua € [(]Y,uq C
a,w < a < ¢}. Furthemore, to be more formal, for all & < ¢, families
Ao = {ag : f < a} and B, = {bg : B < a} have to exist such that
the following inductive hypotheses are fulfilled:

(1) A, is almost disjoint;
(2) VB,y < ait is ag C* by or ag N by, =* 0;

(3) VB < v < «, IFp,, C y+1, finite or empty, such that bgNb, C*
U{ag - € € Fpq )
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(4) Vy,w < v < a,38 < 7 such that ag C* bg for infinitely many
§ € Uy.

We start with elements of 0.th level which are the set w of natural
numbers. Since we want to obtain a compact sequential space of
sequentiality order 3, all infinite subsets of w must have a limit point
in the first level. Therefore every infinite subset S C w must have
infinite intersection with some element of level one. This is fulfilled
if A ={aq : a < ¢} is a maximal almost disjoint (mad) family:
VS C w, da < ¢ such that SNa, is infinite. Let D be an infinite and
coinfinite subset of w and let {a, : n € w} be a partition of w \ D
into infinite subsets. Let b, = Up<pax and b, = Upenay,. There is a
set x,, with a least index «, such that ., is disjoint with all sets
an, n € w; this is possible since D N Uy,epa, = 0. Let a, = Ty, -

Conditions (1) to (4) hold (where applicable) for a < w.

Since an almost disjoint (a.d.) family {a, : @ < k(< ¢=a)}
is not maximal there is some z,, which is a.d. with all elements
{aa 1 a0 < K}.

From this fact it follows that there is some z., , which is a.d.
with all a,, with v < w. Let us define a1 = 2, ,.

Now {an : @ < w+ 1} and {bg : B < w} are given. Taken
U1 C (w+1), for all € € uyq1 \ {w}, we have ag C* b,,. According
to Dow, let us put by = 0. Anyway we can define a2 = 4, ,,,
where x,,,, is the set with minimum index which is a.d. to all aq,
with v < w+1. For many indexes to follow we have bz = 0, precisely
forall B=w+n,new,n>1.

Suppose now that all sets A, and B, satisfying conditions (1)
to (4) are known. As remarked before there is z., which is a.d.
with the family A,. Let an, = z,,. Consider u, C «a. If there is
B < a such that ag C* bg for infinitely many ¢ € u,, then b, = 0.
Otherwise, for all 8 < a, there is a finite subset F, g C u, such that
ag Nbg is finite for all £ € uq \ Fiy 3. The set u, is countable; fix one
enumeration for it: let u, = {£, : n € w}. For all v < «, if v # &,
a~ N ag, is finite, possibly empty. Define a function f, : w — w as
follows: if ayNag, # 0 and v # &, fy(n) = max(ay Nag, ); otherwise
if ay Nag, =0 or v =&,, fy(n) = 0. Furthermore, for 6 < «, define
a function g5 : w — w as follows: gs(n) = max(bs Nag,), if &, & Fos
and bs N ag, # 0; otherwise gs(n) = 0.
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Cardinality of {fy : v < a} U{gs : 6 < a} is not greater than
la| < ¢. As b=c, there is h : w — w majorizing all f, and gs.
Remark that for all § < a there is mgs such that (ag, \ h(n)) Nbs =0
if &, € uq \ Fi,s and n > ms. Furthermore for all v < «, there is n,,
such that (ag, \ h(n)) Na, = 0, if v # &, and n > n,. (Note that
(ag, \h(n))Nbs =* 0 if n < ms and (ag, \ h(n))Nay =* D if n < n,).

Define

ba= | (ag, \ h(n)). (1)

{n€ua

We have in this way defined the families Aq11 = {ag : f < o+ 1}
and Bot1 = {bg: f < o+ 1}.

We can check that properties (1) to (4) hold.

Property (1) is true because of the construction of the family
A1

Property (2). We must prove that for all 5,7 < a+1, ag C* by or
agNb, =*0. If 3,7 < a property (2) holds because of the inductive
hypothesis. If 3 =~ = «, we have

o Nba = aa N U (ag, \ h(n)) = U [(ag, \ h(n)) Nas].  (2)

En€ua En€uq

The sets in this union are empty if n > n,, otherwise they are finite.
Then ay, N b, =* 0.
Ifvy<pf=aq,

aaNby = J [(ag, \ A(n)) Naa]. (3)

gn Guw

Then, as before, the sets in this union are empty if n > n,, and are
finite for n < n,.
fpg<y=qa.

agNba = | J [(ag, \ h(n)) Nag], (4)

gn CUn

then ag C* b, if 8 = &, € u,. Otherwise we can repeat the previous
proof: there is an a such that [(ag, \ h(n)) Nag] = 0 if n > n, and
finite if n < n,. Finally we have ag Nby, =* 0 or ag C* b, for all
8,7y <a+ 1.



306 A. SORANZO AND G. TIRONI

Property (3). We must show that if 8 < v < a + 1 there is
a finite set (possibly empty) F, 3 of v + 1 such that bg Nb, =*
Ufag : £ € F,3}; for all § < v < a property (3) holds by the
inductive hypothesis. If § < v = a < a+ 1, then there is a finite set
F, 3 C a+ 1 such that bg Nby =* U{ae : { € F, g}; in fact

byNba=bsN | (ag, \h(n) = [ b5 (ag, \ h(n))]

gn ClUq gn CU

For all &, € uq \ Fy 3 if n > mg it is true that (ag, \ h(n)) Nbg = 0,
while for n < mg, (ag, \ h(n))Nbg is finite and we can conclude that
bg N by, =* U{ag €€ Faﬂ}-

Property (4): For all w < v < a + 1 there is § < v such that
ag C* bg for infinitely many { € u,: for all v < a property holds by
inductive hypothesis. If v = « there is o < « such that, because of
the definition of by, ag C* b, for infinitely many (in fact all) £ € u,.

We identify every element a, with a point p, and every bz # ()
with a point gg. Let P = {ps : @ < ¢} and Q = {qo : @ < ¢, by # 0}.
The set X = w U P U Q, with the topology to be described, is a
Hausdorff sequential and locally compact space, and its Alexandroff’s
compactification X* = X U {oco} is a sequential compact Hausdorff
space with sequentiality order 3.

The topology of X is the following.

Points of w are isolated.

Fundamental neighbourhoods of p, are {p,} U (aq \ F') where F’
is a finite subset of w.

Define, for every b € B, [b] = {pa : an C* b}. Fundamental
neighbourhoods of gg are {g3}U (b \ (Ugeipe tUas UF)Ubg\U{ac :
¢ € G}], where G is a finite subset of ug and F' is a finite subset of
w.

Fundamental neighbourhoods of p, and ¢, are open compact
sets. The space is Hausdorff as can be easily proved. For example,
for x = po and y = gg, U = {pa} Uaq and V = {gg} U (bg \ ({pa} U
aq)) U[bg \ @] are disjoint neighbourhoods of  and y respectively.
If v =g and y = ¢, (with 8 < ) then U = {gz} U (bg \ by) U [bg \ b4]
and V = {¢,} Ub, U [b,] are the neighbourhoods we need.

In X* fundamental neighbourhoods of the point oo are of type
{0} U (X \ K), K compact in X.
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Let Z C X* be a non-closed set. We will prove that there is a
point z € Z\ Z and a sequence (z;) in Z converging to z. The point z
cannot be in w; if ZN(wUP) is not closed in the subspace wUP, then
there is a point p, € Z\Z. Since points of P have countable character
there is a sequence of points in Z converging to p,. If ZN(wUP) is
closed and Z N (wUP U Q) is not closed, let § be the smallest index
such that ¢s € Z \ Z. Now, the set [bs N Z] is certainly infinite and
any countable subset of it is a sequence converging to gs. Let finally
z = 0o. Every its neighbourhood of type W = {oo} U (X \ K) meets
Z in infinitely many points g, of the second level, then a sequence
extracted from it converges to z.

Clearly every infinite set of points of w contains a subsequence
converging to some point p,. Every infinite set of points gg (of the
second level) has a subsequence converging to the point co. Given
a countably infinite set of points p,, (of level one), there is a set uq
such that o; € uy C a for all i € w; if @ > w, then a > sup{«;}
and, by condition (4), there is some 3 < « such that a,, C* bg for
infinitely many «; € u,, i.e. a subsequence of (p,,) converges to
qp- If o = w, because of the construction, (p,,) converges to g,
corresponding to b,,.

Then no sequence of level one points converges to co. The space
that we have constructed is a sequential compact Hausdorff space of
sequentiality order three.

We can also remark that the space is a scattered space of scat-
tered heigth 4, and that the scattering levels 0, 1, 2, 3 correspond to
the sequential levels 0, 1, 2, 3 respectively. In fact, in X \ w points
of P are isolated [8].

3. The sequential space of order three as a Stone space

Consider the Boolean subalgebra S of P(w) generated by wU.AUB.
Let S be the Stone space of S (see e.g. [12]). Foralla € A,ain S
is {p,} Ua and for all b€ B, bin Sis {q} UbU{p, : a C* b,a € A}.
Because of the construction we see that w \ (aq U ag) is infinite, in
fact if v # o, then a, N (w )\ (aq U ag)) is infinite. Analogously
w\ (ba Ubg) and w \ (aq Ubg) are infinite. In fact, if v > max{c, 5},
according to the construction of bin (1), a,N(w\ (b Ubg)) is infinite.
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The same is true because of formulas (2), (3), (4) for § > «, 3,:
as N (w\ (aq U by)) is infinite, as N (w \ (aq U by)) is infinite and
as N (w\ (ag U by)) is infinite. Then there is a unique ultrafilter
generated by the complements of elements of A, B and finite subsets
of w. This last element is the point of sequential order three in the
previous construction.

4. Final remarks

We remark that it is an open problem to find compact sequential
spaces of order five or higher without CH. In fact requirements 1.
to 5. have obviously to be satisfied, but nobody was able to assure
them without additional assumptions of the theory of sets, even for
sequential order three. To construct examples of higher sequential
order an iteration of these requirements should be satisfied up to the
requested order.

Finally, to construct examples of higher sequential order, it would
be useful to find inductive hypotheses simpler then those presented
in [8], which appear difficult to extend beyond order four.
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