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How Many Closed Structures does
the Construct PRAP Admit?

MARK S10EN (*)

SUMMARY. - We will prove that the topological construct PRAP,
introduced by E. and R. Lowen in [9] as a numerification su-
percategory of the construct PRTOP of convergence spaces and
continuous maps, admits a proper class of monoidal closed struc-
tures. We will even show that under the assumption that there
does not exist a proper class of measurable cardinals, it admits a
proper conglomerate (i.e. one which is not codable by a class)
of mutually non-isomorphic monoidal closed structures. This
severely contrasts with the situation concerning symmetric mo-
noidal closed structures, because it is shown in [13] that PRAP
only admits one symmetric tensorproduct, up to natural isomor-
phism.

1. Preliminaries on PRAP

In this paper we will be concerned with the topological construct
PRAP of pre-approach spaces and contractions, which was intro-
duced in [9] as a quantification of the well-known construct of pre-
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topological spaces and continuous maps. The objective of approach
theory is exactly studying such categorically well-behaved numerify-
ing supercategories, i.e. (topological) superconstructs which contain
at the same time their classical topological counterpart fully bire-
flectively and bicoreflectively and some category of metric objects
and non-expansive maps fully bicoreflectively only. This allows for
an intrinsically quantified theory, completely encompassing the cor-
responding topological one thanks to the initial and final closedness
for the class of all “old” objects in the bigger construct and which at
the same time allows the formation of canonical quantified product
structures for abitrarily large sets of metric objects, also thanks to
the categorical requirements stated above. For any further motiva-
tion and information about approach theory, we refer to [9] and [10].
For completeness, we briefly recall the definition of a pre-approach
space. Let X be a set. We will write F(X) for the set of all filters on
X. If B is a filterbase on X, stackB denotes the filter on X it gen-
erates and for all x € X, & := stack{{z}}. For a subset A of X, we
denote the function on X, taking the value 0 on A and co on X \ 4
by 04. A pre-approach limit on X is a map A : F(X) — [0, 00]*
satisfying the following properties:
(L1) Vz e X : A(2)(x) =0,
(L2) for every set-indexed family (F;)ier in F(X) :

A (ﬂ E) = sup A\(F;)

icl =

and the pair (X, \) is called a pre-approach space. (Note that (L2)
implies that VF,G € F(X) : F C G = AMF) > A(G).) If (X', X)) also
is a pre-approach space, a function f : X — X’ is called a contraction
if

VF € F(X) : X(stackf(F)) o f < A(F).

It was then shown in [9] that pre-approach spaces and contractions
together constitute a topological construct PRAP, i.e. one which is
at the same time initially and finally complete, into which the topo-
logical construct PRTOP of pre-topological convergence spaces and
continuous maps (resp. pqgsMET® of extended pseudo-quasi-semi-
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metric spaces and non-expansive maps ) are embedded as full sub-
constructs and we refer to that paper for more information and for al-
ternative descriptions of pre-approach spaces, e.g. through approach
systems. For the sake of completeness, let us just recall that for an
arbitrary pre-topological convergence space (X, q), the correspond-
ing pre-approach limit A, is determined by A\,(F) := 0z x|Feq@)}-
To simplify notations, we will use single characters like X to denote
the objects of the considered constructs and a notation like X and
Ax for the underlying set and the additional structure on it, if no
confusion can occur.

2. Monoidal Closed Structures on PRAP

Monoidal closed structures in the sense of S. Eilenberg and G. M.
Kelley on a category A are the essential basic notion one needs for
doing any kind of categorically founded algebra inside the category
A. They are at the same time also the right context in which to study
function spaces and to work with them, e.g. to look for Ascoli-type
theorems or other settings where one needs to consider A-enriched
situations. Especially when the category A fails to be cartesian
closed, i.e. if the categorical product functor — x — cannot be aug-
mented to a monoidal closed structure, it is useful to look for other
alternative modified tensorproducts. This is exactly the case with
PRAP. For any categorical information we refer to [1], [3], [8]. It
was already shown in [13] that the category PRAP admits only one
such symmetric tensorproduct, adjoint on the left to the inner hom-
functor determined by the structure of “pointwise convergence”. It
however follows from the approach taken by G. Greve in [5] to con-
struct non-symmetric tensorproducts, that giving up symmetry here
is by no means unnatural and indeed very useful: it helps to cap-
ture exactly that part of decent exponential behaviour present in the
considered construct into the definition of the tensorproducts, in the
following way. Let A be a topological construct. An object B € |A]
is called exponential if and only if the functor — x B has a right
adjoint —P, which in this particular case always can be taken to be
a structured covariant hom-functor. If B C |A| is a (non-empty)
finitely productive class of exponential objects, it follows from theo-
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rem 1.3 in G. Greve [5] that there exists a monoidal closed structure
(_ ®nB _,HB(_a —)) on A with

VBeB:—®B=—xB.

Such a monoidal closed structure on A is defined in the following
way. For every XY € |A|, the object X ®p Y is the final A-object
for the sink formed by

{fxg: AxB—-XxY |A€|A|,BeB,fec A(A,X),g € A(B,Y)}
U{Y = X x Yy (a,y) |z X}

and — ®p3 — acts on morphisms by taking the cartesian product
of the underlying maps. It will also be useful to work with the
corresponding adjoint inner hom-functor Hp(—,—). If X,Y € |A]|,
Hp(X,Y) is the A-object with A(X,Y") as underlying set carrying
the initial structure for the source

(A(f,9): A(X,Y) — AP :hgoho f)Ac|A|,BeB,feA(B,X),ge A(Y,A)-

The action of Hg(—,—) on pairs of morphisms is defined to be the
one of the hom-functor on the underlying functions.

The exponential objects in PRAP have been identified by E.
Lowen-Colebunders, R. Lowen and F. Verbeeck in [11]:

THEOREM 2.1. [11] The exponential objects in the construct PRAP
are the copgs-metric spaces.

We will make special use of the fact that a particular pre-appro-
ach space P# which was defined in [9] was proved there to be initially
dense in PRAP, meaning that for all X € |[PRAP|, the source

(f: X — P#)fePRAP(X,P#)

is initial in PRAP. This object P# is the perfect pre-approach
analogue of the pre-topological space with three points and one non-
trivial neighborhood, i.e. the pre-topological space 3 with {0, 1,2}
as its underlyng set and where the neighborhood system is defined
by V3(0) = V3(2) := 0niN2 and V3(1) := 1N2. The only symmetric
monoidal closed structure on PRAP is (— ® —,[—, —]) as defined
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in [13]. Let us just recall how this SMC structure is defined: if
X,Y,Z € [PRAP|, we call amap f: X xY — Z bi-contractive if
for all x € X and all y € Y, both

flx,): Y = Z:t— f(z,t)
and

f('?y):XHZ:S'_)f(‘S?y)

are contractive. For X,Y € [PRAP)|, the object X ® Y is defined
to be the initial lift for the source

(f X XY — Z)ZEPRAP,f bi-contractive -

This definition clearly is functorial in the obvious way, and remains
unchanged if we restrict ourselves to only taking Z = P#. (This
way of defining a tensorproduct works in fact in any topological con-
struct, and is due to J. Cincura [15].) The right corresponding inner
hom-functor is then obtained by putting [X,Y] to be the PRAP
object one gets by endowing PRAP(X,Y) with the pointwise func-
tionspace structure, i.e. the one it enherits as a subspace of the
PRAP product [[,.x Y. It was subsequently proved in [13] that
for all (z,y) € X xY, the approach system Axgy ((z,y)) is generated
by

{X XY —[0,00] : (5,8) = (0(s) V g (1) A (O3 (s) V(2)) |
p € Ax(z),v € Ay (y)}
For every Y € |pgsMET®|, the right adjoint — of — x Y is
completely determined by Z¥ := (PRAP(Y, Z), \.) with

A(W)(f) =
inf{K € [0,00] | Ve>0,Vy € Y : Az (stack¥(By (y,¢)))(f(y)) <K Ve}
f € PRAP(Y,Z),V € F(PRAP(Y, Z))

for all Z € [PRAP|. Here stackU(By (y,¢)) denotes the filter on Z
generated by

Hr@) | feFteBy(ye)} | Fell
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We refer to [9, 11] for more details and recall that the formula above
was introduced in [9] in the more general form

Ae(U)(f) =min{ K € [0,00] | VG € F(Y) :
Az (stack¥(G))o f < KV Ay(G)}

which will be usefull in the sequell. Here stack¥(G) stands for the
filter on Z generated by

{{f@) | feF,teG}| Fev,Geg}.

We will first prove that there are ”enough” mutually not naturally
isomorphic tensorproducts on PRAP, by adapting the argument
used in [12] for the pre-topological case.

THEOREM 2.2. There ezist at least as many (not naturally isomor-
phic) monoidal closed structures on PRAP as there are infinite car-
dinal numbers, whence a proper class.

Proof. 1f « is an infinite cardinal number, we will write F,, for the
class of all finitely generated pre-topological convergence spaces (i.e.
pre-topological convergence spaces such that every point has a small-
est neighborhood) of which the cardinality of the underlying set is
less than or equal to a. We recall from [11] that |pgsMET*| N
|IPRTOP| = |[FING| in |[PRAP| (where FING denotes the full
subconstruct of PRTOP formed by all finitely generated objects),
so all the F, consist of exponential objects in and therefore give
rise to monoidal closed structures (—®x, —, Hr, (—,—)) on PRAP.
Now fix o < ( infinite cardinal numbers. It is now our intention to
prove that the monoidal closed structures (—®g, —, Hx, (—, —)) and
(= ®£, — Hr;(—,—)) are not naturally isomorphic. Next define X B
to be the pre-topological convergence space used in [12]: therefore
we fix two sets ) # A C B with Card(B) =  and Card(A) < « and
a point b € B\ A. Define a pre-topological neighborhoodsystem on
B by

T itz e B\ {b},
V(@) = { stack{B\ A} ifxz=10
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and put X” := (B, V?). We are done if we show that Hr, (X?,3,) #
Hz, (XP,3). Because F, C Fpg, it is clear that the former is coarser
than the latter, so we have to show that

Iprapr(xs,3) : Hr, (X7,3) — HF@(Xﬁ,i")

is not a contraction. By construction of the space Hg, (XP,3) by
means of initial lifting, this means we have to look for some particular
choice of Z, F, f and ¢ for which

Hy:a(Xﬁ,3)—>ZF:kb—>gokof

fails to be a contraction. By choosing Z := 3,F := X8 f := 145
and g := 13, we are done if we can show that Hz, (X#,3) is not finer
than 3%
We write fi : X? — 3 for the constant 1-function (which clearly
is a contraction) and for each S C B with Card(S) < a, we define
I's:= {l e PRAP(X” 3) = PRTOP(X” 3) | I(S) C {1,2} and
0e€l(B\(AUS))}.

Clearly, I's # () and I'syr C I's N T'p for all subsets S, T of B with
cardinality less than or equal to «, so {I's | S C B, Card(S) < a}
generates a filter ¥, on PRAP(X#,3) for which

stack\Ila(Vﬁ(b)) qs(1),

where by stack®,(V3(b)) we mean the filter on {0, 1,2} generated
by

{{f(t)| f€Ts,t€V}|SC B,Card(S) < a,V € V3(b)}.

Remember that ¢. denotes the pre-topological convergence structure
itself. So we obtain that, because V3(b) € qys(b),

Agxs (Wa)(f1) = inf{K € [0,00] |
A (stackW o (V7 (0))(f1(b)) < K V Axa (VI (5))(b)} = oo,

whence A5 (¥a)(f1) = 0o. We are done if we can prove that

Aiy (x5,3)(Ta)(f1) €RT.
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To do so, we fix F* € F,, Z € |PRAP| and morphisms f : F'* —
X8 g:3 — Z. Let us write C : PRAP — PRTOP for the concrete
coreflector (which is the forgetful functor introduced in [9].) Because
3 is a pre-topological pre-approach object, saying that g : 3 — Z is a
contraction, means exactly that g : 3 — C'Z is continuous. For every
p € F*H € qpa(p), it follows from the continuity of g : 3 — C'Z, the
construction of ¥, and the fact that Card(f(F?*)) < Card(F%) < a,
that stack(PRAP(f,g)(¥,))(H) converges to g(1) in CZ, whence
Az (stack(PRAP(f,9)(Va))(H))((g o f1 o f)(p)) = 0 On the other
hand, since Apa only takes values in {0,00} because F* is a pre-
topological object, it is clear that

Azra (stackPRAP(f, 9)(Va))(go fio f)
= min{ K € [0,00] | VH € F(F?) :

Az (stack(PRAP(f,g)(Va))(H)) o (go fio f) < KV Apa(H) }
= min{ K € [0,00] | Vp € F*,VH € qpa(p) :

Az (stack(PRAP(f, 9)(¥a))(H))((g o fi0 f)(p) < K}
= 0.

We thus have obtained that

Atz (x5.3)(Va)(f1)

= sup sup sup sup
FecFo ZE|PRAP| fePRAP(F*,X5) gcPRAP(3,7)

Azre (stackPRAP(f, 9)(¥0))(g © fi o f)
= 0.

and this concludes the proof. ]

Next we will try to improve on this result, under the (not very
strong) set-theoretical hypothesis

‘ (H) “There does not exist a proper class of measurable cardinals.”

To do this we will use another technique for building proper con-
glomerates of tensorproducts, given a strongly rigid class of objects.
Let A be a topological construct. We will call a class C C |A| strongly
rigid if it contains no singleton sets and if for every X, Y € C, the set
A(X,Y) consists only of identity maps or constant maps. Finally
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a result of V. Trnkovd from [14] will ensure the existence of such a
“large enough” strongly rigid class of metric spaces under (H).

THEOREM 2.3. ([14], Corollary c), p. 283) Under the assumption
(H), there exists a proper class of metric spaces which is strongly
rigid in MIET.

Note that because MET is embedded in AP as a full subcate-
gory, a strongly rigid class in MET is strongly rigid in AP as well.
We write PRAP for the full subcategory of PRAP defined by the
object class

{ X € |PRAP| | PRAP(X,P¥) separates points }.

Note that obviously [MET|U {P#} C [PRAP,| and that [PRAP,|
is closed with respect to taking finer structures.

LEMMA 2.4. For every X € |MET|, the following assertions are
equivalent:

(1) [X,P#] = (B#)%,

(2) VY € [PRAPy|: Y @ X =Y x X,

(3) Card(X) =1,

(4) VY € |PRAP|: Y ® X =V x X

Proof. | (1) = (2) | From the initial density of P# in PRAP, and the

fact that both [X, —] and —% preserve initial mono-sources in PRAP
because they are both right-adjoint (to resp. —® X and — x X) and
because in the topological construct PRAP the initial embeddings
coincide with the regular monomorphisms, it follows that for each
Y € |[PRAPy|, both of the sources

(fo—:[X,Y] — [X, P#])fePRAP(YP#)
and
(fo—: yX — (P#)X)fePRAP(Y,P#)

are initial in PRAP. Therefore, (1) implies that [X,—] = —* on
PRAP,. It is now easy to see that restricting the argument —
to PRAP; we obtain well defined functors with values in PRAP
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together with adjoint situations (for these restricted functors) (— ®
X,[X,—]) and (— x X, —%X), so we obtain (2).

(2) = (3) | Suppose that X contains at least two different points
x1,x9. Then K := dx(z1,29) € RS‘.

It now follows from [13] that

¢ = ((dx (z1,)opry)V (012, 30Pr2)) A (042, yopr1)V (dx (21, ) OPT)))
€ Axex((z1,71)),

where pr; and pry stand for the projection from X x X to X onto the
first and the second co-ordinate. Because ¢((x2,x2)) = 0o, K < 00
and the fact that

Axxx((z1,21)) = ({(dx(21,-) opry) V (dx (21,-) o pra)})

it is impossible for K+1 < L < oo, to find ¢ € Ax«x((z1, 1)) such
that o A L <14 4, yielding that

¢ £Axxx((21,71))

contradicting (2).

(3) = (4) | Obvious because singleton spaces are identities with
respect to X and ®.

(4) = (1) | Again obvious from the fact that

(_ ® X7 [X7 _]) and (_ X X7 _X)
are pairs of adjoint functors. O

LEMMA 2.5. Let C C [MET| be a strongly rigid class and write C
for the class of all finite products of C-objects. Then any contrac-
tion between two Cg -objects is either constant or a projection on
co-ordinates.

Proof. First note that because MET is finitely productive in PRAP,
C; still consists of exponential objects in PRAP. The proof here is
exactly the same one, mutatis mutandis, as the proof of lemma 2.3
in [5], because for the case X =Y = Z which is treated in [6], only
Hausdorffness is required. O
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LEMMA 2.6. If C C |MET)| is a proper strongly rigid class of non-
singleton spaces, then there are at least as many mutually not natu-
rally isomorphic closed structures on PRAP as there are non-empty
subclasses of C, whence a conglomerate which is not codable by a
class.

Proof. Take ) # D C £ C C. Applying the technique developed in
[5], we now obtain two monoidal closed structures

(_ ®Df>i<n _7H'D§<“(_7 _)) and (_ ®5§<n _7H5X (_7 _))

fin

on PRAP. Now fix
Ec&\D.
We are done if we show that
HDﬁXH(E,P#) 4 Hggn(E,IP’#).
By definition
(PRAP(f,9) : HDHXH(E,IP’#) — AB .
ki—goko f)Ae\PRAP\,BEDﬁXn,fePRAP(B,E),gePRAP(IP#,A)

is initial in PRAP. On the other hand, 2.5 and the fact that £ ¢ D
imply that PRAP (B, E) consists of only constant maps, so this boils
down to initiality of the source

(HDﬁXn (E7P#) — Ak~ g(k(e)))A€|PRAP\,eeE,gEPRAP(]P’#,A)7

is initial in PRAP. Because initiality of composite sources is inher-
ited by the first factor, we obtain that

(Hpx (B,PF) — P : k= k(e))eer,
is initial in PRAP and hence
Hyy (E,P¥) = [E,P#]
(because [E,P#] is, as shown in [13], precisely the PRAP object
we get by equipping PRAP(E,P#) with the pointwise or product



146 M. SIOEN

structure). On the other hand, the definition of H £ implies that
Hggn (E,P#) is finer than (P#)F. If now the equality

Hpx (E, P#) = Hggn(E,P#)

would hold, [E,P#] would be finer than (P#)¥. On the other hand,
the former is coarser than the latter, because V¥ € F(PRAP(E, P#))
and Vf € PRAP(E,P#)

Ac(W)(f)

= min{ K € [0,00] | VF € F(E):
Ap# (stackW(F)) o f < KV Ap(F)}

inf{K € [0,00] |Vx € E:
Ap# (stack ¥ (2))(f(z)) < KV Ap(@)(x) = K}

= Sup,ep Ap# (stackV(2))(f(z))
= ANgp#(9)(f)-

So we would obtain that (P#)¥ = [E,P#] which would be a contra-
diction because E is infinite. O

Y

Pasting the previously described results together and using the
result quoted from [14] we obtain:

THEOREM 2.7. Under the assumption (H), there exists a conglom-
erate, which is not codable by a class, of mutually not naturally iso-
morphic monoidal closed structures on the construct PRAP.
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