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Abstract

The electromagnetic fields generated from a static current source on a spherical
surface are calculated in the framework of axion electrodynamics to first order in the coupling
parameter. Comparisons of the results are made with reference to various results obtained in
conventional Maxwell electrodynamics, as well as previous results obtained for point magnetic
dipole source coupled to harmonic axion fields. Distinct features from the results so obtained are
highlighted for possible experimental probing of the axions via electromagnetic interactions. In
particular, electromagnetic radiation from sources with strong magnetic field is studied which
may enable the detection of a cosmic axion field from its interaction with objects like neutron

stars.
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Introduction

Since its first conception in the late 1970’s for the resolution of the “strong CP problem”
[1-3], the axion has become one of the most elusive particles which has received intensive
studies among researchers for its possible relevance to the understanding of the dark matter
cosmos (for more recent references, see, e.g. [4-6]). Upon recognizing the possibility of axion-
photon interactions, Sikivie was the first to formulate axion electrodynamics (AED) and to
propose electromagnetic (EM) setups for the detection of this elusive particle [7]. This was
followed by Wilczek in his application of AED to account for the dyon fractional charge, and to
extend its relevance to condensed matter physics via the quantized Hall effect [8]. It is of
interest for AED to be indeed finally realized in condensed matter systems with the discovery of
topological insulators in the late 2000°s [9-11].

While the search for axionic dark matter via electromagnetic interaction is still an
ongoing effort with tremendous activities in recent years [4-6], device with strong magnetic
fields (both static and oscillating) are still most often applied in experimental studies [6]. Hence
the understanding of how EM fields behave with various current sources in a cosmic axion
background will be of significance for these experimental search of axions. Most often, current
source of cylindrical geometry such as that with an infinite solenoid is considered which can
have experimental relevance, as well as for its relative simplicity in the mathematical solutions
[12]. Moreover, a cylindrical solenoid of finite length in AED will be a very challenging
mathematical problem to be solved.

It is the purpose of our present work to study the EM fields from a static current source

on a spherical surface coupled to an oscillating cosmic axion field background (Fig. 1). This can



be a constantly-rotating spherical shell with a uniform surface charge for which the
magnetostatic solutions in conventional (Maxwell) EM theory are well-known, that is: a uniform
magnetic field inside the shell and an exactly dipolar field outside the sphere [13]. The results
obtained will be useful for the possible detection of the axion via its interaction with stellar
objects which possess strong magnetic fields. In the following we will provide the exact solution
for this problem in AED and shall compare the results with those well-known results from
Maxwell’s EM theory, as well as from previously-published results for point magnetic dipoles in
AED [14]. Distinct features will be highlighted with anticipation that the results will provide
alternative EM probes of the axion in future experiments.

Theory

Consider the following classic example in magnetostatics with a uniform total charge

Q, =4ra’c distributed on a spherical surface of radius a, rotating in vacuum with a constant
angular velocity @, about the z axis, thus producing a constant surface current density

J =ow,asin(0)5(r—a)es =J,sin(0)5(r—a)e, . In the conventional Maxwell’s theory, the
solution is well-known to be an exact magnetic dipole field outside the sphere with a dipole
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moment m = 3 =—J,e, with V' the volume of the sphere; while inside the sphere the
c ¢

field is uniform given by B, = %m [13]. Our problem here is to re-calculate the
a

electromagnetic (EM) fields both inside and outside the sphere in the presence of a harmonic

cosmic axion field of the form ® = @,e” . The results will be applicable to a source with

uninform magnetic field (in the absence of the axion) in a spherical region, whatever that origin



is for the magnetic field. In axion electrodynamics, the field equations are well-known to have
the following modified form (in Gaussian units) [7, 12, 14]:

V-E=4np—-4rg VO-B

V-B=0

VxE+la—B:O , (1)
c ot

VxB—la—E=4—ﬂJ+4ﬂga[la—®B+V®xE}
c Ot c ¢ Ot

where g, is the axion-photon coupling constant. Note that the equations in (1) are derived from

. . 1 1
a Lagrangian density of the form L =———F F r _

on ZJﬂAﬂ —%gQGgﬂy‘SpFﬂngp where the
dynamics of the axion field is not explicitly included, since here we have assumed a cosmic
background of harmonic axion field (of given amplitude and frequency) as was considered in the
previous studies [12, 14]. Following these previous works [12, 14], we start by ignoring the
spatial gradient term of the axion field in Eq. (1) due to the de Broglie wavelength of the axion
being much greater than the oscillation wavelength as well as the size of the sphere. In addition,

we shall also assume a weak axion-photon coupling and calculate the EM fields to first order in

the coupling constant as was done in the previous works [12, 14]. Hence we let:
E(r,t):Eo(r,t)+E1(r,t)+O(ga2), (2)
B(r,t):BO(r,t)+Bl(r,t)+0(ga2). (3)

With all these into Eq. (1), and assuming all field quantities to have the same time dependence of

the axion field, we finally obtain the following systems of field equations for each of the

unperturbed and first order fields as follows:



V-E,=0

V-B,=0
VXE():O ’ (4)
VxB, :4—”J
c
and
V-E =0
V-B =0
, , (%)
VxE, —ikB, =0

V x B, +ikE, = -4rig kOB,

where k=% . With J in (4) the constant spherical surface current described above, the
c

unperturbed magnetic field is simply given by the well-known solution:

B, = g ; (6)

with m the magnetic dipole moment defined above. To calculate the first order fields, we first
obtain the Helmholtz equations from (5) as follows:

V’E, +k’E, =—-4rg k’6,B, , (7)

5 5 ) (47[)2 i
V°B, +k"B, =4rig kO V x B, =~——ig kO,J , (8)
c

where we have used Eq. (4) in the last step of Eq. (8), and all field quantities are the spatial parts
with the harmonic time factor suppressed. Next, we are going to calculate the first order fields
by expanding them into vector spherical multipoles. Following Jackson [13], Eq. (7) leads to:

Vi (r-E)+k*(r-E)=—-4rg k’0,(r-B,). )

Using Eq. (8) and with the help of the Heaviside step function, we obtain:



r-B,= ,/167”;115*1/10 , (10)

, Y, =v3/4m cos@ is the spherical harmonic, and

where m = |m

1
)

r a

19(r—a)+Ll9(a—r), (11)

3

S =

with 9 being the Heaviside step function. With the application of the Green’s function (Eq.
(A8) in the Appendix) and by expanding it in terms of the multipole spherical waves [13], Eq.

(9) with the source term given in Eq. (10) can finally be integrated to yield:

o, ()= ik, (k) 5, (0.0) (472,76, ) (12

with the radial function obtained in terms of the various spherical Bessel functions as follows:

Forr>a,

Jo(kr) _ 3

ﬁ(kr)=%ho(”(kr)j1(kr)—{ P Ejl(ka)}hf”(kr), (13)

Forr<a,

3r?
k*a’

ﬁ(m{ihs“(kr)—
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- a2 ) 507

. 3 !
{#lo(kr)—kz—lm(k’”)}ﬁ()(kr)

To extract E, from (12), we go back to the fourth equation in (5) and obtain

rE :_%L.Bl_@,gaaor.go, (15)

where the operator L = l.r xV . From (10), (12) and (15), we can calculate L- B, and obtain:
i



3
LB, =—16\/§gaQOM{ik4fl(kV)JrkS}Ym(e’(D)’ (16)

where the function S is defined as in Eq. (11). Eq. (16) yields directly the following results for

the first order fields:
7’ 4 LY, (9,¢7)
B =-16 ?gaﬁom{zk fl(kr)+kS}T, (17)
E, =L_k(V><B1 +4rg,k6,B,) , (18)
—1

where the electric field is obtained from Ampere’s law in (6). Using Eqgs. (6) and (17), and the

following result:

mLYm(e,(p)z\/%(im:’j, (19)

Eq. (18) finally leads to the following result for the electric field:

E, =4rig 0,k [rPrm +2Pm—P (m-e, )r] , (20)
fi(kr) oP . .
where P=——= and P. = > Furthermore, the magnetic field can also be obtained from
r r

Eqgs. (17) and (19) as follows:

B, = —4nig 6, [ik* f; (k) + kS | " (1)

r

Point magnetic dipole fields
As a check of our results for the spherical surface current source, we look at the limit
when the sphere radius goes to zero and compare with the results for a point magnetic dipole

source as published previously in the literature [14].



To do this, we look at the limit of the result in Eq. (13) as @ — 0 . Using the explicit
form of the spherical Bessel and Hankel functions, together with the following result for small

ka:
. 1
Ji(ka) = gka : (22)

Eq. (13) reduces to the following as a > 0 :

i v i
kr)~ — 1+—1 . 23
/i ( r) Kr* kr [ krj 23)

Using this, one can calculate the quantity in the bracket in Eq. (20) to obtain:

ikr

ik’

rRm+2Pm—PV(m-er)r
r r

[(e”” +ikr—l)i3(m —3(m-e, )er)+k2 l(m —(m-e,)e, )} .(24)
With this into Eq. (20), we obtain:

E, ~4rng 0,e" {(e‘”" +ikr—1)i3(m —3(m -er)er)+k2 l(m —(m-e, )er)] (25)

r r

The result in (25) is consistent with the electric field due to a static magnetic point dipole
coupled to a harmonic time-dependent axion field as worked out previously in the literature [14,
see Appendix]. Similarly, we can obtain the corresponding magnetic field in the point dipole

limit from Eq. (21) by substituting (11) (for » > a ) and (23) into (21). We thus obtain:

. ikr .
B, ~—4rig 0, {ik%—ikz e—(l +Lj+ﬁz} mxr.
r r kr) r r

which simplifies to the following, again consistent with that in [14]:

B, ~ —4rig kO,e" (L - Kj mXxr. (26)

3 2
r r



Radiation from static spherical current source

One of the most interesting consequences of coupling to a harmonic axion field is the
possibility of EM radiations from a static distribution of current [6, 14]. In this section, we shall
calculate the far fields emitted by the static current on a finite sphere of unlimited size, and the

radiation intensity from its coupling to the axion field. Thus in the far zone, only the spherical

Hankel function survives in Eq. (13) and to O(lj we have:
r

fl(kr)zQ(a) , (27)
kr
where the “finite size factor” is defined as:
0(a)=———j(ka). (28)
ka

£ (kr)

r

Using this for the calculation of P =

and P. = Z—P in Eq. (20), we finally obtain to 0(1)
r r

the following far field result for the electric field:

E, - —41g Ok e" [?—M} 0(a). (29)

r

Similarly, using (11) (for » > a ) and (27) into (21), we obtain to O(lj :
r

itr MXT

7 Q(a). (30)

B, —>4rg O)k’e

Note thatas a —> 0 andQ(a) - —%, both results in (29) and (30) agree with the far fields due to

a point magnetic dipole. We next calculate the radiated power from the fields in (29) and (30).



Since the static source current corresponding to the field B,does not radiate, the total radiation

when coupled to the harmonic axion field will be determined exclusively by the fields in (29)

and (30). Thus we have the time-averaged Poynting vector given by:

2
<S> = 8&1{@(E1 xBl)z 272'0[&1001(3 ﬁQ(a)} sin’ @ e, (31)
T r

along the radial direction from the center of the sphere with & the angle between the observer and
the direction of the magnetic dipole moment. From this, we obtain the differential radiated

power to be:

;’_g =228’ 0PmPckO(a)’ sin® 6, (32)

which reduces to the result for a point magnetic dipole as a — 0[14]:

(d—Pj =27g 0;m’ck*sin’ 6. (33)
dQ ),

It is interesting that the finite sphere case turns out to radiate with an angular dependence just
like a point dipole case, despite the field solutions are quite distinct between the two in the

presence of the axion. Moreover, Eq. (32) a result for the differential radiation power from a

spherical source of unlimited size as indicated by the size factor Q(a). As a consequence,

significant deviation in the radiation intensity from that of a point dipole source can occur for a
large sphere as illustrated by the following numerical analysis.
Numerical Results

In this section we shall present some numerical results with the wave number given by

the axion Compton wavelength via k =27z/4,. We first look at some sample field amplitudes

both inside and outside the sphere. Figure 2 shows a plot of the real and imaginary parts of the

axion-induced electric and magnetic fields as a function of position (normalized to A, ) at

10



0 =90" for two sizes of the sphere. We see that while all the field components oscillate and
decay as the observer goes farther away from the sphere, the larger sphere will have these
induced fields oscillate more rapidly. This is similar to the case with an infinite cylinder
geometry [12]. Moreover, this is in sharp contrast with the case in the absence of the axion field
where the field inside the sphere is an exactly uniform magnetic field. Hence detection of small
oscillatory nonuniformity in the inside magnetic field can provide evidence for the presence of
the axion field, when one has a uniform static current source of axial symmetry on a spherical

shell. In addition, we have also observed (not shown) non-oscillating behavior for the fields as

well as the suppression of the induced electric field [12] for smaller spheres (e.g., a=0.014,).

Next we compare with the axion-induced fields for a spherical current of finite radius
with those from a point magnetic dipole moment [14]. Figure 3 shows again the different field
components for two different sphere sizes in comparison with the case of a point magnetic dipole
source, for a fixed dipole moment. It is seen that the finite sphere results are quite different and
are smaller than those for the point magnetic dipole source, again a result in sharp contrast with
the fields in the pure Maxwellian case in which the field outside the sphere is expected to be
identical to those of a point magnetic dipole.

Finally, we study the radiation power due to these axion-induced fields. First it is
interesting to note that the angular distributions from Eqgs. (32) and (33) are the same and are of
typical “dipole radiation characteristics” (~ sin” @), despite the finite size of the sphere. Figure 4
shows a few plots for different sphere sizes and it is seen that for a fixed dipole moment, the
radiation can be several orders of magnitude weaker as the size is increased for the sphere. In
fact, this radiation is expected to be extremely weak due to the small values of the axion-photon

coupling and the axion field amplitude [6, 14]. However, for astrophysical objects with highly

11



intense magnetic fields like the neutron star [6], the maximum power radiated in the € =90’

direction can be estimated from Eq. (32) to be of a magnitude
~27(107') (1B,0°) e(2) O(ay’ ergls (34)
where we have adopted a value of g 6, ~ 102! [14], and with a value of magnetic field
B, ~ 10°G [6] and a radius a ~ 2km for the neutron star, (34) yields of a power of ~ 0.042 watt

if we assume a value of axion wavelength 4, ~ 60 cm [12]. Such small value of radiation

power for radio / microwaves may not be unmeasurable (e.g. from space lab.) with current
technology.
Conclusion

In this work, we have provided analytical solutions for the electromagnetic fields from a
spherical static current interacting with a harmonic axion field, calculated to first order of the
axion-photon coupling constant. This is complementary to the previous work which has
considered a current with cylindrical symmetry [12]. From the results we obtained, we have
highlighted several distinct features as follows. These include the oscillatory nonuniformity of
the magnetic field inside the sphere, as well as the possibly measurable long wavelength EM
radiation from the axion-magnetic field interaction with a neutron star. In addition, we have also
studied the difference between our present results and those from previous literature for the fields
from a point magnetic dipole interacting with the axion [14]. In doing so, we have clarified that
the contact fields from a point magnetic dipole are not affected by the presence of the axion [see
Appendix]. We believe these results will be useful for future electromagnetic probes of the

cosmological axion.

12



Appendix

Here we re-derive the electromagnetic fields due to a static current of a point magnetic
dipole in coupling with a harmonic time-dependent axion field using the Green dyadic approach.
In the literature, these were first obtained by Hill in his demonstration of the induced electric
dipole moment for the electron coupled to such an axion field [14]. Moreover, a sourceless
magnetic field had been considered and the possible effects on the contact terms were not
studied. Here we show explicitly that the contact term will not be affected by the coupling with
the axion field.

By recalling the vector wave equations in Eqs. (7) and (8) for the first order EM fields:
V’E, +k’E, =-4rg k’6,B, , (A1)
V’B, +k’B, = 4rig kO,V x B, (A2)
we see that these are completely analogous to the Maxwell vector wave equations with the

source current being replaced by the ordinary point magnetic dipole field with the source term

[13]:

- : (A3)

Hence the first order EM fields can be solved with the application of the well-known electric and

magnetic dyadic Green functions [15] to obtain:
El(r):47rKk200jGe(r,r')-Bo (r')d3x', (A4)
B, (r)=—4ixk0,[ G, (r,r')- B, (r")d’x", (A5)
where the dyadic Green functions can be obtained from the scalar Green function as follows:

Ge(r,r')=(1+%V-VJGO(r,r') , (A6)

13



G, (r,r'):VxIG0 (r,r'), (A7)

with

ik‘r—r"
e

G, (r,r) e (A8)

With (A3), (A6), and (A8) into (A4), and using the following singular double derivatives for the

Coulomb function established in the literature [16]:

1 47 3x. x -1’8
2,0, (—j =68 (r) e (A9)

r r

it can be shown, after some algebra, the first order electric field from a static point magnetic

dipole coupled to a harmonic axion field to be given by the following expressi

2

| 1 —ikr | - k
El(r):47zga(90e [F(m—fi(m-e,)er)(e +lkr—l)+—(m—(m-e,)er>}. (A10)

r

Similarly, substituting (A3), (A7), (A8) into (AS) and using (A9), one obtains the corresponding

first order magnetic field as follows:

3 2
r r

B, (r)=-4rig kO, m xr(i—ij. (Al1)
Note that the results in (A10) and (A11) are consistent with those obtained by Hill for a
sourceless magnetic dipole field, except our signs here are different than those in [14]. These
results agree exactly with those in Egs. (25) and (26). Moreover, in our present derivation which
incorporates the contact term in (A3), we have demonstrated explicitly that the source (contact)
term is not affected by the coupling of the magnetic dipole with the axion field, and the results

can check consistently with those from the “infinitesimal small limit” of the results obtained for

a finite sphere of uniform static current source as we have demonstrated.

14
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Figure Captions

—iot

1. Geometry of the problem with a harmonic axion field ® = fe™"”" .

2. Electromagnetic field strengths in unit of (4789, B, ) as a function of

observer distance from the center of the sphere for two sizes of the sphere.
3. Comparison of the field strengths from a spherical current with those from a point

magnetic dipole source, again for two sphere sizes. The fields are in unit of

4rgO m

( 2

4. Angular distribution of radiation power for two different sphere sizes, in comparison with
2
gom
A

a

that from a magnetic point dipole source. The power is plotted in unit of €

2
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Fig. 1
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