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Minimal Primes over P3(M)

ELENA GRIECO AND ANNA GUERRIERI *)

Dedicated to the memory of Fabio Rossi

SUMMARY. - We provide the minimal primes over the ideal gener-
ated by 3 x 3 subpermanents of an m x n Hankel matrix.

1. Introduction and Preliminars

Definitions. The name permanent has been introduced the first
time in 1812 by Cauchy and Binet, separately. Cauchy [3] introduced
it while he studied a special type of symmetric alternating function,
that Muir [11] later called permanent. In the same period Binet [1]
did that too and he provided also formulas to compute permanents.
Later, Schur studied permanents as a specific type of generalized
function: the Schur function. Now permanents have applications in
many fields of Applied Mathematics, like Combinatorics, Probability,
Invariant Theory, Physics and so on.

Specifically, given an m x n matrix M = (m;;) in a commutative
ring R, with m < n, the permanent of M is defined by

Per(M) = meu) S Mo (m)
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where o is an injective function from {1,...,m} to {1,...,n}.

If m = n then the permanent is the same thing as the determinant
except in the lack of minus signs in the expansion. In this case we
denote it with per(M) instead of Per(M). We are interesting in the
study of properties of permanental ideals.

Given an m xn matrix M = (m;;) in a commutative ring R, with
m <n,and t € {1,...,m}, let P,(M) denote the ideal generated by
all the ¢ x t subpermanents of M.

We are interested in the case when M is a matrix of variables in
a polynomial ring in several variables over a field K. We note that
if the characteristic of the field is equal to 2 then the permanental
ideal is the same thing of the determinantal ideal. So, we suppose
that the field has characteristic different from 2. In particular we set
char(K) = 0.

Backgrounds. Determinantal ideals have been widely studied and
the results on primary decomposition of determinantal ideals are
well-known. The first step in this direction is the study of the bounds
on the height of minimal prime ideals over a determinantal ideal.
The properties of the ideal generated by minors of generic matri-
ces, generic symmetric matrices and generic antisymmetric matrices
have been studied in works of De Concini, Eisenbud and Procesi [5],
Bruns, Vetter [2] and many others. Recently, Watanabe [13] before
and Conca [4] later, studied Hankel matrices. In particular, it is
known that the ideals generated by minors of generic matrices (see
[5]), and of Hankel matrices (see [4]) are prime.

Permanental ideals have not received the same attention, maybe
because permanental theory is more connected to Combinatorics
than Geometry. The natural curiosity for permanental ideals is to
understand up to which degree one may expect a behavior simi-
lar to that of determinantal ideals. The first authors interested in
permanental ideals are Eisenbud and Sturmfels [6], Niermann [12],
Laubenbacher and Swanson [10], Kirkup [9] Grieco, Guerrieri and
Swanson [8].

The Ph.D. Thesis of Niermann [12] in 1997 and a paper of
Laubenbacher and Swanson [10] in 2000 are on the ideals generated
by 2 x 2 subpermanents of a generic matrix. Niermann computed the



MINIMAL PRIMES OVER P5(M) 219

radical of this ideals, while Laubenbacher and Swanson [10] found
the irredundant primary decomposition and a Grébner basis. Re-
cently Kirkup [9] gave some indications on associated primes of the
ideal generated by 3 x 3 permanents of a generic matrix (not com-
plete list). In our recent work [8] we studied the ideal generated by
2 x 2 subpermanents of an Hankel matrix, in particular we provided
the irredundant primary decomposition and a Grébner basis.

We recall briefly the results that we are interested in.

Laubenbacher and Swanson [10]. In this work the authors
studied the properties of the ideal generated by 2 x 2 subperma-
nents of a generic matrix M, whose entries are different variables in
a polynomial ring over a field. In particular they provided an irre-
dundant primary decomposition of P»(M) and a reduced Groébner
basis.

The first results concern the monomials appearing in P»(M), in
particular they proved that the ideal Py(M) contains many mono-
mials. We underline that the monomials in Py(M) are the products
of three variables, two of which lie in the same row (resp. column)
and all three lie in distinct column (resp. row) (see Lemmas 1.1 of
[10]).

The existence of many monomials into an ideal plays an impor-
tant role for the research of minimal primes, so that these results are
on the basis of all works on permanental ideals.

They were able to provide the minimal primes over P»(M ), prov-
ing that their number and structure change with respect the size
of the matrix (see Theorem 4.1 and Corollary 4.3 of [10]). They
also proved that the primary components of Py(M) corresponding
to the minimal primes over P(M) are exactly the minimal primes
themselves (see Proposition 5.1 of [10]).

Moreover, they showed that Py(M) has a unique embedded com-
ponent if and only if m,n > 3 (see Corollary 5.6 of [10]).

Related to the Grobner basis for the ideal Py(M), Laubenbacher
and Swanson proved that there is a unique pattern of Grobner basis
for Py(M) for any size of a generic matrix (see Theorem 3.1 of [10]).
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Kirkup [9]. One of the goals of this work is to consider the minimal
primes over the ideal generated by 3 x 3 subpermanents of generic
matrices. The author conjectured that in a field K of characteristic 0
or strictly greater than ¢, the minimal primes over the ideal generated
by txt subpermanents of an m xn generic matrix must either contain
a column of the generic matrix or the ¢t — 1 x ¢ — 1 subpermanents of
some m — 1 rows (see Conjecture 1 of [9]). In particular he proved
the conjecture in the case t = 3 (see Theorem 8 of [9]).

Grieco, Guerrieri and Swanson [8]. In our recent work, we
analyzed the properties of the ideal generated by 2x 2 subpermanents
of an Hankel matrix. Specifically, let m < n be positive integers and
R = K|x1,x9,...,Tmin-1] the polynomial ring in m+n—1 variables
over a field K. An m x n Hankel matrix is

I T2 T3 e In

€2 T3 Ty T Tn+1
M =

Im Tm+1l Tm4+2 - Tm4n—1

The first step was to verify that also in case of Hankel matrices
the ideal P»(M) contains many monomials (see Lemmas 2.1 and 2.2
of [8]). Thanks to that, we provided the minimal primes over the
ideal P,(M) showing also that their number is equal to 2 and their
structure is invariant with respect to the changing of the size and the
shape of the matrix M (see Proposition 3.1 [8]). This represents the
first relevant difference between the results on generic matrices. We
provided also the minimal components showing that their structure
is independent from the size and the shape of the matrix, too (see
Proposition 3.2 [8]). The embedded component appears in many
but not in every case, showing that it depends on the shape of the
matrices (see Sections 5 and 6 of [8]). This work permitted us to
give an irredundant primary decomposition of the ideal Py(M) (see
Theorem 4.3 of [8]).

Related to the Grébner basis for P(M) we provided it showing
that it changes with respect the size and the shape of the matrix (see
Theorem 2.7, Proposition 2.8, 2.9 and 2.10 of [8]). This is different
from the results of [10].
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Overview. We are motivated by the results of [10], [9] on generic
matrices and by the different results explained in [8].

We discuss the minimal primes over the ideal generated by 3 x 3
subpermanents of Hankel matrices.

The technique used are different from those used in [8]. The basic
idea lies in a classical result of Linear Algebra (see Section 2). To
compute the minimal primes over P3(M), we analyze case by case
with respect to the size and the shape of the matrix. In particular
we observe that

e P3(M) for a 3 x 3 Hankel matrix is a prime ideal;

e if M is a 3 x 4 Hankel matrix, SINGULAR [7] provides a pri-
mary decomposition of P3(M) with 8 minimal primes that are
not easily controllable;

e if M is a 4 x 4 Hankel matrix, SINGULAR [7] does not finish
the computation of P3(M).

So we consider only the cases of m x n Hankel matrices having at
least 3 rows and 5 columns. We give the final result in Theorem 3.6.

We conjecture the possible structure of the minimal primes over
the ideal generated by t x t subpermanents of Hankel matrices.

2. Some Linear Algebra

The key-point of our computation is Determinant Trick whose proof
follows by a classical result of Linear Algebra, namely the Cramer’s
rule. We recall them but omit the proofs.

LEMMA 2.1 (Cramer’s Rule). Let M = (m;;) be an n x n matriz in
any commutative ring R. Let adj(M) be the adjoint of M, i.e. the
n x n matriz whose (j,4)-th entry is ((—1)"A;;) where A;j is the
determinant of the submatriz obtained from M after deleting the i-th
row and the j-th column. Then

(M - adj(M));j = (adj(M) - M);j = {det(M) ifizi

0 otherwise.
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Fact 1 (Determinant trick). Let M be a finitely generated R-module
and I an ideal of R. Assume M = IM. Then there exists v € I
such that (1 —x)M = 0.

NOTATION 1. For all matrices N we set I3(N) to be the ideal gener-
ated by the 3 x 3 minors of V.

LEMMA 2.2. Let M be an m X n Hankel matriz with m > 3 and
n > 5. Let P be a prime over P3(M). Then, either Is(M) C P or
there exists a 3 x (n — 3) submatriz N of M such that Po(N) C P.

Proof. We observe that with

[ xy a3
per
T3 T4
T3 T4 s F 3
T T
A= | x4 x5 26 | andv= | per L2
€T3 T4
5 6 7 T T
er
_p T2 I3 .

we have that the entries of A-v are in P3(M). Multiplying by adj(A)
gives that the entries of detA - v are in P3(M). If P is a prime ideal
over P3(M), we have det(A) € P or v € P. As we can repeat this
argument for any 3 x 3 minor of M then either I3(M) C P or if
one 3 X 3 minor is not in P, set N the 3 x 2 submatrix of the 2
complementary columns, the ideal Po(N) C P, so we are done. [

3. Trying the minimal primes over P;(M)

LEMMA 3.1. Let M be an m x n Hankel matriz. Let P be a minimal
prime over P3(M). If there exists an index i € {1,...,m +n — 2}
such that x; and x;y1 are in P, then P is one of the following ideals:

(mla"'axm+n*3)’ (x2,---;xm+n72)a (CEg...,mernfl).

Proof. Suppose that z; and x;41 are in P. Consider the submatrix

T Tj+1 Tj42
Tj+1 Tj4+2 Tj43
Tj+2 Tj+3 Ljt+d
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forall j =1,...,m+n—25, so that xjxj+2xj+4+xjm?+3+x?+1x]~+4+
2% 417427543 + x?+2 € P. By the way we have z; € P for all
j=3,....,m+n—3. Now we see that £123Tm1n—1 + T1T4Tmin—2 +
T3Tmgn—1 + T2T3Tmin—2 + ToTaTmin—3 + T3Tmin—3 € P implies
x%xm+n,1 € P. As P is prime, we have o € P or Z,,1,_1 € P. Sup-
pose 3 € P. By xlxm+n—3wm+n—1+x1w$n+n_2+x2xm+n—4xm+n—l+
T2Tm+n—3Tm+n—2 T T3Tmtn—4aTmtn—2 + x3x2m+n73 € P we have

wlw%HH_Q € P,soxy € Por Zyyn—2 € P. Thus (z1,...,Zmin—3) C
P or (x9,...,Tmin—2) C P and by minimality of P we have

(1, Tman—3) =P or (z2,...,Tmin-2) =P
Symmetry shows the rest. O

LEMMA 3.2. Let M be an m x n Hankel matrixz. Let P be a minimal
prime over P3(M). Suppose x1,x3 € P 0r Tpin—3, Tmin-1 € P.

1. If m = 3,n =5 then P is one of the following ideals
(#1,...,25), (v1,23,25, 27,0206 + 23), (23,...,27).

2. If m >3,n>5 m+n>9 then P is one of the following
ideals

('Il""amernf?)), ($3,...,l’m+n,1).

Proof. Suppose z1,x3 € P. Since x1x325 —i—xlxi —i—x%xg, + 2w9x324 +
x% € P we have z3z5 € P. By primality of P we have xo € P or
x5 € P. Suppose x5 € P. By Lemma 3.1 we have

P=(z1,.-..,Tmin-3)-

If zo & P then x5 € P. Since xox47 + ToT5T¢ + x%m + x3x4%T6 +
$3$% + xi% € P, we have zoxyx7 € P. But zo &€ P, so x4x7 € P.
Suppose x4 € P. By Lemma 3.1 we have P = (21,23, ..., Tmtn—1)
but this ideal contains (x3,...,Zm4+n—1), hence it is not minimal.
Suppose x4 € P then 7 € P. We see that xoxyxg + xgmg + x%mﬁ +
2r3%425 + xi € P so we have x4(xoxg —i—xi) € P. As x4 ¢ P we have
rox6 + 2% € P. Now, we have to divide the proof in two different
cases.
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1. Suppose m = 3,n = 5. By minimality of P, we have

2
P = (x1,23, 25,27, L2276 + xF).

2. Suppose m > 3,n > 5 m+n > 9. We see that
12328 + T1x4x7 + x%xg + Xox3T7 + Tox4xe + x%x(g € P im-
plies o (wows + 2476) € P; 37578 + 137627 + 2308 + L4577 +
x@:% + x%x(g € P implies z4(zqx8 + x%) € P. But xo,z4 & P
implies (wazs + @4x6), (vaxs + 3) € P. It is clear that
zs(zoz6 — 23) = w6(vax8 + Ta76) — Ta(T48 + 22) € P. If
xg € P then by x7 € P and Lemma 3.1 we have x4 € P, con-
tradiction. So g € P and (wax6—123) € P. As (vax6+273) € P,
we have x4 € P, contradiction.

By symmetry, if ,,+n—3, Tm+n—1 € P we obtain the other ideals. [

LEMMA 3.3. Let M be an m x n Hankel matriz. Let P be a minimal
prime over Py(M). If there exist an index i € {2,...,m +n — 4}
such that x; and x;42 are in P, then P is one of the following ideals:

(mla"'axm+n*3)’ (x2,---;xm+n72)a (273...,1’m+n71).

Proof. We prove the assertion by iteration on the index ¢. First of
all, suppose i = 2 80 x9,24 € P. As xox4x6 + xng + 2x314T5 +
1376 + 23 € P we have z3r¢ € P. By primality of P we have x3 € P
or rg € P. Suppose z3 € P, by Lemma 3.1 we are done. If x3 ¢ P
then g € P. We see that z3ws27 + 2322 + 2307 + 20425706 + 22 € P
implies z5(xsx7 + x%) € P. If x5 € P, by Lemma 3.1 z3 € P,
contradiction. Then x5 ¢ P and z3z7 + ﬂ:% € P. We see also that
T1T3T5 + wlxi + w§x5 + 2x9r3714 + wg € P implies x3(z125 + xg) epP
and T1x377 + T124T6 + x%x7 + x9x3T6 + ToxsTs + x§x5 € P implies
x3(x127 + x3x5) € P. As 3 ¢ P, by primality of P we have (z1z5 +
73), (v127 + x375) € P. Tt is clear that z3(v127 + v375) — 71 (v327 +
23) = x5(a3 —x125) € P. As x5 ¢ P then (23 +mx175) — (23 —2125) =
23:% € P, contradiction. Now we suppose 3 < i < m +n — 5 and
Ti, Tito € P. Since a:iwi+2wi+4+w,~w?+3+w?+1wi+4+2xi+1wi+2wi+3+
x§’+2 € P, we have x22+1x¢+4 € P. By primality of P we have ;11 € P
or jy4 € P. If ;41 € P, Lemma 3.1 we are done. If x;11 ¢ P then
Tiya € P. Since i 1% 3%i 15+ Tip1 T4+ 07 o Tits+2Ti40Ti43Tivat
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x§+3 € P, we have z;13(xit12it5 + x?+3) € P. If z;43 € P, by
Lemma 3.1 we have z;41 € P, contradiction. So z;43 ¢ P and
xi+1xi+5+m?+3 € P. We see that x; 1211713 +xi_1x22+2+x22xi+3+
20, Ti 1500 + x?_,’_l € P, implies z;4q(zi—12i43 + x?_H) € P and
Ti 1T 1Tig5 + Tim1TitoTigd + TITits + Tilip1Tita + TilipoTits +
a2 wips € P, implies @iy1(i—1%its + Tiy12i43) € P. As wip1 & P
we obtain x;_12;y3 + x?H, Ti—1Tit5 + X143 € P. It is clear that
Tio1 (Tig1Tigs5+ 27, ) — Tig1 (Tim 1 Tits + Tig12i43) = Tig3(Tim1Tipg —
xgﬂ) € P. As xjy3 ¢ P we have (z;_1xi43 — xgﬂ) € P, and so
2%2“ = (xi—1%iy3 + x?H) — (wj—1mips — x?_H) € P, contradiction.
By symmetry, similar arguments show the assert in the case ¢ =
m+n — 4. O

LEMMA 3.4. Let M be an m x n Hankel matriz, with m > 3 and
n > 5. Let P be a minimal prime over Ps(M). If there exist two
indices 1,5 with j > 1+ 3 and either i > 3 or j < m+n — 3, such
that x;,z; are in P, then P is one of the following ideals:

(xla"'amern*Z'»)? (x2,---,l’m+nf2), ('I?n"'amern*l)'

Proof. Without loss of generality we suppose j < m+n—3, (ifi > 3
we are done by symmetry), and z;,2; € P. Asm >3 and n > 5 we
can consider the following submatrix of M

xX; xj_g mj_l .%'j
Ti41 Tj—1  Tj  Tj4l
Tit2  Tj  Tj+l Tjt2

As xiwxj4 0 +$z‘$?+1 +Ti412Tj-1Tj4+2 + Tit1%Tj41 + Tip2T5—1T54+1 +
1‘2‘4_2.%'? € P we have wj_1($i+1$j+2 + .%'i+2.%'j+1) e P. If
zj—1 € P, by Lemma 3.1 we are done. Suppose z;_; ¢ P
then z;117j_2 + Tip2wjp1 € P.  We see that x;x;_12;41 +
x,x? + Tip1%-2%j+1 + Tit1Tj-1%5 + Tip2Tj_2Tj + ﬂcng?_l € P, so
Tif1Tj_2%j41+Ti40rj41 € P and $j72xjxj+2+$jf2$?+1+$?_1xj+2+
2w qxjrip + x?’ € P so xj,gx?H + x?flxjjq € P. It is clear
that @ 2(%i412j-22541 + Tira®ji1) — Tiv2 (w207 ) + 25 1Tj40) =
$j72$j+1($i+1$j+2 — $i+2$j71) e P. If Tj_2 € P, by Lemma 3.3
we have x;_1 € P, contradiction. If z;;1 € P, by Lemma 3.1 we
have z;_1 € P, contradiction. So x;117j42 — Tj427;—1 € P. As



226 E. GRIECO AND A. GUERRIERI

Ti+1%j42 + Tip2Tj—1 € P we obtain Ti+1Tj4+2 € P If Tiv1 € P,
we have a contradiction by Lemma 3.1. If z;,2 € P, we have a
contradiction by Lemma 3.3. U

LEMMA 3.5. Let M be an m x n Hankel matriz. Let P be a minimal
prime over Py(M). Let N be a 3 x 2 submatriz of M such that
P,(N) C P. Then P contains at least two distinct entries of N.

Proof. If N is a 3 x 2 submatrix of M then it is one of the following

1. a generic matrix

S
Ni=| ¢ d |;
e f ]
2. an Hankel matrix _ )
a
No=1b ¢ |;
- d -
3. a partial Hankel matrix
a b a b
N3=|b c |, orsymmetrically Nyj=| ¢ d |;
d e d e
4. a matrix with a jump
a b
N5 = c d
b e

1. Let P be a minimal prime over P3(M) such that P»(N7) C P.
By Lemma 1.1 of [10] we have acf, ade,adf,bcf,bce,bde € P.
By primality of P and by structure of P»(N7), we can conclude
that P contains one of the following sets of elements {a,c, e},

{a,b,cf + de}, {b,d, f}, {c,d,af + be}, {e, f,ad + be}.

2. By Lemma 2.1 of [8] (i.e. the Hankel version of Lemma 1.1 of
[10]) and a similar argument of case 1 we show the assert in
the case of Hankel matrices.
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The cases 3 and 4 are analogous to case 1. U

THEOREM 3.6. Let M be an mxn Hankel matriz. Let P be a minimal
prime over P3(M), then P is one of the following ideals

1. ifm=3 and n =25,
(x1,...,25), (z2,...,26), (x3,...,27),
(1,23, 75,27, Toxs + xi);
2.ifm>3 andn>5 m+n>9,
(1, oy Tman—3), (T2, o, Tman—2), (T3y..., Tman—1)-

Proof. Let P be a minimal prime over P3(M). By Lemma 2.2 if
I3(M) ¢ P then there exists a 3 x 2 submatrix N of M such that
P,(N) C P. Suppose I3(M) C P. Thenforalli=3,...,m+n—3

2 3
2i(Ti—oTiqo + 20, 1@i41) + (Tim2®i 1 + Tic1Tigo + T5),

2 3
xi($i72xi+2 + 2$i71$i+1) - (332‘72%“ + Xi—1%i42 + ﬂ:z)

are in P. Thus z;(z;—oxiy2 + zi—17;+1) € P. In particular x3(z1x5 +
2x9x4) € P, 80 x3 € P or xyx5 + 22914 € P. Suppose x3 € P. By
m1x3x6+x2m3x5+x2xz € P we have xgxi € P,soxy € Porxy € P.
By Lemma 3.1, we obtain one of the following ideals

(xla"'amern*fi)? (x2,---,l’m+nf2), ('I?n"'amern*l)'

If 23 ¢ P, then xix5 + 2x924 € P. We consider z4(xoxg + 22315) €
P. If z4 € P then x12z5 € P. If 21 € P then zox3xrs € P so
x2 € P or if not, z5 € P. In both cases, by x% + 2315 € P we
have xz3 € P, contradiction. Suppose that there exists an index
j€{4,...,m+n — 3} such that ; € P and z; ¢ P for all i <
j — 1. By the way z;_37;41 + 22,27 € P so xj_3x;j41 € P, but
xj_3 & P thus zj;1 € P. By x?_l + xj,gx? + x?_ijH € P, we get
xj—1 € P, contradiction. So x; P for alli =3,...,m+n — 3, and
Ti_o%iro + 2x;_ 12541 € P forall i = 3,...,m+n — 3. We observe
that x5 (z123 + 2325 +23) — 2o (2022 + 23w +23) — 25 (2125 +22924) —
23 (zom6 +22375) = —3w2(23w6+223) € P. Since P is prime we have
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T9 € P or x§x6 + Qxi € P. Suppose o € P. By x125 + 2x024 € P
we have z1x5 € P so 1 € P. By x% + xlxi + $%$5 € P we have
x3 € P, contradiction. Then z9 ¢ P, and x§x6 + 223 € P. We see
that 2x3(z322 + 23wy + 23) — 226(2326 + 203) — 22 (w327 + 22476) —
22 (w276 + 22375) = —x6(T27E + 823) € P.

1. Ifm=3andn=5then m+n—-3=5soxg € Poraxg &P
and z972 + 823 € P. If m6 € P, by x3z¢ + 223 € P we have
x4 € P, contradiction. So x¢ € P and (z9z% + 873) € P. Now,
(23m6 + w273) + (w22 + 823) — (w222 + 2326 + 23) =923 € P
implies x4 € P, contradiction.

2.If m>3andn >5 m+n>9then m+n—32> 6 and
by induction assumption zg &€ P, so (:Ugﬂ:% + 8:62) € P. Now,
(2376 + 2273) + (w272 + 823) — (vox? + 2326 +23) =923 € P
implies x4 € P, contradiction.

Now we suppose I3(M) € P then there exists a 3 x 2 submatrix N
of M such that P,(N) C P. By Lemma 3.5, P contains at least two
distinct entries of N, and by Lemmas 3.1, 3.2, 3.3 and 3.4, we are
done. O

4. Future work

It is clear that to work with I;(M) for t > 4 is a very difficult problem.
However, the results obtained on minimal primes over Py(M) and
P3(M) give some indications on what will be the minimal primes
over P,(M) for matrices with large size.

CONJECTURE 4.1. Let P,(M) be the ideal generated by t x t subper-
manents of an m x n Hankel matrix M, with large m,n. Then the
number of minimal primes over Py(M) is t and precisely we have:

Py = (xj7---,«73m+n—t+j_1) forallj=1,...,t
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