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On Simplicial Toric Varieties
of Codimension 2

MARGHERITA BARILE *)

Dedicated to the memory of Fabio Rossi.

SUMMARY. - We describe classes of toric varieties of codimension 2
which are either minimally defined by 8 binomial equations over
any algebraically closed field, or are set-theoretic complete inter-
sections in exactly one positive characteristic.

1. Introduction

If K is an algebraically closed field, the minimum number of equa-
tions which are needed to define an affine algebraic variety of K"
is called the arithmetical (ara) rank of V' (or of the defining ideal
I(V) of V in the polynomial ring Klxi,...,x,]). It is well-known
that araV >codim V; if equality holds, V is called a set-theoretic
complete intersection; more generally, if araV <codimV+1, V is
called an almost set-theoretic complete intersection. Classes of vari-
eties which are (almost) set-theoretic complete intersections where
recently considered in several papers by the same author ([1]-[8]). In
particular, [8] contains a characterization of all toric varieties which
are set-theoretic complete intersections on binomial equations. If
char K = p > 0, these are those fulfilling a certain combinatorial
property, based on a notion introduced in [15], i.e., the property
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of being completely p-glued. This is a sufficient condition for be-
ing a set-theoretic complete intersection in characteristic p; it is not
known whether it is also necessary, although many examples pro-
vide supporting evidence. Classes of toric varieties which are not
completely p-glued for any prime p and are not set-theoretic com-
plete intersections in any characteristic where presented in [2]-[4]:
the ones treated in [3] and [4] have any codimension greater than 2,
those in [2] any codimension greater than or equal to 2. In [6] the
authors described a class of toric varieties of codimension 2 which
are completely p-glued, and set-theoretic complete intersections in
characteristic p, for exactly one prime p; [1] and [5] contain infinitely
many such examples in arbitrarily high codimension. In this paper
we give sufficient conditions on the parametrization of a toric variety
of codimension 2 which assure that it is not a set-theoretic complete
intersection in all characteristics different from a given prime p > 0.
Since, as was shown in [7], every toric variety of codimension 2 is
an almost set-theoretic complete intersection, it will follow that the
variety has arithmetical rank equal to 3 in these characteristics. This
will allow us to find a large class of toric varieties whose arithmeti-
cal rank is equal to 3 over any field; it (properly) includes the toric
varieties of codimension 2 considered in [2]. We will also find new ex-
amples of toric varieties of codimension 2 in the 5-dimensional affine
space which are set-theoretic complete intersections in exactly one
positive characteristic.

The set-theoretic complete intersection property in characteris-
tic zero is a much more complex matter. There is an arithmetic
criterion on the semigroup which assures that a toric variety is a set-
theoretic complete intersection on binomials in characteristic zero:
it is obtained from Definition 1.1 by requiring that £ = 0. From [§],
Theorem 4, we know, however, that the only toric varieties which
are set-theoretic complete intersections on binomials in characteris-
tic zero are the complete intersections. Detecting other set-theoretic
complete intersections implies finding non-binomial defining equa-
tions and is therefore, in general, a difficult task. Eto has recently
proven that the toric curve (¢17,¢19 25 27)
section on three equations only one of which is binomial [11], whereas
it is impossible to find three defining equations two of which are bi-

is a set-theoretic inter-
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nomial [12].
In this paper V C K™*2 denotes a toric variety parametrized in
the following way:

(21 = uf

Tro = ug
V. o ,
Ty = U
no= ufu
_ b1, b2 b
L Y2 = Uy Uy Uy
where d is a positive integer and a1, . .., ay, b1, ..., b, are nonnegative

integers such that, for all indices ¢, either a; or b; is non zero. Up to
a change of parameters, we may assume that

ged(d,ay, ... an,b1,...,b,) =1

The form of the first n rows of the parametrization qualifies V as a
so-called simplicial toric variety.

In [6] we considered the case where d is a prime number p. We
first proved that V is completely p-glued, then we characterized the
toric varieties V which are not g-glued for any other prime ¢ by giving
a necessary and sufficient arithmetic condition on the exponents a;
and b;.

In this paper d is any positive integer. In Section 1 we assume
that d is a power of a prime p and show that then V' is completely p-
glued (and thus a set-theoretic complete intersection on two binomial
equations if char K = p). In Section 2 we give a general condition
under which, for every prime divisor p of d, V is not a set-theoretic
complete intersection (i.e., ara V' = 3) in all characteristics ¢ # p. We
will conclude that, whenever this condition is fulfilled by two different
prime divisors p and q of d, then ara V' = 3 in all characteristics. The
above discussion will settle the problem of the arithmetical rank for
many toric varieties in codimension 2, in particular those treated
in Section 3. The lower bounds for the arithmetical rank will be
provided by cohomological criteria together with diagram chasing
techniques. We will resort to étale cohomology and cohomology with
compact support; for the basic notions on this topic we refer to [13]
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r [14]. The defining equations will be determined by arithmetical
tools.

There is a subset T" of N attached to V', namely

T = {(d,0,0,...,0), (0,d,0,...,0), ..., (0,0,...,d),
(a1,a2,...,an), (b1,ba,... ,b,)}.

The polynomials in the defining ideal I(V') of V are the linear com-
binations of binomials

+ 4. ot + - -
Qg Qg " Qn 152 g 042 51 52 QG By, By
Ba;a;___a;B;ﬁQ =2yt @yt gty Yy —ayt wy apyy Y

with a 0, @ ,B; nonnegative integers (not all zero) such that

o (d,0,. .. )+aﬂ0d0 L0) + - (1)
+( )+ﬁ1 (al,ag,...,an)—i—ﬁ;(bl,bg,...,bn):
<do >+a2<o 0t
_( )+ﬁ1 (al,ag,...,an)+ﬁ2_(b1,bg,...,bn).

There is a one-to-one correspondence between the set of binomials
in I(V) and the set of semigroup relations (1) between the elements
of T.

Let us recall a combinatorial notion due to Rosales [15], which
refers to the subgroup of Z™ generated by a set T, and is based on
the following two definitions, both quoted from [8], pp. 1894-1895.

DEFINITION 1.1. Let p be a prime number and let T and Ty be non-
empty subsets of T such that T = Ty UTy and TyNTy = (. Then T is
called a p-gluing of Ty and Ts if there are an integer k and a nonzero
element w € Z" such that ZT, N Z15 = Zw and pkw e NT7 N NT5.

DEFINITION 1.2. An affine semigroup NT is called completely p-glued
if T is the p-gluing of T1 and T,, where each of the semigroups
NT1,NT5 is completely p-glued or a free abelian semigroup.

We will say that variety V is completely p-glued if so is the cor-
responding semigroup NT'.
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2. When V is a set-theoretic complete intersection in
characteristic p.

THEOREM 2.1 ([8], Theorem 5, p. 1899). An affine or projective toric
variety of codimension r over a field K of characteristic p > 0 is
set-theoretically defined by r binomial equations iff it is completely
p-glued. In particular, if it is p-glued, it is a set-theoretic complete
intersection.

We can easily describe large classes of completely p-glued toric
varieties. We will refer to the variety V' introduced above.

PROPOSITION 2.2 ([8], Example 1). Suppose that

supp (a1, ag,...,a,) C supp (by,ba,...,by).

Then V' is completely p-glued for all primes p (and hence a set-
theoretic complete intersection if char K #0).

PROPOSITION 2.3. Let p be a prime. If d = p" for some nonnegative
integer r, then V is completely p-glued (and hence a set-theoretic
complete intersection if char K = p).

Proof. If r =0, then V is, over any field K, a complete intersection
on the two binomials

b b
Fy=yg—a" - x,.

Qn
n o

So assume that r > 0. Let

Tl = {(pr’o?o""’o)? (07p7"07"‘70)? et (0?05"'7])7‘)’

and consider

Tll:{(pr’o?o""’o)’ (07pr’07"‘70)? ety (0?0""7])7')}’

which generates a free abelian semigroup, and

T12 = {(ala az, ... aan)}’
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Then T is the disjoint union of 7117 and T} and

7111 NZTo = Zv,

where
v = p’lay,as...,ay)
- pfis(p”,o,o,...,())+pffs(0,pr,o,...,o)+
p‘:fs 0,0,....p")
and p"~* is the maximum power of p which divides a; for all i =

1,...,n. It follows that v € NT1; N"NT15. Therefore, for all primes ¢,
T7 is the g-gluing of 777 and Ti2. Now, for all nonnegative integers
h > s, we have that p"~sv € NT}; N NT}», and, more precisely,

p"iv = pMaraz. .. ap)
= a}(p",0,0,...,0) +a5(0,p",0,...,0) +
< +a(0,0,...,07),  (2)
where we have set a; = pf_ih for all indices ¢ = 1,...,n. Moreover,
let
Ty = {(b1,b2,...,bp)}.
Then

71y N2 = Ziw,
where w = A\(by,...,by,), and

A = ged{k € N* | (kby, ..., kb,) € ZT}}.

Since (p"by,...,p"b,) € NT1, it follows that A = p' for some nonneg-
ative integer ¢t < r, and p"~'w € NT3; NNT5. Hence T is the p-gluing
of T7 and T, and the variety V given above is completely p-glued.
Of course, for all integers k > r, we have that p*~'w € NT} N NT5,
ie.,

pkitw = pk(blabQ?"'abn)
= b (p",0,0,...,0) 4+ b5(0,p",0,...,0) +
c 4+ 0,(0,0,...,07),  (3)
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where we have set b, = bip"~" for all indices i = 1,...,n. According
to [8], proof of Theorem 2, V' is a set-theoretic complete intersection
on any pair of binomials:

kb b /
P b
Fl f— y2 J— xlleQ . e .xnn’

s~

h
F. — P ay Ao a
1—y1 —1’1 .%'2 "'.%'n,

which are derived from semigroup relations (2) and (3) respectively.
In particular, for h = k = r we get the binomials:

B ai a2 a _.p" b1 bo b
Fi=y —ajley?ayn, Fi=yy —ay'ay’ - -ay

O

ExaMPLE 2.4. Consider the following toric variety of codimension 2
in K°:

<<
S
I T
IS~
= 000 B
<
@

Let
T, ={(4,0,0), (0,4,0), (0,0,4), (8,0,1)},

T11 = {(4,0,0), (0,4,0), (0,0,4)}, T2 ={(8,0,1)},

and

Ty = {(0,12,3)}.

Then ZT11NZT19 = 7(32,0,4), since, for all integers A, c, 3, equality
A(8,0,1) = «(4,0,0) + 3(0,0,4) implies that 4|\ and, on the other
hand,

4(8,0,1) = 8(4,0,0) + (0,0, 4). (4)

Moreover 2Ty N ZTy = 7(0,12,3), since
(0,12,3) = 3(8,0,1) — 6(4,0,0) + 3(0,4,0).
On the other hand,

4(0,12,3) = 12(0,4,0) + 3(0,0,4), (5)
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so that 22(0,12,3) € NTy N NTy, which shows that V is 2-glued.
Hence, in characteristic 2, the variety V is a set-theoretic complete
intersection on the following two binomials

4 8 4 12,3
Fy = yj — 2{zs, Fy =y; — 573,

which are derived from semigroup relations (4) and (5) respectively.
A complete list of generating binomials for the defining ideal of V' is,
in every characteristic,

4 8 4 12..3 2 3
Y1 — 2123, Yo — T3 T3, Y1Y2 — T1TyT3,

4.2 6 2 6 3,3 2,3 9,.2
T1Ya — TaX3Y1, T1Y2 — LYy, LYz — TaT3Y1-
In Section 2 we will show that V is not a set-theoretic complete

intersection in any characteristic other than 2.

3. When V is not a set-theoretic complete intersection
in any characteristic other than p

In this section we suppose that d is any integer greater than 1.
We assume that the parametrization of V' fulfils the following
conditions:

(A) there are indices 7 and j such that

a; =0, b; # 0, and a; # 0, b; = 0;
(B) foralli=1,...,n

(i) dla; < dlbi;

(i) d fa; < ged(d,a;) = 1 and d fb; < ged(d, b;) = 1;

(C) the matrix of residue classes modulo d

@y, Gz -+ an

by by --- by,
has proportional rows, i.e., one is an integer multiple of the
other;
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(D) there is i such that ged(d, a;) = 1.

We will study the set-theoretic complete intersection property for the
varieties V fulfilling (A)—(D). We first show that the problem can be
reduced to certain hyperplane sections of V', then we resort to étale
cohomology. We will first reduce the proof to the case where d does
not divide any a; or b; for ¢ > 3 and then we will prove the claim
under this additional assumption. The arguments are essentially
those used in [6], which are here generalized. Let an index i €
{1,...,n} be fixed. We introduce some abridged notation. For all
indices k = 1,...,n, we denote by e the kth element of the canonical
basis of Z", and by €, the element of Z"~! obtained by skipping the
ith component of e;. Theney,...,e;_1,€;11,...,e€, are the elements
of the canonical basis of Z"~!. Moreover we set

a=(ay,as,...,a,), and b = (by,b2,...,by),

a=(a1,...,Q—1,0i+1,---,0p), and b = (b1,...,bj—1,bi41,...,bp).

We consider the following toric variety in K"! whose
parametrization is obtained from that of V' by omitting the param-
eter u;:

rT = ucll
ro = ug
_ .d
Ti-1 = Ui
_ _ Y
\% Ti+l = Ujyq
Ty, = ug
— a1, 02, %i-1, @i+l - an
Y1 = Up Uy ;1 ubz‘+1 Up,
_ b1 bs i—1_ bi+1 b
Yo = Up UG Uy g Upq Uy

It is associated with the following subset of N*~1:
T = {dél, o, dei_1,d€i11,. .., dey,a, B}

LEMMA 3.1. Suppose that d divides both the exponents a; and b;
in the parametrization of V. Let F = F(x1,22,...,Zn,Y1,Y2) €
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Klzy,z2,...,2n,91,Y2], and set
F - F(xlaan"'axiflalyxz?kla--- ,In,y1,y2)
S K[xl,xg,...,xi,l,le,...xn,yl,yg].
Let I(V) and I(V) be the defining ideals of V and V in the rings
K[iﬂl,fEQ, .. axnaylayQ] and K[CEl,CEQ, ey Li—1,Tj41y - - - axTL?ylayQ]

respectively. Then
Fel(V)= FelV).

Conversely, for all G € K[x1,Z2,...,Ti—1,Tit1,---,Tn,Y1,Y2] such

that G € I(V) there is F € K[x1,%2,...,Tn,Y1,Y2] such that F €

I(V) and F = G.

Proof. 1t suffices to prove the claim for binomials. Let
af o ol B B
oy ag an By By

group relation in 7" holds:

be a binomial of I(V). Then the following semi-

afdel+a§Ldeg—i—---—i-aiden-i-ﬁfa-i‘ﬁ;b:
ayde; +aydes + -+ +a,de, + fa+ By b. (6)

Yok otgr gt _
It follows that B™1 %2 "+F1f o (V'), since this binomial corre-

ay ag o By By _
sponds to the following semigroup relation in 7'
of dey + ajdey + -+ of (de;_y + of (e + - (7)
+ogde, + 5 a+ B b =
ayde) +aydey + -+ o, de; 1+ a; dejq + -
+a, de, + fya+ ;b
derived from (6) by skipping the ith component. Conversely, every

semigroup relation (7) in T gives rise to the following semigroup
relation in T

i bi
of dey +afdey + -+ + <_5fr%_5;rg>dei+...
+atde, + Bfa+ b=
i a-bi
oy dep + oy dey + - -+ + (—ﬁ;%—ﬂQ E)del-+...

+a, dey, + By a+ [y b.
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This proves the second part of the claim. ]

The following result will be used in the proof of Theorem 3.4.

LEMMA 3.2. Suppose that I(V) = Rad(F1,...,Fs). Then

I(V) = Rad(Fy,. .., Fy).

Proof. Inclusion D follows from Lemma 3.1, since I(V') is a reduced
ideal. We prove inclusion C. Let G € I(V). By Lemma 3.1 there
is H € I(V) such that G = H. Then, for some positive integer m,

H™ € (F,...,F), ie.,
S
H™ =" f;F;,  forsome fi € Klx1,22,...,2n,y1,V2]-
i=1

Since f; € K[x1,29, ..., Ti—1,Tit1,---,Tn, Y1, Yy2], it follows that

s s
Gm:gm:W:Zsz:ZﬁFZG(FI’>FS)’
=1 =1

which completes the proof. ]

We will also use the following criterion, cited from [9], Lemma
3’. The symbol H,; denotes étale cohomology.

LEMMA 3.3. Let W C W be affine varieties. Let d= dim W\ W. If
there are s equations Fi,...,Fy such that W =W NV (Fy,..., Fy),
then

HS W\ W, Z/rZ) =0  for alli> s
and for all r € Z which are prime to char K.

The main result of this section is the following:

THEOREM 3.4. If the variety V introduced above fulfils conditions
(A)—=(D), and p is any prime divisor of d, then V' is not a set-theoretic
complete intersection for char K # p.
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Proof. Let char K # p. By permuting the indices if necessary we
can assume that condition (A) takes the form:

a1:0, b17é0, az#o, 62:0.

Condition (B)(i) implies that d divides ay and b;. Hence condition
(D) implies that there is ¢ > 3 such that d is prime to a; (hence,
in view of (B), it is prime to b; as well). Our aim is to show that
V' is not set-theoretically defined by two equations. By virtue of
Lemma 3.2 it suffices to show that this is true for the variety V
whose parametrization is obtained from that of V' by omitting all
parameters u; (3 < i < n) for which d|a; (equivalently: d|b;). Thus
we may assume that in the parametrization of V' we have d fa; and
d /b; for all indices 7 > 3. Then conditions (B) and (D) reduce to
the following:

(a)n > 3 and ged(d, a;) = ged(d,b;) =1 for all i = 3,4,...,n. (8)
Condition (C) takes the form: (f) in the matrix of residues classes
as G4 --- ap
by by --- b,

either row is an integer multiple of the other.
The variety V has the following parametrization:

modulo d

(21 = uf

Ty = ug

V. - ug
o = u‘2l2 ugs ... u%n
v = ululd ..o

By Lemma 3.3 it suffices to show that
HET (K2 \ V. Z/pZ) # 0.

Applying Poincaré Duality (see [14], Cor. 11.2, p. 276) we obtain the
equivalent statement:

HMNK" P\ V,Z/pZ) # 0,
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where H. denotes cohomology with compact support. For the sake
of simplicity, in the sequel we shall omit the coefficient group Z/pZ.
In this and in the following proofs we shall also consider as equal to
Z/pZ all cohomology groups that are isomorphic to Z/pZ. Recall
that for all nonnegative integers m,

7/pZ  for i =2m,

) my __
He(K™) = { 0 otherwise. 9)

Here we have set K° = {0}. In the exact sequence (see [14], Remark
1.30, p. 94)

HE7HK"?) — HE7Y(V) — HY(K"\ V) — HI(K"™)

we thus have that H?~1(K"*t2) = HI(K"2) = 0, whence we get
HM K"\ V)~ H* (V). Hence we can re-formulate our claim as

H N (V) #0. (10)

We prove (10) by induction on n. According to () we have n > 3.
Hence the variety to be considered for the initial step of the induction
is

r1T = U1

X9 = U

. _ d

U . r3 = Uug
Y1 = u62lQ ug:&
Yy = ul{1 ug:a

Here we have performed a change of parameters: since d divides ao
and by, we may adjust the parametrization of U by replacing ucf, ug,
az/d and by/d by uq, ug, as and by respectively. We have to show
that

HZ(U) # 0.

Now K[U] = Kluy,ug, u$,ud?ul® v ul] € Kluy, ug, us) = K[K?].
This inclusion corresponds to a map

$:K3—U
defined by

d a2 a3z by bs
(w1, u2,us) — (u1,u, ug, us’us®, uy' us®),
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which is a finite (hence a proper) morphism of schemes. Let X C K?
be the linear subspace defined by u; = uo = 0. Then X is a one-
dimensional affine space. Let Y = ¢(X). We show that ¢ induces
by restriction a bijection from K3\ X to U\ Y. It suffices to show
that for all (uy, ug, ud, ugu3?, ull’lugg) such that u; # 0 or ug # 0, ug
is uniquely determined. This is certainly true if ug = 0. Suppose
that us # 0. Since d is, by («), prime to ag and bs, there are integers
v,w, s,t such that

vd + wag = 1, and sd + tbs = 1.
If uy # 0, then

b1 b

U — (ug)s(ufusa)t,
3 blt ?

Uy

if ug # 0, then

(ug)” (ug?ug®)"
us = 2w .

Ugy

This proves bijectivity. Now let S be the linear subspace of K3
defined by ug = 0, and set T'= ¢(S). Then ¢ induces by restriction
a bijection (in fact, locally an isomorphism) from K3\ (X U S) to
U\ (YUT). According to [10], Lemma 3.1, bijectivity, together with
properness, implies that ¢ induces, for all indices %, an isomorphism
between the ith étale cohomology groups of K3\ (XUS) and U\ (Y U
T) with coefficient group Z/pZ. Since K3\ (X US) and U\ (Y UT)
are non singular, applying Poincaré Duality we deduce that, for all
indices 7, ¢ induces an isomorphism

HY(K3\(XUS))~H(U\ (YUT)).

Now, K3\ (X US) and U\ (Y UT) are open subsets of K3\ X and
U\Y = ¢(K3\ X) respectively. Their complements in these spaces
can be both identified with the open subset Z of K? defined by
uy # 0 or ug # 0; the map ¢ induces by restriction the identity map
on Z, hence this restriction induces the identity map in cohomology
with compact support. Thus ¢ gives rise, for all indices ¢, to the
following commutative diagram with exact rows:

HI"Y(z) — HY{(U\(YUT) — HY(U\Y) — HYZ) — HIY(WU\(vYuT))
LI LR ! L LR

HITY(Z) — HUK3\(XUS)) — HUK3\X) — HYZ) — HITHK®\(XUS$)
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By the Five Lemma it follows that ¢ induces, for all indices 7, an
isomorphism

H{(U\Y) ~ Hy(K®\ X).
In view of (9), from the long exact sequence

HE(X)— H(K?\ X) = HE(K?) = HY(X) — HJ(K®\ X) — HZ(K?)

I I I I
0 0 Z/pZ, 0

we deduce that H2(K3\ X) = 0 and H2(K?3\ X) = Z/pZ. Moreover,
by [13], Remark 24.2 (f), p. 135, inclusion

K[uf) = K[Y] € K[X] = K[us]

induces multiplication by d in cohomology with compact support.
Since X and Y are both one-dimensional affine spaces, by (9) this
yields the zero map

0:H(Y) =Z/pZ — Z/pZ = HZ(X),

and, furthermore,
H2(Y) = H2(X) =0.

Therefore, in the morphism of complexes induced by the map ¢ we
have the following commutative diagram with exact row:

Z/pZ

| f
HXU) — HY) — HXU\Y) — HU)
0=0] LR

H(X) — HI(K’\X)

I
7/pZ

From the commutativity it follows that f must be the zero map,
which is not injective. Hence

HZ(U) # 0.
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This proves the induction basis. Now assume that n > 4. Since
d fa, and d fb,, in particular, we have that a,, # 0 and b,, # 0. Let
W be the intersection of V and the subvariety of K"*? defined by
z, = 0. Then W can be identified with K™™', so that, in view of
(9), from the exact sequence

HP=2(W)  — HPH(VAW) — HEY(V) — HITHW)
| |
0 0

we deduce that H?~1(V) ~ H?~Y(V \ W). Hence our claim (10) is
equivalent to

HEH (VA W) £ 0. (1)

Now, since n > 4, and, by («), ag is prime to d, we can find a positive
integer A3 such that d divides Azag + a4 + -+ 4+ an_1 + a,. On the
other hand, by ((), there is an integer p such that d divides a; — ub;
for all i > 3. It follows that d divides p(Agbs + by + -+ + bp—1 + by),
and that p is prime to d. Hence d divides Ag3bs +bg+ -4+ bp—1 + by
as well. We conclude that the coordinate ring of V' '\ W is
KV\W]=K[u, u,9 ok

n’

~a9 ~as3 ~an—1 ~by ~b3 ~bn—1]
)

~d ~d ~d ~d
Klaf, a5, a5, ...,0 Uy US> -+ Uy, Uy Ug® - Uy

n—1>

where i3 = uz/up? and @; = u;/uy,, for all indices i # 3. Up to
renaming the parameters, thus we have

K[V\W] = Kl u, ek
K d d az  as ap—1 by b3 bn—1
T S VI Tk T R T A Vet VAR VAl

From the Kiinneth formula for cohomology with compact support
([14], Theorem 8.5, p. 258) we deduce that

HINVAW) >~ @ HIK") ok Hi(V), (12)
r+s=n—1

where we have set K* = K \ {0}, and V; € K™ is the affine toric
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variety parametrized by

( 1 = uil
Tro9 = ug
r3 = ug
Vi :
Tp-1 = ug—l
T e
P =

Variety Vi fulfils (o) and (5), therefore the induction hypothesis
applies to it. Recall that

Z/pZ fori=1,2,

H{(K*) = { 0 (13)

otherwise.
This, together with (12), implies that
HI™HVAW) = HI2 (W) @ HE (V).
Now, by the induction hypothesis,
HE™(V1) #0,

because this is claim (10) for V. This proves (11) and completes the
proof of Theorem 3.4. U

In general we have the following result.

THEOREM 3.5. ([7], Theorem 3, p. 889) Let V' be the toric variety de-
fined above. Then V is an almost set-theoretic complete intersection
on the three binomials:

' a a ’
Fyo= yf —ayayap,
4" o b b
Fy = yy —ajwyay,
e
F; = M — Nys,

for some suitable monomials M and N and some positive integer
e, where d = d/gcd(d,a1,az,...,a,), d" = d/ged(d, by, bs,...,by,),
and o, = a;/ged(d, a1, az, ... ay), b, = b;/ged(d, by, ba, ... by), for
alli=1,...,n. In particular, 2 < araV < 3.
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Sections 2 and 3 of [7] contain an explicit construction of M, N
and e, which we here briefly sketch. Consider the matrices

d 0 0 al d 0 0 al b1
A = 0 d as A= 0 d - : as by ’
00 0 00 .0 :

For i = 1,2, let g; be the greatest common divisor of all n-minors
of A;. Then set e = g1/g2, and take any pair of monomials
M,N € Klxy,x9,...,Ty,y1] such that M — Ny§ € I(V); this will be
a binomial F3 fulfilling the claim of Theorem 3.5.

From Proposition 2.3, Theorem 3.4 and Theorem 3.5 we deduce
the next two results.

COROLLARY 3.6. Suppose that the variety V' fulfils conditions (A)-
(D), and let p be any prime divisor of V. Then

(i) if char K # p, then araV = 3;

(ii) if d = p" for some positive integer r, then araV = 2 for
char K = p; in particular V is a set-theoretic complete inter-
section if and only if char K = p.

COROLLARY 3.7. If the variety V' fulfils conditions (A)-(D) and d
has two distinct prime divisors, then araV = 3 in all characteristics,
i.e., V is not a set-theoretic complete intersection over any field.

REMARK 3.8. If we put r = 1 in the claim (i) of Corollary 3.6 we
obtain Theorem 2.1 (c) in [6].

EXAMPLE 3.9. Let V. C K"t? be the simplicial toric wvariety
parametrized as follows:

(21 = uf
Tro = ugr
| o ,
" _ ;;erq as am P Em41 P ky,
yi = ulrl ug?® - ulr mt% coub ;
[ Y2 = UIQ) nga:a“.u%zm fn_"_"i‘ﬂ...ug n
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where p is a prime, r is a positive integer, 3 < m < n,
ki, kma1,---  kn and lo,lpmy1, ..., 1, are nonnegative integers, and
as,-..,am, g are positive integers not divisible by p. Then V ful-
fils conditions (A)-(D), so that, according to Corollary 3.6, it is a
set-theoretic complete intersection if and only if charK = p. For
m=n=3,p=2,r=2k =2,a3=1,1o =3, g =3 we
obtain the variety V of Fxample 2.4; we have thus shown that it is
a set-theoretic complete intersection only in characteristic 2.

EXAMPLE 3.10. Let V. C K"™?2 be the simplicial toric variety
parametrized as follows:

h
I = ulfq
h
xZ9 = ugq
V. ah ,
Tn Un,
_ pghki, a3 am , PAMEm+1 pqhkn
_ ,,pqhl2, gas gam , Pqhlmy1 Pq

where p and q are distinct primes, h is a positive integer, 3 < m < n,
ki, kmat,. .-, kn and lo, 11, ..., 1y are nonnegative integers, and
as, ... ,am, g are positive integers prime to pqh. Then V fulfils con-
ditions (A)-(D), so that, according to Corollary 3.7, it is not a
set-theoretic complete intersection (i.e., araV = 3) over any field.
This was proven in [2] in the special case where m = n = 3 and
a3z =g = 1.

In the next section we will give another extension of the class of
varieties of codimension 2 considered in [2].

4. Some toric varieties of codimension 2

In this section we will present a class of simplicial toric varieties
which are set-theoretic complete intersection in exactly one positive
characteristic, or in no characteristic. This class includes the toric
varieties of codimension 2 studied in [2]. We will consider the variety
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V C K°® with the following parametrization:

1 uh
To = ug2

V r3 = ugg )
y1 = ujlug®
Yo ug2 ug:a

where dy,ds, ds, a1, ag, b, b are positive integers. Up to a change of
parameters, we can assume that

ged(dy,ar) = ged(de, be) = ged(ds, as, bg) = 1. (14)

In the main theorem of this section we will give a sufficient criterion
on the exponents of the parametrization which assures that V is
not a set-theoretic complete intersection (i.e., araV’ = 3) in certain
characteristics. For the proof we will need the following preliminary
results on étale cohomology. They complete Lemma 1 in [3].

LEMMA 4.1. Let n be a positive integer, and let r be an integer prime
to char K. Let dy,...,d, be positive integers, and consider the mor-
phism of schemes

Yo : K" — K"

(ula---aun) = (uclll?"'au(rizn)’

together with its restrictions
Op + (K7)" — (K7)",
en s K x (K" — K x (K*)"
and the maps
K+ HETH(KC) Z/r2) — HEH(K)", 2 /rE),
Aot HYPYEK x (K" Y 2 /rZ) — HYPY K x (K" Z/r7),
wn : H ((K7)", Z/rZ) — H((KY)", Z/rZ),

induced by 6, and €, in cohomology with compact support.
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(a) If r is prime to all integers dy,...,d,, then the maps K, and
An are isomorphisms.

(b) The map wy, is an isomorphism.

Proof. In the sequel H. will denote cohomology with compact sup-
port with respect to Z/rZ. We prove (a) by induction on n > 1. For
n = 1 we have the morphism

T:K—-K
uy — ud
and its restriction
51 K* — K*,
whereas €1 = 7. We know from [13], Remark 24.2 (f), p. 135,
that ~1 induces multiplication by d; in cohomology with compact
support. Thus, in view of (9) and (13), 1 gives rise to the following
commutative diagram with exact rows in cohomology with compact
support:
0 Z/rZ Z]rZ 0

I I | I
H:({0}) — HXAK*) — HK) — HZ({0})

12

| K1 A1l -dy

H:({0}) — HIK*) — HZK) — HZ({0})

| [ [ |
0 7)r7 AL 0

Since by assumption d; and r are coprime, multiplication by d; in
Z/rZ, i.e., the map \p, is an isomorphism. It follows that ki is an
isomorphism as well. Now let n > 1 and suppose the claim true for
all smaller n. Note that {0} x K x (K*)"~2 is a closed subset of
K? x (K*)" 2 and (K? x (K*)"2)\ ({0} x K x (K*)""2) can be
identified with K x (K*)"~!. After identifying {0} x K x (K*)"~2 with
K x (K*)"~2 we have the following exact sequence of cohomology
with compact support:

H(K3(K*)"™2) — H(Kx(K*)"2) — HIT (K (K*)"=1) — HPFL (K2 (K*)—2).
(15)
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According to the Kiinneth formula, for all indices i we have

H{(K? x (K*)"72) ~

D  HAK) ek BN K 0k - ©x H (K).
s+s1++sp—2=1

In view of (9) and (13) it follows that H!(K? x (K*)"~%) = 0 for
1 <n+ 2, in particular

HYK? x (K*)"?) = H'MY(K? x (K*)"72) = 0.

Hence 7, together with (15), gives rise to the following commutative
diagram with exact rows:

0 — HYKx(K*)"2) — HMYYK x (K" — 0
D L An
0 — HYKx(K*)"2) — HMYYK x (K" — 0

Since, by induction, A,_1 is an isomorphism, it follows that A, is an
isomorphism.

Now, {0} x (K*)"~! is a closed subset of K x (K*)"~! and (K x
(K" D\ ({0} x (K*)"~1) = (K*)™. After identifying {0} x (K*)*~!
with (K*)"~1 we have the following exact sequence of cohomology
with compact support:

HE (K x (K" — HE((K™)" ) — HETH(K)") — HIPHK > (K7)"7H).
(16)
According to the Kiinneth formula, for all indices i we have
H{(K x (K*)" 1~

P HIK)ox H (K*) ©x - @x HI - (K*). (17)
s+s1++sp—1=t

In view of (9) and (13) it follows that

HY(K x (K*)" Y =o0. (18)
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Hence 7, together with (16), gives rise to the following commutative
diagram with exact rows:

0 — HI((K*)"1) = HIP ()" — HIP (K x (o))
| Kn— L kn 1 An
0 — HZ((Y) — I ((K)) — HEW (K x ()

Since, by induction, k,_1 is an isomorphism, and so is A, by the
first part of the proof, by the Four Lemma it follows that k, is
injective. But, by the Kiinneth formula and (13), H? L ((K*)") is a
finite group. Therefore, x, is an isomorphism. This completes the
proof of (a). Next we prove (b) by induction on n > 1. In view
of (9), the map 7 gives rise to the following commutative diagram
with exact rows:

0 0
u u
H)K) — HX({0}) — HNK*) — HNK)
1 lw
HOK) — HO{0) — HM(K") — HM(K)
u |
0 0

12

12

where the leftmost vertical arrow is the identity map, since so is the
restriction of v1 to {0}. Hence wy is an isomorphism. Now suppose
that n > 1 and that w,_1 is an isomorphism. Then from (17), (9)
and (13) we have that

H' YK x (K*" 1) =o0.

Hence, in view of (18), the map ~,, induces the following commu-
tative diagram with exact rows:

12

0 — HE(EYY) - HY(EY) - 0
L wn— lwn
0 — Hc"_l((K*l)"_l) — HI(K*)") — 0

from which we conclude that w, is an isomorphism. This completes
the proof. O
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COROLLARY 4.2. Let n be a positive integer, and let r be an in-
teger prime to charK. Let X be the subvariety of K™ defined by
r129 -z, = 0. Consider the following restriction of the morphism

Tn<

On: X — X

(Uty.oyupy) — (uclh,...,uzn),

and the maps

o+ HY (X, Z/rZ) — HY(X,Z/vD),

§n : HY™HX,Z/r2) — HE N (X, Z/r)
induced by ¢, in cohomology with compact support.

(a) The map py, is an isomorphism if and only if v is prime to
all integers dy, ..., d,.

(b) The map &, is an isomorphism.

Proof. In this proof, H. will denote cohomology with compact sup-
port with coefficient group Z/rZ. Since K™\ X = (K*)", the mor-
phism -, gives rise to the following commutative diagram with exact
TOWS:

0 0
| ~ I
HY(K") — HNX) — HIPY((K*") — HIHE™)
L bn L K
HY(K") — HMNX) — HIPY((K*") — HIHE™)
| ~ |
0 0

It follows that p, is an isomorphism if and only if ,, is. By Lemma
4.1 the latter condition is true if r is prime to all integers d;. Oth-
erwise, by Lemma 1 in [3], &, is not injective. This proves (a). We
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also have the following commutative diagram with exact rows:

0 0
| |
HYYE™) — HIH(X) HI((K*)") — HI(K")
Lén L wn
HYNE™) — HIHX) HI((K*)") — HIK")

LR

]

| |
0 0

where w,, is the isomorphism of Lemma 4.1. It follows that &, is an
isomorphism, too. This completes the proof. O

Suppose that the variety V introduced above fulfils the following
conditions:

(I) the system of linear congruences

ax+azy = (mod d2)

dyx = (mod ds)
dsy = (mod dy) (19)
bsy = —by (mod d2)

has a solution;
(I) dy = ds/ ged(ds, ag) is prime to d;.

We want to give sufficient conditions on the parametrization of
this variety V which assure that it is not a set-theoretic complete
intersection in all characteristics different from a given prime p. As
we have seen in the proof of Theorem 3.4, this is certainly the case
if H2(V,Z/pZ) # 0. This motivates us to discuss the vanishing
properties of this cohomology group.

LEMMA 4.3. Suppose that the variety V introduced above fulfils (1)
and (II), and let p be a prime different from char K. Then

H*(V,Z/pZ) =0 if p fdids,

and

HZ(V,Z/pZ) # 0 if plds and p Jbs.
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Proof. In this proof, H. will denote cohomology with compact sup-
port with coefficient group Z/pZ. Let W be the intersection of V'
and the subvariety of K° defined by x5 = 0. Then

K[W] = K[l u®, uug®] = Kud, uf, ul ufe],

where we have set a = ag/gced(ds, ag). Consider the morphism of
schemes
¢ K*—>W
(unug) = (! ),
which is finite, hence proper. Let X C K? be the subvariety defined
by ujusz = 0. Then ¢(X) = X. The morphism ¢ induces by restric-
tion an isomorphism from K2\ X to W\ X. It suffices to show that

for all (u® ,ug ,ultug ) such that u; # 0 and us3 # O u; and uz can

df .
be expressed as rational functions of ul L ug®, ugt u3 . Since dy and

djy are coprime by (II), d; is prime to a; by (14), and df is prime to
ag by definition, there are integers v, w, s,t such that

vdy +wdha; = 1, and sdy + tdyaly = 1.

Thus
() (g
uy = d )
(uss)wa3
and p )
a
s = (ug®)* (uf ug®)"™
(i

Consequently ¢ induces, for all indices ¢, an isomorphism of coho-
mology groups with compact support

H{(W\ X) ~ H{(K?\ X). (20)
Note that K2\ X = K* x K*, so that, by the Kiinneth formula and
(13), we have, for all indices 1,
HY(K?\X) = @op=iH(KY) @k HY(K)
7/pZ for i = 2,4,

~ Z/pZ®Z/pZ fori=3, (21)
0 otherwise.
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Thus, in view of (9) and (21), we have the following exact sequences:

H (K?) — H (X)) — H}K*\X) — H(K?)
[ | |
0 7./ pZ. 0

and

H(K?) — HYX) — Ho(K’\X) — Hi(K?)
| I I
0 0 0

from which we deduce that H}(X) = Z/pZ and H?(X) = 0. Finally,
from the exact sequence

HYW\X) — H)(W) — H)(X)
I |
0 0
where we have used (20) and (21), we deduce that
HO(W) = 0. (22)

Furthermore, in view of (9), (20) and (21), ¢ gives rise to the follow-
ing commutative diagram with exact rows:

0
I h
H;(W\X) — H{(W) — H (X) — HX(W\ X) — HX(W)
l 1 & L] !
HY(K?) — HY{(X) — H(K?\ X) — H2(K?)

| [ I I
0 Z]pZ Z/pZ 0

and &s is the map defined in Corollary 4.2, which is an isomorphism.
By the commutativity of the central square it follows that h is an
isomorphism, whence

H!W)=0. (23)
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We also have the following commutative diagram with exact rows:

k
&2 10 LR Lo b p2 LR
H(X)— HZ(K?*\ X) = HZ(K?) — HZ(X) — H}(K?\ X) — HJ (K?)

I [ = I
7./pZ. 0 0

where & and ug are the maps defined in Corollary 4.2. Hence us is
an isomorphism if and only if p fdid5. In this case, by virtue of the
Five Lemma, ¢ is an isomorphism, so that H2(W) = 0. Otherwise pso
is not injective. The commutativity of the right square then implies
that k is not injective, so that H2(W) # 0. We have thus proven
that

HXW)=0 if and only if p Jddj. (24)

Let (s,t) be an integer solution of the equation system (19). Then
the coordinate ring of V' \ W is

K[V\W] = K[uy*,u; ] 0 K[af", ag*, a7 a3, a3'),

where 47 = u§/ug and a3 = u}/ug. Up to renaming the parameters,
thus we have

K[V\ W] = Kuf,uy®) ok K[!, uf,ultu, ulf].  (25)

Let e = ged(ds,bs), and consider the varieties W c K* and
W C K? parametrized in the following ways.

dy
I = U dy
_  ,d3 r1 = U
1 T3 = U3 1 e
W a1 az o W T3 = Uug
Y1 = Uupuj _ 01,03
bs Yr = Up Uusg
Y2 Ug

Consider the (finite, proper) morphism of schemes

1/):W—>W

di ,ds ,a1,a3 , b3

Tug®) = (uft ug®, uftug®, ug?).

di e
(ul , Uz, U™ Ug

Let Y be the intersection of W and the subvariety of K3 defined
by ug = 0. Then Y is a one-dimensional affine space over K, and
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the restriction of % to Y is the identity map of Y. Moreover, the
restriction

Dy WA\Y = W\Y

is an isomorphism. Hence it induces isomorphisms in cohomology
with compact support. For all indices ¢ the morphism 1 thus gives
rise to a commutative diagram with exact rows:

HIZYWY) — H(W\Y) — H{(W) — HY(Y) — HF'(W\
L LR 1 L Sl
HIWY) — HX(W\Y) — H(W) — HJ(Y) — HF'(W\
From the Five Lemma it follows that the middle vertical arrow is an

isomorphism. Hence, for all indices i we have

H{(W) ~ H{(W). (26)

Note that (II) implies that ged(ds,d;) divides ged(ds, as), whence
ged(ds, bs,dy) divides ged(ds,bs,ag); by (14) it follows that
ged(e,dy) = ged(ds,bs,d;) = 1. Moreover, by (14) we also have
that ged(dy,a1) = ged(e,as) = 1. Therefore, (22), (23) and (24)
apply to W: it suffices to replace a} with a3 and dj with e in the
argumentation that has been developed above for W. In view of (26)
thus follows that

HY(W) = He(W)=0,
H*W) = 0 ifandonlyif p Jdie. (27)

On the other hand, from (25) and the Kiinneth formula we deduce
that, for all indices 1,

H{VAW) = s HI(K") @5 HUW).
Hence, in view of (13) and (27), we conclude that

H2(V\W)=0 and HX(V\W)=0 ifandonlyif p Jdse.
(28)
From the exact sequence

HXVAW) — HXV) — HXW) — HX(V\W)
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we deduce that H2(V) = 0 if H2(V \ W) = H2(W) = 0. In view of
(24) and (28), we thus have

H*V)=0 if p fdydf.
We also deduce that H2(V) # 0 if H2(W) # 0 and H3(V \ W) =0,
which, in view of (24) and (28), occurs if p fdie and p|dj. Since dy
and df are coprime by assumption (II), the latter condition implies

that p fdy. Moreover, since p|ds, p [fe is equivalent to p [bs. Hence
we have that

HZ(V)#0 if plds and p fbs.
This completes the proof. ]

THEOREM 4.4. If the variety V introduced above fulfils conditions (I)
and (II) and p is a prime divisor of d and not of bs, then araV =3
for char K # p. In particular, if di has two distinct prime divisors
not dividing bs, then araV = 3 over every field.

Proof. As in the proof of Theorem 3.4, it suffices to prove that, under
the given assumption, if char K # p, then

HZ(V,Z/pZ) # 0.
But this follows from Lemma 4.3. This completes the proof. U

EXAMPLE 4.5. Theorem 4.4 allows us to find new examples of toric
varieties which are set-theoretic complete intersections in exactly one
positive characteristic, in addition to those presented in [1], [5] and
[6]. Let p and q be distinct primes and consider the variety

Ty = ucll1
_ .4
. _ ,,pq
Vi< 3 = ug ,
_ ,a1,cq
Y= ujug
Yy = USQ ug:a

where ged(dy,a1) = 1, di and ¢ are not divisible by p, be is not
divisible by q, and bs is not divisible by p and q. If
= {(dl,0,0), (0,(],0), (an’pQ)a (alaO’CQ)}a
Tll = {(dlyoao)a (0,(],0), (O,OaPQ)}a T12 = {((Il,O,CC])},
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and
T2 — {(Oa b25 b3)},

then ZT11 N ZT19 = Zdip(aq,0,cq), since ged(dy,a1) =1 and p does
not divide di mor cq. In fact

dlp(al, 0, cq) = alp(dl, 0, 0) + dlc(O, O,pq) € NT11 N NTys. (29)

Now, for every integer o, Za(0, b, bs) € ZT) NZTy holds if and only
if there are integers aq, o, ag, ay such that

(X(O, bZa b3) = al(dh 07 0) + a2(07 q, O) + 043(0, 07pq) + 044(0,1, 07 CQ),

1.e.,
0 = a1di + ayaq, (30)
CMbQ = a4, (31)
abs = asgpq+ aucq. (32)

From (31) we deduce that q divides «, because q does not divide by.
On the other hand, since p does not divide dic, there are integers
A, u such that b3 = Ap + udic, whence

qbz = A\pq + pdicq.

Hence (30), (31) and (32) are fulfilled for o = q, a1 = —pay, ag =
ba, a3 = A, ay = pdy. Thus

ZTYNZT, = Zq(O, bs, bg)
But
pq(07 b27 b3) = 62p(07 q, 0) + b3(07 07pq) € NTl N NT27 (33)

which, together with (29), shows that V' is completely p-glued. Hence,
for char K = p, V is a set-theoretic complete intersection on the two

binomials
_ dip aip, .dic _ ,,Pq bap b3
Fi=y" —a) " agt, Fy=yy —ayas’,

which are derived from semigroup relations (29) and (33) respec-
tively. Since d = p is prime to di, we also have that (II) is fulfilled.
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Since bs and do = q are coprime, there is an integer y such that
bsy = —bg (mod q). Then (q,y) is a solution of (19), so that (1)
is fulfilled, too. Hence, by Theorem 4.4, V is not a set-theoretic
complete intersection, i.e., araV =3, if char K # p.

EXAMPLE 4.6. Theorem 4.4 also allows us to find new examples of
toric varieties which are not set-theoretic complete intersections in
any characteristic, in addition to those presented in [2]. Let

T, = ucll1
T2 = U2

Vid z3 = ug3 )
o= ulu®
Yo = ug2 ug?’

where ged(dy,ar) = ged(dy,ds) = 1, ds is divisible by two distinct
primes p and q, and p and q do not divide as nor bs. Then (I) and
(II) are trivially fulfilled; since p and q divide df, by Theorem 4.4 it
follows that V' is not a set-theoretic complete intersection over any
field, i.e., araV = 3 over any field. For di = ag = bg = 1 we obtain
the varieties presented in [2].

EXAMPLE 4.7. Let p be a prime, v a positive integer and consider
the variety

T

rp = uf
Ty = U2

V. T3 = u3 ,
y1 = uf' u§3
Yo ugz ug:a

where a1, as, by, bs are arbitrary positive integers. Then (I) and (II)
are fulfilled, and, by Lemma 4.3, for all primes q # p, we have that
H2(V,Z/qZ) = 0 if char K # q. This means that our cohomological
criterion for V being not a set-theoretic complete intersection in all
characteristics different from q does mot apply. In fact, we obtain
an equivalent parametrization for V if we replace us and ug with
ugr and ugr respectively; then the parametrization takes the form
considered in Proposition 2.3, which allows us to conclude that V is
a set-theoretic complete intersection if char K =p. If r =0, then V
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is a complete intersection over every field K. It can be easily shown
that we have, at the same time, (14), condition (I), and, with respect
to the notation of Lemma 4.3, p fdidy for every prime p, if and only
if, up to a change of parameters, di = 1, dy divides d3 and d3 divides
as. In this case V is a complete intersection on

_ a1 a3/ds3 _ ds bads/d2 b3
Fl—yl_xlxg > F2_y2 ) T3 .

Final Remark. All the examples of toric varieties presented here
and in the papers quoted in the references are either

- p-glued for every prime p, or

- p-glued for exactly one prime p, or

- not p-glued for any prime p.

In all the cases where we could determine the arithmetical rank in all
prime characteristics, it turned out that the variety is, respectively,

- a set-theoretic complete intersection on binomials in every
prime characteristic p, or

- a set-theoretic complete intersection (on binomials) in exactly
one prime characteristic p, or

- not a set-theoretic complete intersection in any prime char-
acteristic p.

This leaves the following questions open.

(1) Is there any toric variety which is p-glued for two distinct
primes p, but not for all primes p?

(2) Is there any toric variety which is a set-theoretic complete
intersection, but not on binomials, in some prime characteristic

p?

(3) Is there any toric variety which is a set-theoretic complete
intersection in two different prime characteristics, but not in
all prime characteristics p?
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